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PREFACE  TO  SEVENTH  EDITION. 


The  rapid  development  which  has  characterized  all 
branches  of  engineering  construction  during  the  past 
decade  carries  with  it  corresponding  advances  in  experi- 
mental and  analytic  work  in  that  field  of  engineering 
science  known  as  the  Elasticity  and  Resistance  of  Mate- 
rials. In  the  present  edition  of  this  book,  prepared  to 
meet  the  advancing  requirements  of  the  profession,  it 
will  be  observed  that  much  of  the  older  matter  has  been 
canceled  and  displaced  by  many  new  topics  now  become 
of  practical  importance,  so  that  new  material  constitutes  • 
probably  not  less  than  three-quarters  of  the  volume.  These 
new  parts  will  readily  be  discovered  by  a  glance  at  the 
contents.  It  may  be  well,  however,  to  state  that  the 
treatment  of  reinforced  concrete,  the  general  analysis  of 
which  as  a  development  of  the  common  theory  of  flexure 
was  first  given  in  a  prior  edition  of  this  book,  has  been 
extended  to  cover  substantially  all  the  principal  feHtttirefe/-.;  V  \^ 
of  that  special  field.  The  analysis  given  is  gfene'if 41/ •:••.:  :; 
but  simple  and  free  from  the  superfluous  and  labbfi,.*:*; :..:'• 
increasing  accretions  which,  for  some  not  obvious  reasons;'*.:*:  ;\  :! 
have  found  place  in  some  of  the  commonly  used  formtilad.*  ••"•*••    '* 

Results  of  the  most  recent  experimental  investigations 
have  been  used  for  the  requisite  empirical  data,  so  as  to 
make  the  book  a  real  work  on  the  Elasticity  and  Resist- 
ance of  the  Materials  of  Engineering  rather  than  a  mere 

matter  of  applied  mechanics. 

W.  H.  B. 

Columbia  University, 
Oct.  X.  1915- 
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ELASTICITY    AND    RESISTANCE 

OF    MATERIALS. 


PART  I —ANALYTICAL 


CHAPTER  I. 

ELEMENTARY  THEORY  OF  ELASTICITY  IN  AMORPHOUS 

SOLID    BODIES. 

Art.  I. — General  Statements. 

The  molecules  oi  all  solid  bodies  known  in  nature  are 
more  or  less  free  to  move  toward,  or  from,  or  among  each 
other.  Resistances  are  offered  to  such  motions,  which 
var\'  according  to  the  circumstances  imder  which  they 
take  place  and  the  nature  of  the  body.  This  property 
of  resist<ince  is  termed  the  elasticity  of  the  body. 

The  summation  of  the  displacements  of  the  molecules 
of  a  body,  for  a  given  point,  is  called  the  distortion  or 
strain  at  the  point  considered.  The  force  by  which  the 
molecules  of  a  body  resist  a  strain,  at  any  pcMnt,  is  called 
the  stress  at  that  point.  This  distinction  between  stress 
and  strain  is  fimdamental  and  important. 

Stresses  are  developed,  and  strains  caused,  by  the 
application  of  force  to  the  exterior  surface  of  the  material. 
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These  stresses  and  strains  vary  in  character  according  t 
the  method  of  appHcation  of  the  external  forces.  Eac 
stress,  however,  is  accompanied  by  its  own  characteristi 
strain  and  no  other.  Thus  there  are  shearing  stresses  an< 
shearing  strains,  tensile  stresses  and  tensile  strains,  com 
pressive  stresses  and  compressive  strains.  Usually  . 
number  of  different  stresses  with  their  correspondin, 
strains  are  coexistent  at  any  point  in  a  body  subjected  t 
the  action  of  external  forces. 

It  is  a  matter  of  experience  that  strains  always  var; 
continuously  and  in  the  same  direction  with  the  corre 
sponding  stresses.  Consequently  the  stresses  are  con 
tinuously  increasing  functions  of  the  strains,  and  an; 
stress  may  be  represented  by  a  series  composed  of  th 
ascending  powers  (commencing  with  the  first)  of  the  strain 
multiplied  by  proper  coefficients.  When,  as  is  usuall; 
the  case,  the  displacements  are  very  small,  the  terms  o 
the  series  whose  indices  are  greater  than  imity  are  ex 
ceedingly  small  compared  with  the  first  term,  whose  inde: 
is  unity.  Those  terms  may  consequently  be  omittec 
without  essentially  changing  the  value  of  the  expression 
Hence  follows  what  is  ordinarily  termed  Hooke's  law: 

The  ratio  behveen  stresses  and  corresponding  strains ^  fo 
a  given  material,  is  constant. 

This  law  is  susceptible  of  very  simple  algebraic  repre 
sentation.  If  a  piece  of  material,  whose  normal  cross 
section  is  /I,  is  subjected  to  either  tensile  or  compressivn 
stress,  its  length  L  will  be  changed  by  the  amount  AL 
If  P  be  the  external  force  or  loading  which  produces  tha 
deformation  or  change  of  length,  the  amount  of  force  o 
stress,  supposed  to  be  uniformly  distributed,  acting  on  : 
square  inch  of  normal  cross-section  of  the  piece,  will  b 
found  by  dividing  the  total  force  P  by  the  area  of  cross 
section  A,     This  amount  of  imiformly  distributed  stres 
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is  called  the  *  *  intensity  of  stress,  *  *  and  it  is  a  most  impor- 
tant quantity.  In  dealing  with  the  effects  of  forces  or 
stresses  in  all  engineering  work,  the  amoimt  of  such  force 
or  stress  on  a  square  unit  of  area,  usually  a  sqiiare  inch  in 
American  practice,  and  called  the  intensity,  is  often  the 
main  object  sought,  for  it  determines  the  question  w^hether 
material  is  carrying  too  much  or  too  little  load,  as  well  as 
many  other  related  questions. 

Again,  the  important  consideration  as  to  strain  is  the 
fractional  change  in  length  of  the  entire  piece,  and  not  the 
total  change  in  length  expressed  in  the  unit  adopted,  ordi- 
narily an  inch.  This  fractional  change  of  length  is  the  same 
as  the  amount  of  actual  change  of  each  linear  unit  of  the 
piece,  as  found  by  dividing  JL  by  L.  Inasm^ich  as  that 
fraction  expresses  the  amount  (^f  change  in  length  for  each 
unit,  it  is  frequently  called  the  rate  of  change  of  length  c^r 
rate  of  deformation.  Hookers  law  is  to  the  effect  that 
the  intensity  of  stress  is  proportional  to  the  rate  of  strain, 
and  its  analytic  expression  may  readily  be  written. 

Let  p  represent  the  intensity  of  any  stress  and  /  the 
strain  per  unit  of  length,  or,  in  other  words,  the  rate  of 
strain.  If  £  is  a  constant  coefficient,  Hooke's  law  w^ill  be 
given  by  the  following  equation : 

P     JI 

P^j^- jy^:=Ki (i) 

If  the  intensity  of  stress  varies  from  point  to  point  (^f  a 
body.  H(^)ko's  law  may  hQ  expressed  by  the  foHowing 
difTerential  equation: 

'1='^ « 

If  p  and  /  are  rectangular  coordinates,  eqs.  (i)  and  (2) 
are  evidently  equations  of  a  straight  line  passing  through 
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the  origin  of  coordinates.  It  will  hereafter  be  seen  that 
the  line  under  consideration  is  essentially  straight  for 
comparatively  small  strains  in  any  case,  and  for  some 
materials  it  has  no  straight  portions. 

Art.  2. — Coefficient  or  Modulus  of  Elasticity. 

In  general  the  coefficient  £  in  eq.  (i)  of  the  preced- 
ing article  is  called  the  coefficient  of  elasticity,  or,  more 
usually,  modulus  of  elasticity.  The  coefficient  of  elasticity 
varies  both  with  the  kind  of  material  and  kind  of  stress. 
It  simply  expresses  the  ratio  between  the  rates  of  stress  and 
strain. 

The  characteristic  strain  of  a  tensile  stress  is  evidently 
an  increase  of  the  linear  dimensions  of  the  body  in  the 
direction  of  action  of  the  external  forces. 

Let  this  increase  per  unit  of  length  be  represented  by 
/,  while  p  and  E  represent,  respectively,  the  correspond- 
ing intensity  and  coefficient.  Eq.  (i)  of  the  preceding 
article  then  becomes 

/?=£/,     or    £=| (i) 

E  is  then  the  coefficient  of  elasticity  for  tension. 

The  characteristic  strain  for  a  compressive  stress  is 
evidently  a  decrease  in  the  linear  dimensions  of  the  body 
in  the  direction  of  action  of  the  external  forces.  Let  l^ 
represent  this  decrease  per  unit  of  length,  /?,  the  intensity 
of  compressive  stress,  and  E^  the  corresponding  coefficient. 
Hence 

/>,=£,/„     or    £,=  ^'- (2) 

E^  consequently  is  the  coefficient  of  elasticity  for 
compression. 
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The  characteristic  strain  for  a  shearing  stress  may  be 
determined  by  considering  the  effect  which  it  produces 
on  the  layers  of  the  body  parallel  to  its  plane  of  action. 

In  Fig.  I  let  A  BCD  represent  one  face  of  a  cube,  another 
of  whose  faces  is  fixed  along  AD,  If  a  shear  acts  in  the 
face  BL\  whose  plane  is  normal  to  the  plane 
of  the  paper,  all  layers  of  the  cube  parallel 
to  the  plane  of  the  shearing  stress,  i.e.,  BL\ 
will  slide  over  each  other,  so  that  the  faces 
AB  and  DC  will  take  the  positions  AE  and 
DF.  The  amount  of  distortion  or  strain 
per  unit  of  length  will  be  represented  by 
the  angle  EAB  =  <t>,  If  the  strain  is  small, 
there  may  be  wTitten  ^,  sin  <f>,  or  tan  <j> 
indifferently. 

Representing,  therefore,  the  intensity  of  shear,  coeffi- 
cient, and  strain  by  5,  6",  and  <j>,  respectively,  eq.  (i)  of 
Art.   I  becomes 


Fig.  1. 


5  =  6"^,     or 


-I 


(3) 


It  will  be  seen  hereafter  that  there  are  certain  limits 
of  stress  within  which  eqs.  (i),  (2),  and  (3)  are  essentially 
true,  but  beyond  which  they  do  not  hold;  this  limit  is 
called  the  lifyiit  of  elasticity,  and  is  not  in  general  a  well- 
defined  point. 

The  line  Okghn  exhibited  in  Fig.  2  represents  the  actual 
striiins  in  a  piece  of  structural  steel  i  inch  in  length  with 
I  square  inch  of  cross-section.  O  is  the  origin  of  coordi- 
nates, and  the  loads  per  square  inch,  i.e.,  intensities  of 
stresses,  are  shown  by  the  vertical  ordinates  drawn  parallel 
t«  >  (}C  from  OD  to  the  strain  curve,  while  the  strains  per 
unit  of  length,  that  is,  jK^r  inch,  are  laid  off  as  horizontal 
c^nlinates  of  the  curve  parallel  to  OD,     If  Of/  is  the  in- 
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tensity  of  stress,  p'  corresponding  to  the  point  k  of  the  strain 
curve,  while  01'  is  the  resulting  strain  per  unit  of  length, 
then  p'  -=El\  Again,  if  g  is  at  the  upper  limit  of  the  straight 
portion  of  the  curve  for  which  the  intensity  of  stress  and 
rate  of  strain  are  p  and  /  respectively,  the  relation  between 
those  two  quantities  is  shown  by  eq.  (i).      Since  £,  also  as 


i> 


\9 


V 


Fig.  2 


shown  by  eq.  (i),  is  equal  to  the  quotient  of  p  divided 
by  /,  Fig.  2  shows  that  it  is  equal  to  the  tangent  of  the 
angle  between  OD  and  the  straight  portion  Og  of  the  strain 
curve,  it  being  supposed  that  the  rates  of  strain  are  laid 
down  at  their  actual  or  natural  sizes.  If  the  strain  line  is 
curved,  the  first  term  of  eq.  (2)  of  Art.  i,  the  differential 
ratio,  will  represent  the  tangent  of  the  angle  between  the 
curve  and  the  horizontal  axis  OD  in  Fig.  2.  The  point  g, 
being  at  the  upjx^r  limit  of  constant  proportionality  be- 
tween intensity  of  stress  and  rate  of  strain,  is  called  the 
elastic  limit,  above  which  it  is  seen  that  the  strains  in- 
crease far  more  rapidly  than  the  stresses  until  the  point  n 
is  reached,  where  actual  rupture  takes  place.  The  nearly 
horizontal  portion  of  the  curve  between  g  and  h  and  a  little 
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above  g  indicates  the  **  yield  point,"  an  intensity  of 
stress  where  the  material  is  said  first  to  *  *  break  down ' '  or 
stretch  rapidly  under  tensile  stress  without  much  increase 
of  the  latter. 

Art.  3. — Direct  Stresses  of  Tension  and  Compression. 

The  direct  stresses  of  tension  and  compression  always 
j>roduce  shearing  stresses  and  strains  on  all  planes  in  the 
interior  of  a  body  except  those  perpendicular  and  parallel 
to  those  direct  stresses^  If,  in  Fig.  i,  a  straight  piece  of 
material  CD  is  subjected  to  the  tensile  stress  induced  by 
the  forces  P  equal  and  opposite  to  each  other,  there  will  be 
pure  tension  only  on  all  planes  or  sections  of  the  piece  at 
right  angles  to  the  direction  of  the  forces  P,  such  as  HK, 
On  all  planes  passing  through  the  longitudinal  axis  of  the 
piece  there  will  be  no  stress  whatever,  if,  as  is  supposed, 
the  forces  P  are  uniformly  distributed  over  the  sections 
of  application  DF  and  BC. 


Fig.   I. 

On  every  oblique  plane  or  section  in  all  parts  of  the 
piece  as  H'K\  supposed  to  be  perpendicular  to  the  plane 
of  the  diagram,  there  will  be  shear  as  well  as  direct 
stress  of  tension  normal  to  it,  the  intensities  of  both  the 
shear  and  the  normal  stress  being  dependent  upon  the 
angle  a.  between  HK  and  H'I\\  The  force  P  may  be 
resolved  by  the  triangle  of  forces  into  two  components, 
one  at  right  angles  to  f/7\',  represented  by  A\  and  the 
other  along  or  Umgential  to  //'AT',  represented  by  5.     If 
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A  represents  the  area  of  the  normal  section  HK,  the  area 
of  the  oblique  section  //'A''  will  be  A  sec  a.  The  value 
of  the  normal  stress  N  will  be  N  =P  cos  a,  but  S  ^P  sin  a. 
The  intensity  of  the  normal  tensile  stress  on  H'/v'  will  be, 
therefore, 

N  P  cos  rt  , 

A  sec  a     A  sec  a     '^ 

The  intensity  of  shear  on  the  same  plane  H'/v'  will  be 

5  p.  sin  a  . 

5="! =-z =p  sin  a  cos  a,       .     .     (2) 

A  sec  a     A  sec  a     ^  ^ 

\/Vnen  the  angle  a  is  zero,  5  in  eq.  (2)  becomes  zero, 
while  n  in  eq.  (i)  becomes  equal  to  />,  i.e.,  the  intensity  of 
direct;  tensile  stress  on  the  normal  section.  On  the  other 
hand,  when  the  angle  a  has  the  value  of  90®,  both  n  and  s 
become  zero,  i.e.,  there  is  no  stress  whatever  on  a  longi- 
tudinal, axial  plane.' 

Inasmuch  as  the  angle  a  may  have  any  value  what- 
ever from  zero  to  90®  on  either  side  of  HK,  it  is  clear  that 
both  shearing  and  normal  tensile  stresses  will  be  found 
concurrently  on  every  oblique  plane  in  the  piece.  As  has 
been  observed  in  the  preceding  article,  these  shearing 
stresses  induce  the  lateral  strains  under  which  the  normal 
cross-sections  of  a  piece  subjected  to  pure  tension  decrease 
in  area  while  they  increase  under  the  action  of  pure  com- 
pression. 

Eqs.  fi)  and  (2)  have  been  written  on  the  assump- 
tion that  the  external  forces  P  produce  tension  in  the 
material,  but  precisely  the  same  equations  apply  to  the 
condition  of  pure  compression,  the  only  diflference  being 
that  in  the  latter  case  the  external  forces  P  would  be  di- 
rected toward  each  other  from  the  ends  of  the  piece,  in- 
stead of  away  from  each  other. 
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Art.  4. — Lateral  Strains. ' 

If  a  bcxiy,  as  indicated  in  Fig.  i,  be  subjected  to  ten- 
sion, it  has  been  shown  in  Art.  3  that  all  of  its  oblique  cross- 
sections,  such  as  FE  and  GH,  will  sustain  shearing  stresses 
in  consequence  of  the  component  of  the  tension  tangential 
to  those  oblique  sections.  These  tangential  stresses  will 
cause  the  oblique  sections,  in  both  directions,  to  slide  over 


A 

Q                  E                       C 

^ 

1 

3 

F                  H                       C 

Fig.   1. 

) 

each  other.  Consequently  the  normal  cross-sections  of  the 
body  unll  be  decreased;  and  if  the  normal  cross-sections  of 
the  body  are  made  less,  its  capacity  to  resist  the  external 
forces  acting  on  AB  and  CD  will  be  correspondingly  dimin- 
ished. 

If  the  body  is  subjected  to  compression,  oblique  sec- 
tions of  the  body  will  be  subjected  to  shears,  but  in  direc- 
tions opposite  to  those  existing  in  the  previous  case.  The 
effect  of  such  shears  will  be  an  increase  of  the  lateral 
dimensions  of  the  body  and  a  corresponding  increase  in 
its  capacity  of  resistance. 

These  changes  in  the  lateral  dimensions  of  the  body  are 
termed  "lateral  strains'*;  they  always  accompany  direct 
strains  of  tension  and  compression. 

It  is  to  be  observed  that  lateral  strains  decrease  a  body  *s 
resistance  to  tension,  but  increase  its  resistance  to  com- 
pression. Also,  that  if  they  are  prevented,  both  kinds  of 
resistance  are  increased. 

Consider  a  cube,  each  of  whose  edges  is  a,  in  a  body 
subjected  to  tension.     Let  r  represent  the  ratio  between 
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the  lateral  and  direct  strains,*  and  let  it  be  supposed  to 
be  the  same  in  all  directions.  If  /,  as  in  Art.  2,  represents 
the  direct  unit  strain,  the  edges  of  the  cube  will  become,  by 
the  tension,  a(i+/),  a(i— /r),  and  a{i  —  rl).  Consequently 
the  volume  of  the  resulting  parallclopiped  will  be 

a'(i+/)(i-r/)'=a'[i+/(i-2r)]      .     .   ^.     (i) 

if  powers  of  /  higher  than  the  first  be  omitted.  With  r  be- 
tween o  and  J,  there  will  be  an  increase  of  voI:i:ne,  but  not 
otherwise. 

If  the  body  is  subjected  to  compression,  the  edges  of 
the  cube  become  a(i  — /j),  a(i -h^'i/,),  and  cj(i +rj/j);  while 
the  volume  of  the  parallclopiped  takes  the  value 

a»(i-/J(i-fr,g^=a^i+/,(2r,-i)].      .     .     (2) 

As  before,  the  higher  powers  of  /^  are  omitted.  If  the 
volume  of  the  cube  is  decreased,  r^  must  be  found  between 
o  and  J. 

If  a  be  unity  in  eq.  (i),  it  is  then  clear  that  the  expres- 
sion l{i  —  2r)  is  the  change  of  volume  of  a  unit  cube,  i.e., 
it  is  the  rate  of  change  of  volume  when  the  intensity  of  stress 
is  p=  EL  Hence  if  this  rate  of  change  of  volume  be  mtil- 
tiplied  by  a  definite  volume  V  the  result  will  be  the  total 
change  of  that  definite  volume  produced  by  the  imiform 
intensity  of  stress  p. 

If  the  intensity  of  stress  varies  from  point  to  point  the 
total  change  of  volume  will  become: 

j'^(i-2r)dV  =  (^-r'jj'pdV.     ...     (3) 

Evidently  the  volume  V  must  be  expressed  in  the  same 
independent  variable,  or  variables,  as  p.  The  integral 
must  then  be  made  to  cover  the  desired  limits. 


*  Fraiucntly  called  Poisson's  ratio. 


Art.  5.1     RELATION  BETWEEN  COEFFICIENTS  OF  ELASTICITY-      1 1 

Art.    5. — Relation   between  the  Coefficients  of  Elasticity  for 
Shearing  and  Direct  Stress  in  a  Homogeneous  Body. 

A  body  is  said  to  be  homogeneous  when  its  elasticity, 
of  a  given  kind,  is  the  same  in  all  directions. 

Let  Fig.  I  represent  a  body  subjected  to  tension  parallel 
to  CD.   That  oblique  section  on  which  the  shear  has  the 

B  greatest  intensity  will  make 
an  angle  of  45°  with  either  of 
those  faces  whose  traces  are 
CD  or  BD ;  for  if  a  is  the  angle 
ipWhich  any  oblique  section 
» makes  with  BD,  P  the  total 
tension  on  BD,  and  A'  the 
area,  of  the  latter  surface,  the  total  shear  on  any  section 
^'hose  area  is  A'  sec  a  will  be  P  sin  a.      Hence  the  intensity 

of  shear  is 

P  sin  a      P    . 

"TT =-7>smacosa (i) 

A   sec  a     A'  ^  ^ 

The   second  member  of  eq.  (i)  evidently   has  its  greatest 
value  for  a  =  45°.     Hence  if  the  tensile  intensity  on  BD  is 

P 
represented  by  -j>  =  p,  the  greatest  intensity  of  shear  will  be 

5=f (^) 

Then  by  eq.  (3)  of  Art.  2, 

*=4  • (3) 

In  Fig.  I  EK  and  KG  are  perpendicular  to  each  other, 
while  they  make  angles  of  45*  with  either  AB  or  CD.  After 
stress,  the  cube  EKGH  is  distorted  to  the  oblique  paral- 
lelepiped E'KG'H\  Consequently  EKGH  and  FJKG'H' 
correspond  to  ABCD^axid  .-^^FD,  respectively,  of  Fig.  i. 
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Art.  2.     The  angular  difference  EKG  —  E'KG'  is  then  equal 

to  4> ;  and  EKE'  =  GKG'  -  ^.     Also,  E'KF'  =  45°  -  ^. 
^  2  ^2 

Using,   then,   the   notation  of    the  preceding   articles, 

there  will  result,  nearly, 

tan  (^4S°-fj  =  7-^7  =  1-/(1+0;^^   .     .     (4) 

remembering  that 

F'K^FK(i+l),     and    E'F' =FK(i-rl), 

From   a    trigonometrical    formula    there  is    obtained, 
v^ery  nearly. 


.0    .-  -  <!>    -     <!> 


tan  45°  — tan—     i  — 


(i\      uiu  45  —  uin  ~     I  —  -  - 
45»-^  = — ^-  --; — ;=^-^--  (s) 

tan4S   +tan-     i+- 

22 

From  eqs.  (4)  and  (5), 

<l>  =  l{i+r).c (6) 

Substituting   from    eq.  (3),  as  well    as    from   eq.    (i)    of 
Art.  2, 

\J  /  v»»»  •  •  •  •  .  ,  \    J    J 

2(i-fr)  ^^^ 

It  has  already  been  seen  in  the  preceding  article  that  r 
must  be  found  between  o  and  J,  consequently  the  coefficient 
of  elasticity  for  shearing  lies  between  the  values  of  \  and  .J  of 
that  of  the  coefficient  of  elasticity  for  tension. 

This  result  is  ai)i)n)ximatcly  verified  by  experiment. 

Since  precisely  the  simie  form  of  result  is  obtained  by 
treating  conii)rcssive  stress,  instead  of  tensile,  there  will  be 
found,  by  equating  the  two  values  of  C, 

E  Ey  E.     i+r. 

I  +  r      1  -f-  ^i  h      1  -^r  ^   ' 
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It  is  clear,  from  the  conditions  assumed  and  operations 
involved,  that  the  relations  shown  by  eqs.  (7)  and  (8)  can 
only  be  approximate. 

Art  6. — Shearing  Stresses  and  Strains. 

In  the  preceding  Arts,  the  more  simple  and  ordinary 
relations  between  stress  and  strain  are  shown,  but  in  this 
and  following  Arts,  it  is  desirable  to  give  a  more  extended 
treatment. 

Materials  are  rarely  used  in  structures  and  machines 
under  conditions  in  which  the  stress  is  wholly  shear.     The 
usual  conditions  are  such  as  to  produce  shear  concurrently 
with  stresses  of  tension  and  compression.     Even  in  the  use 
of  rivets,  where  shearing  stress  acts  prominently,  tension 
and  compression  in  the  form  of  flexure  and   direct  com- 
pression are  concurrent.     Again  in  the  case  of  flexure  or 
the  bending  of  beams,  the  shearing  stress  is  sufficiently 
high   in  intensity  in  some  cases  to  produce  failure,  but 
concurrently    w4th   relatively   high   intensities   of   tension 
and  compression. 

Figs.  I  and  2  show  a  rectangular  parallelopiped  of 
material  of  depth  b  at  right  angles  to  the  plaxie  ABCD 
firmly  held  on  the  face  AD,  while  the  intensities  of  shear 
5  and  5'  act  on  the  faces  AB,  EC,  CD,  and  AD,  It  is 
supposed  that  no  other  stresses  act  upon  the  exterior 
faces  of  the  prism  of  material.  Let  the  prism  be  imagined 
to  be  divided  into  indefinitely  thin  vertical  slices  at  right 
angles  to  the  face  A  BCD  when  in  its  original  position 
shown  by  AB'C'D,  Similarly  let  the  prism  be  imagined 
to  be  divided  into  indefinitely  thin  horizontal  slices  at 
right  angles  to  the  same  face. 

Before  considering  the  distortion  of  the  prism  due  to 
the  action  of  the  shearing  stresses  an  important  but  simple 
principle   must  be  established.    As  there  are  no  stresses 
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acting  upon  the  prism  except  the  opposite  pairs  of  shearing 
stresses  whose  intensities  are  5  and  s'  as  shown,  it  is  clear 
that  the  prism  must  be  held  in  equilibrium  by  the  two 
couples  acting  in  opposite  directions  whose  lever  arms 
are  AB^  and  AD,     Let  /  represent  the  length  AB'  of  the 


•_ * _v —  * »- 1 1^ 

— -~  ~  -  -  -  -"-v  lit'' 


..I. 


Fig.  I. 


Fig.  2. 


prism,  while  AD=d,  as  shown  in  Fig.  2.     Then  since  the 
prism  is  in  equilibrium  there  wnll  result  the  equation, 


s'bl.d=sbd,l 


s=s' 


(i) 


This  equation  shows  that  the  intensities  of  two  shears 
acting  on  planes  at  right  angles  to  each  other  and  parallel 
to  a  third  plane  at  right  angles  to  the  other  two  must  be 
equal.  Furthermore,  it  is  clear  from  Fig.  2  that  the  shears 
on  the  faces  of  the  prism  must  act  in  pairs  toward  two  of 
the  comers  of  the  prism  diagonally  opposite  each  other 
and  away  from  the  other  diagonally  opposite  pair  of  comers. 

*The  rectangular  prism  of  Figs,  i  and  2  may  be  con- 
sidered  indefinitely   small   under   ordinary   conditions   of 
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Stress  in  structural  material  in  order  to  have  the  stress 
uniformly  distributed  on  the-  four  faces.     Whatever  may 
be  the  condition  of  stress  at  any  point  in  the  interior  of  a 
piece  of  material,  the  stresses  acting  upon  the  four  faces 
of    the    rectangular    prism,    when    all    stress    is    parallel 
to  one  plane,  may  be  resolved  into  normal  and  tangential 
comix>nents.     The  normal  components  will  act  opposite 
to   each  other  producing  no  moments  about  any  point, 
but     the    tangential    components    will    produce    precisely 
the   moments  shown  in  Figs,   i   and  2.     The  equilibrium 
of  the   indefinitely  small  prism  invariably  requires  there- 
fore the  action  of  two  pairs  of  shears  of  equal  intensity, 
as  established  above. 

The  complete  distortion  of  the  rectangular  prism 
A  BCD  may  be  considered  as  produced  first  by  the  sliding 
over  each  other  of  the  indefinitely  thin  vertical  sections 
parallel  to  BC,  so  as  to  produce  the  oblique  prism  AB"C2D^ 
Fig.  I,  then  by  the  subsequent  sliding  over  each  other  of 
the  indefinitely  thin  horizontal  sections  parallel  to  DC, 
so  as  to  produce  the  oblique  prism  AB"0'D\  This  last 
movement  of  the  horizontal  slices  will  bring  the  line  AD 
into  the  position  of  AD\  then  swinging  the  latter  line  about 
.4  to  the  original  position  AD,  the  completely  distorted 
prism  will  take  the  form  A  BCD. 

B'B'\  Fig.  I,  is  the  characteristic  shearing  strain  pro- 
duced by  the  vertical  shearing  stress  whose  intensity  is 
5  acting  in  the  planes  parallel  to  BC.  DD'  is  the  character- 
istic shearing  strain  produced  by  the  action  of  the  hori- 
zontal shearing  intensity  5'  in  sliding  the  thin  horizontal 
slices  over  each  other.  These  detrusive  movements  are 
so  small  that  jB'B"  may  be  considered  at  right  angles  to 
AS  and  DD'  at  right  angles  to  AD.  The  total  detrusive 
strain  B'B  is  the  sum  of  B'B",  due  to  the  vertical  shear, 
and   B''B  due  to  the  horizontal  shear,  and  B'B"  =-B"B, 
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if  AB'  =AD.    The  total  shearing  strain  per  imit  of  lengt 
of  AB  will  therefore  be, 

B'B_B'B''+B''B  . 

AB  AB ^^ 


This  is  the  expression  for  the  characteristic  resultan 
shearing  strain  and  it  is  seen  to  be  measured  at  right  angle 
to  the  original  face  AB\  i.e.,  it  is  a  small  arc  measnremen 
in  radians.  It  is  important  to  remember  that  this  tots 
detrusive  strain  due  to  shear  is  the  sum  of  two  equ£ 
effects,  one  of  horizontal  shear  and  the  other  of  vertic£ 
shear,  i.e.,  of  the  two  shears  on  planes  at  right  angles  t 
each  other. 

If  fc  =  I  and  if  AB'C'D,  Fig.  2,  now  be  considered  squar 
so  that  AB=BC,  then  will  the  tension  T  acting  perper 
dictdar  to  the  plane  BD  be  equal  to  the  sum  of  the  con 
ponents  of  the  shear  s=s\  on  the  planes  BC  and  DC 
normal  to  the  diagonal  plane  BD,     Since  the  angle  BCj 

is  45°  and  its*  cosine  —7=^,  the  following  equation  at  one 

V2 

results: 

r=25  cos  45®  =5V2.  ....      (3 


Similarly  the  compression  on  the  diagonal  plane  AC  ii 

C^-sVI. (4 

As  the  area  of  each  diagonal  plane  section  AC  and  Bl 
is  V^,  the  intensity  of  the  tension  T  and  compression  ( 
on  the  planes  AC  and  BD  respectively  will  be: 

T  C  f 


V7  \/2 
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Hence  it  is  seen  that  when  the  stress  xt  any  point  is 
wholly  shear  on  two  planes  at  right  angles  to  each  other 
and  perpendicular  to  the  plane  to  which  the  shearing 
stress  is  parallel,  the  stress  on  two  planes  at  right  angles 
to  each  other  and  making  angles  of  45°  with  the  two 
planes  on  which  the  shears  act,  will  be  wholly  tension  on 
one  and  compression  on  the  other,  and  both  will  have  the 
same  intensity  as  the  two  shears. 

Inasmuch  as  the  prism  whose  section  is  shown  in  Fig. 
2  is  subjected  to  a  normal  stress  of  tension  in  the  direction 
of  AC  and  an  equal  normal  stress  of  compression  in  the 
direction  BD,  it  is  obvious  that  there  will  be  no  change 
in  volume  due  to  those  stresses,  since  the  change  in  inten- 
sity caused  by  one  stress  will  be  exactly  neutralized  by  the 
other.     Again   the   sliding   over   each   other   of   the   thin 
slices  of  the  material  will  not  change  its  density  or  volume, 
although  a  change  of  shape  is  produced.     Hence  it  is  to 
be  carefully  observed  that  shearing  stresses  produce  no 
change  of  volume,  but  change  of  shape  only. 

If   <t>  is  the  angle  B'AB=CDC,  then  in  general,   the 
resultant    shearing    strain    B'B  =C'C  =AB'<I>^AB'    sin    4> 
=  AB'  tan  4>,  since  the  angle  </>  is  exceedingly  small.     If 
AB  =BC  =  i,  B'B  =  <t>=sm  0=tan  </>. 

In  Fig.  2  if  the  total  detrusive  strain  CC  be  projected 
on  the  diagonal  AC  the  change  CCi  in  length  of  that 
diagonal    will    result.     As    the    angle    C^CCi    is    45°,    the 

change  of  length  CCi  will  be  —7=,  and  the  strain  per  unit 

V2 

of  length  of  the  diagonal  will  be. 


V2  V2 


(6) 


It  is  clear  that  the  diagonal  BD  will  be  shortened  by 
the  same  amount.     Indeed  Eq.  6  shows  the  tensile  strain 
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in  the  diagonal  AC,  while  the  same  value  with  a  minus 
sign  would  show  the  compressive  strain  for  the  diagonal 
BD.     It  the  diagonal  AC  were  subjected  to  the  tensile 


intensity  s  only  the  strain  per  unit  of  length  would  be 


£■ 


If  G  is  the  modulus  of  elasticity    for  shearing,    the 
intensity  of  shearing  stress  may  be  written, 


5  =s'=G'«. 


(7) 


Inasmuch  as  the  total  detrusive  strain  <ji  per  linear 
unit  is  the  sum  of  the  equal  effects  of  the  shears  on  the 
two  faces  of  the  prism,  it  would  be  more  rational  to  call 

-  the  detrusive  strain  per  linear  unit  for  the  shear  on  one 

face  of  the  prism.  This  would  make  the  modulus  G 
of  elasticity  for  shearing  double  the  value  usually  employed, 
but  it  would  represent  accurately  the  rigidity  of  the  material, 
since  one  half  of  the  total  shearing  strain  <t>.  Fig.  3,  is  pro- 
duced by  a  rotation  of  the  prism  as  a  whole.  In  other 
words  the  total  strain  is  the  sum  of  two  separate  but  equal 
strains.  This  doubling  of  the  value  of  G  would  obviously 
change  no  results  of  computation  for  practical  purposes 
since  the  strain  0  would  be  halved.  It  is  interesting 
to  observe  in  connection  with  this  feature  of  the  matter 
that  the  shearing  rigidity  of  the  material  in  this  case,  would 
become  the  same  as  the  apparent  rigidity  in  tension  or 
compression. 


Art  7.— Relation  between  Moduli  of  Elasticity  and  Rate  of 
Change  of  Volume. 

The    preceding    analyses    yield    some    simple    relations 
between  the  moduli  of  elasticity  for  tension,  coiryiression 
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and  shearing  and  the  rate  of  change  of  volume  7;,*  i.e.,  the 
change  of  unit  volume  for  unit  intensity  of  stress. 

In  Fig.  2  of  the  preceding  Art.  CC  shows  the  total  shear- 
ing   strain    0,   and  the  elongation  or  strain   CCil  =-7=) 

of  the  diagonal  AC.  It  has  also  been  shown  that  the  inten- 
sity of  tension  on  BD  or  compression  on  AC  is  the  same 
as   the   shear  s=s'.     Remembering  that  the  compression 

c 

5  on  AC  will  produce  a  unit  positive  lateral  strain  r-=; 

parallel  to  AC,  the  two  equal  values  of  the  unit  strain  of 
the  diagonal  AC  may  be  written, 


2     2G    \E^  E/' 


Hence. 


/^ ^      -^1  /  \ 

''"2(i+r)"2(i+ri) ^'^ 


If  the  modulus  of  elasticity  for  compression,  £1,  should 
be  different  from  that  for  tension  it^s  evident  that  the  third 
member  of  Eq.  i  would  be  required. 

If  the  value  of  r  is  ^  or  ^  then  will. 

G  =  iE     or    JE (2) 

The  relation  between  v  and  E  can  readily  be  written 
by  considering  a  cube  (indefinitely  small  if  necessary) 
subjected  to  uniformly  distributed  tensile  stress  of  inten- 
sity p  normal  to  each  of  its  six  faces.  Each  edge  of  the 
cube,  assumed  to  be  of  unit  length,  will  be  lengthened  by 

the  normal  stress  parallel  to  it  to  the  extent  ^,  and  it 

E 


•  The  reciprocal  of  what  is  sometimes  called  the  volume  or  bulk  modulus. 
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will  be  decreased  in  length  ^  -^  by  each  of  the  two  normal 

stresses  p  acting  at  right  angles  to  it. 

The  resultant  change  in  length  of  each  edge  will  then  be, 

|(i-2r). 

Hence  the  change  of  unit  volume  in  terms  of  the  unit 
rate  v  will  be, 

pv  =  s-^{i-2r). 
.-.     £=i^-^ir) (3) 


If  V  be  any  volume,  the  total  change  of  volume  will 
be  pvV, 

The  equation  preceding  Eq.   (3)   shows  that  the  unit 

rate  of  change  of  volume  v  is  simply  the  sum  of  the 'three 

I  —  2  v 
linear  rates  of  change  of  the  edges  of  the  cube,  since  — -  - 

is  the  change  of  length  of  each  edge  of  the  cube  for  each 

(I  —  2t\ 
— 7-  -1  is  the  change  in  length  of  each  such 

edge  under  the  action  of  the  intensity  of  stress  p.  If  the 
intensity  of  stress  parallel  to  each  edge  of  the  cube  should 
be  different  from  the  others  the  preceding  analysis  shows 
that  the  rate  of  variation  of  volume  would  still  be  the  sum 
of  the  three  coordinate  linear  rates  of  variation. 
By  the  aid  of  Eq.  (i), 

E  =  2G(i+r)=^^^'-'^-^ (4) 

V 


Therefore : 


3-2(7z; 
'-6+2GV ^^^ 


Art.  8.] 


ALL  STRESSES  PARALLEL  TO  ONE  PLANE. 
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Finally,  placing  r  from  Eq.  (5)  in  Eq.  (3), 


(6) 


These  simple  relations  will  enable  the  various  moduli 
to  be  determined  with  the  least  possible  amount  of  experi- 
mental work. 


Art.  8. — ^All   Stresses  Parallel  to  One  Plane — Resultant  Stress 
on  any  Plane  Normal  to  the  Plane  of  Action  of  the  Stresses. 

In  Fig.  I  let  XOY  be  the  plane  parallel  to  which  all 
stresses  act.  Then  OX  and  OY  being  any  rectangular 
coordinate  directions,  consider  the  two  planes  OA  and  OB 


'-^a 


o\n\\\\ 
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Fig.  I. 

normal  to  each  other  and  at  right  angles  to  the  plane 
XOY  and  let  the  width  of  each  of  those  planes  at  right  angles 
to  XOY'  be  unity. 

Again  let  it  be  supposed  that  the  normal  stress  on  the 
plane  AO  has  the  intensity  pp  and  that  the  intensity  of 
the  tangential  or  shearing  stress  on  the  same  plane  is  p^s- 
Similarly  let  it  be  supposed  that  the  intensity  of  the  normal 
stress  on  the  plane  OB  is  pj,  the  intensity  of  the  tangential 
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or  shearing  stress  being  psp.  It  is  known  from  the  prin- 
ciples already  established  in  the  preceding  articles  that  the 
two  intensities  of  shear  p^  and  pxy  are  equal  to  each  other. 
The  problem  is  to  determine  the  intensity  and  direction 
of  the  resultant  stress  on  any  plane  AB,  taken  at  right 
angles  to  XOY,  In  general  the  resultant  stress  CD  will 
make  the  angle  <t>  with  the  normal  CF  to  the  plane  AB, 
i.e.,  the  resultant  stress  will  have  the  obliquity  0. 

The  direction  of  the  plane  AB  will  be  fixed  by  the  angle 
which  its  normal  CF  makes  with  the  axis  OX,  In  order 
that  the  stresses  on  the  three  planes  in  question  may  be 
taken  as  uniformly  distributed  let  it  be  assumed  that 
OA  =dx  and  OB  =dy.     Then  will 

AB  =dy  sec  a  =dx  cosec  a (i) 

If  p  is  the  intensity  of  the  uniformly  distributed  result- 
ant stress  on  AB,  then  the  equilibrium  of  the  indefinitely 
small  triangular  prism  OA  B  requires  that  the  two  following 
equations,  representing  the  sums  of  all  the  forces  acting 
upon  it  in  the  two  coordinate  directions,  shall  be  true. 

pi4y  +pxvdx  =  p  cos  {a  +  <t>).  dy  sec  a       .       (2) 

pydx  +px/ly  =  p  sin  (a  +  0) .  dy  sec  a       .       (3) 

Fig.  I  shows  that  dy  tan  a  =dx.  Hence  Eqs.  (2)  and 
(3)  become  Eqs.  (4)  and  (5),  respectively: 

pz  cot  a+pxy-p  cos  (a  +  <t>)  cosec  a  .      .      (4) 

Pv  +pxy  cot  a=p  sin  (a  +  <f>)  cosec  a,        .     .     (s) 

It  is  sometimes  convenient  to  express  the  normal  and 
tangential  components  of  the  resultant  intensity  p  in  terms 
of  the  known  intensities  pxy  py  and  pxy.  If  in  Fig.  i  the 
stresses  on  the  faces  OA  and  OB  be  resolved  into  compo- 
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nente  normal  and  parallel  to  the  plane  AB  the  sum  of  the 
normal  components  will  be  equal  to  the  normal  stress  on 
AB  -while  the  sum  of  the  parallel  components  will  be  equal 
to  the  tangential  or  shearing  stress  on  AB.  This  pro- 
cedtire  will  give, 

p^x  sin  oc+p^x  cos  a+pjdy  cos  a+px/iy  sin  a 

=pdy  sec  a  cos  <t>. 

p^x   cos   oc—ppxdx  sin  a—psdy  sin  a+px^dy  cos  a 

=  pdx  cosec  a.     sin  <t>. 

Using  the  values  already  given  for  dy  and  AB  the  fol- 
lowing expressions  for  the  normal  and  tangential  compo- 
nents of  p  {p  cos  0  and  p  sin  0)  will  result: 

pp  sin^  a  +px  cos^  ot  +  2pxy  sin  a  cos  a—p  cos  0     .     (4a) 
{pw  —P*)  sin  a  cos  a+pxy{cos^  a  — sin^  a)  =p  sin  0.     (sa) 

These  two  equations  will  be  used  in  establishing  the 
ellipse  of  stress  in  the  next  Art. 

If  the  stress  /?  is  a  principal  stress  its  obliquity  0,  i.e., 
the  angle  between  its  direction  and  the  normal  to  the 
plane  on  which  it  acts,  will  be  zero.  If  4^=0  Eqs.  (4) 
and  (5)   become, 

p—px=pxvt2ina,  ....      (6) 

p-pjf=^pxv  cot  a (7) 

Subtracting  Eq.  6  from  Eq.  7, 

cot  a —tan  a= -— — ^. 

tan  2  a       pxy 

:.     tan  2a  =   ^^"^ (8) 
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If  the  angle  ai  satisfies  this  equation,  then  will  ai  +90*^^ 
also  satisfy  it.  Hence,  there  will  always  be  two  prin — 
cipal  planes  at  right  angles  to  each  other  on  each  of  whicta- 
a  normal  stress  only  acts,  i.e.,  there  is  no  shearing  stress 
on  either  principal  plane. 

Eq.  8  will  at  once  locate,  by  the  two  values  of  a,  the 
two  principal  planes,  while  the  same  two  values  of  a  intro- 
duced into  either  Eq.  6  or  Eq.  7  will  give  the  two  intensi- 
ties of  principal  stresses  to  be  called  pi  and  ^2,  it  being 
supposed  that  the  normal  and  shearing  stresses  on  the 
planes  OA  and  OB  are  completely  known. 

The  two  principal  stresses  can  however  readily  be 
found  without  computing  the  angle  a.  Multiplying  Eq. 
7  by  Eq.  6, 

The  solution  of  this  quadratic  equation  gives, 

p=P^+Py±VpJ+Hp\-P,y'  ....    (9) 

2 

The  two  roots  of  this  equation  will  give  the  two  prin- 
cipal intensities  at  any  point  in  terms  of  the  known  inten- 
sities pj,  py  and  pxy. 

The  two  stress  intensities  px  and  py  have  been  taken 
of  the  same  kind,  tension  or  compression,  and  considered 
positive.  If  one,  as  py,  be  considered  compression  or 
negative,  its  sign  would  be  changed  in  the  preceding 
equations,  but  there  would  be  no  other  change. 

Sttm  oj  Normal  Components. 

If  any  other  plane  be  taken  at  right  angles  to  XOY, 
Fig.  I,  and  at  right  angles  to  the  pkme  whose  trace  is  AB, 
the  preceding  equations  are  made  applicable  to  it  by  writing 


Art  8.] 


ALL  STRESSES  PARALLEL  TO  ONE  PLANE. 


25 


9o''+afor  a  in  Eqs.  (4a)  and  (so),  since  the  new  plane 
is  at  right  angles  to  that  whose  trace  is  AB. 
Then  in  Eqs.  (4a)  and  ($0)  there  must  be  written, 

For  sin  a,  sin  (90 +a)    =cos  a. 

For  cos  a,  cos  (90 +a)   =  —sin  a. 

Hence  by  Eq.  (4a),  writing  p'  and  0'  for  p  and  4>\ 

pt  COS^  a+px  sin^  a'-2pxy  sin  a  COS  a  =  /?'  COS  0'. 


Then  by  adding  this  equation  to  Eq.  (4a) ; 

px+pv  =  p  COS  0  +p'  COS  0'. 


(10) 


This  equation  shows  that  on  any  two  planes  at  right 
angles  to  each  other  the  sum  of  the  normal  intensities  will 
be  constant  and  equal  to  px+py  Furthermore,  inasmuch 
as  there  is  no  shear  on  the  principal  planes,  i.e.,  the  stress 
is  wholly  normal,  it  is  thus  seen  that  the  sum  of  the  normal 
intensities  on  any  two  planes  at  right  angles  to  each 
other  is  always  equal  to  the  sum  of  the  two  principal 
intensities. 

If  the  above  values  of  sin  a  and  cos  a  are  written  in 
Eq.  (5a),  the  following  equation  will  result: 

ipy  —  px)  sin  a  cos  a+pxy{cos^  a  —  sin^  a)  =  —p'  sin  <^'. 

This  equation  is  identical  with  Eq.  (5a),  except  that 
the  sign  of  the  second  member  is  changed.  This  result 
simply  shows  w^hat  is  already  known  that  the  intensities 
of  the  shears  on  planes  at  right  angles  to  each  other  are 
equal.  The  change  of  sign  indicates  the  direction  only  of 
the  shear. 

In  all  the  usual  cases  of  stress  arising  in  the  subject  of 
Resistance  of  Materials  the  internal  stresses  produced  by 
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external  loading  may  be  considered  parallel  to  one  plane. 
The  preceding  investigation  shows  that  wthout  considering 
the  elastic  properties  of  the  material  there  are  two  equations 
of  condition  (Eqs.  4  and  5)  from  which  the  two  rectangular 
components  of  the  resultant  stress  p  (or  intensity  p  and 
obliquity  <t>)  may  be  found.  If  the  general  case  of  internal 
stress  be  taken  in  which  stresses  may  act  in  three  rectangu- 
lar coordinate  directions,  there  obviously  will  be  three 
equations  of  condition  from  which  the  three  rectangular 
components  of  the  resultant  stress  on  any  plane  may  be 
fotmd. 

The  triangle  OAB  may  be  considered  the  side  of  a 
wedge  whose  edge  is  at  O.  The  two  faces  OB  and  OA  are 
acted  upon  by  the  stresses  indicated  and  their  resultant 
holds  in  equilibrium  the  stress  p  .on  the  head  AB  oi  the 
wedge.  The  stuface  AB  may  be  considered  a  part  of  the 
exterior  surface  of  a  body  acted  upon  by  the  stress  whose 
intensity  is  /?,  while  the  faces  OA  and  OB  are  interior 
surfaces  of  the  body  acted  upon  by  the  internal  stresses 
shown. 

Art  9. — The  EUipse  of  Stress — Greatest  Intensity  of  Shearing 
Stress — Equivalence  of  Pure  Shear  to  Two  Principal  Stresses 
of  Opposite  Kinds  but  Equal  Intensities — Greatest  Obliqui^ 
of  Resultant  Stress  on  any  Plane. 

The  analysis  of  the  preceding  article  makes  it  compara- 
tively easy  to  express  the  relation  between  the  stress  on 
any  plane  whatever  at  right  angles  to  the  plane  parallel 
to  which  the  principal  stresses  act  and  those  principal 
stresses,  all  stresses  still  acting  parallel  to  one  plane.  In 
Fig.  I  let  OX  and  OF  be  taken  in  the  direction  of  the 
principal  stresses,  OA  representing  the  intensity  pi  of  the 
principal  stress  at  O  on  the  plane  OD,  while  OB  represents 
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the  intensity  of  the  principal  stress  p2,  acting  at  O  on  the 
plane  OC.  OCD  represents  an  indefinitely  small  triangiilar 
prism  whose  face  CD  normal  to  XOY  makes  the  angle  jS 
with  the  principal  plane  OD,  The  intensity  of  the  re- 
sultant stress  on  any  plane  CD  is  represented  by  p,  whose 
obliquity  is  0,  the  normal  N  to  the  plane  CD  making  the 
angle  fi  with  the  axis  OX.  The  resultant  intensity  p  may 
at  once  be  written  by  the  aid  of  Eqs.  4  and  5  or  4a  and 
Sfl  of  the  preceding  article  if  the  principal  intensities  p\ 
and  p2  be  written  in  the  place  of  px  and  py,  respectively, 
in  those  eqtxations  while  px^  is  made  equal  to  zero.  This 
procedure  with  Eqs.  (4a)  and  {$a)  will  give  the  following 
Eqs.  (i)  and  (2). 

p2  sin^  fi+p\  cos^  fi  =  p  cos  0,         ...     (i) 

{p2—p\)  sin  /3  cos  /3=^^ — 2i  sin  2fi=p  sin  4>,     .     (2) 

2 

Squaring  each  of  those  equations  and  adding  the  results: 

p2^Sm^  P+pV^QOS^  fi=p^,  .      .      .      (3)* 

This  is  the  equation  of  an  ellipse  with  the  origin  of 
coordinates  at  the  centre,  the  rectangular  coordinates  being 
p2  sin  fi  and  p\  cos  /3.  Fig.  i  shows  the  ellipse  of  stress, 
the  intensities  of  the  principal  stresses  being  represented 
by  the  semi  axes  of  the  ellipse. 

0B=p2    and    OA=pi, 

In  this  Fig.  p2  represents  the  intensity  of  the  principal 
stress  on  the  plane  OC,  while  pi  is  the  intensity  on  the 
principal  plane  OD,     The  intensity  p  on  any  plane  as  CD 


•Precisely  the  same  result  will  be  obtained  by  making  /;xy=oineqs. 
land  5  of  the  prece<iing  Art.  and  then  squaring  and  adding  them. 
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perpendicular  to  XOY  and  whose  normal  OX  makes  the 
angle  fi  with  OX  is  represented  in  Fig.  2  by  OH,  the  curve 
AHB  being  an  ellipse.  Let  the  partial  circles  shown  be 
described  by  the  radii  OB  and  OA.  Then  if  OCD  be  con- 
sidered indefinitely  small  the  normal  ON,  and  the  line 
OH  representing  the  intensity  of  the  resultant  stress  on 
the  plane  CD,  will  both  pass  through  the  origin  O.  Then 
OG  will  represent  p2  and  0K=p2  sin  p.  The  same  con- 
struction shows  that  HK=pi  cos  /3  since  OJ-p\.  The 
square  of  OH  =  p  will  then  obviously  be  equal  to  the  square 
of  HK  added  to  the  square  of  OK,  an  expression  identical 
with  Eq.  (3). 

Any  radius  vector  of  the  ellipse  therefore  represents 
the  intensity  of  a  resultant  stress  on  a  plane  whose  normal 
makes  the  angle  /3  with  the  axis  of  X.  The  obUquity  of 
the  resultant  stress  in  question  is  represented  by  the  angle  0. 

The  two  principal  stresses  have  been  taken  of  the  same 
kind  in  finding  the  ellipse  of  stress,  but  the  results  are  es- 
sentially the  same  if  the  principal  stresses  are  of  opposite 
kind.     If  for  example,  p2  were  negative  while  pi  remains 
positive  p2  =  OB  would  be  laid  off  in  Fig.   i   to  the  left 
of  O  instead  of  laying  it  off  to  the  right  of  the  same  point 
Similarly  if  the  sign  of  p\  should  be  considered  negative 
that  intensity  would  be  laid  off  downward  from  O  to  A' 
instead  of  upward  to  A. 

If  the  two  intensities  of  principal  stresses  p\  and  p% 
are  equal  to  each  other  and  of  the  same  kind  Eq.  3  becomes 

pi  =p2=p. 

Under  the  same  conditions  Eq.  (2)  shows  that  the 
shearing  intensity  is  zero,  whatever  value  the  angle  fi 
may  have,  since  in  such  a  case  p\—p2=o.  Hence  all 
stresses  are  principal  stresses  and  of  equal  intensity.  This 
conditicm  of  stress  is  the  same  as  that  which  holds  in  a' 
perfect  fluid. 
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An  examination  of  the  ellipse  of  stress  as  given  in 
Fig.  I  shows  that  the  intensity  of  one  principal  stress  is 
greater  than  that  of  any  other  stress  at  the  point  for  which 
the  ellipse  is  drawn,  while  the  intensity  of  the  other  prin- 
cipal stress  is  the  least  of  all  the  intensities  at  the  same 
point,  since  the  semi-major  and  semi-minor  axes  of  the 
ellipse  are  the  greatest  and  least,  respectively,  of  all  the 
semi-diameters.  If  therefore  in  the  design  or  construc- 
tion of  any  machine  or  structure  the  principal  stress  at 


Fig.  I. 

any  point  is  provided  for  by  the  use  of  a  proper  working 
stress,  no  further  provision  for  the  direct  stresses  of  ten- 
sion and  compression  will  be  needed.  If  there  may  be 
either  a  reversal  of  stress  or  rapid  repetition  of  stresses  the 
intensity  of  working  stress  must  ^0  prescribed  under  a 
proper  recognition  of  those  conditions.  Similarly  provi- 
sion must  be  made  for  the  greatest  shearing  stress  at  the 
point  under  consideration. 

Greatest  Intensity  of  Shearing  Stress. 

The  intensity  of  shear  on  any  plane  CD  at  the  point 
0,  Fig.  I,  is  /?  sin  0  as  given  by  Eq.  2.     Its  greatest  value 
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and  the  plane  on  which  it  acts  are  readily  determined  by 
differentiating  that  equation : 

±(P^J1  =  (p^  -/?0(cos2  /3  -sin2  /3)  =o  =  {p2 -pi)  cos  20. 
dp 

Hence, 

cos/3=sin/3;   or,  /3  =  4S° (4) 

As    sin    45°=  cos  45°=  —7=,    the    greatest   intensity    of 

V2 

shear  at  any  point,  as  O,  Fig.  i,  is  found  by  substituting 
i3=4S°  in  the  second  member  of  Eq.  (2): 

/'.  =  ^ (5) 

■ 

I 
,1 

The  planes  of  greatest  shear,  therefore,  are  at  the  angle  \ 
of  4S^  from  each  of  the  two  principal  planes,  and  the  greatest  \ 
intensity  of  shear  is  half  the  difference  of  the  principal  \ 
intensities,  both  of  the  latter  being  of  the  same  kind. 

As  i3  =  4S°  the  resultant  intensity  of  stress  on  the  plane 
of  greatest  shear  will  be,  by  Eq.  (3), 


^.Pi±ll     ...     ,  =  ±/«^±£!!.    .     .     (5a)- 

If  p2  =  :^pi ;  p  =  ±p2  =  ±pl. 

Equivalence  of  Pure  Shear  to  Two  Principal  Stresses  of 
Opposite  Kinds  but  Equal  Intensities, 

If  the  principal  stresses  are  of  opposite  kinds,  i.e.,  if 
pi  is  negative  while  p2  is  positive,  then  by  Eq.  (5)  the 
greatest  shear  becomes: 

/'.  =  ^ (6)i 


I 
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The  greatest  intensity  of  shear  is  half  the  sum  of  the  prin^ 
cipal  intensities. 

Obviously  the  planes  of  greatest  shear  remain  as  estab- 
lished by  Eq.  (4). 

If  the  principal  stresses  of  opposite  kinds  have  the  same 
intensities  Eq.  (6)  shows  that : 

pt^p2^pi (7) 

Hence  the  intensity  of  the  greatest  shear  is  the  same 

as  that  of  the  principal  stresses  of  opposite  kinds.     It  is 

therefore  sometimes  stated  that  a  pair  of  normal  stresses 

of  opfKJsite  kinds  and  equal  intensities  on  two  planes  at 

right    angles   to  each  other  are  equivalent   to   two  pure 

shears   of  the  same  intensity  as  the  normal  stresses  on 

planes  at  right  angles  to  each  other,  but  at  45°  with  the 

l^anes  on  which  the  normal  stresses  act,  all  planes  under 

consideration    being    perpendicular    to    one    plane.     This 

simple  condition  of  stress  exists  in  both  flexure  or  bending 

and  torsion,  and  some  important  results  are  based  on  it. 


Greatest  Obliquity  of  Resultant  Stress  on  any  Plane. 
If  Eq.  (2)  be  divided  by  Eq.  i: 


sin  0  cos  fi 
p2  sin^  P+pi  cos^  fi 


fo«  ^     f^      V,  ^ sm  p  cos  p  .^.v 

tan  0  =  {p2-pi)  ■:r^:ri:2-^j-;ri:;:^r-r^-    •    •     (8) 


It  is  desired  to  find  that  value  of  ff  which  will  make  4 
(or  tan    <t>)  a  maximum.     By  differentiating  Eq.   (8)  and 

placing         J        =0,  there  will  result, 

(cos^  /3  -sin2  fi)(p2  sin2  /3+pi  cos^  p) 

=  2  sin^  /3  cos^  p(p2  -pi).  ...     (9) 
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Remembering  that  cos^  jS— sin^  /3=cos  2/3  and  tha 
2  sin /3  cos /3=  sin  2/3,  Eq.  (9)  will  become  Eq.  (10); 

cos  2fi{p2  sin^  /3  +/?i  cos^  /3)  =  sin  ::/3  sin  /3  cos  P{p2  —  pi).    (10 

Calling  the  normal  component  of  the  intensity  p,  i.e. 
/?  cos  4f-pn  and  the  tangential  or  shearing  componen 
p  sin  4f=ph  those  values  taken  from  Eqs.  (i)  and  (2 
placed  in  Eq.  (10)  will  give, 

cos  2  ppn=  sin  2ppt, 
Hence,  tan  2/3=— =  cot  0=tan  (90°  — 0).      .     .     (n 

And,  ^=4S'-- (la 

2 

Eq.  (12)  gives  the  relation  between  /3  and  0  when  th 
obliquity  <t>  is  the  greatest  possibly. 
By  the  aid  of  Eq.  (12), 

sin  /3  cos  /3  =  5  sin  2/3  =  i  cos  <t>. 
Then  as,  sin''^(4S°— -  )  =-(i  -sin  0), 

and  cos2(4S^  — -j  =-(i+sin  0), 

Eq.  (8)  gives, 

,       ^     sin  0     ,^       ^  V  cos  <t> 

tan  <t>=        -  =  {p2-p\)-  ^ 


cos  0  p2{i  -sin  0)  +/?i(i  +sin  0)' 
Hence, 

/?i     I— sin0  -        .  p2  —  p\  , 

—  =  —--.-",  and,     sm0=^^-^ — ^^\  .     .     (i^ 

p2       I+Sm  0  /?2+/?l  ^    ^ 
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The  relation  shown  in  the  first  of  Eqs.  (13)  is  used  in 
the  theory  of  earth  pressure.  The  second  of  Eqs.  (13) 
gives  the  value  of  the  greatest  obliquity  0  in  terms  of  the 
iaiown  principal  intensities  p\  and  p2. 

The  angle  fi  locating  the  plane  on  which  the  obliquity 
is  greatest  may  also  be  expressed  in  terms  of  pi  and  p2» 

Using  Eqs.  (12)  and  (13), 

pi  _i  —sin  0 _ I  —cos  2g _sin^  fi 
p2    I  +sin  0     I +COS  2/3    cos^  P* 


-^Vg- c^) 


tanjS 

yip2 

The  intensity,  p\  of  this  stress  of  greatest  obliquity 

is.    by   Eq.    (3),   since  by   Eq.    (14)    sin^   j8= — ^ —  and 

pi+p2 


Pl+p2 


P^=\/plp2.  (is) 


Art.  10. — Ellipse  of  Stress  and  Resulting  Formulae  for  the  Special 
Case  of  Zero  Intensity  of  One  of  the  Known  Direct  Stresses. 

If  in  the  second  preceding  article  it  be  supposed  that 
the  intensity  of  one  of  the  direct  stresses  as  px  is  zero 
while  the  other  intensity  pp  and  the  two  shearing  inten- 
sities pxw-Pwx  have  known  values,  the  formulae  will  be 
correspondingly  simplified.  This  is  the  condition  of  stress 
in  a  bent  beam  as  will  be  seen  later  on.  The  intensity 
of  direct  stress  p^  is  what  is  ordinarily  called  the  fibre 
stress  at  any  point  in  the  beam  and  this  intensity  varies 
directly  as  the  distance  from  an  intermediate  plane  (before 
flexure)  in  the  beam  called  the  neutral  surface.  The 
plane  OY  of  Fig.  i,  representing  part  of  a  beam,  is  stfp- 
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posed  to  be  a  horizontal  plane  coincident  with  or  parallel 
to  the  neutral  surface  of  the  bent  beam  at  any  point,  while 
the  plane  whose  trace  is  OX  is  the  plane  of  vertical  (normal) 
transverse  section  of  the  beam  at  any  point.  Both  the 
direct  intensity  pp  and  the  intensity  of  shear  px^  are 
readily  determined  from  the  known  conditions  of  loading 
and  flexure.  The  analysis  of  this  condition  of  stress 
therefore  is  of  much  practical  importance  in  connection 
with  the  design  or  other  treatment  of  beams  subjected  to 
transverse  bending. 


Pig.  I. 

If  the  stress  p  in  Eq.  (4a)  of  Art.  8  is  a  principal 
stress  and  if  the  intensity  ps^o,  the  principal  intensity 
p  will  become, 

p^pySlV?  a'\'2pt9SmaQOSa.         .      .      .      (l) 

Or,  Eq.  (9)  of  the  same  Art.  will  give  for  the  two  prin- 
cipal intensities, 

P^hPv^^yp^MW (2) 

Also  Eq.  (8)  of  the  same  Art.  will  give. 


tan  aa  =  -^ 


(3) 
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If  the  point  O,  Fig.  i,  is  in  the  neutral  surface  of  the 
bent  beam  p^=o;  and,  hence, 

tan  2a  =—00,     or,     2a  =  ±90*^.     ...     (4) 

Therefore,  a  =  ±4S^ 

If  the  stress  p^  is  negative  or  compression,  a  =  «. 

I  +135 
The  direct  fiber  stresses  in  a  bent  beam  are  tensile  on  one 

side  of  the  neutral  surface  and  compressive  on  the  other. 
As  in  this  special  case  a=  —45*^,  sin  «=  —cos  «= j= 

V2 

and  the  intensity  p  of  the  principal  stress  becomes  by  the 
aid  of  Eq.  (i),  since  pp  =0. 

P^-Px, (S) 

It  has  already  been  seen  that  a  and  90*^ +a  will  satisfy 
Eq.  (3) ;  but  90*^  +a  =  90*^  — 45*^=45*^.  Hence  placing 
a  =  +45^  in  Eq.  (i), 

P^+Px9 (50) 

Therefore  at  O,  Fig.  i,  where  there  is  no  direct  stress  (but 
shear  only)  on  the  two  planes  OX  and  OY  the  principal 
stresses  are  of  equal  intensities,  but  of  opposite  kinds  and 
they  act  on  planes  making  angles  of  45^  with  the  planes 
OX  and  OY.  This  is  the  same  condition  shown  by  Eq. 
(7)  of  the  preceding  Art. 

Again  at  the  exterior  surface  of  the  beam  p  has  its 
greatest  value  and  the  shearing  intensity  ppx  =  o.  Eq.  (2) 
then  gives, 

2a  "=0    or     180^. 


Hence.  a=o    or     90 (6) 
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Eq.  I  gives  p=o  for  the  principal  stress  corresponding  to 
a=o;  and,  for  a  =90°, 


p  =  p,. 


(7) 


I 


There  is  therefore  only  one  principal  stress  pf,  the 
fiber  stress  acting  on  the  normal  section  of  the  beam  for 
which  a  =  90°. 

For  intermediate  points  of  the  beam  between  the 
neutral  surface  and  the  exterior  surface  the  principal 
stresses  will  have  varying  values  between  pn  and  f„  as 
shown  by  Eqs.  (s)  and  (7)  with  planes  of  action  located 
by  values  of  a  between  ±  45°  and  +90°. 

A  graphical  representation  of  this  condition  of  stress 
for  a  bent  beam  may  be  found  in  Art.  34- 

Art.  1 1. —General  Condition  of  Stress — Ellipsoid  of  Stress. 

The  conditions  of  stress  in  structural  material  as  found  j 
within  the  experience  of  engineers  seldom  include  more 
than  the  action  of  stresses  parallel  to  one  plane.  There 
may,  however,  be  occasional  cases  in  wKich  an  elementary 
consideration  of  stresses  acting  in  any  direction  whatever 
becomes  necessary  or  at  least  helpful.  In  this  Article 
therefore  only  the  most  elementary  results  of  the  action 
of  such  stresses  will  be  treated,  including  the  ellipsoid 
of  stress. 

In  the  preceding  articles  both  the  determination  and 
the  application  to  a  number  of  useful  cases  of^he  ellipse 
of  stress  have  been  made.  That  ellipse  is  simply  a  special 
case  of  the  more  general  ellipsoid  of  stress.  In  other 
words,  if  the  action  of  stresses  in  space,  i.e.,  on  three 
rectangular  coordinate  planes  be  considered  it  will  be  found 
that  there  will  be  three  such  planes  at  any  point  on  which 
there  will  be  no  shear  and  which  therefore  are  called  prin-  1 
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dpal  planes,  the  resultant  normal  stresses  being  called 
the  principal  stresses  at  that  point.  The  semi-diameter 
of  the  ellipsoid  of  stress  drawn  with  its  center  at  the  point 
under  consideration  will  be  the  intensity  of  stress  in  that 
direction,  acting  upon  a  plane  whose  position  may  be 
determined.  For  this  elementary  treatment  let  the  three 
rectangular  coordinate  planes  in  Fig.  i  be  drawn. 


Fig.  I. 


In  that  Fig.  the  normal  stresses  on  the  planes  XOY, 
YOZ,  and  ZOX  have  the  intensities  f,,  px  and  py,  respect- 
ively.    Tlje    intensities    of    the    shearing    stresses    on    the 
planes   XOY   and   XOZ,    parallel    to    YOZ,    are   pty=pw\ 
and  those  on  the  planes  XOY  and  YOZ,  parallel  to  ZOX, 
are  pu  =  pa\    and  finally  those  on  the  planes   YOZ,  and 
XOZ,  parallel  to  XOY,  are  pyx=pxv.     If  these  normal  and 
shearing  or  tangential  stresses  on  the  three  faces,  AOB, 
BOC,    and   AOC   of   the   elementary    tetrahedron   ABCO 
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are  given,  it  is  required  to  find  the  resultant  intensity  of 
stress  on  the  plane  surface  ABC,  the  base  of  the  tetra- 
hedron, and  its  obliquity.  It  may  be  considered  that 
AO=dx,  BO=dyy  and  CO=dz.  It  will  simplify  the  result- 
ing equations  if  there  be  written  for  the  areas  of  the 
faces  of  the  elementary  tetrahedron ; 


dxdy      ,     dydz  , 

a= -\    b=^— — ;     and    c  = 


dxdz 


Also  if  area  ABC  =  Jy  and  if  the  angles  which  the  normal 
N  to  the  face  ABC  makes  with  axes  of  X,  F,  and  Z, 
respectively,  are  a,  p,  and  /-,  there  may  be  written: 

J=a  sec /-  =  &  sec  a=c  sec /3.        .     .     .     (i) 

The  tetrahedron  is  held  in  equilibrium  by  the  normal 
and  shearing  stresses  on  the  faces  a,  b,  and  c  and  the 
resultant  stress  whose  intensity  is  q  on  ABC  =  J,  The 
components  of  that  resultant  parallel  to  the  axes  of  X, 
y,  and  Z  whose  intensities  are  g,,  gy,  and  g,  are  respect- 
ively equal  and  opposite  to  the  corresponding  axial  sums 
of  stresses  as  shown  by  the  following  equations : 

pxb+pMxa+pyxC=qxAy (2) 

puC+pMua+pryb=qyJ (3) 

pga+pJ)+py^=q,J,     ....'.     (4) 

As  these  are  rectangular  components,  if  their  squares 
are  added  the  sum  will  be  equal  to  q^J^.  If  both  sides 
of  the  resulting  equation  be  divided  by  J^^  remembering 
that 

=:Cos^  r\  — =cos2a;  — =cos2/3; 
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ab  be  n  J     fl^  r> 

— =cosacosr;     -^=cosacos/3;    and     —  =  cos/3cosr; 

and  that 

cos^  a  +cos2  /3 +cos2  r  =  i  *»      •     •     •     •     (s) 

there  will  be  found : 

pj^C0S^a+p9^  COS^  P+pt^  C0S2  ^'  +  2  COS  a  COS  r{pxpMX  + 
PnPtt  +  pMpXM)  +2  COS  a  COS  Pipxpyx+pxtpyt  +  pypzy)  + 
2  COS  /3  COS  riP'PwM+pBxpxy+pypn)  +P^xz{l  "COS^  /3)  + 
/>2,,(l  -C0S2  r)  +/?2^(l  -C0S2  at)  =g2 (6) 

The   square  root  of  the  first  member  of  eq.   (6)  will 

give  the  desired  value  of  the  intensity  q  on  any  given  plane. 

If  both  members  of  eqs.  (2),  (3),  and  (4)  be  divided  by  J : 

px  cos  a  +p,x  COS  r  +f  yx  cos  /3  =  <7„  ,  ,  .  (7) 
pp  cos  P+pty  cos  T+P*v  cos  a=qp,  .  .  .  (8) 
pg  cos  T+Pn  cos  a+pi^  COS  P=qt.      .      .      .      (9) 

If  p  be  the  angle  between  the  axis  of  X  and  the  direc- 
tion of  q,  then  will 

cos  pi  =— (10) 

q 

Eqs.  (8)  and  (9)  give  similar  values  of  the  cosines  of 
the  angles  between  the  direction  of  q  and  the  axes  of  Y 
and  Z,  thus  fixing  the  direction  of  q. 

Using  the  values  of  g,,  g^,  and  g,  as  given  in  eqs.  (7), 
(8),  and  (9),  the  component  of  q  normal  to  its  plane  of 
action  (ABC=^J)  will  be: 

qn  =  qs  cos  a+q^  cos  0  +qg  cos  7.    .     .     .     Ci  i ) 
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Hence  the  obliquity  4>  oi  q  can  at  once  be  determined 
by  the  equation 

cos«=^ (12) 


The  triangular  face  XYZ  of  the  tetrahedron  Fig.  i 
may  be  considered  a  part  of  the  exterior  surface  of  a  body 
on  which  acts  the  stress  whose  intensity  is  q.  The  three 
rectangular  coordinates  faces  XOY,  YOZ,  and  ZOX  are 
then  to  be  taken  as  interior  surfaces  of  the  body  on  which 
act  the  internal  stresses  indicated.  The  stress  on  the 
external  face  XYZ  must  be  in  equilibrium  with  the  stresses 
acting  on  the  three  interior  rectangular  coordinate  faces 
of  the  tetrahedron. 

Principal  Stresses  and  Ellipsoid  of  Stress, 

The   preceding   equations    are   general    and   relate   to 
stresses  on  any  planes  whatever.     If,  however,  the  stress    I 
q  is  normal  to  its  plane  of  action  it  is  a  principal  stress. 
In  that  case  the  obliquity  is  zero  and  there  is  no  shear. 
Hence, 

(7,  =(7  cos  at;     qp=q  cos  P\     qt=q  cosy-   -     -     (13) 

Substituting  these  values  in  the  second  members  of 
eqs.  (7),  (8),  and  (9),  and  then  eliminating  cos  a,  cos /3, 
and  cos  y  from  the  three  resulting  equations,  the  follow- 
ing equation  of  the  third  degree  will  be  found : 

(^  -  (px  +Py+Pz)q^  +  {Pxpy  +pzpz  +pvpz  -  p"xy  -p^tx-p\)q 

+  pxp'^tv  +  PvP''^tx  +  Pzp'^zv  -  Pxpvpz  —  2pxvpzxpvz  =0.       .        .        (14) 

Or,  indicating  the  coefficients  of  q  and  the  part  of  this 
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equation  independent  of  that  quantity  by  A,  B,  and  C, 
respectively : 

q^-Aq^+Bq-C^^o (15)* 

The  three  roots  of  this  cubic  equation  are  the  inten- 
sities of  the  three  principal  stresses,  and  the  equation 
shows  that  at  every  point  three  such  principal  stresses 
exist,  each  normal  to  its  plane  of  action  on  which  there  is 
no  shear. 

If  in.  eq.  (6)  the  coordinate  axes  of  X,  F,  and  Z  be 
taken  as  the  principal  axes  so  that  the  intensities  pz,  py, 
and  pt  become  the  principal  intensities  91,  52,  and  53, 
then  will  pst  —  pn  =  P*»  —  ^y  a^d  q  will  be  the  intensity 
of  stress  in  any  direction  on  a  plane  whose  normal  makes 
the  angles  a,  /3,  and  7  with  the  coordinate  axes,  i.e.,  with 
?i,  92,  and  qz.     Hence 


q  =  y/qi^  cos^  a+q2^  cos^  fi+qz^  cos^  j    .     .     (16) 

Again,  if  g,,  g^,  and  g,  are  the  rectangular  components 
of  g,  Eqs.  (7),  (8),  and  (9),  will,  imder  the  same  conditions, 
give: 

q\  cos  a  =qx\    92  cos  fi  =9^;     and     qz  cos  y  =qi. 

Then,  squaring  and  adding: 

f 

K+^^+'A-^ (^7) 

qr     <?2^     qz^ 

•  Rankine  observed  in  his  Applied  Mechanics  that  if  51,  gj,  and  q%  are 
the  roots  of  a  cubic  equation,  then : 

This  equation  shows  that  the  quantities  A,  B,  and  C  remain  the  same 
whatever  may  be  the  directions  of  the  three  rectangular  axes  at  a  given 
point.  Hence,  by  using  A  it  is  seen  that  qi-{-q.-\-q3  =  pi-\-py-\-ptt  ic,  the 
sam  of  the  normal  components  of  the  intensities  of  stress  on  any  three 
rectangular  coordinate  planes  is  constant  and  equal  to  the  sum  of  the 
iotensities  of  the  three  principal  stresses. 
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By  dividing  this  equation  through  by  q^  it  may  be 
written  in  terms  of  the  angles  between  q  and  the  coor- 
dinate axes  (eq.  i8)  and  the  reciprocal  of  q^. 

Eq.  (17)  is  the  usual  form  of  the  equation  of  an  ellip- 
soid with  the  origin  of  coordinates  at  its  center  in  which 
gi,  ^2,  and  qs  are  the  semi  axes  and  g,,  qy  and  g,  are  the 
coordinates  of  any  point  in  the  surface.  • 

The  intensity  of  stress  q  in  any  direction,  represented 
by  the  semi-diameter  of  the  ellipsoid  in  that  direction, 
is  given  by  eq.  (16),  and  the  angles  between  its  direction 
and  the  coordinate  axes  X,  V,  and  Z  may,  by  the  aid  of 
eq.  (10),  be  written: 


qx    Qi  cos  a                    qy     g2  cos  /3 
cos  pi  =— = ;     cos  P2="-  =  ^ 

q       Q  q       q 

qz     qz  cos  r 

cos  P3  =  ~  = . 

q       q 


.    (18) 


The  component  of  q  normal  to  its  plane  of  action  is 
given  by  eq.  (11): 

qn=q\  cos'-^  a+qo  cos^  fi+q:^  cos?  y.       .     .      (iq) 

The  cosine  of  the  obliquity  of  q  is  therefore : 

V 

qn  /      \ 

COS  <t>=— (20)   i 

q  ^        i 

'1 

These  elementary  considerations  arc  sufficient  for  the 
purpose  of  outlining  to  some  extent  at  least  the  general 
subject  of  stress  in  any  or  all  directions  in  solid  bodies. 
The  results  may  easily  be  developed,  so  as  to  be  applicable 
to  the  solution  of  any  required  ])roblem.  The  equations 
(2),   (3),  and  (4)  are  frequently  applied  to  the  discussion 
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of  the  action  of  external  forces  Qx,  gy,  and  g,,  in  connection 
with  the  internal  stresses  px,  py  and  pzy  etc.,  as  will  be 
indicated  later. 

It  is  obvious  that  if  all  the  internal  stresses  act  parallel 
to  one  plane,  eq.  (14)  and  those  which  follow  it  will  relate 
to  the  ellipse  of  stress,  showing  that  the  latter  is  a  special 
case  of  the  ellipsoid  of  stress. 

Art.  12. — Ellipse  and  Ellipsoid  of  Strain. 

It  has  been  shown  that  the  intensity  of  stress  at  any 
point  in  a  solid  homogeneous  body  may  be  represented 
by  the  semi-diameter  of  an  ellipsoid  in  the  general  case 
or  the  semi-diameter  of  an  ellipse  in  the  special  case  of  all 
stress  being  parallel  to  a  plane.  Inasmuch  as  strains  are 
proportional  to  the  corresponding  stresses  below  the  elastic 
Kmit,  the  strain  of  a  very  short  but  constant  length  of  a 
solid  element  at  any  point  would  be  represented  by  the 
semi-diameter  of  an  ellipsoid  or  ellipse  having  the  same 
iirection  as  the  corresponding  intensity,  which  also  might 
3e  represented  by  the  same  semi-diameter  at  a  proper 
Hi-ale.  It  follows  from  these  simple  considerations  that 
•trains  in  all  directions  may  be  represented  by  ellipsoids 
md  ellipses  as  well  as  stresses.  While  such  ellipsoids  and 
ellipses  possess  analytic  interest  in  connection  with  the 
heory-  of  elasticity  in  solid  bodies,  they  are  not  of  sufficient 
m].>ortance  in  the  structural  operations  of  engineering  to 
•equire  even  elementary  analytic  treatment. 

Art.  13. — Orthogonal  Stresses. 

WTien  stresses  of  tension  or  compression  at  right  angles 
o  each  other  concur  either  in  one  plane  or  on  three  coor- 
'inate   planes  making  right  angles  with  each  other,  as  in 
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the  cases  of  the  ellipse  and  ellipsoid  of  stress,  they 
said  to  be  orthogonal  stresses.  Such  stresses  prod 
partially  independent  strains  in  the  directions  in  wl 
they  act,  but  the  resultant  stress  on  any  one  plane  i 
single  stress  obviously  accompanied  by  its  charac 
istic  strain.  This  is  true  whether  the  stress  is  wh 
parallel  to  one  plane  or  if  it  acts  in  all  directions, 
fact  that  lateral  and  direct  strains  in  the  same  directi 
may  concur  has  induced  some  engineers  and  writers 
attempt  to  provide  rather  arbitrarily  for  the  suppc 
eflfects  of  orthogonal  stresses  and  strains. 

If  in  the  case  of  stress  wholly  parallel  to  one  pi 
ps  and  pv  represent  the  intensities  of  the  principal  stres 
as  in  Art.  7,  the  imit  strain  parallel  to  the  axis  o 
will  be, 

'■4--4' 


Similarly  the  tmit  strain  in  the  direction  of  y  will  be. 


'--i^'i- 


In  the  preceding  eqs.  (i)  and  (2)  the  plus  sign  is  to 
used  if  the  intensities  px  and  py  are  of  opposite  kinds, 
the  minus  sign  is  to  be  written  if  the  two  stresses  an 
the  same  kind,  i.e.,  both  tension  or  both  compression. 

Two  intensities  of  stress  p^x  and  p^y  are  then  assun 
each   of  which    if  acting   separately    would   produce 
strains    in    the    two    coordinate    directions,    respectiv 
shown  by  eqs.  (i)   and   (2).     These  two  intensities  n 
have  the  following  values : 

px±rpy    and     py±rpx 
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These  are  called  "  eqtiivalent  "  intensities  of  stress,  and 
it  is  postulated  that  the  working  intensity  of  stress  pre- 
scribed for  any  member  of  a  structure  must  not  exceed 
the  greatest  of  the  two  values  given  by  eq.  (3). 

In  the  special  case  of  two  principal  stresses  being  of 
opposite  kinds  but  of  equal  intensity,  the  greatest  shear 
will  be  of  the  same  intensity  as  the  principal  stresses, 
or  by  the  aid  of  eq.  (3) 

px^pt^-pv (4) 

or,  combining  eqs.  (3)  and  (4), 

p'z=pt+rpt=^{i+r)pt (S) 


hence, 


In  the  latter  case  it  is  said  that  the  greatest  shear 
must  not  exceed  pt  in  eq.  (6),  p'x  representing  the  pre- 
scribed working  intensity  in  tension  or  compression  as 
the  case  may  be. 

This  arbitrary  substitution  of  an  intensity  of  stress 
corresponding  to  the  sum  of  two  coordinate  strains,  in  the 
place  of  an  actual  greatest  intensity  of  stress  acting  on  its 
proper  plane,  is  not  supported  by  any  substantial  analytical 
or  experimental  basis.  The  maximum  intensity  of  stress 
at  any  point  in  a  piece  of  material  subjected  to  loading 
may  readily  be  determined  and  the  position  of  the  plane 
on  which  it  acts  may  be  ascertained  by  the  methods  given 
in  the  preceding  articles,  and  it  is  difficult  to  imagine  any 
suflBcient  reason  for  not  making  that  actual  maximum 
intensity  of  stress  equal  to  the  prescribed  working  stress 
of  the  same  kind.  The'  maximum  intensity  of  stress  at 
any  point  will  of  course  be  accompanied  by  the  maximiun 
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unit  strain  and  a  proper  limitation  of  that  strain  will 
coincident  with  a  proper  limitation  of  the  stress  j 
during  it.  These  observations  are  equally  true  whet 
the  kind  of  stress  involved  be  tension,  compression, 
shearing. 

The  substitution  of  an  artificial  **  equivalent  "  str 
therefore,  in  the  place  of  the  actual  maximum  stress 
any  point  remains  to  be  justified  and  will  not  be  emplo; 
in  this  work.  All  the  design  work  involving  the  empl 
ment  of  a  prescribed  working  stress  will  be  based  upon 
greatest  actual  intensity  of  stress  in  the  structural  m< 
ber  under  consideration. 

Again,  the  significance  of  lateral  strains  has  b 
expressed  by  stating  that  if  a  straight  bar  of  structi 
steel  with  square  cross-section,  for  illustration,  be  s 
jected  to  a  tensile  stress  of  intensity  /?,  the  lateral  strs 
will  be  negative,  as  they  decrease  the  lateral  dimensi 
of  the  bar,  and  hence  that  if  the  ratio  of  lateral  to  dii 
strains  be  taken  as  one-fourth,  then  those  lateral  strs 
are  each  precisely  the  same  as  would  be  produced  by 
intensity  of  compression  equal  to  J/?,  acting  at  right  anj 
to  the  bar  and  on  either  pair  of  opposite  sides.  Her 
it  has  been  said  that  such  a  bar  is  not  only  subjected 
the  axial  tension,  but  also  to  a  "  true  internal  stress  wh 
acts  as  a  compression  at  right  angles  to  the  axis  of 
bar.'*  It  is  further  stated  that  such  a  bar  *'  suffen 
true  internal  compressive  unit  stress  ...  in  all  dii 
tions  at  right  angles  to  its  length  .  .  .'* 

It  is   still   further   stated   that   "  The   injury   done 
a  body  docs  not   depend  upon  the   actual  stress  or  pi 
sure,  but  upon  the  actual  deformations  produced,  and 
true  stresses  are    those  corresponding  to  these  deforr 
tions.'* 

It   is   difficult    to   imagine    how    the    "  actual  *'    sti 
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existing  at  any  point  in  a  body  fails  to  be  the  **  true  '' 
stress.  If  the  "  true ''  stresses  are  different  from  the 
actual  they  must  be  imaginary  or  at  least  not  actual  or 
real. 

It  cannot  be  admitted  that  the  lateral  strains  accom- 
panying the  direct  strains  of  a  bar  subjected  to  axial 
tension  are  produced  by  **  a  true  internal ''  compression, 
for  no  such  corresponding  external  compressive  forces  or 
pressure  at  right  angles  to  the  axis  of  the  bar  exist.  If 
the  lateral  strains  were  due  to  such  compressive  stress, 
the  corresponding  external  compressive  forces  would  per- 
form work  and  would  make  the  total  resilience  of  the  bar 
two-ninths  greater  than  the  resilience  due  to  direct  tensile 
stress  only,  if  the  ratio  r  be  taken  as  one-third. 

This  species  of  confusion  seems  to  arise  at  least  partly 
from  a  failure  to  distinguish  between  molecular  conditions 
below  the  elastic  limit  and  those  above  that  limit. 

If  a  bar  is  subjected  to  axial  tension  producing  corre- 
sponding axial  and  lateral  strains,  in  consequence  of  which 
the  lateral  dimensions  of  the  bar  decrease,  it  by  no  means 
follows  that  actual  compression  has  produced  that  decrease. 
In  fact,  since  the  molecules  have  been  separated  to  a  slight 
degree  axially,  the  transverse  movement  of  the  molecules 
may  easily  be  conceived  to  take  place  without  any  coni- 
pression  whatever,  and  the  fact  that  the  density  of  the 
material  is  decreased  by  tensile  stress  makes  that  view 
reasonable,  and  perhaps  conclusively  confirms  it.  It  should 
be  remembered  that  all  these  analytic  investigations  re- 
late only  to  stresses  and  strains  existing  below  the  elastic 
limit. 

While  it  is  true  that  experimental  investigation  is 
still  lacking  to  give  complete  information  regarding  the 
effects  of  orthogonal  stresses  and  strains  below  the  elastic 
limit  (as  well  as  above  it)   there  is  lacking  material  evi- 
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dence  showing  the  existence  of  any  such  stress  conditio 
consequent  upon  the  existence  of  lateral  strains  as  th.< 
to  which  allusions  are  made  above,  and  they  will  not 
recognized  in  the  analytic  work  which  is  to  follow. 

In  discussing  the  stresses  in  the  walls  of  thick  cyl 
ders  in  Appendix  II,  the  bearing  of  these  consideratic 
on  the  formula  of  Clavarino  will  be  fully  set  forth. 


Problems  for  Chapter  I. 

Problem  i. — ^A  wrought  iron  bar  4"x§"  in  section 
subjected  to  a  tensile  force  of  28,000  pounds.  The  stret 
for  a  gaged  length  of  20  feet  was  0.12  inch.  Find  t 
intensity  of  tensile  stress  in  the  material,  the  modulus 
elasticity  E,  and  the  rate  of  strain,  i.e.,  the  strain  ] 
linear  inch. 

Ans.  Intensity  of  stress  =  14,000  lbs.  per  square  inch. 
£=28,000,000  pounds  per  square  inch. 
Rate  of  strain  =  0.0005  inch  per  inch. 

Problem  2. — ^A  steel  eye-bar  8^X2"  in  section  can 
a  total  load  of   128,000  pounds,  under  which  there  is 
stretch  of  0.016"  in  a  gaged  length  of  5  ft.     Find  the 
tensity  of  stress,  rate  of  strain,   and    modulus    of    el 
ticity  E. 

Problem  3. — Steel  has  a  modulus  of  elasticity 
30,000,000  pounds  per  square  inch,  and  a  coefficient 
expansion  of  0.0000065  per  degree  F.  If  a  steel  bar  2"x 
in  cross-section  has  a  length  of  30'  o"  at  a  temperati 
of  40°  F.,  find  the  length  of  the  bar  at  10°  F.  and  at  i; 
F.  Suppose  the  ends  of  this  bar  had  been  fastened  rigi< 
at  the  temperature  of  40°  F.  Find  the  intensity  of  t 
sile  stress  at  10°  F.  and  intensity  of  compressive  stress 
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no®  P.,  supposing  the  bar  to  be  firmly  held  against  lateral 
deflection. 
Partial  Ans.  Length  of  bar  at  10°  F.  =29'.994is. 

Intensity   of   tensile   stress   in   bar   at   a 

temperature   of    10°   F.  =5850   poimds 

per  square  inch. 

Problem  4. — ^A  concrete  pillar  24"X24"  in  section  and 

8  ft.  high  carries  a  total   (compressive)  load  of  115,200 

pounds.      If    the   modulus  of  elasticity  for  the  concrete 

is  2,500,000  pounds  per  square  inch,   what  will  be^  the 

rate  of  compressive  strain  and  the  shortening,  first,  for 

the  total  height  8  ft.  of  pillar,  and,  second,  for  12",  under 

the  preceding  load? 

Problem   5. — In  Problems   i   and   2,  if  Poisson's  ratio 
r  (i.e.,  the  ratio  of  lateral  to  direct  strain)  is  0.3,  find  the 
new  cross-dimension  of  the  bars  and  also  the  change  in 
volume  for  a  portion  of  each  bar  i  foot  long. 
Ans.  for  Problem  i. 

^  =  3"-999i6;  6=o".499895; 

change  in  volume  =  0.00908  cubic  inch  decrease. 

Problem  6. — In  Problem  3,  the  cross-dimensions  of 
the  bar,  imder  the  compressive  stress,  become  2". 0001 14 
and  4".ooo2  28.  Find  the  ratio  r  between  direct  and 
lateral  unit  strains,  and  also  the  increase  of  volume  of  3 
ft.  length  of  the  bar. 

Problem  7. — In  Problems  5  and  6  find  the  modulus 
of  elasticity,  G,  for  shearing  in  terms  of  the  direct  modulus 
of  elasticity  E, 

Problem  8. — In  Problem  2  find  the  total  normal  and 
tangential  stresses  and  their  intensities  on  plane  sections 
making  angles  of  18°,  35°,  and  53°  with  the  axis  of  the 
piece. 

Problem  9. — In  Problem  3  find  the  total  normal  and 
tangential  stresses  and  their  intensities  on  plane  sections 
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making  angles  of  31®,  45°,  and  72°  with  the  axis  of  the 
piece. 

Problem  10. — ^A  round  steel  bar  3  inches  in  diameter 
is  subjected  to  a  tensile  stress  of  212,100  poimds.     If  the 


diameter  of  the  bar  decreases  imiTftuji;  inch,  find  the 
ratio  r  between  the  direct  and  lateral  strains,  and  also 
the  increase  of  volume  in  a  4-ft.  length  of  bar.  Assume 
modulus  of  elasticity  E  as  30,000,000  pounds  per  square 
inch. 

Problem  11. — Given  three  planes,  AO,  OB,  and  BA, 
Art.  8,  so  placed  that  AOB  =90°  and  i4BO=a  =  6o*'. 

The  tensile  stress  on  OB  is  px  —  3500  pounds  per  square 
inch  and  the  tensile  stress  on  OA,  /?y  =  s6oo  pounds  per 
square  inch.  The  shearing  stresses  on  OA  and  OB  are 
equal,  i.e.,  pxy^pyx  =  1750  pounds  per  square  incW. 

Find  the  normal  and  tangential  components  of  the 
resultant  intensity  p,  when  p  makes  an  angle  ^  =  10**, 
below  the  normal  to  the  plane  AB,  Also  find  the  inten- 
sity of  the  principal  stress  on  the  plane  AB, 

Problem  12. — In  Fig.  i.  Art.  8,  let  the  intensity  of  the 
normal  tensile  stress  on  the  plane  OB  be  8000  pounds  per 
square  inch,  while  the  intensity  of  normal  compressive 
stress  on  the  plane  OA  is  12,000  pounds  per  square  inch, 
and  let  the  intensities  of  shearing  stresses  on  the  same 
\^  planes  OB  and  OA  be  a 500  and  6500  pounds  per  square 

inch  respectively.  Find  the  principal  stresses  and  the 
principal  planes  on  which  they  act.  Then,  by  means  of 
the  formulae  of  Art.  9,  find  the  greatest  intensity  of  shear- 
ing stress  on  any  plane  at  O,  and  the  position  of  that  plane. 
Finally,  determine  the  intensity  of  the  stress  of  greatest 
obliquity  at  the  point  O,  and  the  plane  on  which  it  acts, 
together  with  the  intensity  of  shearing  stress  on  that 
plane. 


CHAPTER  II. 


FLEXURE. 


Art  14. — The  Common  Theory  of  Flexure. 

A   STRAIGHT  piece  or  bar  of  material  is  subjected  to 
flexure  or  bending  when  it  is  acted  upon  by  loads  or  forces 


Fig.  I 


at  right  angles  to  its  axis,  the  loads  and  supporting  forces 
taken    as   a   whole  constituting  a  system  in  equilibrium. 

49 


50 


FLEXURE. 
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The  beam  shown  in  Fig.   i  may  be  taken  to  illustrate 
the  general  condition  of  flexure  or  bending. 

Each  end  of  the  beam  is  supported  as  shown  at  R  and 
/?',  the  reactions  at  those  points  constituting  the  support- 
ing forces,  while  the  weights  IV\  and  H',,  etc.,  constitute 
the  loading.  The  reactions  are  in  reality  just  as  much 
loads  on  the  beam  as  the  weights  carried  by  it,  but  it  is 
convenient  always  to  make  the  distinction  between  loads 
and  reactions  or  supporting  forces. 


1 
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Fig.  a. 


An  overhanging  beam  is  shown  in  Fig.  2  carrying  the 
weights  Ty,  and  PV,,  etc.,  one  end  being  firmly  fixed  in  a 
wall  or  other  similar  supporting  mass.  In  this  case  the 
supporting  effect  of  the  material  in  which  one  end  of  the 
beam  is  embedded  is  equivalent  to  the  couple  whose 
moment  is  Fe,  Obviously  there  may  be  many  other 
different  cases  of  bending,  according  to  the  manner  of 
supporting  and  loading  the  bent  piece  or  beam. 

In  all  these  analyses  and  in  all  that  follow,  except 
when  otherwise  specially  noted,  the  beams  are  supposed 
to  be  horizontal  with  the  loads  and  reactions  vertical,  all 
external  forces  thus  acting  at  right  angles  to  the  axis  of 
the  beam,  and  they  are  further  supposed  to  lie  all  in  a 
vertical  plane  passing  through  the  same  axis.  When  the 
loading  acts  as  shown  in  Fig.  i ,  it  is  evident  that  the  beam 
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will  be  bent  so  as  to  become  convex  downward  and  con- 
cave upward,  thus  causing  the  upper  portion  of  the  beam 
to  be  in  compression  while  the  lower  portion  is  in  tension. 
Hence  if  any  normal  section  of  the  beam  as  BD  be  con- 
sidered, in  passing  from  B  where  there  is  compression 
to  D  where  there  is  an  opposite  stress  of  tension  it  is  clear 
that  at  some  point,  as  m,  there  will  be  a  25ero  stress,  or, 
in  other  words,  no  stress  at  alL     The  horizontal  line  pass- 
ing through  that  point  m  of  no  stress,  and  normal  to  the 
vertical  plane  through  the  axis  of  the  beam,  is  called  the 
neutral  axis  of  the  section  and  its  locus  HX  throughout 
the  entire  beam  is  called  the  neutral  surface.     On  one  side 
<rf  the  neutral  axis  in  any  normal  section  there  will  be 
direct  stresses  of  compression  and  on  the  other  direct 
stresses  of  tension.     There  are  two  ftmdamental  assump- 
tions in  the  common  theory  of  flexure : 

First,  that  all  plane  normal  sections  of  the  beam  remain 
plane  after  flexure  or  bending. 

Second,  that  the  intensity  (amoimt  uniformly  dis- 
tributed on  a  square  unit)  of  either  the  tensile  or 
compressive  stress  in  any  normal  section  acting 
parallel  to  the  axis  of  the  beam  varies  directly  as 
the  distance  from  the  neutral  axis  of  the  section. 

In  Fig.  I  the  shaded  triangles  above  and  below  m, 
having  the  common  vertex  at  that  point,  represent  the 
stresses  of  tension  and  compression  induced  in  the  normal 
section  BD  by  the  bending. 

The  loads  and  supporting  forces  act  normally  to  the 
axis  of  the  beam  upon  either  portion  of  it,  as  HBD,  while 
the  internal  stresses  of  tension  and  compression  in  the 
section  BD  act  parallel  to  that  axis.  If  the  equilibrium 
of  the  same  portion  HBD  be  considered,  it  will  be  seen 
that  the  only  horizontal  forces  acting  upon  it  are  the  in- 
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ternal  stresses  of  tension  and  compression  shown  by  tl 
two  shaded  triangles.  Hence  in  ord'^r  that  there  rm 
be  equilibrium  the  sum  of  those  stresses  of  tension  ar 
compression  must  be  equal  to  zero.  This  latter  conditio 
will  determine  in  a  simple  manner  the  position  of  tl 
neutral  axis.  If  a  is  the  intensity  of  either  the  tensile  • 
compressive  stress  at  the  distance  imity  from  the  neutr 
axis,  then  by  the  second  of  the  preceding  fundament 
assumptions  the  intensity  N,  at  any  other  distance  z  fro 
the  same  axis  or  line  of  no  stress,  will  be  N  =az,  Agai 
if  A  is  the  area  of  the  normal  section  of  the  beam,  dA  w 
be  the  area  of  an  indefinitely  small  portion  of  that  sectio 
so  that  the  amount  of  internal  stress  acting  on  it  will  1 
az.dA.  If  this  differential  amount  of  stress  be  integrate 
for  the  entire  section,  the  preceding  condition  of  equilibriu 
for  either  portion  of  the  beam  requires  that  the  sum  repi 
sented  by  that  total  integration  shall  be  equal  to  zer 
or  if  rfj  and  d  represent  the  distances  of  the  most  remo 
fibres  on  either  side  of  the  neutral  axis,  the  followii 
equations  may  be  written : 


azdA  =a  I    zdA^o, 

d  J-d 


or 

rd 

zdA  «=o ( 


£• 


Eq.  (i)  shows  that  the  static  moment  of  the  ent 
section  about  the  neutral  axis  is  equal  to  zero,  and  the 
fore  that  the  neutral  axis  passes  through  the  centre 
gravity  or  the  centroid  of  the  normal  section. 

It  is  next  necessary  to  determine  the   expression 
the  bending  moment  of  the  internal  stresses  of  any  s 
tion,  such  as  JF  of  Fig.  i,  which  is  induced  by  and  mi 


Art.  14. J  THE  COMMON  THEORY  OF  FLEXURE.  53 

be  equal  to  the  moment  of  the  external  forces  acting  upon 
either  one  of  the  two  portions  into  which  the  beam  is 
divided  by  that  section. 

In  Fig.  I,  let  mn  represent  a  differential  length,  dl 
of  the  neutral  surface,  and  let  p  represent  the  radius  of 
curvature  of  dl  after  flexure,  also  as  shown  in  Fig.  i,  C 
being  the  centre  of  curvature.  If  u  is  the  direct  or  longi- 
tudinal strain  of  a  unit  length  of  fibre  at  the  distance  unity 
from  the  neutral  axis,  when  stressed  with  the  intensity  a, 
the  strain  in  dl  under  that  intensity  will  be  udl.  BD  is 
drawn  parallel  to  JF,  and  represents  the  position  of  BD 
before  flexure.  The  triangle  D'mD  ic,  therefore,  similar 
to  Ctnn.     Consequently  there  may  be  written 

udl  ^dl  I 

I 

Or  the  rate  of  strain,  i.e.,  the  strain  of  a  unit  length  of 
fibre  at  distance  unity  from  the  neutral  axis,  is  equal  to 
the  reciprocal  of  the  radius  of  curvature. 

By  the  fundamental  law  or  assumption  of  the  common 
tlieory  of  flexure  already  given 

Rate  of  strain  at  distance  2  =  -. 

P 

Then,  by  the  fundamental  law  between  stress  and 
strain,  the  intensity  N  of  the  direct  stress  at  any  distance 
z  is 

N  =  E-^Faiz (3) 

P 

If  h  is  the  variable  breadth  of  section,  the  differential 
of  the  total  stress  is 

Nbdz~.(hdz).z (4) 

.0 
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The  differential  moment  of  the  internal  stresses  about 
the  neutral  axis  will  be 

dM  =  NMz.z^-.{bdz).z^]  .     .     .     .     (S) 

F  C'^^  EI 

.•.M=-/     {hdz).z^^—\    ....     (6) 

in  which  /  is  the  moment  of  inertia  of  the  section  of  the 
beam  about  the  neutral  axis. 

If  X  is  the  horizontal  coordinate  of  the  neutral  sur- 
face, and  w  the  deflection  or  sag  of  the  beam  at  any  point, 
as  indicated  in  Fig.  i ,  when  the  curvature  is  small 


I     d^w 
p^dx^ 

and 

d^w 

^-^'3^ (7) 

Eq.  (7)  is  the  fimdamental  equation  by  which  the  de- 
flection of  a  bent  beam  is  found,  whatever  may  be  the 
character  or  amount  of  the  loading.  As  indicated,  it  is 
strictly  true  only  when  the  deflections  are  small;  in  other  ] 
words,  when  they  are  produced  by  strains  within  the  elastic 
limit  of  such  beams  as  are  ordinarily  used  in  engineering 
practice.  That  equation  is  easily  integrated  in  all  ordi- 
nary cases,  if  the  value  of  the  external  bending  moment  M 
is  expressed  in  terms  of  .r,  as  will  be  abundantly  illustrated 
in  succeeding  articles. 

Another  equation  of  great  practical  value  remains  to 
be  established.  I^et  it  first  be  observed  that  the  intensity 
of  stress  a,  at  the  distance  of  unity  from  the  neutral  sur- 
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face  of  a  bent  beam  is  a  =  Eu,  by  Hooke  's  law,  and  further 
by  eq.  (2) 

a=Eti==^— (8) 

E 
If  the  value  of  —  from  eq.  (8)  be  substituted  in  eq.    (6) 

there  will  result 

'M=al .      (9) 

If  the  greatest  intensity  of  stress  in  a  normal  section 
of  a  bent  beam  at  the  distance  d^  from  the  neutral  axis  be 

k 
represented  by  k,  then  o  =  ^  ,  and  eq.  (9)  will  take  the  form 

^^4/ (-) 

Eq.  (10)  is  one  of  the  most  important  equations  in  the 
whole  subject  of  the  resistance  of  materials  in  consequence 
trf  its  frequent  use  in  the  practical  operation  of  designing 
beams  or  girders.  Its  employment  is  rendered  exceed 
ingly  simple  and  convenient  by  tables  in  which  may  be 
found  computed  the  moments  of  inertia  /  for  all  the  rolled 

sections,  as  well  as  values  of  the  quantity  -j,  called  the 

section  modulus."  These  tables  are  found  in  the  various 
Hand-books"  published  by  steel-producing  companies, 
and  they  obviate  essentially  all  numerical  computations 
I  for  the  determination  of  either  moment  of  inertia  or  section 
modulus.  Other  tables  may  also  be  found  which  give  the 
moments  of  inertia  of  a  great  variety  of  built  sections, 
i.e.,  composite  sections  formed  of  various  commercial 
ToBed  shapes  such  as  plates,  angles,  channels,  and  I  beams. 
In   all  the  preceding  expressions  where  the  quantity 
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M  appears  it  is  to  be  taken  to  represent  the  bending  mo- 
ment of  the  external  forces,  including  the  rcactifins,  appUetl 
to  a  beam,  the  moment  being  taken  about  the  neutral 
axis  of  the  section  under  consideration.  This  external 
moment  must  necessarily  be  equal  to  the  moment  of  the 
internal  stresses  represented  by  the  last  members  of  the 
preceding  moment  equations  involving  the  greatest  in- 
tensity of  stress  k  of  the  section  and  the  moment  of  inertia 
/  of  the  latter.  '  || 

There  are  one  or  two  approximate  features  involved  | 
in  the  preceding  analysis,  the  character  of  which  is  notlj 
discoverable  when  the  fundamental  laws  of  the  theory  of  \ 
flexure  are  assumed  rather  than  demonstrated,  but  which 
appear  plainly  evident  in  the  true  demonstration  of  the 
theory  of  flexure  in  App.  I.  It  is  obvious  that  the  com- 
pression produced  at  the  exterior  surface  of  a  bent  beamj 
at  the;  points  of  loading  is  neglected  or  ignored  in  the  pre-  . 
ceding  demonstrations;  but  this  does  not  sensibly  affect 
the  accuracy  of  the  formula:  which  have  been  reached. 
There  is,  however,  one  result  of  the  assumptions  made 
which  materially  affects  the  accuracy  of  the  formula?  of  the 
common  theory  of  flexure  for  comparatively  short  beams. 
If  the  accurate  analysis  be  followed  it  will  be  found  that 
the  formula:  of  that  theory  involve  in  reality  the  further 
assumption  that  the  depth  of  the  beam,  i.e.,  in  the  direc-| 
tion  of  the  loading,  is  small  in  comparison  with  the  length; 
of  span.  The  limit  of  ratio  of  length  of  span  to  depth; 
above  which  the  formuke  may  be  applied  with  strict  accu- 
racy cannot  be  definitely  assigned,  but  there  are  many 
beams,  especially  of  timber,  employed  in  engineering 
practice  which  are  much  too  short  in  comparison  with 
their  depths  to  permit  an  accurate  application  of  the  for- 
mula; of  the  common  theory  of  flexure.  This  observation 
bears  with  special  emphasis  on  computations  for  pins  in 
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• 

pin-connected  bridges  which  are  treated  as  short  beams. 

As  a  matter  of  fact,  the  common  theory  of  flexure  cannot 

be  applied  to  such  short  thick  beams  with  any  degree  of 

accuracy  whatever.     It  is,   however,  entirely  permissible 

to  use  these  formulie  as  general  expressions,  even  under 

such  loosely  approximate  conditions,  into  which  empirical 

quantities  established  under  the  actual  conditions  of  use 

are  introduced,  but  they  are  not  to  be  used  in  any  other 

way.    By  such  a  procedure  the  formulae  of  the  common 

theory  of  flexure  have  become  of  inestimable  value  to  the 

civil  engineer,  but  it  is  imperative  to  realize  under  what 

conditions  they  may  be   employed  with   strict  accuracy 

and  under  what  conditions  the  introduction  of  quantities 

established  by  practical  tests  is  required. 

Art  15.— The  Distribution  of  Shearing  Stress  in  the  Normal 

Section  of  a  Bent  Beam. 

The  longitudinal  fibres  of  a  beam  under  loading  take 
their  stresses  of  tension  and  compression  from  the  shearing 
stresses  which  are  induced  on  vertical  and  horizontal 
plains  in  the  interior  of  the  beam.  In  order  to  realize 
wht  takes  place  in  the  interior  of  a  beam  let  it  be  sup- 
pled to  be  divided  into  an  indefinitely  large  number  of 
tall  rectangular  portions  like  those  shown  in  the  up- 
?r  part  of  Fig.  i,  and  on  a  somewhat  larger  scale  in  the 
[pwer  part.  The  vertical  loading  and  reactions  induce 
•ansverse  shears,  i.e.,  shearing  stresses  on  vertical  trans- 
erse  planes,  which,  as  known  from  the  general  theory  of 
ftresses  in  solid  bodies,  induce  shears  of  equal  intensity  on 
u^rizontal  planes.  The  result  is  that  which  is  shown  in 
,he  lower  portion  of  Fig.  i.  On  the  faces  of  the  indefi- 
lilely  small  rectangular  portions  of  the  beam  there  are 
iduced  shears  in  pairs  having  the  same  intensitv  and  act- 
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ing  either  toward  or  from  a  given  edge.  Each  horizontal 
layer  of  the  beam  is,  therefore,  made  to  slide  a  little  over 
the  adjoining  layers  above  and  below  it,  as  shown  at  A  and 
A'  in  the  lower  part  of  Fig.  i. 
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Carefully  remembering  these  general  conditions,  let  the 
bending  moment  in  the  section  ad  of  the  beam  in  Fig.  a 
be  represented  by  M  and  let  the  total  transverse  shear  at 


the  same  section  be  represented  by  S.     Then  if  x  measiirei 
horizontally  from  the  section  tiJ  be  so  taken  that  x~~a 
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and  if  the  intensity  of  the  direct  stress  of  tension  or  com- 
pression at  the  distance  z  from  the  neutral  axis  be  repre- 
sented by  k^  there  may  at  once  be  written 

M^Sx-'—;    :.  k^-pc (i) 

k  is  thus  seen  to  be  a  function  of  both  z  and  x.  If  jet  be 
unchanged  while  x  varies,  the  small  variation  of  k  for  an 
indefinitely  small  variation  of  x  will  be 

If  ^  is  the  intensity  of  the  transverse  shear  at  the  dis- 
tance z  from  the  neutral  axis,  the  variation  of  that  intensity 
for  the  indefinitely  short  distance  dz  {x  remaining  tmchanged) 

ds 
win  be  -y-dz^  and  if  the  breadth  or  width  of  the  beam  is  6, 

CLZ 

the  variation  of  longitudinal  shear  on  the  small  horizontal 
area  hdx  for  the  small  distance  dz  will  be 

^dz(bdx) (3) 

The  small  shear  given  by  expression  (3)  is  equal  to  the 
variation  of  k  foimd  by  multiplying  the  members  of  eq.  (2) 
by  bdz,  hence 

'7~dz,bdx'='j'dx.bdz\ (4) 

.-.  l-f.    or    *-f^.     ....    (5, 

It  is  obvious  that  the  intensity  of  the  shear  at  the  ex- 
terior stirface  of  the  beam  is  zero;  in  other  words,  5=0, 
when  z=^d  the  distance  of  the  extreme  fibre  of  the  section 
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Hence  the  above  expression  becomes 


dM  rv^ 


ybdy.     If   5  is   the 


intensity  of  shear  on  the  face  dc  the  following  equation  at  once  results: 
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Fig.  3. 


from  the  neutral  axis.  Hence  eq.  ($)  must  ht  integrated 
between  the  limits  of  z  and  d,  and  that  integration  ¥nll 
give 

/•  S'-jf  zdz^^{dP^z^.       .    .    .  (6)* 


*  The  intensity  of  shear  s  is  sometimes  found  with  a  partial  regard  only 
to  the  laws  of  the  Common  Theory  of  Flexure.  In  Fig.  3  the  piece  abed  ol. 
a  beam  subjected  to  flexure  whose  neutral  surface  is  NN  is  held  in  equilib- 
rium by  the  direct  stresses  on  the  faces  he  and  ad  in  combination  with  the 
longitudinal  shear  on  the  face  de.  If  ah  is  equal  to  dx  and  if  y  be  the  normal 
distance  of  any  fibre  from  NN,  obviously  the  difference  between  the  direct 

stresses  on  the  two  sides  he  and  ad  will  be  |    '  dk.hdy  in  which  h  is  the  yari-  ' 

able  width  of  the  section.    By  the  cotpmon  theory  of  flexure,  however. 


sbdx^ 


Yj  y^y^ w 

I  A*  sy  O 


dM 
"-^ 

This  equation  differs  from  eq.  (6)  in  that  6,  considered  as  a  varial^ 
appears  in  the  second  member.  If  the  section  is  rectangular,  h  is  constant 
and  eq.  (6)  at  once  results.  In  fact  if  yi  and  y  be  taken  as  consecutive  in 
eq.  (a),  which  is  the  differential  method  of  establishing  s,  that  equation  will  be- 
come 

dshdx^—s-yhdy. 

The  quantity  h  now  disappears  from  the  equation  whether  the  width  of  the 
section  be  considered  constant  or  variable.     Then  dividing  both  sides  of  the 
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The  intensity  s  has  its  maximtim  value  where  0=0,  i.e., 
fat  the  neutral  axis;  hence 

(max.)  5=-^ (7) 

.      •  IT     8W    2W» 

If  the  section  is  rectangular  /  = = • 

*^  12         3 

and 

(max.)^=-.^^ (8) 

h  other  words,  the  maximum  intensity  of  shear  fotmd  at 
the  neutral  axis  is  -,  the  average  shear  of  the  entire  section. 

It  is  to  be  remembered  that  this  intensity  of  shear  5, 
at  all  points  in  the  entire  beam,  acts  on  both  the  vertical 
and  horizontal  planes,  i.e.,  this  shear  acts  on  longitudinal 
or  horizontal  planes  parallel  to  the  neutral  surface  as  well 
as  upon  the  vertical  section  of  the  beam. 

Eq.  (6)  is  the  equation  of  a  parabola  with  its  vertex 
k  the  neutral  surface.  Hence  if  Of  be  laid  off,  as  shown 
in  Fig.  2,  at  any  convenient  scale  to  represent  the  maxi- 
nmm  value  of  s,  as  given  in  eq.  (7),  and  if  from  /  as  ver- 
tices the  two  branches  of  parabolic  curves  fa  and  fd  be 
described  as  shown,  any  horizontal  abscissa  of  the  curves 
drawn  from  the  line  ad  will  represent  the  intensity  of  shear 
at  that  point.  The  origin  of  coordinates  for  eq.  (6)  is  at 
Oin  Fig.  2. 

equation  by  dx  and  integrating,  eq.  (6)  of  the  text  will  be  established.  This 
ttans  that  aU  fibres  equidistant  from  the  neutral  axis  being  stressed 
uniformly  and  hence  without  longitudinal  shear  along  their  vertical  sides, 
tiie  beam  may  be  considered,  so  far  as  this  analysis  is  concerned,  as  com- 
posed of  vertical  rectangular  strips  of  width  b,  which  may  be  of  finite  value 
or  indefinitely  smalL 
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Distribution  of  Shear  in  Circular  and  Other  Sections. 

A  number  of  special  approximate  investigations  hax^ 
been  made  to  detennine  the  distribution  of  shear  in  the 
circular  cross-section  of  a  bent  beam,  involving  more  or 
less   complicated   consideration   of   stresses.     While  these 
investigations  recognize  the  straight  line  variation  of  the 
intensities  of  normal    stresses  in  the  section  under  con- 
sideration, they  are  basecj  on  other  conditions  which  are  , 


J 
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Fig.  4. 

.J 

not  closely  consistent  with  the  fundamental  assumptioQS:^ 
of  the  Common  Theory  of  Flexure. 

If  the  intensity  of  normal  stress  is  the  same  at  a  unir  ' 
form  distance  from  the  neutral  axis  of  the  section,  adjacent'^ 
fibres  equidistant  from  that  axis  will  stretch  the  saxoftj 
amount,  eliminating  all  shearing  stresses  between  suGk'^' 
fibres.  If  therefore  a  circular  section  whose  area  is  Ai^, 
be  divided  into  vertical  strips  each  with  the  width  dy*' 
as  shown  in  Fig.  4,  and  if  the  notation  shown  in  thati 
figure  be  observed,  eq.  (6)  may  be  adapted  to  the  circular  I 
section  by  placing  in  the  second  member  of  that  equation,  | 

S — r^  for  5  and dy  for  /,  resulting  as  follows: 
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This  equation  gives  the  value  of  the  intensity  of  shear 
Id  all  parts  of  the  circular  section,  li  z  =  d,  i.e.,  at  all  points 
f  the  surface,   the  intensity  s  is  zero.     The  maximum 

isity  is  found  by  making  2  =  0,  giving  5=-j,  i.e.,  the 

mum  intensity  of  shear  is  I  the  mean,  as  was  to  be 

xted.     The    same    result    will    necessarily    follow    the 

e  mode  of  treatment  of  any  form  of  section  whatever, 

I  each  such  section  is  assumed  to  be  made  up  of  vertical 

ctangular  strips  between   which  no  shear  exists.     The 

ifference  between  this  simple  approximate  method  based 

results   for   a  rectangular  section  and  one   of  the 

raal  analyses  for  a  circular  section  is  shown  by  the 

mum  intensity  of  shearing  stress  at  the  neutral  sur- 

E  being  found  equal  to  J  (instead  of  J)  of  the  mean  by 

e  of  those  special  methods.     If,  however,  the  ordinary 

mptions  of  the  Common  Theory  of  Flexure  are  to  be 

hie  at  all  the  advantage  or  increased  accuracy  of  such 

rial  or  more  complicated  analyses  is  not  obvious. 

With  such  material  as  timber,  in  the  case  of  beams, 

longitudinal  shear  represented  by  s  in  either  eq.  (7) 

fceq.  (8J  may  be  the  governing  quantity  in  design.     The 

[acity  of  timber  to  resist  shear  along  its  fibres  is  com- 

tatively  so  small  that  where  the  spans  are  relatively 

ton  failure  will  take  place  by  shearing  along  the  neutral 

irface  before  the  extreme  fibres  yield  either  in  tension 

r  compression.     In  the  design  of  timber  beams,  tliere- 

re.  and  m  other  similar  cases,  it  is  necessary  to  test  by 

biiputation  the  maximum  value  of  s  as  well  as  to  deter- 

ine  the  greatest  intensity  of  tensile  or  compressive  stress 

I  the  extreme  fibres,  as  will  be  completely  shown  in  a 

r  article. 
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Art.  i6. — ^External  Bending  Moments  and  Shears  in  GeneraL 

Beams  subjected  to  piire  bending  only  will  be  treated 
here. 

A  beam  is  said  to  be  non-continuous  if  its  extremities 
simply  rest  at  each  end  of  the  span  and  suffer  no  constraint 
whatever. 

A  beam  is  said  to  be  continuous  if  its  length  is  equal 
to  two  or  more  spans,  or  if  its  ends,  in  case  of  one  span  (or 
more)  suffer  constraint. 

A  cantilever  is  a  beam  which  overhangs  its  span,  one 
end  of  which  is  in  no.  manner  supported,  tach  of  the 
overhanging  portions  of  an  open  swing  bridge  is  a  canti- 
lever truss. 


W,       W5        w, 

.000 


57^ 


■"sjl" 


h 

I 
I 
I 


8 


— e- 


. — w 


-X- 


VA 


Fig.  I. 


Fig.  I  represents  a  beam  simply  supported  at  each  end, 
carrying  the  loads  W^,  IF,,  W^,  etc.  Let  bending  moments 
be  taken  for  any  section,  as  JF,  at  the  distance  ^  from 
the  right-hand  abutment,  at  which  location  the  reaction 
R^  acts.  The  load  W^  is  at  the  distance  x^  from  the  sec- 
tion, W^  at  the  distance  x^,  and  W^  at  the  distance  x^  from 
the  same  section,  the  last  distance  not  being  shown  in 
the  figure.  The  bending  moment  desired  will  be  the 
following : 


M  =  R'x'  -  ]\\x,  -  W^,  -  W^x^. 


(i) 
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This  equation  is  typical  of  all  external  bending  moments 
for  a  beam  simply  supported  at  each  end,  whatever  may 
be  the  system  of  loading  or  its  amount,  or  whatever  may 
be  the  location  of  the  section.  This  equation  is  frequently 
written  in  the  following  form : 

M^IWx (2) 

The  summation  sign  indicates  that  the  sum  is  to  be 
taken  of  the  products  formed  by  multiplying  each  external 
f<:>rce,  whether  loading  or  reaction,  by  its  lever-arm  or 
normal  distance  from  the  section  in  question.  It  is  a 
common  and  convenient  mode  of  expressing  the  general 
value  of  the  bending  moment  in  any  case  whatever. 

In  eq.  (i)  the  differentials  of  Jt/,  .r^,  x,,  and  x^  are  all 
equal,  so  that  if  that  equation  be  differentiated,  the  first 
derivative  of  M  will  have  the  following  form : 

^=R'-W,-W,-W,^IW^S.       .    .     (3) 

It  will  be  at  once  evident  that  5  in  eq.  (3)  is  the  total 
transverse  shear  in  the  section  for  which  the  bending 
moment  M  is  written,  since  the  algebraic  sum  of  R^  and  the 
loads  between  the  end  of  the  beam  and  the  section  con- 
stitutes  that  shear.  Indeed,  the  usual  manner  of  deter- 
mining the  total  transverse  shear  is  the  simple  operation 
of  summing  up  all  the  external  forces  acting  on  one  of  the 
portions  of  the  beam  formed  by  the  section  in  question; 
the  external  forces,  such  as  the  reaction,  acting  in  one 
direction  being  given  one  sign,  and  those,  like  the  loading, 
acting  in  the  other  direction  being  given  the  opposite  sign. 
The  shear,  therefore,  becomes  the  numerical  difference 
of  the  two  sets  of  forces  having  opposite  directions. 

Eq.  (3)  thus  establislies  the  following  important  prin- 
ciple :    The   total   transverse  shear  at  any  section   is  equal 
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to  the  first  differential  coefficient  of  ilie  bending  monwnf 
sidered  a  function  of  X. 

In  Fig.  I  the  force  S  is  supposed  to  be  the  resultai 
the  three  loads  Ifj,  U',,  and  It',,  and  the  reaction  R', 
the  force  5  is  supposed  to  represent  that  resultant  1 
in  line  of  action  and  magnitude.  The  bending  momen 
is.  therefore,  equal  to  Se,  e  being  the  normal  distanc 
the  tine  of  action  of  5  from  the  section,  so  that  the  ac 
bending  moment  upon  any  section  of  a  bent  beam  ■ 
always  be  represented  by  the  transverse  shear,  loc 
as  the  resultant  of  all  the  external  forces  producing 
bending  moment,  multiplied  by  its  lever-arm.  This 
simple  but  important  matter  of  observation. 

In  the  section  JF  let  the  two  equal  and  oppi 
forces  S  and  —  5,  numerically  equal,  act  in  opposite  d 
tions;  they  will  not,  therefore,  affect  the  equihbriur 
the  beam  or  any  portion  of  it  in  any  way  whatever. 
far  as  the  equilibrium  of  the  portion  uf  ilic  beam 
is  concerned,  the  loads  and  the  reactions  may  be  supp 
to  be  displaced  by  the  couple  S,  -5,  with  the  lever-aJ 
and  the  shear  5  acting  upward  in  the  section  JF. 
importance  of  this  particular  feature  of  the  analysis 
sists  in  showing  that  in  every  bent  beam  carrying  ] 
the  action  of  the  external  forces  (including  the  reac 
producing  the  bending  is  equivalent  to  a  couple  w 
moment  is  Se  acting  about  the  neutral  axis  of  the  sa 
land  the  total  transverse  shear  5  acting  in  the  sec 
The  shear  5  evidently  tends  to  move  or  slide  one  po 
of  the  beam  past  the  other,  and  an  essential  part  ol 
operation  of  designing  beams  and  trusses  is  its  detem 
tion  at  various  sections  with  correspondingly  va 
positions  of  loading. 

As  is  well  known,  the  analytical  condition  for  a  n 
mum  or  minimum  bending  moment  in  a  beam  is 
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dM 


dx 


(4) 


From  eqs.  (3)  and  (4)  is  to  be  deduced  the  following 
principle :  The  greatest  or  least  bending  moment  in  any  beam 
is  to  he  found  in  that  section  for  which  the  shear  is  zero. 

The  greatest  bending  moment  obviously  is  the  only 
one  of  importance  in  the  design  of  beams  and  trusses,  and 
eq.  (4)  shows  that  the  section  in  which  it  will  be  found 
can  be  located  by  simple  inspection  of  the  loading.  It  is 
only  necessary  to  stmi  up  the  reaction  at  one  end  and  the 
loads  adjacent  to  it,  until  the  point  is  reached  where  the 
sammation  is  zero.  This  point  will  usually  be  found 
where  a  load  is  supported.  In  that  case  the  single  load 
may  arbitrarily  be  divided  into  two  parts,  supposed  to  act 
indefinitely  near  to  each  other,  so  that  one  of  the  parts 
may  be  just  stifficient  to  make  the  zero  summation  desired. 
A  smgle  practical  operation  will  make  this  feature  per- 
fectly clear  and  simple. 

If  the  loading  is  tmiformly  continuous  and  of  the 
intensity  p,  in  each  of  the  equations  (i),  (2),  and  (3) 
^fa  is  to  be  used  for  each  of  the  separate  loads  W^,  W„  W^^ 
etc.    The  bending  moment  thus  becomes 

M ^R'o(f ^ IWx^R'x' -  r X .pdx ^R'x' -\px\     (5) 

The  expression  for  the  shear  then  becomes 

^=S=R'-px (6) 

A  second  differentiation  gives 

d'M 


dx 


2 


-p (7) 
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Or,  the    second    differential    coefficient    of    the    moin< 
considered  a  function  of  x  is  equal  to  the  intensity  of 
continuous  load. 

This  method  of  passing  from  formulae  for  concentra 
loads  to  those  for  continuous  loads  is  perfectly  simple  i 
frequently  employed. 


Art.  17. — Intermediate  and  End  Shears. 

The  beam  shown  in  Fig.  i  is  supposed  to  carry  j 
loading  whatever,  and  the  figure  is  consequently  in  ten 
to  exhibit  a  uniform  load  in  addition  to  a  load  of  c 
centrations.  Inasmuch  as  all  beams  and  other  sim 
pieces  have  considerable  weight,  and  sometimes  gi 
weight,  ordinarily  considered  uniformly  distributed  c 
the  span,  this  condition  of  loading  is  that  which  exist 
all  actual  cases.  The  amount  of  uniform  loading 
linear  unit,  usually  a  foot,  is  represented  by  /?,  while 


w. 


w. 


1   ^*  /^l^'^  r^   ^* 


T X 


I 
I 

-i.  . 


X' 1 


-^ 


Fig.  I. 

concentrations,  as  heretofore,  are  represented  by  \\\, 
etc. 

The  determination  of  the  transverse  shear  at  anv 
tion  of  a  lx.'am  or  truss  is  one  of  tlie  most  frequent  as  ' 
as  one  of  the  most  important  comj:)utations  requircc 
the  design  of  structures.  As  has  already  been  indica 
it  is  an  extremely  simj)Ie  eomjmtation.  It  is  first  ne 
sary,  after  knowing  the  position  of  tlie  loading,  to  find 
reactions  at  both  ends  of  the  span.     In  P"'ig.  i  the  var: 
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^'eights  or  loads  are  separated  by  the  distances  shown,  a' 
being  the  distance  from  \\\  to  the  reaction  R  or  end  of  the 
span.  Wfi  is  supposed  to  rest  at  the  right  end  of  the  span 
for  a  purpose  that  will  presently  appear.  The  reaction 
R"  at  the  left  end  of  the  span  (not  shown)  resulting  from 
the  concentrated  loads  only  will  have  the  following  value : 

The  reaction  i?'"  at  t'lc  other  end  of  the  span  (not 
shown)  can  be  expressed  l)y  a  similar  equation,  but  it  is 
simpler  and  more  direct  to  write  it  as  follows: 

R'''^W,  +  W,  +  W,  +  W,  +  W,-R'\        .     .     (2) 

Obviously  the  sum  of  the  two  reactions  /?"  and  R'" 
must  be  equal  to  the  total  concentrated  loading. 

That  part  of  the  reaction  due  to  the  uniform  load  ex- 
tending over  the  span  /  will  clearly  be  one  half  of  that 

load  or 

R,-=ipl-R, (3) 

The  reaction  R^  is  supposed  to  be  found  at  the  left 
tnd  of  the  span  and  7?,  '^^  ^^^^  right  end.  The  total  re- 
actions then  will  be  as  follows.     At  left  end  of  the  span: 

R^R''  +  \pl (4) 

At  right  end  of  the  span : 

R^^R'^^  +  \pl (S) 


th^  '"j^accn  Tf^Tjt'T^T'  maj  cow  rcadzLy  be  wraaea.  Let  tt 
^ief!Xir.n  AB  at  i±e  dsscazxe  x  froci  the  ieft  eoci  c£  the  spa 
5nc  be  (Xjoi^de^r&L  Tbt  total  kodzc^  btLwciu  tint  s» 
tsr^n  ortvf  the  end  of  the  ^soi  s  ^T^-r  W,-r^,  aad  il  ac 
ricwn^Jiar^.  As  cbe  reacocci  i?  acts  inimud  ttm  cijEcssk 
ft-^  Hoe  itjtax  Trill  be 

s-/e-ir,-ir,-fx: ( 

Tti  th«i  case  the  sectioa  coDadered  bas  been  tab 

Ir^.'Tff^itn  two  weights;  let  the  section  at  the  ^«e^^  \ 
f>t  cr/fuwfered,  that  weight  being  at  the  disiamv  x*  fro 
the  ^A  of  the  span.  The  amount  of  timfonn  load  ov 
thi^  ler.^h  x'  is  simply  ^,  bat  inasmnch  as  the  iie^t  1 
'v^  k/'ated  at  the  section  under  consxktation,  the  porti 
f4  that  weight  which  may  be  taken  as  Testing  on  the  li 
of  the  section  considered  is  indetenninate.  In  such  caf 
ft  is  proper  and  customary  to  take  any  portion  or  all 
the  weighit  as  resting  on  either  side  of  the  section,  b 
in^lefmit^Iy  near  to  it.  If  it  is  a  case  where  the  maximi 
fihear  is  ^ksired,  the  single  weight  should  be  taken  in  sc 
a  j/>ftiti^/n  a<i  to  make  the  transverse  shear  as  great 
p^/wihk.  If  the  case  is  one  where  it  is  desired  to  find  1 
ntf:ty/n  at  which  the  total  load  from  that  section  to  1 
en^J  </f  th^;  ftjjan  is  equal  to  the  reaction,  any  portion  m 
Ur  t^tki'n  which  is  found  necessary  to  make  the  equali 
If,  fffT  in.Ht;ince,  px'  -^-W^-^-W^  is  less  than  R  while  px 
W^  ^  W^\  W^  is  greater  than  R,  then  that  portion  of 
whi^h  v/fm\(\  \)e  considered  on  the  left  of  the  section  1 
ituU^UuiUly  m-ar  U)  it  would  be  R-px' -\\\  —  \\\,  1 
n'fnaininK  iK^rtion  of  W^  would  be  considered  as  rest 
at  thi-  ri^ht  of  the  section  but  indefinitely  near  to  it. 
Hurh  a  ('U94'  the  transverse  shear  is  zero  at  the  weight  II 
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Again,  let  it  be  desired  to  find  the  greatest  upward 
ishear  at  IV,.  it  being  supposed  that  R  is  greater  than  the 
ilDtal  load  between  W,  and  the  left  end  of  the  span.  In 
this  case  no  portion  of  11',  would  be  considered  as  acting 
lo  the  left  of  the  section,  but  the  expression  for  the  shear 
■Wild  be 

S  =  R-px'-W^-W, (7) 

It  can  be  seen  from  the  preceding  statements  that  the 
maximum  transverse  shear  in  the  beam  will  occur  at  tlie 
totis  of  the  span  where  the  value  of  the  shear  is  the  end 
reaction.  Inasmuch  as  the  end  reaction  R  or  R'  is  thus 
le  greatest  shear  in  the  entire  span,  it  is  a  most  important 
[uaniity  to  determine  in  the  design  of  beams  and  trusses ; 
t  is  the  most  important  single  factor  in  the  detcrmina- 
ion  nf  the  amount  of  material  required  at  the  end  sections 
t  both  beams  and  trusses.  The  value  of  this  end  shear 
(given  by  the  values  for  K  and  R'  in  eqs.  (4)  and  {5). 

Since  the  total  transverse  shear  in  any  section  of  a 
I  is  simply  the  summation  of  all  the  external  loads, 
acluding  the  reactions  from  one  end  of  the  span  up  to  the 
Ktion  considered,  it  is  evident,  first,  that  that  summation 
nay  be  made  from  either  end  of  the  span,  and  second, 
Uuit  the  amounts  so  found  will  be  equal  numerically  but 
iflected  by  opposite  signs.  In  determining  the  shear, 
therefore,  in  any  given  case,  it  is  usual  to  make  the  sum- 
tealion  from  that  enrl  of  the  sjian  which  can  be  used  with 
the  greatest  convenience  in  computation. 

Pig.  2  exhibits  a  graphical  representation  of  the  pre- 
*ding  treatment  of  intermediate  and  end  shears,  MN 
Ijeing  the  length  of  span  shown  in  Pig.  i.  MF  is  the 
PEaction  R  la.id  off  at  a  convenient  scale.  The  weights  or 
bads  W^,  Wj,  W„  etc.,  are  laid  off  vertically  downward  in 
their  proper  locations  at  the  same  scale,  as  shown.     The 
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vertical  distance  of  G  below  F  is  the  amount  of  unifonn 
load  pa'  between  R  and  Wi  in  Fig.  i,  also  laid  down  by  the 
same  scale.    GGi   is,  therefore,  the  shear  in  the  beam  of 


Pig.  I  immediately  to  the  left  of  W^,  and  Hfi^  is  the  shear 
immediately  to  the  right  of  the  same  load.  Similarly, 
H^H  being  drawn  horizontally,  HK  is  the  amount  of  uniform 
loading  pa  between  [V^  and  VK,.  The  remainder  of  the 
diagram  is  drawn  in  the  same  manner. 

Any  vertical  ordinate  drawn  from  MN  either  up  or 
down  to  the  broken  line  FUH^K  ...  0  represents  the  shear 
at  the  corresponding  point  in  the  span  at  the  same  scale 
used  in  laying  off  the  reactions  and  loads.  QQ^  is  the  shear 
at  the  point  or  section  of  beam  at  Q^,  while  7T,  is  the 
shear  at  the  section  T.  The  shear  is  zero  at  U',  where  it 
changes  its  sign.  At  that  ]X)iiit  also  will  be  found  the 
greatest  bending  moment  in  the  Ix^am. 

As  the  diagram  is  drawn  the  shears  on  the  left  of  H', 
and  above  -U^V  are  positive,  those  on  the  right  of  \\\  and 
below  .1/A''  being  negative;    but  the  diagram  might  have 
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>  been  drawn  with  equal  propriety  so  as  to  have  made  R' 
^Bnd  the  shears  betw^een  it  and  W^  positive  and  those  be- 
<#tween  that  load  and  R  negative. 

A  glance  at  the  diagram  shows  that  the  end  shears, 
.  equal  to  the  reactions,  are  the  greatest  in  the  span. 
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Fig.  3. 


If  a  beam  carries  a  load  of  concentrations  only  its  shear 
diagram  will  be  illustrated  by  Fig.  3,  in  which  there  are 
five  loads,  the  diagram  being  composed  of  rectangles  only. 
If,  again,  the  load  is  wholly  uniform  Fig.  4  will  represent 
the  shear  diagram  composed  of  two  triangles  with  their 
apices  at  C,  the  centre  of  the  span  and  point  of  no  shear. 
Any  vertical  ordinate  drawn  from  MN  in  either  figure 


-R 


Fig.  4. 

to  the  stepped  line  in  the  on^  case  and  to  the  straight  line 
in  the  other  will  represent  the  shear  at  the  section  of  beam 
from  which  the  ordinate  is  drawn.  ^  Those  diagrams  repre- 
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sent  completely  the  graphical  treatment  of  shears  in  all 
cases* 

Art.  z8.— Maximum  Reactions  for  Bridge  Floor  Beams. 

Three  transverse  floor  beams  of  a  railroad  bridge  are 
represented  in  Fig.  i  separated  by  the  two  spans  /^  and  / 
which,    in   a    bridge,    represent   the    panel   lengths.     The 
members   Ali   and   BC   supporting  the  weights  \\\,  W^^ 
etc.,  indicate  the  stringers  which  carry  the  railroad  trade 
and  the  train.     The  two  beams  or  stringers  AB  and  EC 
are   considered  simple   non-continuous  beams  resting  on 
the  floor  beams,  but  not  necessarily  nor  usually  on  theif 
tops.     The  problem  is  to  determine  the  position  of  the 
locomotive  or  other  train  loads  on  the  adjacent  two  short 
jpans  /j  and  /,  so  that  the  reaction  R  on  the  floor  beam 
between  shall  have  its  greatest  value. 

In  Fig.  I  let  a  section  of  the  beam  be  shown  at  R,  and 
let  X  and  x\  be  measiu'ed  from  the  right  ends  of  the  two 
spans  as  shown  in  Fig.  i,  while  Wu  W^2,  .  .  .  W4  repre- 
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sent  a  train  of  weights  or  wheel  concentrations  passing  over 
the  two  spans  from  right  to  left.  If  R'  and  R  are  the 
reactions  at  A  and  5,  respectively : 
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Then  if  the  moments  of  weights  and  reactions  be  taken 
about  C  at  the  right-hand  end  of  span  h : 

RVi+l2)-{Wia+{Wi+W2)x)-{Wi+W2){b-xi) 
'{Wi+W2+W3)c-{Wi+.  .  .+W4)d 

'^Wx+Rh'^o (2) 

Hence,  since  R'h  is  equal  to  the  quantity  within  the 
second  parenthesis  of  the  first  member  of  eq.  (2) : 

(Wia+{Wi  +W2)x)^r  -(Wi  +W2){b-Xi)  -  {Wi  +W2+Wz)c 

-{Wi+.  .  .+W4)d-^Twx+Rl2^o.   .     ....     (3) 

In  order  that  the  reaction  R  may  have  its  greatest 
value  it  must  remain  imchanged  when  a  small  move- 
ment of  the  train  is  made.  If  therefore  x+^x  and  xi+^x 
be  written  for  x  and  xi,  respectively,  in  eq.  (3)  and  if  eq.  (3) 
be  subtracted  from  the  result  so  obtained,  the  following 
equations  will  be  found : 

.       h     _Wi+W2+etc.  .  . 

^^^  I  W 

Eq.  (4)  shows  the  position  of  loading  for  the  greatest 
value  of  the  reaction  R.  It  means  simply  that  the  ratio 
^tween  the  amoimt  of  loading  on  span  h  and  the  total 
load  on  both  spans  shall  be  the  same  as  the  ratio  between 
^e  span  /i  and  the  siun  of  the  two  spans  (/ 1-1-/2).  Inas- 
much as  the  load  may  move  in  either  direction  I2  may 
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be  written  for  h  in  the  numerator  of  the  first  member 
of  eq.  (4). 

Clearly  the  two  weights  Wi  and  W2  in  the  preceding 
equations  represent  all  the  loads  resting  on  span  h  whether 
there  be  two  such  weights  or  any  number  whatever.  Sim- 
ilarly the  weights  indicated  by  the  summation  sign  in  the 
second  member  of  eq.  (4)  represent  the  total  load  on  both 
spans.  If  /i=/2,  as  is  usually  the  case,  the  first  member 
of  eq.  (4)  has  the  value  of  one-half. 

As  in  all  such  cases  there  may  be  more  than  one  posi- 
tion of  the  loading  which  will  satisfy  the  criterion  eq.  (4) ; 
in  that  case  it  is  necessary  to  determine  which  of  those 
conditions  will  give  the  maximum  of  the  **  greatest  values  '' 
of  i?. 

Inasmuch  as  the  stmi  of  the  weights  on  the  span  h 
does  not  change  for  any  value  of  xi  equal  to  or  less  than 
6,  it  follows  that  a  weight  may  be  taken  at  the  point  of 
support  B  in  satisfying  eq.  (4).  This  will  simplify  the  use 
of  eq.  (3)  in  writing  the  expression  for  R.  If  xi  =6  there 
may  at  once  be  written  from  eq.  (3) : 

-(Wia+{Wi-\-Wt)b)^-{-(Wi+Wt-\-W,)c+{Wi+  .  .  .  +W4)d^  J  Wx 
K ^'i .- _(5) 

This  equation  gives  the  value  of  K  desired,  and  it  is 
so  written  that  numerical  values  may  readily  be  computed 
by  the  use  of  tables.  If  /i=/2,  as  is  usual,  the  ratio  of 
those  two  quantities  becomes  unity. 

Art.  19. — Greatest  Bending  Moment  Produced  by  Two 

Equal  Weights. 

Fig.  I  represents  a  non -continuous  beam  with  the  span  / 
supporting  two  equal  weights  P,  P.  These  two  weights  or 
loads  are  to  be  kept  at  a  constant  distance  apart  denoted 
by  a. 
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It  is  required  to  find  that  position  of  the  two  loads 
which  will  cause  the  greatest  bending  moment  to  exist 
in  the  beam,  and  the  value  of  that  moment.  The  reac- 
tion R  is  to  be  found  by  the  simple  principle  of  the  lever. 
Its  value  will  therefore  be 


/ 


-(-?) 


R ^-i — ^.2P (i) 

Since  the  reaction  R  can  ne^er  be  equal  to  2P,  IP, 
or  the  shear,  must  be  equal  to  zero  at  the  point  of  applica- 
tion of  one  of  the  loads  P.     In  searching  for  the  greatest 
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moment,  then,  it  will  only  be  necessary  to  find  the  moment 
about  the  point  of  application  of  one  of  the  forces  P.     It 
will  be  most  convenient  to  take  that  one  nearest  R. 
The  moment  desired  will  be 

M^Rx=^2Pix-j-^ (2) 


=  0  =2/^  I 


dx 


2X      a\ 


I     a 

2        4 


This  value  in  eq.  (2)  gives 


«.=i('-f)' '> 
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Since 

it  appears  that  Mj  is  a  maximum. 

The  shear  5  in  the  section  RP  of  the  span  will  be  the 
reaction  R  as  given  by  eq.  (i)  : 


5-2P 


-f(-^) <^) 

Throughout  the  section  a  the  shear  S'  will  be 

S'''S-P'=P-^(x  +  -) (5) 

Finally,   between   the    right   abutment  and   the   nearest 
weight  the  shear  S,  will  be 


r,=S-2P=-^(*+f) 


(6) 


If  the  separating  distance,  a,  between  the  two  weights 
be  increased  a  value  may  be  reached  so  great  as  to  make 
the  bending  moment  of  the  pair  of  weights  less  than  that 
produced  by  placing  one  of  them  at  the  centre  of  the  span. 
This  limiting  value  of  a  may  easily  be  found.  The  moment 
at  the  centre  of  span  produced  by  placing  a  single  weight 
P  there  is 


M'-.^.^-^. 

224 


By  using  eq.  (3) 


M'^M,;    ,.^^  =  ^(/-£)'.       ...     (7) 
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By  solving  this  equation 

a=/(2-\/7)=.586/ (8) 

Whenever,  therefore,  the  separating  distance  a  is  equal 
to  or  greater  than  .586  span  length,  the  moment  should 
be  found  by  placing  a  single  weight  P  at  the  centre  of  the 
span. 

Art  20.— Position  of  Uniforxp  Load  for  Greatest  Shear  and 
Greatest  Bending  Moment  at  any  Section  of  a  Non- 
Continuous  Beam  —  Bending  Moments  of  Concentrated 
Loads. 

A  continuous  load  of  uniform  density  is  frequently 
employed  in  structural  operations  botlr  for  beams  and 
trusses,  and  it  is  essential  to  place  such  a  load  so  as  to 
produce  the  greatest  effect  both  for  shears  and  moments. 
The  position  of  loading  for  the  greatest  shear  will  first  be 

found. 

A  continuous  train  of  any  given  uniform  density  ad- 
mnces  along  a  simple  beam  of  span  I.  It  is  required  to 
determine  what  position  of  loading  will  give  the  greatest  shear 
ct  any  specified  section. 

In  Fig.  I,  CD  is  the  span  /,  and  A  is  any  section  for 
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which  it  is  required  to  find  the  position  of  the  load  for  the 
greatest  transverse  shear.  The  load  is  supposed  to  ad- 
vance continuously  from  C  to  any  point  B,     Let  R  he  the 
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reaction  at  D,  and  IP  the  load  between  A  and  B.  The 
shear  5'  at  A  will  be 

R-IP^-S' (i) 

Let  R'  be  that  part  of  R  which  is  due  to  IP,  and  R'' 
that  part  due  to  the  load  on  CA ;  evidently  /?'  is  less  than 
IP.     Then 

If  i4S  carries  no  load,  R'  and  -IP  disappear  in  the  value 
of  5.     Hence 

R''^S 

is  the  shear  for  the  head  of  the  train  at  A.  5  is 
greater  than  5'  because  IP  is  greater  than  R\  But  no  load 
can  be  taken  from  AC  without  decreasing  /?".  Hence  the 
f^reatest  shear  at  any  section  will  exist  luhen  the  load  extends 
from  the  end  of  the  span  to  that  section,  whatever  be  the  den- 
sity of  the  load. 

In  general,  the  sc^ction  will  divide  the  span  into  tw^o  un- 
equal segments  The  load  also  may  approach  from  either 
direction.  The  greater  or  smaller  segment,  then,  may  bt- 
covered,  and,  according  to  the  principle  just  established, 
either  one  of  these  conditions  will  give  a  maximum  shear. 
A  consideration  of  these  conditions  of  loading  in  connec- 
tion with  Fig.  I,  however,  will  show  that  these  greatest 
shears  will  act  in  opposite  directions. 

When  the  load  covers  tlie  greater  segment  the  shear  is 
called  a  main  shear;  when  it  covers  the  smaller,  it  is  called 
a  counter  shear. 

The  detennination  of  the  greatest  bending  moment 
at  any  section  .1  of  a  lK\'im  or  truss,  exemplified  by  Fig.  i, 
traversed  by  a  contitiuous  train  of  unifonn  density  is  a 
very  simple  matter.     It  is  clear  that  every   ])art   of  the 
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uniform  load  resting  on  the  beam  will  produce  bending  at 
any  section  considered ;  and  it  is  further  obvious  that  every 
part  of  that  uniform  loading  will  create  a  bending  moment 
at  A  of  the  same  sign.  It  follows,  therefore,  that  the 
entire  span  should  be  covered  by  the  uniform  train  in  order 
to  produce  a  maximum  bending  moment  at  any  section 
of  the  beam  or  truss,  and  that  this  single  position  of  the 
train  will  give  the  maximum  bending  moment  throughout 
the  entire  span. 

The  preceding  position  of  moving  load  is  taken  only  for 
a  train  of  uniform  density  or  for  a  series  of  uniform  con- 
centrations, each  pair  of  which  is  separated  by  the  siime 
distance  as  every  other  pair,  i.e.,  for  a  uniformly  distributed 
system  of  imiform  concentrations. 

The  general  case  of  a  simple  beam  loaded  with  any 
system  of  weights  may  be  represented  by  Fig.  2,  in  which 
the  beam  carries  three  loads  IF^,  ]\\,  and  IF,,  spaced  as 
shown.  The  reactions  or  supporting  forces  R  and  R'  are 
determined  in  the  usual  manner  by  the  law  of  the  lever. 
Hence 

T^        Txr^        TTr^  +  ^        rrr^  +  ^  +  b  /     v 

R  =  W,j  +  W^-Y  +  W, — J — .     ...     (2) 

A  similar  value  may  be  written  for  R\  but  it  is  simpler 
after  having  found  one  reaction  to  write 

R'-W,  +  W,  +  W,-R (3) 

The  beam  itself  being  supposed  to  have  no  weight,  the 

bending  moments  at  the  points  of  appHcation  of  tlie  loads 
wiJJ  be 


M,  =  Ra, 

M,  =  R(a  +  b)-\\\b, 

M^  =  R{a  +  b  +  c)-\\\(b  +  c)-]\\c.\ 


.     (4) 
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After  substituting    the   value  of   R   from   eq.   (2) 
eqs.  (4)  the  moments  in  the  latter  equations  will  be  com. 
pletely  known. 
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The  bending  moment  produced  by  each  weight  will  be 
represented  by  the  ordinates  of  the  triangles  shown  in  Fig.  2, 
the  resultant  moments  at  the  points  of  application  of  the 
weights  being  given  by  eqs.  (4) .  "  The  ordinate  CD  repre- 
sents A/j  in  eqs.  (4)  by  any  convenient  scale.  Similarly 
FIl  represents  M^  in  eqs.  (4),  and  /vL,  iU,.  The  lines 
ACy  CF,  FK,  and  KB  are  then  drawn.  Any  vertical  inter- 
cept between  AB  and  the  polygon  ACFKB,  found  in  the 
manner  explained,  will  represent  the  bending  moment 
at  the  point  where  the  intercept  is  drawn,  and  to  the  scale 
at  which  M^,  .l/j,  and  .1/,  arc  laid  down.  This  intercept  is 
simply  the  sum  of  the  intercepts  of  the  triangles,  each 
representing  the  partial  bending  moment  due  to  a  single 
weight. 
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Obviously  the  bending  moments  of  any  number  of  loads 
of  any  magnitude  or  of  a  uniform  load,  even,  may  be  treated 
or  represented  in  the  same  manner. 

The  lower  portion  of  Fig.  2  is  the  shear  diagram  drawn 
precisely  as  explained  for  Fig.  3  of  Art.  17. 


Art.  21. — Greatest  Bending  Moment  in  a  Non-Continuous 
Beam  Produced  by  Concentrated  Loads. 

The  position  of  the  moving  load  for  the  greatest  bend- 
ing moment  at  any  section  of  a  non-continuous  beam  may 
be  very  simply  determined.     In  Fig.  i,  let  FG  represent 
any  such  beam  of  the  span  /,  and  let  any  moving  load  what- 
ever,  as   IV,  .  .-.  Wn' .  .  .  Wn  advance   from   F  toward  G, 
Let  C  be  the  section  at  which  it  is  desired  to  determine  the 
maximum  bending  moment,  and  let  «'  loads  rest  to  the 
left  of  C,  while  n  is  the  total  number  of  loads  on  the  span. 
Finally,  let  x'  represent  the  distance  of  Wn'  from  C  and  to 
the  left  of  that  point,  while  x  is  the  distance  of  Wn  to  the 
left  of  F,     If  a  is  the  distance  between  W^  and  W^,  b  the 
distance  between  TVj  and  W^,  c  the  distance  between  H'3 
and  W^,  etc.,  the  reaction  RsXG  will  be 


/?=s 


W,  ^ 


+  W, 


+  11  .q 


6-f  c+  .  .  .  +x 


I 


.     .     (i) 


The  bending  moment  M  about  C  will  then  take  the 
value 
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M  =  Rl' 


+  W^(      b  +  c+...+x') 


U  +  Wn'X'. 

Or,  after  inserting  the  value  of  R  from  above, 

M  =  j[Wfi  +  {W,  +  W,)b  +  {W,  +  W,  +  W,)c 

+  .  .  .  +{W,  +  W,  +  W,+  .  .  .  +Wn)x] 
-  \\\a -  (IK.  +  W,)b  -  (IF,  + 11-',  +  W,)c 

-  ...  - (ly, + w, + w,  +  ...+ \v„.)x'.  J 

If  the  moving  load  advances  by  the  amotmt  Jx,  the 
moment  becomes,  since  Jx  =  Jx', 


(a) 


R 


. !    an  n<^^'  n  n  n  ^ 

Ji,, 1 


ex 


Fig.  t. 


I' 


M'  =  .1/  +  y  (W,  +  W,  +  W,  +  ...  +W„)Jx 

-{W,  +  \V\+  ...  +W,,')Jx.     (3) 

Hence,  for  a  maximum,  the  following  value  must  never 
be  negative : 

M'-M==Jx\j(\\\  +  \\\  +  \\\+  ...  +\V„) 

-{\\\  +  \\\+  ...  +\V,;.)\  =o.     (4) 
Or  the  desired  c(.)nditi(.)n  for  a  maximum  lakes  the  form 


I  '\v,\  \\\i  ir,r ...  rir„- 


.     .     .     (5) 
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It  will  seldom  or  never  occur  that  this  ratio  will  exactly 
exist  if  Wn'  is  supposed  to  be  a  whole  weight;  hence  Wn' 
will  usually  be  that  part  of  a  whole  weight  at  C  which  is 
necessary  to  be  taken  in  order  that  the  equality  (5)  may 
hold. 

It  is  to  be  observed  that  if  the  moving  load  is  very 
irregular,  so  that  there  is  a  great  and  arbitrary  diversity 
among  the  weights  W,  there  may  be  a  number  of  positions 
of  the  moving  load  which  will  fulfil  eq.  (5),  some  one  of 
which  will  give  a  value  greater  than  any  other;  this  is 
the  absolute  maximum  desired. 

From  what  has  preceded,  it  follows  that  Wn^  may 
always  be  taken  at  the  point  C  in  question ;  hence  x^  in 
eq.  (2)  may  always  be  taken  equal  to  zero  when  that 
equation  expresses  the  greatest  value  of  the  moment.  The 
latter  may  then  take  either  of  the  two  following  forms: 

M  =  j[lV,a  +  (W,  +  W,)b  +  ,,,  +(W,  +  W, 

-  ...  ^(w,-\-W,+  ...  +1^,,  _,)(?)  J 

+  W,(c  +  d-{-  .  .  .  +^)+  .  .  .  +Wnx] 

In  these  equations  x  corresponds  to  the  position  of 
maximum  bending,  while  the  sign  (?)  represents  the  dis- 
tance between  the  concentrations  Wn'  -1  and  Wn'- 

The  preceding  equations  give  the  greatest  bending 
moments  at  any  arbitrarily  assigned  points  in  the  span. 
There  remains  to  be  determined  the  point  at  which  the 
greatest  moment  in  the  entire  span  exists,  and  the  mag- 
nitude of  that  greatest  moment. 


(6) 


(6a) 
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It  has  already  been  shown  that  for  any  given  condil 
of  loading  the  greatest  bending  moment  in  the  beam 
occtir  at  that  section  for  which  the  shear  is  zero.     But 
the  shear  is  zero,  the  reaction  R  must  be  equal  to  the 
of  the  weights  (W1+W2+.  .  .+W^n')  between  G  and 
the  latter  now  being  the  section  at  which  the  greal 
moment  in  the  span  exists. 

Hence  for  that  section  eq.  (5)  will  take  the  form 


/'  R 


.      ...     (7] 


Hence 


/        W1+W2+W3+.    .    .+Wn 


R=j{Wi+W2+.    .    .+Wn).  ...       (J 


The  relations  existing  in  eqs.  *(?)  and  (8)  can  ob 
.  only  if  the  centre  of  gravity  CG  in  Fig.  i  is  at  the 
tance  /'  from  F,  showing  that  the  centre  of  gravity  of 
load  is  at  the  same  distance  from  one  end  of  the 
as  the  section  or  point  of  greatest  bending  is  from  thB 
other.  In  other  words,  the  distance  between  the  paint  of 
greatest  bending  for  any  given  system  oj  loading  and  ihi 
centre  of  gravity  of  the  latter  is  bisected  by  the  centre  of  span. 

If  the  load  is  uniform,  therefore,  it  must  cover  the  whole 
span. 

It  is  to  be  observed  that  eq.  (6)  is  composed  of  the  stims 
ir,,  Tr, +  H'^j,  etc.,  multiplied  by  the  distances  a,  6,  c,  etc. 
Apain,  as  in  the  equation  immediately  preceding  eq.  (2), 
the  expression  for  the  moment,  il/,  may  be  taken  as  com- 
pc)sed  of  the  positive  products  of  each  of  the  single  weights 
W'l,  W2y  etc.,  multiplied  by  its  distance  from  any  point 
distant  x  to  the  right  of  Wn  and  of  the  negative  products 
similarly  taken  in  reference  to  the  section  located  by  x', 
as  shown  by  eq.  (6a). 
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The  practical  application  of  the  preceding  formulae 
can  therefore  best  be  effected  by  means  of  a  tabulation  of 
moments  like  that  shown  in  Table  I,  taken  from  the  stand- 
ard specifications  of  the  N.  Y.  C.  R.  R.  Co.  for  1915.  The 
wheel  weights  and  train  loads  shown  in  the  table  are  for 
one  rail  only,  i.e.,  they  are  half  those  for  one  track.  By 
comparing  the  weights  and  spacings  with  those  in  Fig.  i 
and  eq.  (6)  it  will  be  seen  that  VFi  =  15,000  lbs.;  W2  = 
30,000  lbs.;  VF3  =30,000  lbs.,  etc.,  and  that  a=8  ft. ;  b  = 
5  ft. ;  c  =  s  ft.,  etc. 

The  arrangement  of  Table  I  essentially  as  shown  has 
been  used  for  a  long  time  to  expedite  the  computations  of 
moments  and  shears  produced  by  wheel  concentrations, 
followed  by  a  heavy  imiform  load.  It  will  be  noticed  that 
the  first  line  at  the  top  of  the  diagram  shows  the  progress- 
ive sums  of  the  individual  loads  beginning  at  the  left- 
hand  end,  i.e.,  at  Wi,  in  connection  with  the  progressive 
sums  of  the  distances  between  the  centres  of  each  pair 
of  wheels.  The  second  line  (in  the  larger  figures)  is  the 
progressive  stuns  of  the  moments  of  the  wheel  loads  about 
the  centre  of  Wi,  i.e.,  i860  is  the  moment  of  W2,  W3, 
Wa,  and  W5  about  the  centre  of  Wi.  Each  of  the  hori- 
zontal spaces  below  the  heavy  line  on  which  the  wheel 
concentrations  rest  contains  one  line  of  small  figures  and 
one  line  of  large  figures.  The  small  figures  are  the  pro- 
gressive stuns  of  the  distances  from  the  head  of  the  uniform 
moving  load  or  from  each  successive  wheel  to  each  of  the 
wheel  weights  in  the  series.  The  larger  figures  give  the 
progressive  sums  of  the  moments  of  the  wheel  weights 
beginning  with  Wis  about  the  head  of  the  uniform  load, 
Le.,  19-5  X5=97-5»  and  19.5  Xio-f97.s  =292.5.  Each  hori- 
zontal space  is  seen  to  begin  at  the  vertical  heavy  line 
under  each  weight  taken  in  succession  and  to  contain  the 
progressive  sums  of  the  moments,  weights,  and  distances 
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about  or  from  each  such  weight,  as  is  clear  on  examini 
the  diagram.  At  the  left  of  each  horizontal  line  there  i 
found  the  number  of  the  wheel  load  under  which  the  righ^t 
hand  end  of  the  line  begins. 

The  diagrammatic  exhibit  of  these  various  numeriosa. 
quantities  will  enable  the  reactions,  shears,  and  greatest 
moments  at  any  point  in  the  span  to  be  readily  detoir- 
mined. 

When  a  uniform  train  load  is  a  part  of  the  system 
of  loading  it  is  only  necessary  to  consider  any  section 
of  it  as  acting  through  its  centre  of  gravity,  i.e.,  through 
its  mid-point.  Taking  that  centre  as  its  point  of  appli- 
cation the  separating  space  is  the  distance  from  that  poix^t 
to  the  nearest  concentration.  If  in  Table  II  20  ft.  c^f 
train  load  be  used,  that  train  weight  will  be  60,000  ll>s. 
applied  at  the  distance  10  +  5  =  15  ft.  from  load  18.  Tlxis 
simple  operation  is  all  that  is  needed  for  any  tmiforim 
load  or  for  a  series  of  sections  of  uniform  load. 

Table  II  is  a  table  of  maximum  moments,  end  shear's, 
and  floor-beam  reactions  for  girders  having  spans  up  to  i  ^  5 
ft.,  and  it  is  taken  from  the  New  York  Central  Rsilro^^^ 
Specifications  for  1 9 1 5 .  The  shears  and  floor-beam  reaction-  s, 
like  the  results  shown  in  Table  I,  are  given  in  thousan<J^ 
of  pounds  and  are  for  one  rail  only.  The  moments  are  giv^^ 
in  thousands  of  foot-pounds,  like  the  moments  shown  i^ 
Table  I.  The  loading  is  the  same  as  that  shown  by  tt^^ 
diagram  in  Table  I,  except  that  the  results  for  spans  tj^l 
to  a  maximum  of  11  ft.  are  found  by  using  a  speci-^' 
loading  of  two  72,000-lb.  axle  loads  7  ft.  apart,  or  ^6,oc^^ 
lbs.  for  each  rail.  The  maximum  moments  are  found  £^^^ 
the  conditions  of  loading  given  by  the  criterion,  eq.  (5  ^' 
of  this  article.  The  maximum  floor-beam  reactions  af^ 
found  by  eq.  (5)  of  Art.  18,  in  accordance  with  tt^^ 
criterion,  eq.  (4),  of  the  same  article. 
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Table  II. 

T.\BLE  OF  MAXIMUM   MOMENTS,    END  SHEARS  AND  FLOOR- 
BEAM   REACTIONS  FOR  GIRDERS. 

Moments  in  Thousands  of  Foot-pounds. 

Shears  and  Floor-beam  Reactions  in  Thousands  of  Pounds. 

Loading  Two  E  60  Engines  and  Train  Load  of  6000  lbs.  per  Foot  or  Special 
Loading  Two  72,ocx)-lb.  Axle  Loads  7  Ft.  C  to  C. 

Results  for  One  Rail.     Results  from  Special  Loading  Marked  *. 
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58 

126.5 

59 

129.4 
132.7 

136  5 
140.0 

143  2 


60 
61 
62 

63 
64 


Maximum 
Moments. 


784.5 
823.0 

861.6 

900.0 

940.0 


983 
1027. 

1070, 

III3 
II57 


4 
o 

4 
9 
4 


>i 


I 201 .1 
1244.4 
1287.9 

1331.4 
1378.3 

1426.3 

1474  7 
1522.8 

1571  o 

1622.2 

1675.2 
1728.6 
1781.9 

1835  I 
1891.4 


1949 
2007 

2065 

2123 

2183 


t 


103.8 

105  9 
107.8 

109.7 

III  .4 

113  I 
115. 2 

117. 2 

119. 0 
120.8 

122.5 
124.2 

125.9 

127.5 
129.2 

130.8 
132.5 

134. 1 
135  7 
137  4 

139.0 
140.6 
142.2 
143.8 

145.4 


End  ^^ 

Reaction. 


146.4 

149  3 
152  2 

155  6 

158.8 

162.0 


4 

147.0 

5 

148.6 

4 

150.2 

4 

152.0 

3 

153.8 
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Span. 


65 
66 

67 
68 

69 

70 

71 
72 

73 
74 

75 
76 

77 
78 
79 

80 
81 
82 

83 
84 

85 
86 

87 
88 

89 

90 

91 
92 

93 
94 


I 


Maximum 
Moments. 


2246 
2309 
2372 

2435 
2498 


3 
3 
3 
4 
4 


T 


2560.4 

2624 . 5 
2688 . 3 

2750.9 
2819.4 

2888.6 
2958.0 

3028 . 6 
3096.6 
3168.2 

3240.7 

33"  4 

3385  I 
3459  6 

3534.6 

3610.4 
3689.4 

3766.5 
3846  o 

3924  3 

4005.8 
4084.4 
4164.0 
4246 . 6 
4328.0 


End 
Shear. 


155  7 
1575 
159.6 
161. 7 
163.8 

165.8 
167.7 
170.0 
172.2 

174  4 

176.5 
178.6 

180.6 

182.5 

184.4 

186.3 
188.4 
190.4 

192.3 
194.2 

196. 1 
198.1 
200.1 
202.1 
204.0 

205.8 

207.7 
209.7 

211 .6 
213  5 


Floor 

beam 

Reaction. 


Span. 


95 
96 

97 
98 

99 

00 
01 
02 

03 
04 

05 
06 

07 
08 

09 

10 
II 
12 

13 
14 

15 
16 

17 

18 

19 

20 
21 
22 

23 

24 

125 


Maximum 
Moments. 


4408.4 

4490.7 
4573 • 5 

4659.8 
4743.8 

4830.0 
4916.9 
5004.0 

5115  5 

5212.8 

5306.5 
5401.3 

5499  2 
5617.0 
5727.6 

5829.6 

5937  4 
6040.0 

6148.2 

6258.0 

6366.8 

6478 . 0 

6586 . 1 
6696.6 
6808.3 

6921.6 
7030  5 
7143  8 
7260.1 

7376.4 
7495  2 


End 
Shear. 


215 
217 

219 

221 

223 


4 

2 

2 
2 
I 


225.0 
226.8 
228.6 
230.4 
232.3 

234  I 
235.9 
237.7 

239  4 
241.2 

243.0 
244.8 
246.6 

248.3 
250.0 

251.8 
253  6 

255  3 
257  o 

258.8 

260.5 
262.2 
264.0 

265.7 
267.4 

269.1 


Problem. 

Let  a  single-track  railroad  plate  girder  with  an  ei 
span    of    SS    ft.   be  traversed  from  right  to  left 
moving  load   shown   in   Table   I.     It   is   required   1 
the  greatest  bending  moments  and  shears  at  the 


Art.  21.)    BENDING  MOMENT  IN  A  NON-CONTINUOUS  BEAM.        91 

-  and  quarter-points  of  the  span,  the  dead  load  or  own 
weight  of  the  girder,  floor  system  and  track  being  taken 
at  1800  lbs.  per  linear  foot. 

Dead  Load, 

By  eq.  (6)  of  Art.  22  the  bending  moments  at  the 
quarter-point  and  centre  are,  since  the  reaction  R  is 
44X900=39,600  lbs.; 

Quarter-point.  Centre. 

X  =  \l  =  22  ft.  X  =  ^l  =  44  ft. 

M^^-Qx-x^) 654,000  ft.-lbs.        871,000  ft. -lbs. 


By  eq.   (7)   of    Art.    22,    the  shears  at  end,    quarter- 
point,  and  centre  are : 

End.  Quarter-point.  Centre. 

X=0  ^  =  22  ft.  ^=44  ft. 

Shear=  39,600  lbs.       19,800  lbs.  zero 

Moving  Load. 

If  weight  W4  be  placed  at  the  quarter-point  of  the 
span,  14  wheel  weights  will  rest  on  the  girder  with  Wu 

4  ft.  from   the    right-hand   end    of   the   span.     As  T-=i, 

fL       .,     .  /  \      •  •.i_      I       7S,ooo  105,000 

tne  cntenon,  eq.    (5),  gives  either  r=  v or,  —-^ , 

I      367.500         367*500 

the  first  being  too  small  and  the  second  too  large.  Hence 
K'4  at  the  quarter-point  is  the  proper  position  for  the 
maximum  bending  moment.  Wi  will  be  84  ft.  from  the 
right-hand  end  of  the  span.  Taking  moments  of  all  the 
wheels  about  that  point,  by  the  aid  of  Table  I,  the  reac- 
tion R  at  the  left  end  of  the  span  is : 

r>       14,830,000  ,0  -, 

/<  =  — ^^- =  168,500  lbs. 

88  ^ 
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Eq.  (6)  will  then  give  the  bending  moment  at  TT'-^, 
but  having  the  reaction  jR  and  using  Table  I  the  bendinB-^ 
moment  becomes : 

M  =  168,500X22  —720,000  =  2,987,000  ft.-lbs. 

The  end  shear  with  the  load  placed  so  as  to  producr^ 

the  greatest  bending  moment  at  the  quarter-point  is  ot>- 

viously  the  reaction  7?  =  1 68, 500  lbs.     The  shear  immediatel3^ 

at  the  left  of  the  quarter-point  will  be   168,500  — 7 5,00^^ 

=  93,500  lbs. 

The  greatest  bending  moment  at  the  centre  of  spa»cn 
is  similarly  found.     If  W^  be  placed  at  the  centre  of  th 
span   the   wheel   weights   W\  .  .  .  Ww   will   rest   on  th^ 
span,  the  latter  being  3  ft.  to  the  left  of  the  right-hanC^ 
end  of  the   span.     The  ratio  representing   the  criterion,  ^ 
V  ^ 

58  ^'  258 
large  and  the  latter  is  too  small,  showing  that  W5  at  th^ 
centre  of  the  span  is  the  correct  position  for  the  greatest 
bending  moment  at  that  point.     The  reaction  jR  for  this 
position  of  the  load  is  at  once  written  by  the  aid  of  Table 
I  as  follow. 

^^877o±258^X3  ^^^^^^^^g^^^^  lbs. 

00 

The  bending  moment  M  for  the  centre  of  the  span  is 
as  follows,  using  the  preceding  value  of  R  and  Table  I : 

M  =  (io8  X44  —  1245)  X 1000  =3,059,000  ft.-lbs. 

The  end  shear  for  this  i)osition  of  the  loading  is  the 
reaction  Ry  i.e.,  108,000  lbs.  The  shear  indefinitely  near 
to  but  at  the  left  of  the  center  is  108,000  —  105,000=3000 
lbs.     This  small  shear  shows  that  the  moment  at  the  cen- 


eq.   (5)  is  7-  =  -^  or  — ^.     The  first  of  these  values  is  toc^ 
/      2';8        2<so 
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Ire  of  the  span  is  the  greatest  in  the  entire  span  for  this 
position  of  loading. 

Assembling  the  preceding  results,  the  total  dead  and 
moving  load  moments  and  shears  will  be  as  follows : 

Moments. 

Quarter-point.  Centre. 

Dead  Load 654,000  ft.-lbs.  871,000  ft.-lbs. 

Moving  Load.  .  .  .  2,987,000  ft.-lbs.  3,509,000  ft.-lbs. 

3,641,000  ft.-lbs.  4,380,000  ft.-lbs. 

Shears. 

End.  Quarter-point.  Centre. 

Dead  Load 39,600  lbs.         19,800  lbs.  zero 

Momg  Load. . . .  168,500  lbs.        93,500  lbs.      3000  lbs. 

T'otal 208,100  lbs.       113,300  lbs.      3000  lbs. 

The  expression  **  equivalent  uniform  load,**  for  moments 

^r  shears,    as   the   case   may   be,    is   sometimes   used.     It 

simply  means  that  the  uniform  load  is  such  as  to  produce 

the  moments  or  shears  equivalent  to  those  found  under 

given  conditions.     A  uniform  load  p  per  linear  foot  acting 

on  the  entire  span  /  will  produce  a  centre-moment  of  ^■—. 

o 

Hence  if  there  be  written  ^—  =3,905,000,  then,  if  /  =  88: 

o 
g 

p= X3, 509, 000  =3625  lbs.  per  linear  foot. 

7744 

The  equivalent  uniform  load  therefore  for  the  greatest 
bending  moment  at  the  centre  of  the  span  is  3625  lbs. 
per  linear  foot.     Similarly  as  the  bending  moment  at  any 
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distance  x  from  one  end  of  the  span  is  -{Ix  —  %2),  if  af  be  made 

2 

22  in  the  present  case,  /  being  88  feet,  there  will  be  foiind 
by  placing  this  expression,  equal  to  2,987,000  ft.-lbs: 

=  2»9  7>QQQ_^jj.  jjjg  pgj.  linear  foot. 
726 

The  end  shear  for  a  uniform  load  over  the  whole  span 
is  equal  to  the  load  on  half  the  span.  Hence  by  placing 
pX44  =  108,000  lbs.,  there  will  result: 


i?  = ■ =  2455  lbs.  per  linear  foot. 

44 


This  is  the  equivalent  uniform  load  for  the  end  shear 
with  the  load  so  placed  as  to  give  the  greatest  bending 
moment  at  the  centre  of  the  span. 

In  the  same  way  the  equivalent  uniform  load  for  the 
end  shear  168,600  lbs.,  with  the  load  placed  so  as  to  give 
the  greatest  bending  moment  at  th^  quarter-point,  will 
be  found  to  be  3830  lbs.  per  linear  foot. 

These  simple  instances  show  that  the  equivalent  uni- 
form load  varies  from  one  case  to  another  according  to 
the  amount,  distribution  and  position  of  the  loading. 

Art.  22. — Moments  and  Shears  in  Special  Cases. 

Certdin  six?cial  cases  of  bc^ams  arc  of  such  common 
occurrence,  and  consecjuently  of  such  importance,  that  a 
somewhat  more  detailed  treatment  than  that  already 
given  may  Ix*  deemed  desirable.  The  following  cases 
of  this  character: 


..  J 
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Fig    1. 

the  reactions  R  and  /?'  will  be 


Case  I. 

Let  a  non-continuous  beam  supporting  a  single  weight 

P  at  any  point  be  con- 
sidered, and  let  such  a 
beam  be  represented  in 
Fig.  I.  If  the  span  RR' 
is  represented  by 

l=ra  +  b=RP+R'P, 

/?=yP,    and    /?'=7P (i) 

Consequently,  if  x  represents  the  distance  of  any  sec- 
tion in  RP  from  R,  while  x'  represents  the  distance  of  any 
section  of  R'P  from  R\  the  general  values  of  the  bending 
moments  for  the  two  segments  a  and  6  of  the  beam  will  be 

M^Rx,    and    M' =  R'xf (2) 

These  two  moments  become  equal  to  each  other  and 
tepresent  the  greatest  bending  moment  in  the  beam  when 

x=a    and     x'  =  6, 

or  u^ten  the  section  is  taken  at  the  point  of  application  of  the 
UxidP. 

Eq.  (2)  shows  that  the  moments  vary  directly  as  the 
distances  from  the  ends  of  the  beam.  Hence  ii  AP  (nor- 
mal tx)  /?/?')  is  taken  by  any  convenient  scale  to  represent 

nh 

the  greatest  moment,  ~rP>  and  if  RAR'  is  drawn,  any 

intercept  parallel  to  AP  and  lying  between  RAR'  and  RR^ 
will  represent  the  bending  moment  for  the  section  at  its 
foot  by  the  same  scale.  In  this  manner  CD  is  the  bend- 
ing moment  at  D, 

The  shear  is  uniform  for  each  single  segment;    it  is 
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evidently  equal  to  R  for  RP  and  /?'  for  R'P.     It  becoin 
zero  at  P,  where  is  found  the  greatest  bending  moment. 

Case  II. 

Again,  let  Fig.  2  represent  the  same  beam  shown 
Fig.   I,  but  let  the  load  be  one  of  uniform  intensity, 
extending  from  end  to  end  of  the  beam.     Let  C  be  plac 
at  the  centre  of  the  span, 
and  let  R  and  /?',  as  before, 
represent  the  two  reactions. 
Since  the  load  is  symmetri- 
cal in  reference  to  C, 

R=-R\ 

For  the  same  reason  the 
moments  and  shears  in  one 
half  of  the  beam  will  be  exactly  like  those  in  the  oth< 
consequently  reference  will  be  made  to  one  half  of  t 
beam  only.  Let  x  and  x^  then  be  measured  from 
toward  C.  The  forces  acting  upon  the  beam  are  R  a: 
p,  the  latter  being  uniformly  continuous.  Applying  t 
formulae  for  the  bending  moment  at  any  section  x,  i 
membering  that  x^  has  all  values  less  than  x. 


Fig.  2. 


M 


^Rx  —  p  I    (x  —  x)dx.\ 
px^ 


/.  M=Rx- 


If  /  is  the  span,  at  C,  M  becomes 
But  because  the  load  is  uniform 

2 
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Hence 


^^^i       8        8 


(5) 


if  W  is  put  for  the  total  load.     Placing 

pi 


R  = 


in  eq.  (3), 


M=Hlx-x') 
2 


(6) 


The  moments  Af,  therefore,  are  proportional  to  the 

abscissae  of  a  parabola  whose  vertex  is  over  C,  and  which 

passes  through  the  origin  of  coordinates  R.     Let  AC^  then, 

normal  to  RR\  be  taken  equal  to  M^,  and  let  the  parabola 

RAR^  be  drawn.     Intercepts,  as  FH,  parallel  to  AC,  will 

represent  bending  moments  in  the  sections,  as  //,  at  their 

feet. 

The  shear  at  any  section  is 


^    dM     ^ 


(H  ■ 


(7) 


or  it  is  equal  to  the  load  covering  that  portion  of  ilte  beam 
het'iveen  the  section  in  question  and  the  centre, 

Eq.  (7)  shows  that  the  shear  at  the  centre  is  zero;  it 
also  shows  that  5=/?  at  the  ends  of  the  beam.  It  further 
demonstrates  that  the  shear  varies  directly  as  the  distance 
f^m  the  centre.  Hence,  take  RB  to  represent  R  and  draw 
5C.  The  shear  at  any  section,  as  H,  will  then  be  repre- 
sented by  the  vertical  intercept,  as  HG,  included  between 
BC  and  RC. 

The  shear  being  zero  at  the  centre,  the  greatest  bending 
nioment  will  also  be  foimd  at  that  point.  This  is  also 
c^'ident  from  inspection  of  the  loading. 

Eq.  (2)  of  Case  I  shows  that  if  a  beam  of  span  /  carries  a 


i8 


RCL 


T 

veisrht  —  J.C  :ts  jeiirrr.  rhe  nrtoment  M  at  the  q»T-<>  pc 


v!;I  >? 


lie  :::iin  -nemlvr  ^:    .m.    S'  is  identical  with  the  il 
■nember  ^f  v-'-i.     5  .     'x     s   <'nv\va.  therefore,  dior  j   / 
■.^triv:nriu\i    it    iw     :»::m*    ';    .:    ^tun-^ontinuons    be-im 
wise  :lic   \uiu-    «v'f»rt  •;:.    ::    iiac  .cnire,  as  double  die  s^ 

II.1S.     -     inv.i    S"    l:v  -t'ik-'!  '.ist'u  in  ctmnection  with 
>»n(iinc?    't    ^irUiuir.'  •Ti'tTo*ni:nuoii:>  beams,  whether  s 
IT  -^fLTM^cd:    -inii  siicli  'vains  .iix*  Mvqujently  foimd. 

*  •  •  » 

T'le  "i^iri    "tiv    :*'     v    Likvn  's  :i  cantilever  tmifor] 
.rPit'W'ci :    :r  is  >i:«\v'!  -n    :'*v:     :.      Let 
*.*  'v*  m*\'i'^iirt''t:  rr-n?  ":h'  'nv  ^tuk:    K 

cv  lor,-;  •viri:  :t-s  .:er.rr(?  .1:  r:?i*  iisranct.' 
\\'  :r'rr.  *i:e  set-rifT  r.  Hci:v."f  the 
iesireri  r.'.«r-t^nr   vill  -^e 


^  r /... _ 

-  • .   —         k        — 


r*y 


0 


Fi&3. 


If  .15  =  J,  z'.\\^  r.-.rr-.t-T.r  .ir  5  is 

.!/■.  =  -  - 


Tho  iK':^a:i\v  -i-^i  is  -.lik'-i  :-'•  ::*.ox"i:t:  thiit  the  loner 
of  till'  Uaiii  is  -i;:  -tcti:-!  :  v_v'n*"n:ssiot:.  In  the  two 
ivilin^  I'.ist  s.  r\  i.iont'y  :::e  :i^y  side  Ls  in  compressior] 

Tlir  slu'.ir  at  ai:v  ^c^ti-jn  is 

^  !.»  .>   i. 
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Hence  the  shear  at  any  section  is  the  load  between  the  free 
end  and  that  section. 

Eq,  (9)  shows  that  the  moments  vary  as  the  square 
of  the  distance  from  the  free  end;  consequently  the 
moment  cui^'e  is  a  parabola  with  the  vertex  at  A,  and 
a  vertical  axis.  Let  BC,  then,  represent  M^  by  any 
convenient  scale  and  draw  the  parabola  CDA.  Any  ver- 
tical intercept,  as  DF,  ^\■ili  represent  the  moment  at  the 
section,  as  F.  at  its  foot. 

Again,  let  BG  represent  the  shear  pi  at  B,  then  draw 
the  straight  line  AG.  Any  vertical  intercept,  as  HF,  will 
then  represent  the  shear  at  the  corresponding  section  F. 


Art  23. — Recapitulation  of  the  General  Formulie  of  the 
Common  Theory  of  Flexure. 

It  is  convenient  for  many  purposes  to  arrange  the 
formul^B  of  the  Common  Theory  of  Flexure  in  the  most 
general  and  concise  form.  In  this  article  the  preceding 
geneial  formulie  for  shear,  strains,  resisting  moments,  and 
deflections  will  be  recapitulated  and  so  arranged.  In 
order  to  complete  the  generalization,  the  summation  sign  2 
will  be  used  instead  ot  the  sign  of  integration. 

In  Fig.  I,  let  ./J^C"  represent  the  centre  line  of  any  bent 
l>f3ni:  .(4^, a  vertical  line  through  A;  CF,^  horizontal  line 
through  C  while  A  is  the  section  of  the  beam  at  which  the 
deflection  (vertical  or  horizontal)  in  reference  to  C,  the 
bending  moment,  the  shearing  stress,  etc.,  are  to  be  deter- 
oitwd.  As  shown  in  figure,  let  x  be  the  horizontal  coor- 
dinate measured  from  A,  and  y  the  vertical  one  measured 
from  the  same  point;  then  letari  be  the  horizontal  distance 
from  the  same  point  to  the  point  of  application  of  any 
Ktemal  vertical  force  P.     To  complete  the  notation,  let  D 
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)e  the  deflection  desired;  A/i.  the  moment  of  the  external 
orces  about  A\  5.  the  shear  at  -A ;  «,  the  strain  (exten- 


Fic.  X. 

sion  or  compression^  per  xmit  of  length  of  a  fibre  parallel  to 
the  neutnil  surface  and  situated  at  a  normal  distance  of 
unity  fa^tn  it ;  /,  the  general  expression  of  the  moment  of 
inertia  of  a  normal  cross-section  of  the  beam,  taken  in 
refeanice  to  the  neutral  axis  of  that  section ;  £,  the  coeffi- 
cient of  elasticity  for  the  material  of  the  beam ;  and  M  the 
jiion:ent  of  the  external  forces  for  any  section,  as  B. 

Again,  let  J  be  an  indefinitely  small  portion  of  any 
jiornial  cross-section  of  the  beam,  and  let  0  be  an  ordinate 
^lonnal  to  the  neutral  :ixis  of  the  same  section.  By  the 
*•  common  theory  "  of  rlexure,  the  intensity  of  stress  at  the 
jistance  .^  frvMu  the  neutral  surface  is  {zP'E),  Conse- 
quently the  stress  developed  in  the  portion  J  of  the  sec- 
tion ii^  EP'zJ.   and  the  resisting  moment  of  that  stress 

The  resisting  mon\ent  of  the  whole  section  will  there- 
fore be  found  by  taking  the  sum  of  all  such  moments  fer 
its  whole  area. 

llenco 

Hence,  also. 


i^ 
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If  n  represents  an  indefinitely  short  portion  of  the 
fleutral  surface,  the  strain  for  such  a  length  of  fibre  at  unit's 
distance  from  that  surface  will  be  nu. 

If  the  beam  were  originally  straight  and  horizontal,  n 
would  be  equal  to  dx. 

u  being  supposed  small,  the  effect  of  the  strain  nu  at 
any  section,  J5,  is  to  cause  the  end  A  of  the  chord  BA  to 
move  vertically  through  the  distance  nux. 

If  BK  and  BA  (taken  equal)  are  the  positions  of  the 
chords  before  and  after  flexure,  nux  will  be  the  vertical 
distance  between  K  and  A, 

By  precisely  the  same  kinematical  principle  the  ex- 
pression nuy  will  be  the  horizontal  movement^  of  A  in 
reference  to  B. 

Let  Inux  and  Inuy  represent  summations  extending 
from  A  to  C,  then  will  those  expressions  be  the  vertical  and 
horizontal  deflections  respectively  of  A  in  reference  to  C. 
It  is  evident  that  these  operations  are  perfectly  general, 
and  that  x  and  y  may  be  taken  in  any  direction  whatever. 

The  following  general  but  strictly  approximate  equa- 
tions relating  to  the  subject  of  flexure  may  now  be  written : 

S=^IP (i) 

Mi=JP^i (2) 


M  .  , 


M 
lnu=In^ (4) 


Z?.=2-„«.=  v«^ (5) 
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D,=Inuy=^I^ (6) 

Dh  represents  horizontal  deflection. 

The  summation  IPz  must  extend  from  i4  to  a  point  oi 
no  bending,  or  from  i4  to  a  point  at  which  the  bending 
moment  is  M/.     In  the  latter  case 

M,  =  IPz+M,' (7 

Ml'  may  be  positive  or  negative. 


Art.  24. — ^The  Theorem  of  Three  Moments. 

The  object  of  this  theorem  is  the  determination  of  the 
relation  existing  between  the  bending  moments  which  are 
foimd  in  any  continuous  beam  at  any  three  adjacent  points 
of  support.  In  the  most  general  case  to  which  the  theorem 
applies,  the  section  of  the  beam  is  supposed  to  be  variable, 
the  points  of  support  are  not  supposed  to  be  in  the  same 
level,  and  at  any  point,  or  all  points,  of  support  there  may 
be  constraint  applied  to  the  beam  external  to  the  load 
which  it  is  to  carry ;  or,  what  is  equivalent  to  the  last  con- 
dition, the  beam  may  not  be  straight  at  any  point  of  sup- 
port before  flexure  takes  place. 

Before  establishing  the  theorem  itself,  some  prelimi- 
nary matters  must  receive  attention. 

If  a  beam  is  simply  supported  at  each  end,  the  leactions 
are  foimd  by  dividing  the  applied  loads  according  to  the 
simple  principle  of  the  lever.  If,  however,  either  or  both 
ends  are  not  simply  supported,  the  reaction  in  general  is 
greater  at  one  end  and  less  at  the  other  than  would  be 
found  by  the  law  of  the  lever ;  a  portion  of  the  reaction  at 
one  end  is,  as  it  were,  transferred  to  the  other.    The  trans- 
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ietence  can  only  be  accomplished  by  the  application  of  a 
couple  to  the  beam,  the  forces  of  the  couple  being  applied 
at  the  two  adjacent  points  of  support;  the  span,  conse- 
quently, will  be  the  lever-arm  of  the  couple.  The  existence 
of  equilibrium  requires  the  application  to  the  beam  of  an 
equal  and  opposite  couple.  It  is  only  necessary,  however, 
to  consider,  in  connection  with  the  span  AB,  the  one  shown 
in  Fig.  I.    Further,  from  what  has  immediately  preceded, 


Fig.  I. 

^  appears  that  the  force  of  this  couple  is  equal  to  the 
difference  between  the  actual  reaction  at  either  point  of 
»ipport  and  that  fotmd  by  the  law  of  the  lever.  The 
bending  caused  by  this  couple  may  evidently  be  of  an 
W>site  kind  to  that  existing  in  a  beam  simply  supported 
at  each  end. 

These  results  are  represented  graphically  in  Fig.  i.  A 
^d  B  are  points  of  support,  and  ^4  J5  is  the  beam ;  AR  and 
^^'  are  the  reactions  according  to  the  law  of  the  lever; 
^^R!F  is  the  force  of  the  applied  couple;  consequently 

AF^AR-\-RF    and     BF ^BR' -(R'F^RF) 

^^  the  reactions  after  the  couple  is  applied.  As  is  well 
'^own,  lines  parallel  to  CK,  drawn  in  the  triangle  ACB, 
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represent  the  bending  moments  at  the  various  sections  c 
the  beam,  when  the  reactions  are  AR  and  BR\  Finall) 
vertical  lines  parallel  to  AG,  in  the  triangle  QHG,  wi 
represent  the  bending  moments  caused  by  the  force  R'F. 
In  the  general  case  there  may  also  be  applied  to  th 
beam  two  equal  and  opposite  couples  having  axes  passinj 
through  A  and  B  respectively.  The  effect  of  such  couple 
will  be  nothing  so  far  as  the  reactions  are  concerned,  bu 
they  will  cause  uniform  bending  between  A  and  B,    Thi 


SE 


Fig.  2. 


Fig.  3. 

uniform  or  constant  moment  may  l^e  represented  by  v€ 
tical  lines  (h*awn  i)arallcl  to  All  or  LA'  (equal  to  ea 
other)  I K^ ween  the  lines  AB  and  HQ.  The  resulta 
moments  to  which  the  various  sections  of  the  beam  n 
subjectc^d  will  then  Ix^  rci)resente(l  by  the  algebraic  su 
of  the  three  vertical  ordiriatcs  included  Ixtween  the  lin 
ACB  and  (i(].  U't  that  resultant  Ix  called  M.  Tl 
composition  c»f  \hv  resultant  moment  M  will  be  ma- 
clearer  by  reference  to  Fij:(s.  2  and  3.  Fig.  2  shows  t' 
component  moment  due  to  tlic  sinf^^le  force  F  acting  wi 
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the  lever-arm  /  so  that  its  moment  increases  directly  as 
the  distance  from  B,  Fig.  3,  on  the  other  hand,  shows  the 
component  moment  due  to  the  two  eqtial  and  opposite 
couples  acting  at  the  ends  of  the  span.  The  resultant 
moment  M  is  the  algebraic  sum  of  the  three  component 
moments,  shown  combined  in  Fig.  i. 

Let  the  moment  GA  be  called  Ma,  and  the  moment 

Also  designate  the  moment  caused  by  the  load  P,  shown 
by  lines  parallel  to  CK  in  ACB,  by  M^.  Then  let  x  be  any 
horizontal  distance  measured  from  A  toward  B\  I  the 
horizontal  distance  AB ;  and  z  the  distance  of  the  point  of 
application,  K,  of  the  force  P  from  A.  With  this  nota- 
tion there  can  be  at  once  written 

M^Ma(^^+Mi,{^+M, (i)* 

Eq.  (i)  is  siniply  the  general  form  of  eq.  (2),  Art.  23. 

It  is  to  be  noticed  that  Fig.  i  does  not  show  all  the 
nioments  Ma,  Mb,  and  M^  to  be  the  same  sign,  but  for 
convenience  they  are  so  written  in  eq.  (i). 

The  formula  which  represents  the  theorem  of  three 
"moments  can  now  be  written  without  difficulty.  The 
method  to  be  followed  involves  the  improvements  added 
by  Prof.  H.  T.  Eddy,  and  is  the  same  as  that  given  by  him 
in  the  **  American  Joiunal  of  Mathematics,"  Vol.  I.,  No.  i. 

Pig.  4  shows  a  portion  of  a  continuous  beam,  including 
^^'0  spans  and  three  points  of  supports.  The  deflections 
^"ill  be  supposed  measured  from  the  horizontal  line  NQ. 
The  spans  are  represented   by  L  and  4;  the  vertical  dis- 

'This  equation  is  used  in  the  next  Art.  for  a  short  demonstration  of 
^  common  form  of  the  Theorem  of  Three  Moments. 
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tances  of  NQ  from  the  points  of  support  by  c«,  c^,  and  c,; 
the  moments  at  the  same  points  by  AU,  Af  6,  and  Af ,,  while 
the  letters  5  and  R  represent  shears  and  reactions  re- 
spectively. 

In  order  to  make  the  case  general,  it  will  be  supposed 
that  the  beam  is  curved  in  a  vertical  plane,  and  has  an 


N 


o. 


I 


X 


^ 


O 


Fig.  4. 


elbow  at  6,  before  flexure,  and  that,  at  that  point  of  sup- 
port, the  tangent  of  its  inclination  to  a  horizontal  linet 
toward  the  span  la,  is  /,  while  f  represents  the  tangent  oO 
the  other  side  of  the  same  point  of  support ;  also  let  d  and 
d'  be  the  vertical  distances,  before  bending  takes  place,  of 
the  points  a  and  c,  respectively,  below  the  tangents  at  the 
point  6. 

A  portion  of  the  difference  between  Ca  and  Ci  is  due  to 
the  original  inclination,  whose  tangent  is  /,  and  the  ori^nal 
lack  of  straightness,  and  is  not  caused  by  the  bending; 
that  portion  which  is  due  to  the  bending,  however,  iSi 
remembering  eq.  (5),  Art.  23, 

Fig.  5  will  make  clear  the  component  parts  of  the  value 
of  D  in  the  preceding  equation. 

By  the  aid  of  eq.  (i)  this  equation  may  be  written: 
E{Ca—Cb-lat-d) 
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In  this  equation,  it  is  to  be  remembered,  both  x  and  z 
(involved  in  Mj)  are  meastired  from  support  a  toward 


Fig.  5. 

support  b.     Now  let  a  similar  equation  be  written  for  the 
span  /^,  in  which  the  variables  x  and  z  will  be  measured 
from  c  toward  6.    There  will  then  restilt 
E{c-c,-l/-d') 

When  the  general  sign  of  summation  is  displaced  by 
the  integral  sign,  n  becomes  the  differential  of  the  axis  of 
the  beam,  or  ds.  But  ds  may  be  represented  by  tidx,  u 
being  such  a  function  of  x  as  becomes  tmity  if  the  axis  of 
the  beam  is  originally  straight  and  parallel  to  the  axis  of  xr 
The  eqs.  (2)  and  (3)  may  then  be  reduced  to  simpler  forms 
by  the  following  methods:* 


•These  analytic  transformations  are  of  the  nature  of  convenient  but 
arbitrary  notation  and  are  not  to  any  degree  whatever  analytic  demon- 
strations. 
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In  eq.  (2)  put 

^b\  I  )  1  ^'Ub  I         '^ijb  I      •  ^♦' 


Also 


rjb  — 1 Tjb  ^(ia-x)dx.  .  .  (s) 


Also 


'■J^  f\i{la  -X)dx=  %""   /""(/,  - X)  dx  .^^5*^.      (6) 
la   Jb  la      J  b  2 


In  the  same  manner 


Also 


""  xhi     1   /* '  ux^dx    x^  /**  uxdx  /  % 

^b'ij   ^laJb  1        ^  laJb  /•••"' 

X"/  -r^-JTJb  ''"^ ^'^ 

And 

/a      ^'^  la         Jb  ,  2 

Again,  in  the  same  manner, 

/-'j^'-t\aU,a2\M,xJx (lO) 

b       I 

Using  eqs.  (4)  to  (10),  eq.  (2)  may  be  written: 

Ei.C^-Cf^  —  lat-d)  =^-{MaliJaXa  +  MiHa'iaX„') 

+  H^J,„f.M,xJx.     (ii) 


Art.  24.1  THE  THEOREM  OF  THREE  MOMENTS.  109 

Proceeding  in  precisely  the  same  manner  with  the  span 
/^,  €q.  (3)  becomes 

e 

+  UiJr^^2  M^xJx.      (12) 

b 

The  quantities  Xa  and  x^  are  to  be  determined  by  apply- 
^S^q-  (4)  to  the  span  indicated  by  the  subscript;  while 
Wo,  la,  u^,  and  i^  are  to  be  determined  by  using  eqs.  (5)  and 
(6)  in  the  same  way.  Similar  observations  apply  to  Ua\ 
ia\  Xa\  «/,  */,  and  x/  taken  in  connection  with  eqs.  (7), 
(8),  and  (9). 

If  /  is  not  a  continuous  fimction  of  x,  the  various  inte- 
gration" of  eqs.  (4),  (5),  (7),  and  (8)  must  give  place  to 
summations  (!)  taken  between  the  proper  limits. 

Dividing  eqs.  (11)  and  (12)  by  la  and  l^  respectively, 
and  adding  the  results, 


^a         *         *  l,  b        ^ 

+  \{MaUaiaXa  +  MbUataXa  +  ^I ,^<J,X^+ ^^ t,ti/i/x/)  ^ 


(13) 


in  which  T  =  i  +  f, 

Eq.  (13)  is  the  most  general  form  of  the  theorem  of 
three  moments  if  E,  the  coefficient  of  elasticity,  is  a  con- 
stant quantity.  Indeed,  that  equation  expresses,  as  it 
stands,  the  **  theorem  ''  for  a  variabL  coefficient  of  elas- 
ticity if  (ie)  be  written  instead  of  /;  e  representing  a  quan- 
tity determined  in  a-  manner  exactly  similar  to  that  used 
in  connection  with  the  quantity  i. 
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In  the  ordinary  case  of  an  engineer's  experience  T-o, 
d=d'=o,  I  =^ constant,  u^u^=u^=eic.,^</ ^secant  of  Al 
inclination  for  which  t^^—t'  is  the  tangent;  consequently 


From  eq.  (4) 


2L  2t 


From  eq.  (7) 


*o"6'      ^'"■a" 


-       6  '        ^*       6  • 


The  summation  i'Af^AjiA;  can  be  readily  made  by  refer- 
ring to  Fig.  I. 

The  moment  represented  by  CK  in  that  figure  is 

consequently  the  moment  at  any  point  between  A  and  X, 
due  to  P,  is 

M..p(ti)...f.p(tf). 
Between  A"  and  B 

Using  these  quantities  for  the  span  /„, 
IM,xJx==  /M,xdx+   f.\[,'xdx'=iP(l„*-z')8. 
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For  the  span  l^  the  subscript  a  is  to  be  changed  to  c. 
Introducing  all  these  quantities  eq.  (13)  becomes,  aftei 
providing  for  any  number  of  weights,  P: 

6EI  /c  — c.    c  —  (tA 

+  f-^P(/a'-^')^+7i^(//-^%  (14) 

Eq.  (14),  with  c'  equal  to  unity,  is  the  form  in  which  the 
theorem  of  three  moments  is  usually  given;  with  c'  equal 
to  unity  or  not,  it  applies  only  to  a  beam  which  is  straight 
before  flexure,  since 

If  such  a  beam  rests  on  the  supports  a,  6,  and  c,  before 
bending  takes  place, 

/      "        i     ' 

a  "t 

and  the  first  member  of  eq.  (14)  becomes  zero. 

If,  in  the  general  case  to  which  eq.  (13)  applies,  the 
deflections  c^,  c^,  and  c^  belong  to  the  beam  in  a  position 
of  no  bending,  the  first  member  of  that  equation  disappears, 
since  it  is  the  sum  of  the  deflections  due  to  bending  only 
for  the  spans  l^  and  /^,  divided  by  those  spans,  and  each 
of  those  quantities  is  zero  by  the  equation  immediately 
preceding,  eq.  (2).  Also,  if  the  beam  or  truss  belonging 
to  each  span  is  straight  between  the  points  of  support 
(such  points  being  supposed  in  the  same  level  or  not),  m^  = 
u'^u.  ^constant,  and  u^^u!  —u.^=^ another  constant.  If, 
finally,  /  be  again  taken  as  constant,  x^  and  x^y  as  well  as 
2M  xJx^  will  have  the  values  found  above. 

PrtMTi  these  considerations  it  at  once  follows  that  the 


f  r  2  FLEXURE.  [Ch.  II. 

sijcond  member  of  eq.  (14),  put  equal  to  zero,  expresses 
the  theorem  of  three  moments  for  a  beam  or  truss  straight 
l><;tvveen  ixjints  of  support,  when  those  points  are  not  in 
t  he  same  level,  but  when  they  belong  to  a  configuration 
of  no  iKinding  in  the  beam.  Such  an  equation,  however, 
flfx.'S  not  lx:l()ng  to  a  beam  not  straight  between  points  of 
sup{K)rt. 

The  shear  at  either  end  of  any  span,  as  /^,  is  next 
to  Ik*  found,  and  it  can  be  at  once  written  by  referring  to 
the  observations  made  in  connection  with  Fig.  i.  It  was 
there  seen  that  the  reaction  foimd  by  the  simple  law  of 
t.lir  lever  is  to  Ik*  inca^ased  or  decreased  for  the  continuous 
Ih'.'iiii,  by  an  amount  found  by  dividing  the  difference  of 
l\\r  iiionients  at  the  extremities  of  any  span  by  the  span 
il/i<ll.  Keferrinij:.  thea^fore,  to  Fig.  4,  for  the  shears  5, 
l\n'\v.  may  at  tmcc*  Ix?  written: 


11  J. -s    M^-M. 
I.  I 


s,,^^-p^ — V— ' (15) 


a  'a 


>v  -  v/>r-+-'^°  -''" (16) 


L  la 


N.     2V    . '-. '.    ....     (18) 

Tile  nei^ative  si\;i\  is  ]nit  Ix^fore  the  fraction 


ir.  oq    (15^  Kvausi^  n\  Imv:    1  the  moments  .1/^  and  3f,,  are 
ivrrt^i^ontod  v^p]\^si!o  in  sitrn  to  that  caused  by  P,  while  in 
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eq.  (i)  the  three  moments  are  given  the  same  sign,  as  has 
alreadv  been  noticed. 

Eqs.  (15)  to  (18)  are  so  written  as  to  make  an  upward 
reaction  positive,  and  they  may,  perhaps,  be  more  simply 
found  by  taking  moments  about  either  end  of  a  span.  For 
example,  taking  moments  about  the  right  end  of  /^, 


5X-i'P(/.-^)+M  =M,. 


From  this,  eq.  (15)  at  once  results.      Again,  moments 
about  the  left  end  of  the  same  span  give 


5//,-iP2  +  M,=M,. 


This  equation  gives  eq.  (16),  and  the  same  process  will 
give  the  others. 

If  the  loading  over  the  different  spans  is  of  uniform 
intensity,  then,  in  general,  P  =wdz,  w  being  the  intensity. 
Consequently 

IP{?-z^)z^  /    w{P-z^)zdz^w—. 

Jo  4 

In   all  equations,  therefore,  for 

\ip{i:-z^)z 

chere  is  to  be  placed  the  term  w^-^ ;  and  for 

4 


e 


'YIP{i;^z^)z 

the  term  tv^-^*     The  letters  a  and  c  mean,  of  course,  that 

4 

reference  is  made  to  the  spans  l^  and  /^. 
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z  from  the  left-hand  end  of  the  left-hand  span,  or  from 
the  right-hand  end  of  the  right-hand' span. 

Using  eq.  (i)  of  the  preceding  article  and  representing 
the  deflection  at  any  point  in  the  span  h  hy  w,  eq.  (i)  may 
be  at  once  written : 


Ell 


cPw 


-"-(nr) 


(i) 


The  quantity  /i  is  the  moment  of  inertia  of  the  cross- 
section  of  the  beam  about  its  neutral  axis  and  E  is  the 


h— -i 

I 


O, 


p. 


3  Ut 


t- -hr— 


>-«. 


Fig.  I. 


modulus  of  elasticity.  It  is  assumed  that  the  beam  is 
straight  and  horizontal  and  that  the  moment  of  inertia 
does  not  vary  in  either  span.  If  ti  is  the  tangent  of  the 
inclination  of  *lhe  neutral  surface  of  the  beam  at  the  right- 
liand  end  of  the  span  /i,  then  integrating  eq.  (i)  between 
the  limits  of  x  and  Li  eq.  (2)  will  at  once  result: 

The  integration  of  Midx  is  indicated  only  in  eq.  (2) 
for  the  reason  that  in  general  Mi  is  a  discontinuous  func- 
tion. The  double  integral  j  *  j  Midx^  cannot  therefore 
generally  be  completed  by  the  usual  procedures,  but  it 
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must  be  taken  as  -rr^InMix,  as  given  by  eq.  (s)  of  Ar 

23.  The  value  of  this  expression  for  a  single  load  Pi  : 
shown  in  detail  on  the  lower  half  of  page  1 10  of  the  precedin 
Art.  as  lPi{li^  —  z^)z,  which  appears  in  eq.  (3).  By  integn 
ting  eq.  (2)  between  the  limits  of  h  and  0,  rememberin 
that  the  points  of  support  are  supposed  to  be  at  the  sam 
elevation  and  hence  that  w=o  iov  x^h: 

An  equation  identical  with  eq.  (3)  may  be  written  fc 
the  right-hand  span  I2  by  simply  changing  the  subscript! 
remembering,  however,  that  the  origin  from  which  z  and 
are  measured  is  the  point  of  support  C,  Fig.  i,  and  that  th 
tangent  of  the  inclination  of  the  neutral  surface  at  tt 
left-hand  end  of  the  span  /2  will  be  — /i. 

Hence : 


w 


=  ^^(Mc12+2M^2+^(12^-Z^)z\  =  -6/1=0.        0 


If  eqs.  (3)  and  (4)  be  added  the  usual  and  approximai 
form  of  the  Theorem  of  Three  Moments  will  at  once  resul 
except  that  the  moments  of  inertia  Ii  and  I2  are  differen 
Assuming  /i=/2  and  writing  the  summation  sign  befoi 
Pi  and  P2  to  indicate  that  any  number  of  loads  may  a( 
on  every  span,  the  Theorem  of  Three  Moments  as  usuall 
employed  will  at  once  result : 

Mall  +2M,{li  +I2)  +Mcl2  =  -  r^^Piih^  -z^)z 
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It  will  be  observed  that  eq.  (5)  is  identical  with  the 
second  member  of  eq.  (14)  of  the  preceding  article,  and  it 
is  the  equation  sought.  The  expressions  for  the  shears  com- 
posing each  of  the  reactions  may  now  easily  be  written. 

Taking  moments  about  the  right-hand  end  of  the  span  /i : 

Sah-^Pi{li-z)+Ma  =  M, (6) 

Hence: 

Sa  =  2:Pi— J (7) 

Again  taking  moments  about  the  left-hand  end  of  the 
same  span : 

S\h-IPiz+Mt=Ma (8) 

Hence: 

s',=jp,i+Mi^» (9) 

Eqs.  (7)  and  (9)  give  the  shears  at  the  two  ends  of  the 
span  /i  and  they  also  give  the  shears  at  the  two  ends  of 
the  span  I2  by  simply  changing  the  notation  so  as  to  apply 
to  the  span  I2  as  shown  in  eqs.  (10)  and  (i  i) : 

5ft  =  2^P2-rH -J (10) 

Sc  =  ^P2—j -J ....       (11) 

h  42 


\ 


Each  reaction  will  be  the  sum  of  the  appropriate  pair 
)f  shears  as  shown  by  eqs.  (19),  (20),  and  (21)  of  the  pre- 
ying article. 

These  equations  are  given  in  their  most  general  forms; 
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that  is,  for  any  disposition  of  loads  of  any  magnitude^ ,  They 
may  be  adapted  to  uniform  loading  either  partial  or  entire, 
as  indicated  on  the  lower  half  of  page  113. 


Art.  26. — Reaction  under  Continuous  Beam  of  any  Number 

of  Spans.  J 

The  general  value  of  the  reactions  at  the  pointt  fl 
support  under  any  continuous  beam  have  been  givfAlli 
eqs.  (19),  (20),  (21),  etc.,  of  article  24.  Before  thoR 
equations,  however,  can  be  applied  to  any  particular  case, 
the  values  of  the  bending  moments,  which  appear  in  tfce 
expressions  Sa,  5/,  5*,  etc.,  for  the  shears,  must  be  deter- 
mined. In  the  application  of  the  theorem  of  three  mo- 
ments, it  is  usually  assumed  that  the  continuous  beam 
before  flexure  is  straight  between  the  points  of  support, 
and  that  the  latter  belong  to  a  configuration  of  no  bending. 
The  moment  of  inertia  /  is  also  assumed  to  be  constant 
This  is  frequently  not  strictly  true,  yet  it  will  be  assumed 
in  what  follows,  since  the  method  to  be  used  in  finding 
the  moments  is  independent  of  the  assumption,  and  remains 
precisely  the  same  whatever  form  for  the  theorem  of  three 
moments  may  be  chosen. 

Agreeably  to  the  assumption  made,  eq.  (5)*  of  the  pre- 
ceding article  takes  the  following  form : 

Mala  +  2AU{la  +lc)  +Mclc  =  "  f  ^P{la^  -  Z^)z 

-yiPih'-z^)z (i] 


*  Or  eq.  (14)  of  Art.  24. 
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Let  Fig.   I  represent  a  continuous  beam  of  n  spans 
J  or  unequal  in   length.     At  the   points  of   support, 

Fig.  I. 

'.  3.  4f  5i  etc.,  let  the  bending  moments  be  represented 
^  Mj,  A/„  Af ,,  etc.  The  moment  M^  is  always  known ; 
rdinarily  25ero,  and  that  will  be  considered  its  value. 
1  examination  of  Fig.  i  shows  that,  by  repeated 
ations  of  eq.  (i),  the  ntimber  of  resulting  equations 
adition  will  be  one  less  than  the  number  of  spans. 
5  two  end  moments  are  known  (here  assumed  to  be 
the  number  of  tmknown  moments  will  also  be  one 
;han  the  number  of  spans.  Hence  the  ntimber  of 
ions  will  always  be  sufficient  for  the  determination 
»  unknown  moments. 

DT  the  sake  of  brevity  let  the  following  notation  be 
ted: 

li,  =  -  f  IP(l,'  -  z')z  -  J  IP(l,^  -  z')z. 
etc.  =  etc.  —  etc. 


a,  =  2«.  +  /,); 

6.=/, 

flj=^,: 

&,  =  2a,  +  /,); 

«^»  =  ^.- 

K-h; 

c,  =  2a,  +  /,); 

d,-h. 

^4  =  2  (/.+/.); 

... 

px  =  U ;       qi  =  2  (/.  +  /» +i) ;      Si  =  /i+j ; 
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t  denoting  any  number  of  the  series  i,  2,  3,  4,   . . .  n. 
thus  seen  that,  in  general, 

g»  =  2(/>»+^i); 

also  that  a,  -6^,  c^  =6,,  rf,  =c^,  etc.    These  relations  car 
used  to  simplify  the  final  result. 

By  repeated  applications  of  eq.  (i)  the  followin; 
equations  of  condition,  involving  the  notation  given  abc 
will  result: 

aiM\  +61M2  =tti  ^ 

i 
a2Mi+b2M2+C2M^  =ii2 

+  C4M3  +  (IaMa  +f4M5  =  li4  >' 

I 
I 

+d6M4  +JhMb  +gftM 6  =  lis 


=««• 


These  simultaneous  equations  may  be  treated  in  var 
ways  in  order  to  determine  the  values  of  the  moments 
M2,  M3,  etc.  The  preceding  notation  is  adapted  to 
method  by  determinants,  which  is  probably  as  simpl 
any.  As  these  procedures  are  purely  algebraic  they 
not  be  further  developed  here. 

In  American  engineering  practice,  as  exemplified  in 
theory  of  revolving-swing  bridges,  it  is  necessary  to 
sider  at  most,   two  simultaneous  equations  of  cond 
whose  solution  requires  the  simplest  process  of  elimim 
only. 
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This  last  case  may  be  simply  illustrated  by  referring 
to  Fig.  I,  in  which  Mo  =o.  If  there  are  three  spans  Ms  =o 
as  one  of  the  end  spans.  The  first  two  of  eq.  (2)  will  be 
needed: 

aiMi+6iM2=iii,        .....     (3) 

a2Mi+b2M2=U2 (4) 

Simple  elimination  will  then  give: 

,-.      62Mi-biW2  J     ,-.      ai«2— a2«i  ,v 

Mi= — r r;     and     M2= — r — : — r-.       .     (5) 

0102—0201  ai02— a20i  ^ 

Reactions, 

After  the  moments  are  found,  either  by  the  general  or 
special  method,  for  any  condition  of  loading,  the  reactions 
will  at  once  result  from  the  substitution  of  the  values  thus 
found  in  the  eqs.  (i  5)  to  (2 1)  of  Art.  24,  which  it  is  not  neces- 
sary to  reproduce  here. 

Art  27. — Deflection  by  the  Common  Theory  of  Flexure. 

The  deflection  or  sag  of  a  beam  subjected  to  loading  at 
nght  angles  to  its  axis  is  the  displacement  of  the  neutral 
surface  in  the  direction  of  the  loading.  Ordinarily  the 
beam  is  horizontal  and  the  loading  vertical,  so  that  the 
deflection  is  also  vertical.  The  entire  deflection  is  due  both 
to  the  lengthening  and  the  shortening  of  the  fibres  on  the 
two  sides  of  the  netural  surface  and  to  the  action  of  the 
transverse  shear  throughout  the  beam.  The  equation 
leading  directly  to  the  former  portion  is  eq.  (7)  of  Art  14, 
but  the  equations  of  Art.  24  must  be  used  to  determine  the 
deflection  due  to  shear. 

Let  xo  be  the  coordinate  of  some  point  at  which  the 
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tangent  of  the  inclination  of  the  neutral  surface  to  the  an 
of  X  is  known ;  then  from  eq.  (7)  of  Art.  14 

^''J,,Ei^''' W 

-7-  will  be  at  once  recognized  as  the  general  value  of  the 

tangent  of  the  inclination  just  mentioned,  or,  in  the  CM 
of  curved  beams,  as  approximately  the  difference  between 
the  tangent,  before  and  after  flexure. 

Again,  let  x^  represent  the  coordinate  of  a  point  at  wUdl 
the  deflection  w  is  known,  then  from  eq.  (i) : 


w 


fjjf"'- <•> 


The  points  of  greatest  or  least  deflection  and  greatest 
or  least  inclination  of  neutral  surface  are  easily  found  \ff 
the  aid  of  eqs.  (i)  and  (2). 

The  point  of  greatest  or  least  deflection  is  evidently 
fovmd  by  putting 

dw  , . 

5]F=^ ^> 

and  solving  for  x.    Since  -^  is  the  value  of  the  tangent  of 

the  inclination  of  the  neutral  surface,  it  follows  that  tf 
point  of  greatest  or  least  deflection  is  found  where  the  beam 
is  horizontal. 

Again,  the  point  at  which  the  inclination  will  be  great* 
est  or  least  is  foimd  by  the  equation 


.(fi 


dw\ 

dx )     d^w 


I 
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But,  approximately,  -rr  ^s  the  reciprocal  of  the  radius 

of  curvature;  hence  the  greatest  inclination  will  be  found 
(A  hit  point  at  which  the  radius  of  curvature  becomes  infi- 
nikly  great,  or,  at  that  point  at  which  the  curvature  changes 
jrom  positive  to  negative  or  vice  versa.  These  points  are 
caUed  points  of  *'contra-flexure/'     Since: 

d^w 

there  is  no  bending  at  a  point  of  contra-flexure. 

The  moment  of  the  external  forces,  M,  will  always  be 
expressed  in  terms  of  x.  After  the  insertion  of  such  values, 
eqs.  (i)  and  (2)  may  at  once  be  integrated  and  (3)  and  (4) 
solved. 

The  coefficient  of  elasticity,  £,  is  always  considered  a 
constant  quantity ;  hence  it  may  always  be  taken  outside  the 
integral  signs.  In  all  ordinary  cases,  also,  /  is  constant 
throughout  the  entire  beam.  In  such  cases,  then,  there 
will  only  need  to  be  integrated  the  expressions : 

/Mdx     and      f'  rMdx\ 

It  is  sometimes  convenient  to  express  the  tangent  of 
inclination  of  the  neutral  surface  and  the  deflection  in 
terms  of  some  known  intensity  k^  of  fibre  stress  at  the 
distance  d  from  the  neutral  surface  and  at  a  section  of  the 
beam  where  the  known  external  bending  moment  is  M^. 
The  desired  expressions  may  readily  be  written  by  simply 
transforming  eqs.   (i)  and   (2)  to  the  proper  shape.      It 

has  been  shown  by  eq.  (10)  of  Art.  14  that  ^o=~/"»  and 
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hence  that  /  =  -r^.     By  substitution  of  this  value  c 
first  in  eq.  (i)  and  then  in  eq.  (2),  there  will  result: 


dJ^ 


dw  ^    k^      /    Md 
dx     EM^dJx^ 


and 


w  =  ^f4h-,  /     /   Mdx' 

J  Xi   Jx^ 


hi 

EMAJxi 


Eqs.  (5)  and  (6)  give  the  desired  expressions  in  wi: 
/  and  d  are  considered  constant  in  accordance  with 
ordinary  practice.  In  the  use  of  these  last  two  equati 
it  is  supposed  that  the  conditions  of  any  given  proble 
will  enable  k^  and  M^  to  be  computed  as  known  quantit 

The  general  form  of  the  integral  in  the  second  mem 
of  eq.  (6)  is  easily  determined.  The  quantities  M^  ; 
M  are  exactly  similar  expressions  with  the  same  num 
of  terms  and  of  the  same  degree.  The  effect  of  the  ii 
gration  of  M  twice  between  the  limits  indicated  is  to  r 
the  degree  of  each  term  of  which  it  is  composed  by  t 
so  that  the  double  integration  of  Mdx^  divided  by  M^ 
be  a  simple  product  a/',  a  being  a  ntmierical  quan 
depending  upon  the  manner  of  loading,  the  conditioi 
the  ends  of  the  beam,  or  other  attendant  circumstance 
the  same  general  character.  Inserting  these  results 
eq.  (6),  the  expression  for  the  deflection  will  become 


Eq.  (6a)  is  not  often  used,  but  there  are  some  prac 
applicatiops  of  formulae  in  which  it  must  be  employed. 
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Deflection  Due  to  Shearing. 

That  portion  of  the  deflection  due  to  transverse  shear- 
ing may  be  determined  as  readily  as  that  due  to  the  length- 
ening and  shortening  of  the  fibres  of  the  bent  beam.  In 
determining  the  requisite  equations  it  is  necessary  to  con- 
sider only  the  .intensity  of  shear  in  the  neutral  surface, 
as  it  is  the  deflection  of  that  surface  which  is  sought. 

Let  It/  be  the  deflection  due  to  shearing  and  let  <f>  repre- 
sent the  transverse  shearing  strain  for  a  unit  of  length  of 
the  beam.  The  transverse  strain  for  an  indefinitely  short 
portion  dx  of  the  neutral  surface  will  then  be  dii/  ==  4>dx. 
If  G  represents  the  coefficient  of  elasticity  for  shear,  while 
,    5  represents  the  intensity  of  shear,  eq.  (3)  of  Art.  2  shows 

that  ^ = TT.     There  may  then  be  written : 

du/  ^4>^x  =  7:^dx (7) 

By  using  the  value  ol  s  given  in  eq.  (7)  of  Art.  is» 

Sd'^ 


dvJ 


-ir^^ w 


The   general   expressions   for   the    shearing   deflection 
win,  therefore,  take  the  form : 


t£/ 


d*  r 


The  integration  required  in  eq.  (9)  can  be  made  with 
ease  in  any  given  case,  as  it  is  necessary  only  to  express 
the  \'alue  of  the  total  transverse  shear  5  in  terms  of  x. 
The  application  of  that  equation  to  special  cases  will  be 
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made  in  a  later  article.     Obviously  the  total  deflection  in 
any  bent  beam  w-ill  be  the  sum : 

w-\-u/ (lo) 


Art.  38.  —The  Neutral  Curve  for  Special  Cases. 

The  curved  intersection  of  the  neutral  surface  with  a 
vertical  plane  passing  through  the  axis  of  a  loaded,  aud 
originally  straight,  beam  may  be  called  the  "neutral 
cur\'e.*'  The  neutral  curve  is  the  locus  of  the  extremities 
of  the  ordinates  iv  of  Art.  27;  it  therefore  gives  the  deflec- 
tion at  any  point  of  the  beam  due  to  the  direct  stresses  of 
tension  and  compression  in  it,  but  not  due  to  the  effect  of 
transverse  shear,  which  w-ill  be  treated  in  a  subsequent 
article. 

The  method  of  finding  the  neutral  curve  for  any  par- 
ticubr  case  of  beam  or  loading  can  be  well  illustrated  by 
the  operations  in  the  following  three  cases: 

Case  I. 

This  case  is  sho\^^l  in  the  accompanying  figure,  which 
represents  a  cantilever  carrying  a  uniform   load  with  a 


—J 


B 


t;;: 


i + 


w 


Fig.  I. 


single  weight  W  at  its  free  end.     As  usual,  the  intensity 
of  the  imiform  loading  will  be  represented  by  p. 
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Measuring  x  and  w  from  JS,  as  shown,  the  general  value 
of  the  bending  moment  is 


M=EIj^,=Wx  +  ^ (X) 


Integrating  between  x  and  /,  remembering  that : 


dw 
=0 


dx 


for  X  — / 


dw    W  i> 

£:/^=-7(^*-/')+f(^*-/').     ...   (2) 


--hm-^y^-'^)]-  ■  ■  (3) 


The  giieatest  deflection,  w^,  occtirs  for  x  =  l.     Hence 


I  /WP     pl^ 


) (4) 


This  value  of  w^  is  the  deflection  of  B  below  A.  The 
General  ^'alue  of  ti;  in  eq.  (3)  is  the  vertical  distance  (de- 
fection) of  B  below  the  point  located  by  :3i;;  as  an  ordinate 
it  is  measured  upward  from  B  as  the  origin  of  coordinates. 

The  greatest  moment,  Mj,  exists  at  A,  and  its  value  is: 

M,^Wl  +  ^ (5) 
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These  equations  are  made  applicable  to  a  cantilever  \ 
with  a  uniform  load  by  simply  making  Vr=o.  They  then  ' 
become 

I 


w 


i 

=6-17(7 -^•-) («^ 


pi* 
«'>  =  -8l7 (9) 


pi* 
^.=1" (10) 


Again,  for  a  cantilever  with  a  single  weight  only  at  its 
free  end,  p  is  to  be  made  equal  to  zero  in  the  first  set  of 
equations.     Those  equations  then  become : 

M  =  EI^^,=Wx .  (rr) 

^dw    W 


W 


-Ml-"-) <-3) 


Wl' 
M.^Wl (,5) 
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The  general  expressions  for  the  shear  and  the  intensity 
of  loading  are : 

S-£/:t;t=W'+M     .    .    •    •    (16) 


EI 


dx 

d'w 
dx' 


(17) 


Case  11. 

This  case,  shown  in  the  figure,  is  that  of  a  non-continu- 
ous beam,   supported  at  each  end,  and  carrying  both  a 


^^P 


B 


Fig.  2 


uniform  load  (whose  intensity  is  p)  and  a  single  weight  W 
at  its  middle  point.  The  reaction  R,  at  either  end,  will 
then  be 


The  general  value  of  the  moment  will  then  be 


(18) 


origin  of  x  and  w  is  taken  at  A, 
Remembering  that 

dw  .  I 

^-o    for    *--. 
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and  integrating  between  the  limits  x  and  -, 

Again  integrating 

The  greatest  deflection  iv^  occurs  at  the  centre  of  the 
span,  for  which 


I 
x=-. 

2 


Hence 


«''--^/W+i^^^ <") 


The  greatest  moment,  also,  is  foimd  by  putting 


/ 
x=-. 

2 


It  has  the  value 

M,=l{w+f) („) 

These  formulae  are  made  applicable  to  a  non-continuous 
beam  carrying  a  uniform  load  only,  by  putting  W  ■»  o. 
They  then  become 

M=EI^=^{l~x) (23) 
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ax       2  \  2        3        12/  '       \   •*/ 

^^-^^^'^^*l-^*-l'*)>    ....       (25) 

„,  ___5^__5  _P^  ,  .. 

»         ii^I~     8-4SEI ^^^^ 

Pi* 
M^=^ (27) 

ft 

The  formulae  for  a  beam  of  the  same  kind  carrying  a 
single  weight  at  the  centre  are  obtained  by  putting  /?  =  o 
in  the  first  set  of  equations.  Those  for  the  greatest  deflec- 
tion and  greatest  moment,  only,  however,  will  be  given. 
They  are 

^i"-^8S7 ('^> 

Wl 
M,  =  — ' (29) 

The  general  values  of  the  shear  and  intensity  of  loading 
are 

5  =  -^=/?-/>^ (30) 

■^=-^ (31) 


Case  III. 

The  general  treatment  of  continuous  beams  requires  the 
use  of  the  theorem  of  three  moments.  The  particular  case 
to  be   treated  is  shown  in  Fiar.  z.    The  beam  covers  the 
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three  spans,  DA,  AB,  and  BC,  and  is  continuous  over  the 
two  points  of  support,  A  and  B. 

LetZ?A=/J 


Let  the  intensity  of  the  uniform  load  on  i4B  be  repfe- 
sented  by  p  and  let  the  two  single  forces  P  and  P*  only,  act 


D      * 


F" 


Fig.  3. 

in  the  spans  DA  and  BC  respectively.    Also  let  the  two^ 
distances 

DE  =  2j  =  a/j    and     CF = a'/, 

be  given .     It  is  required  to  -find  the  magnitudes  of  the  forar^ 
P  and  P\  if  the  beam  is  horizontal  at  A  and  B. 

Since  the  beam  is  horizontal  at  A  and  B,  the  bending 
moments  over  those  two  points  of  support  will  be  equal 
to  each  other,  for  the  load  on  ^4^  is  both  uniform  and 
symmetrical.  Let  this  bending  moment,  common  to  A 
and  -B,  be  represented  by  M,.  As  the  ends  of  the  beam 
simply  rest  at  D  and  C,  the  moments  at  those  two  points 
reduce  to  zero. 

Because  the  four  points  D,  A,  B,  and  C  are  in  the  sanfie 
level,  the  first  member  of  eq.  (14)  of  Art.  24  becomes  equal 
to  zero. 

If  that  equation  be  applied  to  the  three  points  D,  A, 
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and  B,  the  conditions  of  the  present  problem  produce  the 
following  results: 

M„=o,     Af^  =  Af,  =  Af,, 

and 

}ip{]i:-z-^)z^p^^. 
*f  4 

Hence  the  equation  itself  will  become 

Jlf,K  +  3/,)+f(^.*-^.'K  +  /t=o.     .     .     (32) 

*i  4 

••  ^>         4/,(2/,H-3g     • 

•    -^>         ^^         4(2 +  3n)         •    •     •     •     U3; 

/  — ;?      Af 
/.    Reaction  at  Z?=/?j=P-^y-^  + -7-*.  .     .    (34) 

As  the  origin  of  z^  is  at  Z?,  x  will  be  measured  from  the 
same  point. 

Separate  expressions  for  moments  must  be  obtained  for 
the  two  portions,  DE  and  EA  of  /^  because  the  law  of 
loading  in  that  span  is  not  continuous. 

Taking  moments  about  any  point  of  EA 

EI^^R,x-Pix-z,) (35) 

Remembering  that 

dw 
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f or  ^  « /j,  and  integratii^  between  the  limits  x  and  l^ 

Again,  remembering  that  t«;=o  for  x^l^,  and  integ 
mg  between  the  limits  x  and  /p 


2    N3         •  3    ^        2   M 


+p.,(t-'a^+^)- 


Taking  moments  about  any  point  in  DE 

dhv 


dx' 


dw        x^ 

dx         *  2 


Making  x^z^m  eqs.  (36)  and  (39),  then  subtracting 

c---7»/.'-f(^.'-V)+P^.(2.-/.): 

Remembering  that  w^o  for  x^o,  and  integrating 
tween  the  limits  x  and  o, 

Making  %=2j  in  eqs.  (37)  and  (41),  then  subtracting 

^-j(v-v)+";'a.'-^.')=o.  .  . 


Art.  28.1        THE  NEUTRAL  CURIAE  FOR  SPECIAL  CASES.  13S 

Putting  the  value  of  Af,  from  eq.  (33)  in  eq.  (34),  then 
inserting  the  value  of  R^,  thus  obtained,  in  eq.  (42),  after 
making  z^  =^al^, 

P\  (i  ~a) ; (i  —a*)  +-a(i  —a')    =    /    .       x ; 

L  2+3n  ^      2   '  ^J     4(2 +3*^) 

••  ^     6a(i-a')     6a(i-a'y     '     '     '     ^^^^ 

This  is  the  desired  value  of  P,  which  will  cause  the 
beam  to  be  horizontal  over  the  two  points  of  support  A 
and  B  when  the  span  AB  carries  a  uniform  load  of  the 
intensity  p. 

By  the  aid  of  eq.  (43),  eq.  (33)  now  gives 

M.—pi,-i;ip:^—t!^^-i!i. .  (44) 

'  ^^     I2(2+3«)  12  12  ^^^ 

It  is  to  be  noticed  that  ilf,  is  entirely  independent  of 
l^  or  /,.     Eq.  (43)  also  gives 


Hence 


p-p^^ (45) 


M,  =  -^(i-a»)a (46) 


Thus  any  of  the  preceding  equations  may  be  expressed 
in  terms  of  p  or  P. 
R^  also  becomes 

pnl,        pnl, 
^>~6a(H-a)      12' ^^^^ 

or 

/?,-P(i-a)[i-ia(i+a)] (48) 


13^  FLEXURE.  \Ch.  II. 

It  is  clear  that  there  cannot  be  a  point  of  no  bending  in 
DE.  Hence  the  point  of  contra-flexure  must  lie  between 
E  and  .4,  Fig.  3.  In  order  to  locate  this  point,  according 
to  the  principles  already  established,  the  second  member 
of  eq.  (35)  must  be  put  equal  to  zero.  Doing  so  and  solving 
for  X, 

P 
^^pZlR^i (49) 

Since  P  is  always  greater  than  R^,  there  will  always  be 
a  point  of  contra-flexure. 

All  these  equations  will  be  made  applicable  to  the  span 
BC  by  simply  writing  a'  for  a,  /,  for  /^  and  n'  for  n. 

As  an  example,  let 

a  =  J    and     «=i. 
Eqs.  (43)»  (44)»  ^d  (47)  then  give 

'  12  16 

after  writing, 

/  =/  =/  =/ 

•l       •2      *s      *• 

In  general,  the  span  l^  is  called  **  a  beam  fixed  at  one 
end,  simply  supported  at  the  other  and  loaded  at  any  point 
with  the  single  weight.  P." 

Let  it.  again,  be  required  to  find  an  intensity,  "  ///'  of  a 
uniform  load,  resting  on  the  span  Z^,  which  will  cause  the 
beam  to  be  horizontal  at  the  points  A  and  B. 
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Since  the  load  is  continuous,  only  one  set  of  equations 
will  be  required  for  the  span.     The  equation  of  moments 

will  be 

^hx^  =^i^-T" (so) 

Integrating  between  the  limits  x  and  /^ 

Integrating  between  the  limits  x  and  o, 

£/«;4(f-/.^.)-f  (^-/>).    .     .     (5.) 
But,  also,  te;  =0,  when  x  =/j.     Hence 

i?.^-Y=     ■•^^=if^r (S3) 

This  equation  gives  the  value  i?,  when  p'  is  known. 
Making  x  =  /,  in  eq.  (50),  and  using  the  value  of  R^  from 

eq-  (53). 

A/.  =  /'V(|-i)  =  -^' (54) 

Adapting  eq.  (32)  to  the  present  case, 

A/,(2/, +  3/,) +  }(/>'/.' +  K')=o; 

'  4(2 +3^)  ^^^^ 

Equating  these  two  values  of  M,, 

P'=-ipn' (56) 
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Thus  is  foirnd  the  desired  value  of  />'.  In  this  case  the 
span  /j  is  called  '*  a  beam  fixed  at  one  end,  simply  sup- 
ported at  the  other  and  uniformly  loaded." 

The  points  of  contra-flexure  are  found  by  putting  the 
second  member  of  eq.  (50)  equal  to  zero  and  solving  for 
X,  after  introducing  the  value  of  R^  from  eq.  (53).    Hence 

or 

x  =  o    and    ^  =  f/|. 

Between  the  simply  supported  end  and  point  of  contra- 
flexure  the  beam  is  evidently  convex  downward,  and  convex 
upward  in  the  other  portion  of  the  spans  /^  and  /„  whether 
the  load  is  single  or  continuous.     Moments  of  different 
signs  will  then  be  fotmd  in  these  two  portions,  and  there 
will  be  a  maximum  for  each  sign.     The  location  of  the 
sections  in  which  these  greatest  moments  act  may  be  made 
in  the  ordinary  manner  by  the  use  of  the  differential  cal- 
culus;   but  the  negative  maximum  is  evidently  M,,  give'i^ 
by  eqs.   (44)  and  (55).     On  the  other  hand,  the  posiiiv^ 
maximum  is  clearly  found  at  the  point  of  application  c^* 
P  in  the  case  of  a  single  load,  and  at  the  point 

in  the  case  of  a  continuous  load.  These  conclusions  will  a^ 
once  be  evident  if  it  be  remembered  that  the  portion  of  th^ 
beam  between  the  supported  end  and  point  of  contra-  " 
flexure  is,  in  reality,  a  beam  simply  supported  at  each  etuf- 
These  moments  will  have  the  values 

^T      T>i  (         \       i  AP{i-'a'')a^  +  pan\  ^ 

A/,=P/,(i-a)a-/, ^(,^3,,) \     .     (57> 

AV  =  rhA' (5»> 
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In  case  of  a  single  load  if  P  is  given,  and  not  p,  eq.  (45) 

shows 

il/j  =P/^(i  -a)a[i  -  ^a(i  +a)]. 

The  points  of  greatest  deflection  are  found  by  putting 
the  second  members  of  eqs.  (36),  (40),  and  (51)  each  equal 
to  zero,  and  then  solving  for  x.  They  are  not  points  of 
great  importance,  and  the  solutions  will  not  be  made. 

The  following  are  the  general  values  of  the  shears  for  a 
single  load  on  l^ : 

laAE,     S=E1-^^=R^-P;      [from eq.  (35)]. 

d^ii) 
In  ED     S.^EI-jp^R,)  [from  eq.  (38)]. 

The  shear  in  ^^  for  the  uniform  load  p'  is 

S'^EI-^^R^-p'x;   [from eq.  (50)]. 

Also 

Intensity  of  load  =  EI  -r—^  =  —  //. 

As  has  already  been  observed,  all  the  equations  relating 
to  the  span  l^  may  be  made  applicable  to  the  span  /,  by 
changing  a  to  a'  and  n  to  n'. 

The  span  l^  remains  to  be  considered. 

Since  the  bending  moments  at  A  and  B  are  equal  to 
each  other,  and  since  the  loading  is  uniformly  continuous, 
half  of  it  (the  load  pl^)  will  be  supported  at  A  and  the  other 
'^If  at  B.  In  other  words,  the  vertical  shear  at  an  in- 
definitely short  distance  to  the  right  of  A,  also  to  €he  left 


I40  FLEXURE.  [Ch.  H. 

pL 
of  B,  will  be  equal  to    -  .     Let  x  be  measured  to  the  rights 

and  from  A.     The  bending  moment  at  any  section  x  will  be 

dx^  *         2  2   ' 


or 


EI-jp-M.-^-^d^-x').      .     .     .     (59) 


Integrating  between  the  limits  x  and  o. 


3 
Again,  integrating  between  the  same  limits. 


E,..^f-.±{l^--±).      .    .    .     (6.) 


Since 

dw 


dx 


for  x=l^,  eq.  (6o;  wi.l  give  il/j  independently  of  preceding 
equations.     Following  this  method,  therefore. 


*  12 


This  is  the  same  value  which  has  already  been  obtained. 
Introducing  the  value  of  .1/,, 

^^Tx-2\2-^—H    '     '     ■      (63) 


12  \  ^         2  2/ 


(64) 
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The  points  of  contra-flextire  are  foimd  by  putting  the 
second  member  of  eq.  (62)  equal  to  zero.     Hence 


^^~/^  =  — ^• 


6  ' 


The  moment  at  the  centre  of  the  span  is  found   by 

putting 


2 


ineq.  (62): 


M,= 


24 


This  is  the  greatest  positive  moment 
The  general  value  of  the  shear  is 


dx 
and  the  intensity  of  load 


'M^-y 


„    d*w 

The  span  /,  is  generally  called  **  a  beam  fixed  at  both 
ends  and  uniformly  loaded/' 

It  is  sometimes  convenient  to  consider  a  single  load  at 
the  centre  of  the  span  /,,  while  the  beam  remains  horizontal 
at  A  and  B;  in  other  words,  to  consider  **  a  beam  fixed  at 
each  end  and  supporting  a  weight  at  the  centre."  * 

Let  W  represent  this  weight;  then  a  half  of  it  will  be 
the  shear  at  an  indefinitely  short  distance  to  the  right  of 
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A  and  left  of  B.    As  before,  let  x  be  measured  from  A, 
positive  to  the  right.    The  moment  at  any  point  will  Ix 

dx^  2 

Integrating  between  x  and  o, 


mdw       ,^  WX^ 

El-r-  =  M2X . 

ax  4. 


h 


If  ^=^,  then  will 
2 

dw  _ 
dx 

hence  M2  =  -^. 

The  general  value  of  the  moment  then  becxwnes 

d'w     Wt,     Wx 


M^EI 


dx^        8 


If  x='-  in  this  equation,  the  bending  moment  at 

centre  (where  W  is  applied)  has  the  value 

Wl 
Centre  moment  =  — ^. 

Hence  the  bending  moments  at  the  centre  and  ends  are 
equal  to  tite  product  of  the  load  by  one  eighth  the  span, 
have  opposite  signs. 

A  second  integration  between  x  and  o  gives 

I  /WL 


w=^ 


V      Wx^\ 
16  12  / 


El 

Hence  the  deflection  at  the  centre  has  the  value 

Wl^ 
Centre  deflection  =        i.,. 

ig2EI 

•  The  use  of  the  signs  in  this  and  the  following  equations  is  ch; 
from  the  preceding  to  show  that  either  procedure  may  be  employed. 


Art  28.1       THE  NEUTRAL   CUR^E  FOR  SPECIAL   CASES. 


143 


By  placing  M  =0,  the  points  of  contra-flexure  are  found 
at  the  distance  from  each  end, 

Addendum  to  Art.  28. 

The  formtilae  of  this  article  furnish  the  solutions  of  many 
practical  questions  of  maxima  deflections  and  moments. 
The  latter  for  several  ordinary  cases  are  given  in  the  follow- 
ing tabulation : 

P  is  the  weight  in  pounds  at  end  of  beam  or  centre  of  span. 

pis  the  load  in  pounds  per  lin.  ft.  of  beam. 


II 


m 


IV 


VI 


vn 


Beam. 


'P  Ptrunit 


*^nf^ 


Maximum 
Moment. 


put  A 


ipP  at  A 


{PI  at  centre 


ipP  at  centre 


'j\Pl  at  A 
i^Pl  at  centre 


-  J/>/'  at  A 
+  rfrP^ati/ 

from  5 

-IPUtA 
\Pl  at  cenfre 


^p1}  at  A 
^pP  at  centre 


Maximum 
Deflection. 


576gj-  at  A 

216^- at  A 
EI 


PIS 
36^r7- at  centre. 

22.5 £^,,  at  centre 
,6  ,6^^*  at  0.447/ 


J>/*ato.42i5/ 


0-—  at  centre 
EI 


pi* 
4.5:^  at  centre 


Point  of 
■   Contra-flexure. 


A  /  from  B 
Reaction  at  B 

iliromB 
Reaction  at  B 


\i  from  each  end 


0.211/ from  each 
end 
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/  is  the  length  of  beam  or  of  span  in  feet, 

E  is  the  oi^rricicnt  of  elasticity  in  pounds  per  sq.  inch. 

/  is  the  rr.orr.ent  :  f  inertia  o:  the  noimal  section  of  the 
beam  with  all  dinxnsi  jns  of  section  in  inches. 

The  "  Max.   M:n:cn:s"  will  be  in  foot  pounds,  and  the     . 
'*  Max.  Deliections  *"  will  be  in  inches.  - 

In  the  use  of  flexure  formulae,  in  many  practical  appli-     i 
cations,  it  is  best  to  have  the  moment  M  in  inch-pounds, 
which   will    result    from    simply    multiplying   the    *'  Max. 
Moments  "  of  the  preceding  table  by  12. 

Case  I  a^sults  iron\  eos.  14'  and  (15);  Case  II  from 
eqs.  0-  and  ic  :  Case  III  fn^^m  eqs.  (28)  and  (29); 
Case  IV  fr>rr:  eqs.  2*^  an!  27  .  In  Case  V  the  reaction 
is  found  by  ivjiting  j  =  J  in  eq.  •  4S ' ;  the  point  of  **  Max. 
Det!ec::-^n"*  is  r.^jnd  by  p::-cing  r,  =  V/ m  eq.  (40),  and  the 

« 

resulting  value  '^r  V-  equal  to  zero  and  s«Mving  for  x,  which 

latter    value    in   oq.      ji      will    give    "Max.    Deflection." 
Case  VI  rt suits  tr.^n:  treating!  eqs.  '5O.  <5i>,  and  (52)  ix'^ 
precisely    the    s.in:e    manner.     Case    VII    results   directl^^ 
from  the  formula?  on  page  142.     Case  VIII  results  directlj^^ 
from  the  equations  on  pages  140  and  141. 

The  preceding  cases  are  those  which  commonly  occu^^ 
with  constant  values  of  E  and  /.     Other  cases,  such  as  a- 
single  load  at  any  point,  or  partial  uniform  load  over  any 
part  of  span,  are  to  Ix^  treated  by  the  same  general  prin- 
ciples. 

Art  29. — Direct  Demonstration  for  Beam  Fixed  at  One  End 
and  Simply  Supported  at  the  Other  Under  Unifonn  and 
Single  Loads.  * 

A  T.K:3.rr.  is  siiid  to  Ix^  fixed  at  one  end  when  it  is  tinder 
such  constraint  tha:  the  neutral  surtace  does  not  change 
:t.s  direction   at   that  end  whatever  may  be  the  loading. 
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This  fixedness,  as  has  been  fully  shown  in  Art.  28,  is  equiv- 
alent to  the  application  of  a  suitable  constraining  moment. 
Beams  with  one  or  both  ends  under  such  constraint  have 
been  fully  treated  in  Art.  28,  but  it  is  desirable  to  establish 
theforaiulae  for  such  cases  directly,  i.e.,  without  the  employ- 
ment of  the  theorem  of  three  moments. 

In  Fig.  I  a  beam  is  shown  fixed  at  one  end  B  and  simply 
supported  at  the  other  end  A^  while  it  carries  a  uniform 
load  p,  per  linear  imit  and  the  single  load  P  at  the  distance 
al  from  A .     The  length  of  span  is  /  and  the  coordinate  x 


Fig.  I 


is  measured  horizontally  to  the  right  from  A.  The  two 
reactions  are  R  and  R\  E  is  the  modulus  of  elasticity, 
/  the  moment  of  inertia  of  the  normal  section  of  the  beam, 
and  a;  is  the  deflection  at  any  point.  The  bending  moment 
for  any  point  in  the  segment  al  of  the  beam  is : 


U) 


The  bending  moment  for  the  section  l—alol  the  beam  is 


EI^  =  Rx-p--P{x-al). 
dx^  2 


(2) 


Integrating  eq.  (i)  and  representing  by  C  the  constant 
of  integration : 


dx         2        6 


(3) 


•  • 
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Integrating  eq.  (3)  between  x  and  0,  remembering  tt 
w  =  o,  when  x=o\ 

EIw  =  R^-^+Cx I 

6       24 

Integrating  eq.  (2)  between  x  and  /,  remembering  t\ 

-p-=o  when  x  =  ly 
ax 

EI^^R^^^^^^{^-P)^i{x^-P^2al(x'-l))     . 
ax  2         0  2 

If  x  =  al  in  eqs.  (3)  and  (5),  the  first  members  of  tb 
equations  will  be  equal,  hence: 

\      ax  /  2  6 

(£Z^^).Kf(a-.)-f(»»-)+f(a-.,». 

Taking  the  difference  between  (6)  and  (7)  and  sol\ 
for  C: 

^  '      RP,pPPl\        ,2 

C= f-^H {a-ir 

262 

Placing  this  value  of  C  in  eq.  (4) : 

EIw=~{xr^-3Px)—^ix'-4Px)-^-—(a'-i)^x,     . 
0  24  2 

Integrating  eq.  (5)  between  the  limits  of  x  and  /: 

EIw  =4(%3  -3/2^+2/3)  — ^(rc4  -4/3^+3/4) 
6  24 

-^(^-3^'^ +  2^-3^/(^-0")      .... 
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Making  x=al  in  eqs.  (9)  and  (10)  and  subtracting  the 
former  from  the  latter,  there  will  result : 


.      R=ipl+Ha^-3a+2) (11) 

2 

This  equation  gives  the  reaction  required  to  enable  any 
of  the  preceding  formulae  to  be  applied  to  actual  compu- 
tations. The  loads  P  and  /?,  as  well  as  the  quantity  a  are 
obviously  known  for  any  particular  case  or  problem.  With 
the  value  of  the  reaction  now  established  by  eq.  (11)  the 
deflection  or  the  tangent  of  inclination  of  the  neutral  sur- 
face J-  may  be  at  once  computed  for  any  point  in  either 

part  of  the  beam.  The  fixing  or  constraining  moment 
required  to  keep  the  beam  horizontal  at  B  can  be  at  once 
determined  by  making  ^  =  /  in  eq.  (2)  and  it  has  the  value; 

M^Rl-^-Plii-a) (12) 

2 

If  the  load  is  wholly  uniform  or  P  =0,  eqs.  (11)  and  (i) 
give: 

R^ipl  and  M=-^ (13) 

This  value  of  M  is  the  constraining  moment  required 
at  B  when  the  load  is  wholly  uniform  and  is  identical  with 
eq.  54  of  Art.  28.  Indeed  the  preceding  equations  are  the 
same  as  those  established  for  the  continuous  span,  con- 
ditioned similarly  to  the  beam  treated  in  this  article. 

In  all  the  preceding  equations  if  the  load  is  wholly 
uniform  it  is  only  necessary  to  make  P  =  o.  On  the  other 
hand,  if  there  is  a  single  load  with  no  uniform  loading 


-  -J 


:«£.  [OlIL 


-niiiXirit-ir.  i£  "±4*  "itijin  -^    iict^x  fownward  over  its 
itrVJiiimi  -:;ir'   inii    :--il'  -±:l   :ii.wir"i  ri  'ie  vkmity  of  B, 

'.itiTi  r:-::r.  :»i  i  -•iinr  ic   — t -^'^*"^  v"*  trther  to  the  right 

-.r  ^-.  -Jjc  Itir:  ic  ."    iiiri'ir^-^.r  t :  n-  j:c3.:ncrL     If  that  pant 


r2L 


.  .  (14)  I 


"X'-T 


^j. i     t 


=\^- ^^r   -        ('s:) 


Si  I:  r-"^^  — "^  j:t::in«:n  :c  '±se  pomt  of  contrau-' 
ftuzzr^  ''."  'Z't  vil-^  :f  ^  n«r:L5ur^i  frjci  .A.  There  ar^s 
".v-,  rx*-.  ::  :"--r  rr:.:^tj:t:.  'm:  rvi  Senior  the  positive  valiL^ 

T:  -.?.r  -:».-^:  ::  ::ti-.n±rrjr^rr  is  r^rar^ea  P  and  A.whic^^ 
Y.  ,^-'-  -^  ---.^  :,2,i^  ::  -/-ri  ^ir.^'.r  loiii  wen?  near  the  right  " 
h,ir.l  rrr.i  ::  *.r.-r  -7m   ".h-:  >e:-:'i:i  nesibcr  <rf  eq.  (i)  mus"^ 

A=^ (i6y 

T-   o5-^  "/r.r  t«:ir.:  c:  o?r.:r^ex'.ire  is  at  the  point  of 


>^  •'  " 


2.\  ,  zR 


jL      —  ~~    -*■       •3»-«i**       mM      •""  p     •  •  •  •  •  II7y 


r»  f* 


If  :t  :=  d^rs^red  to  nr.i  :he  point  at  which  the  deflection 
;.    y<-^>*A*    :t  :=  osniv  necessar\-  to  place  -;-=o  in  either 
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3qs.  (3)  or  (s),  as  the  case  may  be,  and  solve  the  resulting 
3q.  for  X. 
The  reaction  R,  i.e.,  the  end  shear  at  B,  is; 

R'^pl+P-R (18) 

The  sum  of  the  two  reactions  must  be  equal  to  the 
total  load  on  the  beam. 

Special  Case,  a=\. 

In  this  case  eq.  (11)  will  give  the  reaction  i?  at  ^4  as 

follows: 

R'-^pl+^P (19) 

Hence,  the  reaction  R!  at  B  will  be: 

R'=pl+P-R  =  \pl+^P (20) 

The  fixing  or  constraining  moment  Mi  at  5  is  by 

eq-(i2): 

^--T-f6^^ ^") 

Eq.  (15)  shows  that  the  position  of  the  point  of  contra- 
5exure  will  depend  upon  the  magnitude  of  P.  If  P=o 
hat  equation  shows  that  the  point  of  contraflexure  will 
e  \l  from  A : 

x-V (22) 

The  part  |/  of  the  span  will  be  in  the  condition  of  a 
am  simply  supported  at  each  end  and  uniformly  loaded, 
^nce  the  greatest  positive  bending  moment  at  the  dis- 
ice  f/  from  A  is: 

M'^jhpP (23) 


ISO 


FLEXURE. 


VX 


The  point  of  greatest  deflection  will  be  found  by  placii 
the  second  member  of  eq.  (s)  =o  and  solving  for  x. 

Art.  30. — Direct  Demonstration  for  Beams  Fixed  at  Both  Ei 

tmder  Uniform  and  Single  Loads. 

Fig.  I  shows  a  horizontal  beam  with  both  ends  fix( 
so  that  whatever  may  be  the  magnitudes  of  the  unifoi 
loading  and  the  single  load,  or  the  position  of  the  latt 
the  neutral  surface  at  each  end  of  the  beam  remains  he 


722Jjmf.>W?m. 


Fig.  I. 

zontal.  The  coordinate  x  is  measured  from  the  left-ha 
end  A  of  the  beam  as  is  also  the  distance  al  of  the  sin 
load  P  from  the  left  end  of  the  span.  The  length  of  1 
span  is  /  and  the  reactions  or  shears  at  the  ends  of  1 
span  are  indicated  by  R  and  E! .  The  fixing  or  constra 
ing  moment  at  A  is  indicated  by  Mo  and  the  uniform  1( 
per  linear  unit  by  p.  If  as  before  w  represents  the  defl 
tion  at  any  point,  the  equation  of  moments  for  the  p 
al  of  the  beam  may  at  once  be  written : 


El 


d^ 


=  Mo+Rx-p—. 


Integrating  eq.   (i)   between  the  limits  x  and  o, 

remembering  that  -7-  =0  for  x  =0; 

ax 


dw 


px^ 


Er-f=Mox+R--  ^ 
dx  26 
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Integrating  eq.  (2)  between  the  limits  x  and  o,  eq.  (3) 
may  be  at  once  written  asw=o  for  x  =0: 

EIw^Mo^+R^-p-.     ....     (3) 
2  6         24 

f       Proceeding  in  the  same  manner  for  that  part  of  the 
beam  between  B  and  the  load  P  the  equation  of  moments  is : 

EIp^^Mo+Kx-p-^Pix-al).        .     .     (4) 
dx^  2 

Integrating  eq.  (4)  between  the  limits  of  x  and  /,  since 

^=ofor*  =  /; 

EIp  =  Mo(««  -  /^  +-(«2  -  P)  -  |(;c»  -  /3) 
ax  26 

-^{x^-P-2al(x-l)) (s) 

Again  integrating  between  the  limits  x  and  /: 

£/tt,=M«(-c_/)2+^(<c3  _3/2ar  +  2/3)  -^{x*  -4PX+3I*) 
2  0  24 


-E.f^-Pj^-alx^+2aPx+^P-aP\.      .     . 


(6) 


The  two  unknown  quantities  Mo  and  R  are  to  be  found. 
By  placing  x^al  in  eqs.  (2)  and  (5),  then  subtracting  the 
I    fonner  from  the  latter : 

o=«Mo--/+^+-(a-i)2.      ...     (7) 

262 

Again  making  :c  =  a/  in  eqs.  (3)  and  (4),  then  subtracting 
the  former  from  the  latter ; 

0  =  -ll^(2a  - 1)  -f  (3a  ~  2)  +^'(4a  - 3)  +-(a  - 1)^        (8) 
2  6  24  3 
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If  eq.  (7)  be  multiplied  by  h(2a  —  i)  and  then  subtracted 
from  eq.  (8),  the  following  value  of  the  reaction  or  end 
shear  will  at  once  result : 

;?=^^+P(a-i)2(2a  +  i) (9) 

2 

By  placing  this  value  of  R  in  eq.  (7),  the  value  of  Mo 
at  once  follows: 

Mo=-^-P/a(a-i)2 (10) 

12 

In  order  to  determine  the  moment  Mi  at  the  end  0 
of  the  span,  it  is  only  necessary  to  substitute  the  preceding 
values  of  Mo  and  R  in  eq.  (4) : 

Mi  =  -^~P/a2(i-a) (11 

12 

These  equations  give  all  the  quantities  required  for  the 
complete  solution  of  the  case.  The  reaction  or  end  shear 
at  B  is  simply : 

pl+p^R^Pl+P(^^(^a-iy(2a+i))    .     .     (12) 

2 

The  greatest  negative  bending  moment  will  obviously 
be  found  at  either  one  end  or  the  other  of  the  span,  depend- 
ing upon  the  value  of  a  £nd  the  amount  of  the  load  P. 
The  greatest  positive  bending  moment  will  be  found  where 
the  shear  is  zero. 

There  will  be  two  points  of  contraflexure,  one  in  each 
segment  of  the  span.  That  point  located  in  the  part  al 
will  be  determined  in  the  usual  manner  by  placing  the 
second  member  of  eq.  (i)  equal  to  zero  and  solving  the 
quadratic  equation.     This  simple  operation  will  give  eq. 

(13):  


*. 
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Proceeding  in  the  same  manner  with  eq.  (4)  there  will 

result: 


This  last  value  of  x  will  indicate  the  point  of  contra- 
flexure  for  the  right-hand  part  of  the  beam. 

Special  Case,  a  =  ^. 

If  P  be  placed  at  the  center  of  the  span,  a  =  J  and  eqs. 
(9),  (10),  and  (11)  will  give  eq.  (15): 

R^^+^  and  Mo=Mi  =  -^~     .     .     (15) 
22  12       8 

The  moment  M^  at  the  centre  of  the  span  will  be  given 
by  the  aid  of  eq.  (i): 

M'.ff+q (.6) 

24      8 

The  greatest  deflection  if  1  is  at  the  centre  of  the  span 

and  it  is  given  by  placing  ^  =-  in  eq.  (3). 

2 

The  values  of  Mo  and  R  are  given  by  eq.  (15). 


Art  31. — Deflection  Due  to  Shearing  in  Special  Cases. 

The  deflection  due  to  transverse  shearing  only  in  all 
the  ordinary  cases  of  loaded  beams  can  readily  be  com- 
puted by  aid  of  the  general  eq.   (9)  of  Art.  27.     If  d  is 
the  distance  from  the  most  remote  fibre  from  the  neu- 
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tral  axis  of  anv  normal  section  whose  moment  of  ii 
about  the  same  axis  is  /,  and  if  G  and  5  are  the  coefl 
of  elasticity  and  total  transverse  shear  respectivelj 
deflection,  Z£/,  sought  is 


Ii/ 


d^   r 


The  limits  of  the  integration  must  be  indicate 
each  particular  case. 


J 


if. X i 


I 


Fig. 


In  Fig.  I  let  the  cantilever,  whose  length  is  /,  can 
single   load   P  at   its  end,   and  the   uniform   load 
linear  unit.     The  shear  at  any  section  distant  x  fron* 
S  ^'P  i-px.     The  substitution  of  this  value  of  S  in  e 
will  give 

If  the  uniform  load  only  acts,  P  =o ;  and  if  P  onlj 
/>=o. 

Fig.  2  shows  the  case  of  a  simple  beam  supporl 
each  end,  carrying  a  uniform  load  p  per  linear  uni 
the  single  load  P  at  the  centre  of  the  span.  The  re; 
^  =  i(P  +  pO,  and  the  shear  S=R  —  px,  Hence  e 
gives  the  general  value  of  the  deflection 

J       d'     r\^^         ^.        d'   \x^^       ,^     px^\ 
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id  for  the  centre  ot  the  span: 

d 


m/  = 


2IG 


fJ\R-p,)dx=^{pi  +  ^).     .     (4) 


Fig.  2. 


The  values  of  the  deflection  w/  may  be  S-milarly  written 
:or  other  cases.  The  following  table  gives  the  results  for 
the  cases  indicated,  which  are  those  commonly  required. 


m 


IV 


Beam. 


V>  ptr  unU 


[T^ 


perumtt 


End  Shear. 


*P  per  u»tt 


iP 


ipl 


AP 


AP 


ipi 


iP 


\pi 


Shear  5. 


p' 


hP 


P(il-x) 


hp 


•f^p 


PW-x) 


hp 


Ml-') 


Section  for 
Deflection  a/'. 


from  end 


ii 


¥ 


•447' 


•4215' 


.5/ 


•5^ 


I  I 


I  I 


I  « 


I  < 


I  I 


I  « 


I  < 


I  I 


Deflection  »'. 


(PPl 
2IG 

iPpP 
4IG 

SIG 

16IG 

(PPl 
14.32/G 

(PPl 
12.8/G 

IG 

(PPl 
hIG 

(PpP 
16IG 
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The  end  shears  in  this  table  are  the  reactions  taken 
from  the  table  of  the  preceding  article,  the  "Beams"  in 
the  two  tables  being  the  same. 

The  total  deflection  for  any  particular  beam  is  to  be 
found  by  adding  the  **  Max.  Deflection"  from  the  tabte 
of  the  preceding  article  to  the  w'  foimd  in  the  above  tabfe. 

In  the  notation  of  the  preceding  article,  if  w^  is  the 
deflection  due  to  the  lengthening  and  shortening  of  tb^ 
fibres  the  total  deflection  in  any  case  will  be 

w=w^+ii/ (5) 

These   formula)   for   shearing    deflection,    like  all  t 
formula?  relating  to  the  distribution  of  transverse 
in  a  bent  beam,  are  more  accurately  applicable  to 
gular  or  circular  sections  than  to  others. 


Art.  32. — The  Common  Theory  of  Flexure  for  a  Beam 

of  Two  Materials. 

The  common  theory  of  flexure  as  set  forth  in  the 
ceding   articles  is  applicable  to  a  beam  composed  of  ti 
or  more  materials  with  minor  changes  only  in  the  formul 
established,  but  two  different  materials  only  will  be 
sidered  here,  as  that  number  are  frequently  used  in  enj 
neering  works. 

Two  such  materials,  concrete  and  steel,  are  widely 
in  reinforced  concrete  beams.     Let  E  be  the  modtdus  O^^ 
elasticity  for  steel  and  Ei  for  concrete,  and  let  e  reoreSBSBt 


the  ratio  between  the  two  moduli,  i.e.,  e=^-=r-.     This  ratio 

El 

for  concrete  and  steel  is  generally  taken  as  15,  sltboaAk 

12  is  sometimes  used.     Let  .4  be  the  area  of  that  part  of 

the  section  with  the  modulus  E  and  Ai,  the  area  of  sectkn 
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having  the  modulus  Ei.  Iiu=-  (the  reciprocal  of  the  radius 

p 

of  curvature)  be  the  strain  of  a  unit  length  of  fibre  at  unit 
distance  from  the  neutral  axis,  then  will  the  intensities 
of  the  direct  stresses  of  tension  or  compression  at  the  dis- 
tance z  from  the  neutral  surface  be: 

N\=E\uz  and  N  =Euz=eEiuz. 

Inasmuch  as  the  two  materials  are  supposed  to  act  together 
as  a  unit,  the  rate  of  strain  will  be  the  same  for  both  at  a 
given  distance  from  the  neutral  axis. 

The  amounts  of  direct  stress  on  the  two  differential 
areas  dA  1  and  dA  will  be  as  follows : 

EiuzdAi+EuzdA=aizdAi+eaizdA.       .     .  (i) 

fli  and  noi  are  intensities  of  stsess  at  unit  distance  from  the 
nutral  axis. 

The  stun  of  the  direct  stresses  of  tension  and  compression 
in  any  normal  section  of  the  beam,  if  the  beam  is  hori- 
zontal and  all  loading  vertical,  will  be  zero.     Hence: 

jzdAi+jezdA=o (2) 

The  limits  of  the  integrations  indicated  will  depend  upon 
the  form  of  cross-section  and  the  distribution  of  the  two 
materials.     Frequently  the  section  of  one  material,  such 
as  the  steel  in  reinforced  concrete  work,  is  but  a  small  per- 
centage of  the   total   cross-section,  and   it   is   sufficiently 
accurate  to  consider  it  concentrated  at  the  distance  ^2  from 
the  neutral  axis  on  one  side  of  the  latter  and  at  the  dis- 
tance dz  from  the  same  axis  on  the  opposite  side.     If  ^2 
is  considered   positive,    ds   must   be    taken   as   negative. 


Finally,  if  j42  and  ^3  be  taken  as  the  small  areas  of  sectioa  J 
of  the  material,  eq.  (2)  will  take  the  fonn  of  eq.  {3); 


fsdAi  +  iAsds-Aids)^ 


(j) 


Invariably  the  small  sections  A2  and  A3  belong  to  a 
material  with  a  far  higher  modulus  than  the  other.  In 
reinforced  concrete  the  sum  of  .42  and  ^43  is  usually  about 
I  per  cent  or  less  of  the  entire  cross-sectional  area  of  the 
beam  with  £  =  30,000,000  and  Ei  =2.000,000. 

When  the  form  of  cross-section  of  the  beam,  i.e.,  the 
cross-section  of  both  materials  of  which  the  beam  is  com- 
posed, is  known,  the  position  of  the  neutral  axis  of  the 
section  can  at  once  be  found  by  either  eq.  {2)  or  eq.  (ji- 
lt is  obvious  from  these  equations  that  the  neutral  axis 
will  not  pass  through  the  centre  of  gravity  of  the  section. 
Whether  it  will  be  at  one  side  or  the  other  of  that  point  will 
depend  upon  the  amount  and  distribution  of  the  materials 
and  the  greater  modulus  of  elasticity. 

Frequently  the  steel  is  omitted  on  the  compression  side 
of  reinforced  concrete  beams  and  in  such  case  either  A3  or 
A3  will  be  zero. 

The  bending  or  resisting  moment  of  the  internal  stresses 
in  any  normal  section  of  a  beam  can  be  written  at  onoe 
by  the  aid  of  the  second  member  of  eq.  (i).  If  that  second 
member  be  multiplied  by  z,  the  differential  resisting  momattjl 
will  at  once  result.     Hence: 


M  =  o,  J>d/1 ,  +eaifzMA . 


U) 


As  indicated  in  eq.  (i),  fli  is  the  intensity  of  the  dired 
stress  of  either  tension  or  compression  in  a  fibre  at  uni 
distance  from  the  neutral  axis  for  tlie  material  with  tb 
modulus  £1.     The  integrals  in  eq,  {4)  will  be  recognize 


J 
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at  once  as  the  moments  of  inertia  of  the  cross-section  of 
the  two  different  materials  about  the  neutral  axis  established 
by  eq.  (2)  or  eq.  (3).  If  the  same  asstmiptions  made  in 
connection  with  eq.  (3)  are  known  in  connection  with  eq. 
4  this  latter  equation  will  take  the  following  form  :* 

M^aifz^dAi+eai(A2(p2+A3(p3)^       .     .     (5) 

h        h         h 

Again  since  cii=y  =  ^  =  -T  ^Q-  (s)  "i^Y  ^^^  the  follow- 

di     02    dz 


ingfomi: 


M=h,+«^l2+e^Iz (6) 

ai  a2  as 


It  is  to  be  observed  that  k,  k2  and  ks  are  intensities  of 
stress  at  the  distances  from  the  neutral  axis  indicated  by 
ih  ^2,  and  da  in  the  material  whose  modulus  of  elasticity 
is£i. 

These,  equations  indicate  completely  the  only  modi- 
fications to  be  made  in  the  conunon  theory  of  flexure  as 
applied  to  one  material  for  a  beam  composed  of  two  differ- 
ent materials,  and  they  indicate  also  the  corresponding 
changes  necessary  to  adapt  the  common  theory  of  flexure 
to  a  beam  composed  of  more  than  two  different  materials. 

In  eqs.  (4),  (5),  and  (6)  the  moment  M  is  simply  the 
orfinary  expression  for  the  external  bending  moment  to 
*hich  a  beam  is  subjected  in  terms  of  the  horizontal  co- 
ordinate X  and  given  loads. 

.  The  formulae  to  be  used  to  compute  the  deflection  of 
a  beam  composed  of  two  materials  are  readily  written  by 
flieans  of  the  preceding  equations.     As 


fe     ^2      ^        77        El     T7  dhv 
oi     02  p  dx^ 


eq.  (6)  gives : 


"dx' 


ICb.n, 

■   III 


As  already  explained,  M,  the  external  bending  moment 
is  expressed  in  terms  of  the  loads  and  the  coordinate  t 
Eq.  (7}  therefore  can  be  integrated  precisely  as  in  the  cafl 
of  a  beam  of  a  single  material.  Indeed  there  is  no  diffw 
ence  between  the  two  cases  except  that  istead  of  tl* 
moment  of  inertia  /  for  a  single  material,  the  term  I-\-eIt^ 
e/a  must  take  its  place,  the  latter  expression  being  the  sun 
of  the  three  components  of  the  resultant  moment  of  inertii 
of  the  combined  normal  section. 

The  first  integration  of  eq.  {7)  will  obviously  give  & 
tangent  of  the  inclination  of  the  neutral  surface  at  an; 
point,  while  the  second  will  give  the  deflection. 

Alt.  33. — Graphical  Determination  of  the  Resistance  of  a  Betf 

The  graphical  method  is  well  adapted  to  the  treatmeil 
of  beams  whose  normal  sections  are  limited  either  whoil 
or  in  part  by  irregular  curves.  In  Fig.  i  is  represente 
the  normal  section  of  such  a  beam,  the  centre  of  gravit 
of  the  section  being  situated  at  C.  The  hnes  HL,  M 
and  DF  are  parallel.  As  is  known  by  the  common  the« 
of  flexure,  the  neutral  axis  will  pass  through  C. 

Let  aa  be  any  line  on  either  side  of  AB,  then  drawtl 
lines  aa'  normal  to  AB.  having  made  MN  and  HL  equidl 
tant  from  AB.  From  the  points  a'  thus  determined  dri 
straight  lines  to  C.  These  last  lines  will  include  intercept 
bb,  on  the  original  lines  aa.  Let  every  linear  eletna 
parallel  to  AB.  on  each  side  of  C,  be  similarly  treated,  i 
the  intercepts  found  in  this  manner  will  com  pose  the  shad 
figure. 

This   operation   in    reality,   and    only,    determines  i 
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amount  of  stress  with  a  uniform  intensity  identical  with 
that  developed  in  the  layer  of  fibres  farthest  from  the 
neutral  axis,  and  equal  to  the  total  bending  stress  existing 
in  the  section ;  this  latter  stress,  of  course,  having  a  varia- 
ble intensity.  HL  represents  the  layer  of  fibres  farthest 
from  the  neutral  surface,  consequently  MN  was  taken  at 
the  same  distance  from  AB,  Any  other  distance  might 
have  been  taken,  but  the  intensity  of  the  uniform  stress 


Fig.  1 

would  then  have  had  a  value  equal  to  that  which  exists 

at  that  distance  from  the  neutral  axis.     Again,  a  different 

intensity  might  have  been  chosen  for  the  stress  on  each 

side  of  AB,     It  is  most  convenient,  however,  to  use  the 

greatest  intensity  in  the  section  for  the  stress  on  both  sides 

of  the  neutral  axis;  this  intensity,  which  is  the  modulus  of 

rupture  by  bending,  will  be  represented,  as  heretofore,  by  K, 

Let  c  and  c'  be  the  centres  of  gravity  of  the  two  shaded 

figures.     These  centres  can  readily  and  accurately  be  found 

by  cutting  the  figures  out  of  stiff  manilla  paper  and  then 

balancing  on  a  knife-edge.     Let  s  represent  the  area  of  the 


I 
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•  I 

shaded  surface  below  AB,  and  s'  the  area  of  that  above 
AB. 

Because  this  is  a  case  of  pure  bending,  the  stresses  of 
tension  must  be  equal  to  those  of  compression.     Hence 

A'5=AV,     or    5=5^ (i)  ! 

The  moment  of  the  compression  stresses  about  AB  j 

will  be  ^ 

KsXc'C. 

The  moment  of  the  tensile  stresses  about  the  same  line 

will  be 

Ks  X  cC. 

Consequently  the  resisting  moment  of  the  whole  sectkn 
will  bo 

M=Ks(c'C+cC)^KsXcc' (a) 

Thus  the  total  resisting  moment  is  completely  deter- 
mined. In  some  cases  of  irregular  section  the  method 
becomes  absolutely  necessary. 

It  is  to  be  observed  that  the  centre  of  gravity, cote', 
is  at  the  same  nonnal  distance  from  /IS  as  the  centre  of 
the  actual  stress  on  the  same  side  ol  AB  with  c  or  c\ 

Art.  34.—  Greatest  Stresses  at  any  Point  in  a  Beam. 

Any  beam  under  transverse  loading  is  subjected  to 
internal  stresses  determined  by  the  Common  Theory  of 
Flexure,  the  intensities  of  fibre  stresses  varying  directly  as 
'the  distance  from  the  neutral  axis  while  the  transverse  and 
longitudinal  shears  arc  distributed  as  indicated  in  Art.  00. 
The  maximum  intensities  of  the  direct  stresses  and  shean 
at  any  i)oint,  however,  must  be  determined  by  the  aid  of 
the  procedures  given  in  Arts.  8  and  9.  • 
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The  intensity  of  the  direct  tensile  and  compressive 
stresses  in  any  normal  section  may  readily  be  determined 
when  the  conditions  of  loading  are  known.  The  only 
stresses  acting  on  any  two  transverse  planes  at  right  angles 
to  each  other,  one  horizontal  and  the  other  vertical,  are 
the  direct  fibre  stress  pp  and  the  longitudinal  and  trans- 
verse shear  pxv^  It  is  shown  in  Art.  8  that  the  two  inten- 
sities of  principal  stresses  are  given  by  the  following  equa- 
tion for  all  Joints: 


Again,  if  a  is  the  angle  which  the  axis  of  X  (vertical) 
makes  with  the  direction  of  one  of  the  principal  stresses 
it  is  shown  in  the  same  article  that 

tan2a=-^^ (2) 

P. 

By  the  use  of  these  equations  it  is  shown  in  Art.  10 
that  at  the  neutral  surface  of  the  bent  beam  where  the 
intensity  of  the  transverse  and  longitudinal  shear  has  its 
maximum  value,  i.e.,  f  the  mean  intensity  on  the  entire 
section,  there  will  be  two  principal  stresses  of  equal  inten- 
sity, and  of  the  same  intensity  as  the  shear,  but  of  opposite 
kinds,  one  being  tension  and  one  compression,  each  making 
an  angle  of  45**  with  the  neutral  surface.  This  determines 
completely  the  state  of  stress  at  the  neutral  surface.  In 
the  same  article  it  is  shown  that  there  is  but  one  principal 
stress  at  the  exterior  surface  and  that  is  the  ordinary  fibre 
stress  of  flexure  whose  intensity  is  determined  by  the  bend- 
ing moment  at  the  normal  section  considered.  This  inten- 
sity may  be  called  k.  The  greatest  intensity  of  shearing 
stress  at  the  surface  of  the  beam  where  the  intensity  k 
exists  is  given  by  eq.  (5)  of  Art.  9.      One  of  the  principal 
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stresses,  i.e.,  that  one  normal  to  the  exterior  surface  of  the 
beam  will  be  zero.  Hence  the  maximum  shear  will  be 
f oimd  on  two  planes  at  right  angles  to  each  other  and  eadi 
at  45**  to  the  surface  of  the  beam,  the  intensity  of  the  shear 
being  one-half  of  the  principal  stress  k.  These  consider- 
ations determine  completely  the  greatest  stresses  at  the 
neutral  surface  and  at  the  exterior  surface,  upper  or  lower, 
of  the  beam.  There  remain  to  be  found  the  intensity  of 
principal  stress  at  all  other  points  by  means  of  eqs.  (i) 
and  (2). 

To  illustrate  the  necessary  procedures,  let  a  steel  beam 
of  rectangular  normal  section  be  taken  with  an  effective 
span  of  20  feet,  and  with  a  depth  of  16  inches.  For  the 
purpose  of  these  computations  the  beam  may  be  consid- 
ered to  have  a  lateral  thickness  or  width  of  i  inch,  making 
the  area  of  cross-section  16  square  inches.  The  load  per 
linear  foot  may  be  taken  at  11 40  pounds,  producing  an 
extreme  fibre  stress  of  A;  =  16,000  pounds  per  square  inch. 
If  X  be  measured  from  one  end  of  the  span  and  if  sb^  be 
measured  upward  and  downward,  respectively,  from  the 
neutral  surface,  the  greatest  value  in  either  direction  being 
8  inches,  and  if  /  be  the  moment  of  inertia  of  the  normal 
section  of  the  beam  about  its  neutral  axis,  there  may  be 
written  the  following  values  for  the  bending  moment  and 
intensity  of  fibre  stress  at  any  distance  z  from  the  neutral 
axis,  g  being  the  load  per  unit  of  span : 

,     Mz 


M=^{l-x)x        :.  k^py=-^.zx{l-x).  .    .     (3) 
2  21  ^ 

The  transverse  shear  at  any  section  x  from  the  end  ol 
the  span  is 
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>=4-4 


It  is  found  by  eq.  (6)  of  Art.  15  that  the  intensity  of 
transverse  and  longitudinal  shear  at  any  point  in  a  section 
of  the  beam  is 


(4) 


The  value  of  tan  2a  giving  the  direction  in  which  the 
principal  stresses  act  now  becomes 

Fig.  I  shows  a  part  of  one-half  of  the  beam  under  con- 
sideration, the  effective  span  being  20  feet  =240  inches. 
One  end  support  is  at  B  while  CD  is  at  the  centre  of  the 
span.    NN  is  a  trace  of  the  neutral  surface. 

Normal  sections  of  the  beam  were  taken  2  feet  apart 

at  F,  C,  H  and  C  and  the  directions  and  intensity  of  the 

principal  stresses  p  were  computed  by  means  of  eqs.  (i) 

and  (2)  at  four  points  2  inches  apart  vertically,  including 

the  neutral  surface  and  exterior  surfaces  at  each  of  those 

sections.     The  curved  lines  drawn  in  Fig.  i  are  each  laid 

down  in  the  direction  of  the  principal  stresses  acting  at 

?ach  point,  the  curves  having  the  plus  sign  representing 

:he  directions  of  principal  tensile  stresses,  while  those  indi- 

rated  by  the  minus  sign  show  the   directions  of  the  prin- 

ripal  compressive  stresses  at  each  point.     Along  the  neutral 

iirface  AW  all  lines  are  inclined  at  an  angle  of  45°  to  that 

urface,  while  at  each  exterior  surface  one  set  of  lines  is 


parallel  to  that  surface  and  the  other  at  right  aisles  t 
Wherever  the  curved  lines  cross  they  are  at  right  angle 


each  other.  The  plus  stresses  at  the  upper  surface  of 
beam  and  the  minus  stresses  at  the  lower  surface  1 
zero  intensities  at  those  surfaces.     At  the  centre  of  i 
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CD  all  lines  are  horizontal,  as  the  shear  at  that  point  is 
KTO.    They  are  horizontal  whatever  may  be  the  character 

loading  at  the  point  where  the  bending  moment  is 
i.e..  where  the  shear  is  zero.  These  curved  lines 
iting  the  direction  of  the  principal  stresses  at  all 
points  are  sometimes  called  stress  trajectories. 

Some  important  practical  matters  are  based  upon  the 
existence  of  the  principal  stresses  of  tension  and  compres- 
aonat  the  neutral  surface  of  a  bent  beam,  those  principal 
stresses  making  angles  of  45°  with  that  surface.  In  Fig.  2 
shown  a  rolled  I-beam,  although  this  discussion  is  equally 
applicable  to  the  web  of  a  plate  girder. 

Inasmuch  as  the  inclined  principal  stresses  of  tension 
and  compression  act  at  the  neutral  surface,  let  that  dis- 
Iribution  of  principal  stresses  be  supposed  to  exist  through- 
Mi  the  entire  web  of  the  rolled  beam.  This  condition  may 
be  represented  by  the  sets  of  lines  drawn  in  Fig.  2.  each  at 
an  inglefof  45°  with  the  vertical  line  (or  with  a  horizontal 
line).  Let  it  be  supposed  that  the  entire  web  of  the  beam 
is  composed  of  the  strips  shown,  those  indicated  by  the 
ItroVen  lines  AB  being  subjected  to  tension  in  the  left  half 

the  beam  and  those  represented  by  full  lines,  to  compres- 
m.  Inasmuch  as  the  strips  AC  will  be  subjected  tocom- 
pTKsion  they  may  approximately  be  considered  columns 
with  the  length  h  sec  4S°=hV^,  The  thickness  of  the 
web  of  flanged  beams  such  as  plate  girders  is  sometimes 
delennined  by  an  empirical  formula  based  upon  this  long- 
column  condition  of  stress.  Any  part  i4C  of  the  web  is 
ifi  (art  not  in  a  true  long-column  condition  because  the 
pans  parallel  to  AB  are  in  tension  and  tend  to  hold  the 
parts  AC  in  position. 

Again,  it  is  sometimes  supposed  that  the  web  of  a  flanged 
iKam  may  be  considered  approximately  to  be  composed 
of  a  s>'stem  of  tension  and  compression  web  members  like 
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a  truss  represented  by  such  sets  of  strips  of  metal  as  A 
and  AC. 

The  condition  of  compression  in  which  the  web  exii 
in  the  direction  AC  tends  to  buckle  a  thin  web  into  con 
gations  with  their  axes  parallel  to  AB.  and  such  girdi 
exhibit  that  result  when  tested  to  destruction  if  the  w 
is  insufficiently  stiffened.  For  this  reason  it  has  son 
times  been  proposed  to  place  the  stiffeners  on  the  we 
of  plate  girders  in  the  direction  AC,  Fig.  2,  so  as 
prevent  any  buckling  of  the  kind  described.  Such 
method,    however,   is  not  satisfactory   for  a    number 


If  the  total  transverse  shear  in  any  normal  sections 
the  beam  such  as  a  vertical  section  through  .4  or  C  be  cal 
5  then  the  average  intensity  of  shear  assumed  unifoni 

distributed  over  the  section  of  the  web  would  be  s=" 

Since  such  a  vertical  section  would  cut  the  same  numi 
of  inclined  strips  in  tension  and  compression,  the  shi 

-V^  {sec.  45°)  would  be  carried  by  each  of  the  sets 

inclined  strips  whose  normal  section  would  be 

(«  cos  45    "'—p.  ^H 


Hence,  the  intensity  of  stress  in  each  of  the  two  sets 
strips  would  be  ^H 


2v^.. 


This  is  the  same  intensity  as  the  mean  transverse  shear 
the  section  of  the  web.     According  to  this  mode  of  tre 


J 
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ment,  therefore,  it  is  seen  that  the  intensities  of  stress 
throughout  the  assumed  45°  strips  is  the  same  as  the  inten- 
sity of  the  average  transverse  shear.  This  again  is  simply 
the  condition  which  exists  at  the  neutral  surface  of  the 
solid  beam  as  already  found,  except  in  that  case  the  inten- 
sity of  transverse  shear  at  the  neutral  surface  is  one  and 
one-half  times  the  average  intensity. 


Art  3S. — ^The  Flexure  of  Long  Coltmms. 

A  "  long  column  "  is  a  piece  of  material  whose  length 
is  a  number  of  times  its  breadth  or  width,  and  which  is 
subjected  to  a  compressive  force  exerted  in  the  direction  of 
its  kngth.  Such  a  piece  of  material  will  not  be  strained 
or  compressed  directly  back  into  itself,  but  will  yield 
laterally  as  a  whole,  thus  causing  flexure.  If  the  length 
of  a  long  column  is  many  times  the  width  or  breadth,  the 
failure  in  consequence  of  flexure  will  take  place  while  the 
pure  compression  is  very  small  and  neglected. 

As  with  beams,  so  with  columns,  the  ends  may  be 
"fixed/*  so  that  the  end  surfaces  do  not  change  their 
position  however  great  the  compression  or  flexure.  Such 
a  column  is  frequently,  perhaps  usually,  said  to  have 
fixed  ends.  If  the  ends  of  the  column  are  free  to  turn 
in  any  direction,  being  simply  supported,  as  flexure  takes 
place,  the  colttmn  is  said  to  have  **  round"  ends.  It  is 
clear  that  if  the  column  has  freedom  in  one  or  several 
directions  only,  it  will  be  a  **  rotmd**  end  column  in  that 
one  direction,  or  those  several  directions,  only.  It  is 
also  evident  that  a  column  may  have  one  end  round  and 
one  end  flat  or  fixed. 

In  Fig.  I  let  there  be  represented  a  column  with  flat  ends, 
vertical  and  originally  straight.     After  external  pressure  is 


1 70  FLEXURE, 

imposed  at  A,  the  column  will  take  a  shaj 
to  that  represented.  Consequently  the  k 
i4,  will  act  with  a  lever-arm  at  any  secti 
to  the  deflection  of  that  section  from  it: 
position.  Let  y  be  the  general  value  of 
flection,  and  at  B  let  y=yy  Let  x  be 
from  i4,  as  an  origin,  along  the  origina 
the  column.  In  accordance  with  principle 
established,  the  condition  of  fixedness  ai 
the  ends  A  and  C  is  secured  by  the  appl 
a  ftegattve  moment,  —M.  It  is  known 
general  condition  of  the  column  that  t 
of  its  axis  will  be  convex  toward  the  axi 
^^^'  '•  and  near  .4,  while  it  will  be  concave  at 
B  (the  middle  point  of  the  column).  Hence,  s 
positive  toward  the  left,  and  since  the  ordinate 
second  derivative  must  have  the  same  sign  ^ 
curve  is  convex  toward  the  axis  of  the  abscissae,  tV 
equation  of  moments  must  be  written  as  follows : 

EI^,=^M^Py 

Multiplying  by  2dy, 

2dvd^v 
EI  -  -^ -2—  =  2Mdy  -  P2ydy; 

:.  £/(^^)'  =  2.1/y-P/  +  (c=o);  . 
c«=o,  because  the  column  has  flat  ends,  and 


when  y— o.    Also 
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dy 


when  y  -y^ ; 


dx 


'•'  M-^' (3) 


Eq.  (2)  now  becomes 


n  ^      \  y  y  —  y* 

HE              2V 
/.  «=-^-7y  versin-*^ (4) 


Hy-J',, 


^  yt 


*=I=W 


EI 

P' 


(5) 


In  this  equation  /  is  the  length  of  the  column.     From 
eq.  (S)  there  may  be  deduced 

p^*-^ (« 

It  is  to  be  observed  that  P  is  wholly  independent  of  the 
deflection,  i.e.,  it  remains  the  same,  whatever  may  be  the 
amount  of  deflection,  after  the  column  begins  to  bend. 
Consequently,  if  the  elasticity  of  the  material  were  per- 
fect, the  weight  P  would  hold  the  column  in  any  posi- 
tion in  which  it  might  be  placed  after  bending  begins, 
rhis  result  is  for  pure  flexure,  direct  compression  being 
leglected. 

Eq.  (6)  forms  the  basis  of  some  old  long  colimm 
Drmulae  now  out  of  use.  It  was  first  established  by 
luler. 
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Some  very  important  results  follow  from  the  conade- 
ration  of  Fig.  i  in  connection  with  the  preceding  equa- 
tions. 

The  bending  moment  at  the  centre,  B,  of  the  columx] 
is  obtained  by  placing  y^y^  in  eq.  (i);  its  value  is,  coa- 
sequently, 

M'^-M  +  Py^^M (7: 

Hence  the  bending  at  the  centre  of  the  column  is  exadl^ 
the  same  (but  of  opposite  sign)  as  that  at  either  end.  Betweei 
A  and  B,  then,  there  must  be  a  point  of  contra-flexure. 

Putting  the  second  member  of  eq.  (i)  equal  to  zero 
and  introducing  the  value  of  M  from  eq.  (3), 

y  ='i- 

Introducing  this  value  of  y  in  eq.  (4),  and  bearing  ii 
mind  eq.  (5), 

The  points  of  contra-flexure,  then,  are  at  H  and  L 
\l  and  \l  from  A, 

Hence  the  middle  half  of  the  column  (HD)  is  actually 
column  uith  round  ettds,  and  it  is  equal  in  resistance  to 
fixed-end  column  of  double  its  length. 

/ 
Hence  writing  /'  for  -  and  putting  2/'  for  /  in  eq.  (6), 

p  =  ( 

Eq.  (9)  gives  the  value  of  P  for  a  round-end  column. 

Again,   either  the  upi^er  three   quarters    (AD)    or  t 

lower  three  quarters  (CH)  of  the  column  is  very  neai 
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equivalent  to  a  column  with  one  end  flat  and  one  end  round, 
and  its  resistance  is  equal  to  that  of  a  fixed-end  column 

whose  length  is  -  its  own.     Putting,  therefore, 


and  intFoducing 

3* 

in  eq.  (6), 

(lo) 


The  last  case  is  not  quite  accurate,  because  the  ends  of 
the  columns  HC  and  AD  are  not  exactly  in  a  vertical  line. 

In  reality,  the  column  under  compression  may  be  com- 
posed of  any  number  of  such  parts  as  HD,  with  the  por- 
tions HA  and  CD  at  the  ends,  thus  taking  a  serpentine 
shape,  so  far  as  pure  equilibrium  is  concerned.  In  such 
a  condition  the  column  would  be  subjected  to  considerably 
less  bending  than  in  that  shown  in  the  figure.  In  ordinary 
experience,  however,  the  serpentine  shape  is  impossible, 
because  the  slightest  jar  or  tremor  would  cause  the  column 
to  take  the  shape  shown  in  Fig.  i.  Hence  the  latter  case 
only  has  been  considered. 

If  r  is  the  radius  of  gyration  and  5  the  area  of  normal 
section  of  the  column,  eqs.  (6)  and  (9)  will  take  the  forms 

P     47:'Er'  P  _  r^Er^ 

5  "     /'         and     ^  -     ^,3    . 

Eq.  (10)  will,  of  course,  take  a  corresponding  form. 
These  equations  evidently  become  inapplicable  when  ^ 
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approaches  C,  the  ultimate  compressive  resistance  of  the 
material  in  short  blocks.  The  corresponding  values  of  (- ) 
at  the  limit  are 

^  \^  A      ^  W  f'^ 

-=27r-^^      and     -=7r-^^       .     .     .    (ii; 

for  fixed  and  round  ends  respectively ;  other  conditions  oi 
ends  will  be  included  between  those  two. 
If  for  structural  steel 

£=30,000,000     and     C  =  6o,ooo, 

the  above  values  become  140  and  70,  nearly. 

Euler's  formula,  therefore,  is  strictly  applicable  only  to 
structural  steel  columns,  with  ends  fixed  or  rounded,  foe 
which  l-^r  greatly  exceeds  140  and  70,  respectively. 

If  for  cast  iron 

£  =  14,000,000    and     C  =  100,000, 

eqs.  (11)  give 

/  / 

-  =  74     and     -=37,  nearly. 

Euler's  formula  evidently  becomes  inapplicable  con- 
siderably above  the  limits  indicated,  since  columns  in  which 

/ 

-  has  those  values  will  not  nearly  sustain  the  intensity  C 

The  analytical  basis  of  "Gordon's  Formula"  for  the 
resistance  of  long  columns  is  so  closely  associated  with  the 
empirical  that  both  will  be  treated  together  hereafter. 


SPECIAL  CASES  OF  FLEXURE  OF  LONG  COLUMNS, 


ns 


1  36. — Special  Cases  of  Flexure  of  Long  Columns. 

re  are  a  few  cases  of  flexure  of  columns  which, 
ot  frequently  found  in  engineering  experience,  may 
)me  practical  importance.  The  two  or  three  which 
ivolve  the  integration  of  linear  differential  equations 
in  advanced  works  on  the  integral  calculus ;  con- 
ly  the  operations  of  integration  will  not  be  given 
it  the  general  integrals  will  be  assiuned. 

Flexure  by  Oblique  Forces, 

'ig.  I  let  OA  represent  a  coliunn  acted  upon  by  the 

force  P,  which  makes  the  angle  a  with  the  axis  of 

le  column  is  supposed  to  be 

the  direction  of  OX  at  0,  but 

•dinates  x  and  y  are  measured 

e  point  of  appUcation  A  of  the 

as  shown  in   the  figure.     If 

md  moments  are  positive,  and 

d    negative,    the  component 

vill  have  the  negative  moment 

ax  about  any  point  0'.     The 

m  of  P  cos  a,  if  the  deflection 

itive,  is  +y,  and  its  moment 

ay  is  also  negative.      Hence 

Itant  moment  of  any  force,  P, 

?nce  to  the  point  0'  is 


-7-^=~Psma 

ix^ 

-P  cos  ay 


(i) 


Fig.  I. 


my  ntunber  of  forces  or  loads  P  there  will  obviously 
responding  ntimber  of  pairs  of  terms  in  the  third 
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member  of  eq.  (i).     It  will  therefore  be  sufl&dent  to  treat 
one  force  P  only. 

Eq.  (i)  may  be  put  in  the  form, 

cPy  ,    „  P  sin  a  /  x 

dx^  EI 

T     i.t_-  J.'        2    P  cos  a      J         PsinoE     „     /^\ 

In  this  equation  tr- — =^ —  and  m  =  — ^irr— •    Eq.  (2) 

EI  EI 

may  readily  be  integrated  so  as  to  give  the  following 

equation,  Ci  and  C2  being  constants  of  integration: 

y  =  -^\nx+CismnX'-C2COsnx]    .      .     .     (3) 

Using  the  values  of  m  and  n  given  above  y  may  take 
the  following  form,  observing  that  -^  =  —tan  a: 


^   .      IP  cos  a       ^,  IP  cos  a 

=  c  sm-yl  3g  -  C  cosyj-^ — X  -X  tan  a  .     (4) 


The  coefficients  C  and  C  have  the  values 


C  =  —  Ci  tan  a-v/- 


£/ 


P  cos  a 

and  

C  =  —C2  tan  avT^ , 

\  P  cos  a 

and  they   may  be  treated   as  arbitrary  constants  to  be 
determined  by  the  conditions  of  each  problem 

As  X  and  the  deflection  y  arc  measured  from  the  point 
of  application  of  the  load  P,  if  j:  =  o  then  must  y  =0.  Hence 
by  eq.  (4),  C'=o.     Consequently 


^   .      IP  cos  Of 
:V=Csin-^ — —   -x-xtSLTia    .     .     .     . 


(S) 
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If  a  IS  greater  than  90**,  cos  a  will   be  negative  and 
the  exponential  value  of  the  sine  may  be  used  as  follows : 

IP  cos  tt 

Placing  b  =-J — ^j — ,  and  e  being  the  base  of  the  Naperian 
logarithms: 

..(e^'^'-e-^'^~')-xtana.  .     .     (6) 


y  = 


'.V^ 


When  cos  a  is  negative  bV  —  i  is  the  square  root  of  a 

C 
positive  quantity,  and      —  will  be  rational. 

V  — I 

Column  Free  at  Upper  End  and  Fixed  Vertically  at  Lower 
End  with  either  Inclined  or  Vertical  Loading  at  Upper  End, 

In  this  case  the  axis  of  x,  Fig.  i,  is  to  be  considered 
vertical  with  the  column  fixed  at  its  base  0.  In  accord- 
ance with  the  latter  condition  -p-  =o  at  0,  i.e.,  when  ^  =  /  = 

dx 

length  of  colimm. 
From  eq.  (s), 


dy    ^  I  Pcosa  If  cos  a      ,  ,  V 

It  is  to  be  observed  that  P  is  not  yet  determined  and 
that  cos^ — ■=j —  X  may  vary  largely  (and   periodically) 

while  -r-  remains  tmchanged. 
ax 

If  the  colunm  carries  a  vertical  load  at  its  upper  end 

a  =o  — tan  a,  and  when  x^l.-y-  =o.     Eq.  (7)  then  gives: 

ax 


Cosyj^l^o (8) 
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If  /  is  any  whole  odd  ntimber  from  i  to  infinity,  then 
there  may  be  placed  by  the  aid  of  eq.  (8): 


(9) 


If  this  value  be  substituted  in  eq.   (7)  after  making 
a  =  tan  a  =0: 


dy    ^  \P        fx 

Eq.  do)  shows  that  when  x=-r(/  being  any  whole  odd 

number)  -r  =o«  for  ^^^  -  =cos  00°  =0. 

ax  2 

Obviously  P  must  have  the  smallest  value  which  will 
satisfy  eq.  (9);  but  /  cannot  be  smaller  than  i.     Therefore 

^=^^-$ •  •  •  (") 

The  cam'ing  capacity  of  the  column  is  thus  seen  to  be 
independent  of  the  deflection  as  was  the  case  in  Art.  35. 
but  it  must  be  obser\'ed  that  the  effect  of  direct  compression 
is  neglected,  i.e.,  it  is  a  case  of  pure  bending  of  excessively 
long  columns.  The  end  of  the  column  considered  here 
which  carrier  the  vertical  load  is  free  to  deflect  laterally. 
whereas  in  Art.  35  both  ends  are  supposed  to  be  held 
against  lateral  movement.  In  the  latter  case  the  resist- 
ance is  seen  to  be  nine  times  as  great  as  in  the  present. 

Eq.  (11)  can  be  found  in  a  direct  and  simple  manner 
by  making  M  =0  in  eq.  (i)  of  Art.  34  and  integrating  the 
resulting  equation. 

Since  by  eq.  (8),  cos-^-^/  =  o,  sin-^— /  =  i. 
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If  therefore  a=o  and  x=l  in  eq.  (5),  and  if  >>  is  the 
deflection  of  the  free  end  of  the  column  in  reference  to 
the  base,  Fig.  i,  that  equation  will  give: 

C=yi (12) 

Then 

y^yism^-^x (13) 

For  a  given  value  of  x,  therefore,  y  varies  directly  as 
)'i  and  the  relative  deflections  at  the  base  and  any  point 
may  be  computed  by  the  equation : 

Or  in  the  ordinary  case: 

y       .    tx  ,     s 

-=^=sm  -r (15) 

yi  2I  ^  ^^ 

It  should  be  remembered  that  deflection  is  initiated  by 
the  load  P  determined  by  eq.  (11)  and  that  the  deflection 
may  take  any  subsequent  value  without  increase  of  load. 

Problems  for  Chapter  II. 

Problem    i. — A  beam  simply  supported  at  each  end 

carries  a  load  of  850  pounds  per  linear  foot  over  a  span  of 

26  feet.     Find  the  bending  moment  and  transverse  shears 

at  the  end  and  centre  of  span  and  at  2  points  3  feet  and  1 1 

feet  6  inches  respectively  from  the  end. 

Ans.  Moment  at  end  is  o;  at  3  feet,  29,325  ft. -lbs. ; 
at  11.5  feet,  70,868.75  ft. -lbs. ;  at  centre,  71,825 
ft. -lbs.  Shear  at  end  is  11,050  lbs.;  at  3  feet, 
8500  lbs.;  at  1 1.5  feet,  1275  lbs. 


i8o 
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Problem  2. — A  beam  or  girder  having  a  span  length  of 
41  feet  carries  a  unifotTn  load  of  1 200  pounds  per  linear  fool 
and  a  single  weight  of  1800  pounds  at  the  centre.  Find 
the  bending  moments  and  the  shears  due  to  the  unifonn 
load  and  the  single  load  separately  at  the  ends  and  at  the 
centre  and  at  points  6  and  14  feet  from  the  end. 

Problem  3. — In  Problem  2  find  the  single  weight  which 
placed  at  the  centre  of  the  span  will  produce  the  same 
centre  bending  moment  as  the  uniform  load. 

Ans.   24,600  pounds. 

Again,  find  two  weights  placed  6  feet  apart,  i.e.,  one 
3  feet  either  way  from  the  centre,  which  will  produce  the 
same  centre  bending  moment  as  the  uniform  load. 

Ans.  Each  of  the  two  weights  is  14,406  pounds. 

Problem  4. — A  beam  or  girder  with  a  span  length  of 
31  feet  carries  a  unifonn  load  of  300  pounds  per  linear  foot 
in  addition  to  five  loads,  the  first  weighing  7000  pounds 
at  a  distance  of  3  feet  from  the  end;  the  second  weighing 
10,000  pounds  7  feet  from  the  end;  the  third  weighing 
11,000  pounds  14  feet  from  the  end;  the  fourth  weighing 
17,000  pounds  21  feet  from  the  end,  and  the  fifth  weighing 
6400  pounds  27  feet  from  the  end. 

Construct  the  shear  and  moment  diagrams  for  this  case, 
Fig.  2  of  Art.  15  and  Fig.  2  of  Art.  12. 

Problem  5. — Find  a  uniform  load  for  the  same  beam 
considered  in  Problem  4  which  will  have  a  centre  bending 
moment  equal  to  the  greatest  bending  moment  of  that 
problem ;  also  another  uniform  load  whose  end  shear 
shall  equal  the  greatest  of  the  two  end  shears  of  Prob- 
lem 4.  Such  uniform  loads  are  called  "  equivalent  uniform 
loads." 

Problem  6,— In    Problem  2  the  moment  of  inertia  / 


J 
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is  3570  (the  unit  being  the  inch),  while  £  =  30,000,000, 
the  beam  being  of  steel.  Find  the  tangent  of  inclination 
of  the  neutral  surface  at  the  end  and  at  10  feet  from  the 
end.  Also  find  the  deflection  at  the  centre  of  span  and 
at  10  feet  from  the  end.  Use  eqs.  (19),  (20),  and  (21) 
of  Art.  22. 

Partial  Ans.  Tangent    10    feet    from    end    is    .00344. 

The  deflection  at  the  same  point  is  .53  inch. 
Problem  7. — In  Problem  6  let  it  be  required  to  ascer- 
tain how  much  additional  deflection  is  produced  by  the 
transverse  shear  at  the  centre  of  the  span  and  at  10  feet 
from  the  end.  Let  the  coefficient  of  elasticity  for  shear 
(G)  be  taken  at  12,000,000  potmds,  while  /  =  357o  and 
d^i4  inches. 

Ans.  Deflection  at  10  feet  is  .0054  inch,  and  at  the 
centre  of  span  .0075  inch. 


CHAPTER  III. 

TORSION. 

Art.  37. — Torsion  in  Equilibrium. 

The  state  of  stress  called  torsion  is  produced  when  a 
straight  bar  of  material,  like  a  piece  of  round  shafting,  is 
twisted.  Such  a  bar  is  represented  in  Fig.  i,  the  axis  of 
the  piece  being  AB,  and  its  normal  cross-section  having 
any  shape  whatever.  In  engineering  practice  the  outline 
of  that  normal  section  is  usually  circular,  although  it  is 
occasionally  square. 


The  twisting  of  the  bar  is  done  by  the  action  of  t^ 
equal  and  opposite  couples  acting  in  two  planes,  each  nor- 
mal to  the  axis,  but  at  any  desired  distance  apart.  The 
two  couples  are  represented  in  Fig.  i  at  each  end  of  the 
piece  in  the  two  normal  sections  A  and  B,  The  forces 
and  lever-arm  of  one  couple  are  respectively  P  and  tf,  and 
P'  and  ^  of  the  other.     The  moment  of  the  first  couple 
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will  be  Pe  and  that  of  the  second  couple  P'e'.  and  if  pure 
torsion  is  to  be  produced  these  two  moments  must  be  equal, 
but  opposite  to  each  other.  Inasmuch  as  the  moment  of  a 
couple  is  the  product  of  the  force  by  the  lever-arm,  the 
forces  and  lever-arms  of  the  two  testing  couples  may  vary 
to  any  extent  as  long  as  the  moments  remain  unchanged. 
Although  the  system  of  forces  to  which  a  bar  in  torsion 
is  subjected  is  such  as  to  be  in  equilibrium,  any  portion 
of  the  piece  will  tend  to  have  its  normal  sections  like  those 
at  CD  rotated  over  each  other,  the  result  being  a  small 
sliding  motion  around  the  axis  of  the  piece.  Hence  a 
torwve  stress  is  wholly  a  shearing  stress  on  normal  sections 
of  the  piece  subjected  to  torsion.  It  is  further  important 
to  observe  that  inasmuch  as  a  couple  produces  the  same 
effect  wherever  it  may  act  in  its  own  plane,  the  actual 
twisting  moment  need  not  be  applied  with  its  forces  sym- 
metrically disposed  in  reference  to  the  axis  of  the  piece; 
indeed,  both  of  those  forces  may  be  anywhere  on  one  side 
of  the  piece  without  \'arying  the  conditions  of  torsion  or 
torsive  stress  to  any  extent  whatever. 

It  is  known  from  the  general  theory  of  stress  in  a  solid 
body  that  although  there  can  be  no  stresses  of  tension  and 
cotnpression  parallel  to  the  axis  of  a  bar  under  torsion,  or 
at  right  angles  to  it,  there  will  be  such  stresses  of  varying 
intensities  on  oblique  planes.  Inasmuch  as  the  result  of 
torsion  is  to  slide  normal  sections  each  past  its  neighbor, 
the  elastic  torsive  shear  like  any  other  shear  will  not  change 
the  vohime  of  the  body.  The  principal  shearing  strains 
win  prtxluce  deformation  without  changing  the  dimensions 
whose  jiroduct  gives  the  volume. 

The  exact  and  complete  mathematical  theory  of  tor- 
sion deduced  from  the  general  equations  of  equilibrium  of 
stresses  in  an  elastic  solid,  without  extraneous  assump- 
tions, will  be  found  in  i\pp.  I.     Those  formuke  show  accu- 


rately  the  state  of  torsive  stress  in  bars  oi 
material  and  of  various  shapes  of  cross-section. 
general  purposes  of  engineering  practice  that  generaj 
stration  is  rather  complicated.  Hence  it  is  often  i 
by  making  certain  approximate  assumptions  based  1 
extent  on  experimental  observations  which  lead 
approximate  and  simpler  theory,  yielding  formulje  a 
only  for  the  circular  normal  section,  but  which  i 
materially  in  error  for  the  square  section.  These  f 
are.  however,  far  from  accurate  for  certain  other  si 
In  this  article  only  the  formulir  of  the  simpler 
called  the  common  theory  of  torsion, 
will  be  given. 

Fig.  2  is  supposed  to  represent  the 
normal  section  of  a  bar  of  material  of 
any  shape,  subjected  to  torsion  by  the 
application  of  couples  as  shown  in 
Fig.  1 .  The  fundamental  assump- 
tions of  the  common  theory  of  tor- 
sion are  that  the  intensity  of  shearing  stress  varies  dif 
the  distance  from  a  central  point  at  which  that  inte 
zero,  and  that  that  central  point  is  located  at  the  ct 
gravity  or  the  centroid  of  the  section.  It  is  also  im 
assumed  that  the  normal  sections  which  are  plam 
torsion  remain  plane  during  torsion.  In  Fig.  2,  A 
posed  to  be  the  centre  of  gravity  of  the  section  at  wj 
intensity  of  shear,  i.e. ,  the  shear  per  square  unit  of  j| 
is  zero.  The  distance  from  the  centre  A  to  any  i 
the  section  is  represented  by  r,  and  to  the  mosU 
point  in  the  perimeter  of  the  section  by  r,.  loj 
ance  with  the  assumed  law,  the  greatest  intensity  ( 
T„  in  the  section  will  be  found  at  the  distance  r,  f 
centre.  While  this  is  accurately  true  for  the  circu 
tion,  it  is  quite  erroneous  for  a  number  of  other  ] 


J 
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Hence  the  intensity  at  the  distance  iinity  from  the  centre 
A  will  be  -^,  and  at  the  distance  r  from  the  centre  it 
will  have  the  value 


^=f  r« (i) 

The  element  of  the  section  at  the  distance  r  from  A  will  be 


rdoj.dr (2) 

Hence  the  shear  on  that  element  is 

dS=—Tfn.rda).dr=^  — r^dr.do).     ...     (3) 

The  direction  of  action  of  this  torsive  shear  is  around 
the  drcumference  of  a  circle  whose  radius  is  r;  hence  if 
moments  of  all  these  small  shears,  rfS,  be  taken  about  the 
centre  or  point  of  no  shear,  A ,  the  lever-arm  of  each  small 
force,  dS,  will  be  r,  and  the  differential  moment  will  be 


dM=rdS^—r'dr,d(o (4) 

^0 


The  total  moment  of  torsion  therefore  will  be 

The  quantity  Ip  is  the  polar  moment  of  inertia  of  the  section. 
For  a  circular  section 

/^=-^=— (rf=diameter)=-g-.       .     .     (6) 
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For  a  square  section  {b  •=  side  of  square) 

b*    Ab' 

For  a  rectangular  section  (6  =one  side  and  c—the  other 
side) 

,     bc*  +  b*c    A{b*  +  c^) 

L — (8) 

For  an  elliptical  section  (a^  and  6,  being  semi-axes) 


g(o.*b.  +  o.V)     >raA(qi'  +  fe.*) 


(9) 


Using  the  notation  of  Fig.  i,  the  following  equation  of 
moments  may  be  written,  Pe  being  the  moment  of  the 
external  twisting  couple  and  M  the  moment  of  the  internal 
torsive  shearing  stresses  in  any  normal  section: 

Pe'=M-^7, (,o) 

It  is  clear  from  Art.  2,  if  ^o  is  the  shearing  strain  at  the 
distance  r^  from  the  centre,  that  r,„=(7^<,,  G  being  the 
coefficient  of  elasticity  for  shearing.  Also,  since  the  inten- 
sity of  shearing  varies  directly  as  the  distance  from  the 
centre  .4,  it  is  equally  clear  that  the  shearing  strain  ^  ' 
varies  directly  as  the  distance  from  the  centre,  so  that 
if  a  represents  the  shearing  strain  at  imit's  distance  from  A 

i 

<i>=^ra    and     ^o  =  ^o« (11) 

Hence  in  general 

T^Gra, (12) 

1 

and  as  a  maximum  ; 

Tr^^Grjx .     (,3) 
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a  is  evidently  the  angle  through  which  one  end  of  a  fibre 
of  unit's  length  and  at  unit's  distance  from  the  centre  or  axis 
is  turned.     It  is  called  the  angle*  of  torsion, 

U  I  is  the  length  of  the  piece  twisted,  the  total  angle 
through  which  the  end  of  the  fibre  at  unit  *s  distance  from 
the  axis  will  be  turned  is 

Total  angle  of  torsion  =  a,.,       .     .     .     (14) 

If  the  fibre  is  at  the  distance  r^  from  the  axis  one  end 
will  be  twisted  around  beyond  the  other  by  an  amount 
equal  to 

Total  strain  of  torsion  =  r^al.   .  " .     .     (15) 

By  the  aid  of  eq.  (13)  eq.  (5)  may  be  written 

Pe^M-^Gal^^^I^ (16) 

H  *.  is  observed  experimentally 

The  angle  through  which  a  shaft  will  be  twisted  by  the 
moment  Pe^  if  the  length  is  /,  is 

Pel     ITm 

a/"=7=^=-7^— (18) 

GI^      Gr^  ' 

If  C  is  in  pounds  per  square  inch,  as  is  usual,  the  pre- 
ceding formulae  require  all  dimensions  to  be  in  inches, 
while  a  will  be  arc  distance  at  radius  of  one  inch. 

If  12/  is  written  for  /  the  unit  for  the  latter  quantity 
must  be  the  foot. 

By  inserting  the  value  of  l^  from  eq.  (6)  in  eq.  (5), 

^  This  small  angle  is  measured  in  radians.     Strictly  speaking  it  is  an 
iBdefinitely  short  arc  with  unit  radians. 
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Eq.  (19)  will  give  the  diameter  of  a  shaft  capable 
resisting  the  twisting  moment  represented  hy  Pe  with  the 
maximum  torsive  shear  in  the  extreme  fibres  of  T  „,. 

The  main  cross  dimensions  of  other  sections  may  be 
found  similarly  by  the  use  of  eqs.  (7),  (8),  and  (g). 

It  is  frequently  convenient  to  compute  the  greatest 
intensity  T  „  from  the  twisting  moment  M.  For  this  pur- 
pose the  equation  preceding  eq.  {19)  gives 


r„  =  5. 


(20) 


These  equations  complete  all  that  are  required  for  ibe 
practical  use  of  the  common  theory  of  torsion.  In  some 
cases  it  may  be  necessary  to  use  accurate  formulae  for 
other  shapes  of  section  than  the  circular.  In  those  cases 
the  exact  formulte  of  App.  I  should  be  employed.  Tht- 
practical  applications  of  the  preceding  formulce  to  such 

Twisting  Moment  in  Terms  of  Horse-power  H. 
It  is  sometimes  convenient  to  express  the  twisting 
moment  M  in  tenns  of  horse-power  transmitted  by  the 
snafting.  If  H  is  the  number  of  horse-powers  transmitted 
by  a  shaft  making  h  revolutions  per  minute,  the  inch-pounds 
of  work  will  be  12  X33,oooX//,  since  each  horse-power  repre- 
sents 33,000  foot-pounds  of  work  performed  per  minute- 
Again  if  e  is  the  lever  arm  of  the  twisting  couple,  the  path 
of  the  force  P  per  minute  will  be  iiren  and  the  work  per- 
formed by  the  couple  must  therefore  be  PX2ven=M2xn. 
Equating  these  two  expressions  for  the  work  or  enerey 
transmitted ; 
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"^ =63,025— =M.    .     .     .     (21) 

2xn  n 

If  this  value  of  M  be  placed  in  eqs.  (19)  and  (20),  the 
values  of  d,  the  diameter  of  the  shaft  and  r„,  the  greatest 
intensity   of  shear  will  take  the  following  forms  in  terms 

of   the    horse-power  and  the  number  of  revolutions  per 

minute: 


d 


-''''^TTn (-) 


r.=3?i.443;;^ (23) 

Hollow  Circular  Cylinders, 

If  the  exterior  diameter  of  a  hollow  cylinder  is  d  and  the 
interior  diameter  di  -jd,  j  being  simply  the  ratio  between 
the  two  diameters,  the  equation  preceding  eq.  (19)  may  be 
written: 

M  =  ^(d3-rfi3) (24) 


Hence 


M=Pe=^^"^'     ^''^(i3       ....     (25) 

16  ^ 


Ekj.  (25)  shows  that  any  of  the  preceding  equations 
may  be  made  applicable  to  a  hollow  cylinder  by  writing 
r»(i  — /^)  in  the  place  of  r«. 

Eqs.  (19)  and  (22)  therefore  take  the  following  forms 
for  a  hollow  cylinder : 


The  resistance  of  the  hollow  cylinder  is  obviously  the 
difference  between  the  resistances  of  two  solid  cylinders.. 


i 


one  having  the  exterior  diameter  and  the  other  the  interio: 
diameter  of  the  hollow  cylinder. 


Art.  38. — Practical  Applications  of  Fonnulfe  for  Torsion. 

There  has  been  comparatively  little  experimental  inves- 
tigation in  the  resistance  of  structural  materials  to  torsioc 
and  practically  none  of  that  has  been  done  in  connectior 
with  pieces  of  considerable  size.  Such  results  as  have  beer 
obtained  appear  to  justify  the  following  data. 


Steel. 

Some  of  the  older  tests,  as  those  oX  Kirkaldy,  indicate 
that  the  ultimate  intensity  of  torsional  shear.  7„.  may  b€ 
taken  as  high  as  75.000  pounds  to  90,000  pounds  pel 
square  inch  for  special  grades  of  steel  like  those  used  foi 
tires,  rails,  and  crucible  steel,  but  lower  values  must  bt 
employed  for  mild  structural  steel  and  for  the  ordinar> 
grades  of  shafting. 

Torsion  tests  on  circular  pieces  of  spring  and  cold-drawD 
steel  about  |  inch  and  i{  inches  in  diameter  made  in  tlw 
testing  laboratory  of  the  Dept.  of  Civil  Engineering  al 
Columbia  University  by  Mr.  J.  S.  Macgregor  gave  the 
following  results,  which  are  shown  rather  fully  in  order  tC 
exhibit  clearly  their  main  features.  There  were  either  foui 
or  six  tests  in  each  group  from  which  the  "  max.,"  "  mean ' 
and  "  min."  were  taken.  All  these  test  specimens  exoep' 
those  of  mild  steel  were  heat  treated.  Part  of  these  wen 
heated  to  1350°  F.  and  then  plunged  in  oil  at  70*  until  coW 
They  were  then  temper  drawn  in  hot  oil  at  575°  P.  an< 
part  were  again  heated  to  1350°  F.  and  immersed  in  oil  a 
575°  F.  They  were  then  allowed  to  cool  in  air  at  i 
temperature. 
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Diam. 
Inches. 

Pe. 

In.-Lbs. 

^Hi- 
Elastic. 

Ult. 

Modulus. 
C. 

Spring  steel - 

max. 
mean 
.  min. 

.617 
.614 

5.640 

5.427 
5.290 

41,600 
40,710 
31.050 

122,310 
118,110 
114,620 

13,010,000 
12,455.000 
11,292,000 

Spring  steel 

max. 
mean 
^  min. 

1.252 

•      •      •      a      • 

1.246 

45.260 
44,040 
42,720 

46,100 

43.130 
41.500 

117.320 
115.070 
111,900 

13.954.500 

'12,659,000 

11,830,000 

Cold-drawn  sted .  J 

'  max. 
mean 
.  min. 

1.252 
1.25 

43.500 
37.990 
34.270 

46,200 
39.300 

33.000 

113,200 
99.000 
89,500 

12,445,000 
11,602,000 

10,534.000 

Mild  steel • 

'  max. 
mean 
min. 

1.257 
I      233 

24,500 
23,200 
21,520 

22,000 
20,800 
19,700 

62,800 
60,950 
57.300 

12,600,000 
12,110,000 
11,700,000 

It  has  been  shown  in  Art.  5  that   r  =  — ::^  — i.     Hence 

2G 

if  £=3o,ooo,ocx>,  which  is  essentially  correct  for  steel,  and 

if  C= 12.000,000  as  the  mean,  approximately,  of  the  values 

in  the  preceding  table,  then  will 


r  =  .2S 

Direct  torsion  tests  of  six  small  nickel  steel  specimens 
by  Prof.  E.  L.  Hancock  and  described  by  him  in  Vol.  VI 
^1906)  of  Proceedings  of  the  American  Society  for  Testing 
Materials  gave  elastic  limits : 

Max.  Mean.  Min. 

Nickel  Steel .  .  36,000     32,900      30,500  pounds  per  sq.in. 

He  also  found  for  mild  carbon  steel  the  two  following 
lastic  limits : 

Mild  Carbon  Steel. .  .  .  29,000. . .  .25,500  pounds  per  sq.in. 

As  the  ultimate  resistance  of  mild  carbon  steel  to  torsive 
ordinal^'-  shear  may  be  taken  at  about  three-quarters 


TORSION.  (Ch.  Ill 

:&:e  tensile  resistance,  and  approximately  the  same 
the  elastic  limits,  it  is  reasonable  to  take  the 
•  in  torsion  at  25,000  pounds  to  28,000  poimds 
inch  for  that  grade  of  material  having  an  ulti- 


K  ^ecsde  resistance  of  60,000  pounds  to  68,000  poimds 
icsjin?  inch. 

NVScel  steel  has  a  higher  ratio  of  the  elastic  limit  divided 

ultimate,  and  a  mean  value  of  33,000  pounds  per 

inch  for  the  elastic  limit  is  reasonable. 

If  the  greatest  intensity  of  torsive  shear  Tm  allowed  in 

iesign  of  a  shaft  of   diameter  d  is  fTe  in  which  Tg  is 

eL&stic  limit  and  /  a  suitable  fraction,  perhaps  .  5  in  some 

s.  then  eq.  (19)  of  the  preceding  article  will  take  the 

SuuilAflv  eq.  (22)  of  the  same  Art.  will  become: 

Wrought  Iron. 

Wr^Hight  iron  is  now  seldom  used  for  shafting  or  similar 
ninH^os.  but  such  tests  as  have  been  made  show  that  the 
torsivo  elastic  limit  of  wrought  iron  may  be  taken  from 
*>ooo  iKnmds  to  25,000  pounds  per  square  inch  and  used 
'  ij^^lioated  in  eqs.  (i)  and  (2).  From  10  per  cent  to  20 
*  ^r  ^^*^^^  higher  values  may  be  taken  for  cold-rolled  shafting. 

Cast  Iron. 

Cast  iron  is  ill  adapted  to  resist  torsion  and  is  not 
innnonly  used  for  that  purpose,  yet  it  has  been  tested 
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torsion,  although  generally  in  special  grades  such  as  were 
jmerly  employed  in  making  cannon  or  car  wheels.  Such 
^es  of  cast  iron  gave  ultimate  values  of  Tm  from  24,000 
lounds  to  4S,ooo  pounds  per  square  inch  or  even  more, 
they  are  far  too  high  for  ordinary  castings  used  in 
ttigineering  practice.  Probably  half  the  preceding  values 
irould  be  large  enough  for  the  best  quality  of  ordinary 
Q6tings.  although  the  highly  variable  and  erratic  qualities 
ti  cast  iron  make  it  exceedingly  difficult  to  assign  exact 
data  for  purposes  of  design.  The  modulus  of  elasticity,  G, 
may  be  taken  at  7,000,000  for  ordinary  grades  of  cast  iron, 
Wat  <J,ooo,ooo  for  the  lower  grades. 

Alloys  oj  Copper.  Tin.  Zinc  and  Aluminum. 

The  torsional  resistance  of  this  class  of  alloys  varies 
greatly  with  the  relative  proportions  of  their  constituent 
elements  in  a  manner  quite  similar  to  that  exhibited  by 
the  corresponding  resistance  to  tension. 

Professor  R.  H.  Thurston  was  probably  the  earliest 
thorough  investigator  of  the  torsional  resistances  of  many 
ti  these  alloys.     He  found  the  ultimate  intensity  of  torsive  ■ 

T^  to  vary  from  a  few  hundred  pounds  per  square 
Bch  to  nearly  48,000  pounds  per  square  inch  for  alloys  of 
Opper  and  tin  nmning  by  gradual  variation  from  pure  cop- 
pr  to  10%  of  that  metal  alloy  to  90%  of  tin.  The  alloy 
>-90%  Cu  with  20-1  o'^J,  Sn  gave  T„  varying  from  about 
•,700  pounds  to  43 .goo  pounds  per  square  inch  with  a  maxi- 
tun  twist  of  114.;  degrees.  Similarly  he  found  the  ulti- 
Ite  Tm  for  pure  copper  to  range  from  28,400  to  35.900 
unds  per  square  inch  with  a  total  twist  of  over  150  de- 
les. On  the  other  hand,  pure  tin  gave  the  ultimate 
=  3200  pounds  (nearly),  the  total  angle  of  twist  running 
high  as  691  degrees.    The  elastic  limit  of  the  more  due- 
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tile  of  these  alloys  was  found  to  vary  from  about  35%  to 
60%  of  the  ultimate  Tm.  The  alloys  running  from  70% 
Cu  with  30%  Sn  to  29%  Cu  with  71%  Sn  were  brittle, 
giving  low  values  of  T^  from  about  700  pounds  per  square 
inch  to  less  than  6000  pounds  per  square  inch ;  those  alloys 
failed  at  the  elastic  limit  with  a  total  angle  of  twist  of  only 
I  to  2  degrees. 

Similar  results  with  like  erratic  variations  were  found  by 
Professor  Thurston  for  alloys  of  copper  and  zinc.  The 
greatest  values  of  Tm  ran  from  about  35,000  to  52,000 
potmds  per  sq.  in.  for  90.58%  Cu  with  9.42%  Zn  to  49.66% 
Cu  with  50.14%  Zn. 

It  should  be  observed  that  the  test  specimens  used  by 
Prof.  Thurston  were  .625  inch  in  diameter  with  a  torsion 
length  of  I  inch  only  and  they  were  tested  in  his  torsion 
machine. 


Table   I. 

ALUMINUM   ALLOYS— TORSIONAL  RESISTANCE. 


Composition  Per  Cent.        Tot^jjf  ^[^ 


Torsive  Shear 
per  Sq.In. 


2 
xo 

13 
13 
8S 
27 
100 


Al. 

Sn. 

a.S 

2.5 

a. 75 

3.75 

5 

5 

6.25 

6.25 

7.5 

7.5 

8.75 

8.75 

10 

10 

*ii 

II 

*20 

20 

ID 
I 

2 
2 
«  ' 
119 


Cu. 


Elastic 
.Limit. 


100 
95 

92.5 
90 

87.5 

85 

82.5 

80 

78 

60 


88 

89 
86 

85 

7.S 
69.6 


2 

4 
6 

7 

4 

3.5 

7 

6 

5.8 

I 


3 
5 

Q 
8 

3 
2. 

2 


Maxi- 
mum. 


130 

200 

198 

175 

37 

22 

ID 

8 

5 
I 


I 


8 


Elastic 
Limit. 

4.300 
10,710 
11.827 

15.525 
30.282 

25.447 
18.413 
15.230 
13.717 
2.321 


14: 

52 

9 

12 

37 

20 

160 


Scattering. 
5 


I 


14.000 

21.740 

32.984 

32.723 

8.703 

2.800 

4.005 


Maxi- 
mum. 


i 


25.000 

33.075 
35.802 

5.155 
3.440 
37.062 
18.413 
15.230 
13.717 
2.321 


43.087 
50.000 
32.984 
37.003 
17.630 
2.800 
12.911 


General  Character. 


Very  soft;  ductile. 

Soft:  ductile. 

Slightly  tough;  ductile. 

Tough;  mediuni  ductility. 

Very  tough;  rather  hard. 

Hard;  somewhat  brittle. 

Very  hard;  brittle. 

Very  hard;  exceed'gly  brittk 

Very  hard;  exceed 'gly  brittle 


Somewhat  soft;  ductile. 

Tough;  medium  ductilitv. 

Very  tough;  hard. 

Very  tough;  hard. 

ycr>'  soft;  somewhat  ductile 

Very  soft ;  spontpy. 


*Could  not  be  machined, 
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Table  I  contains  experimental  values  of  the  elastic 
limit  and  ultimate  torsion  shearing  resistance  of  the  alloys 
of  aluminiun,  tin,  and  copper  shown  in  the  table.  They 
were  determined  by  Messrs.  Gebhardt  and  Ward  in  the 
mechanical  laboratory  of  Sibley  College  at  Cornell  Uni- 
versity and  reported  to  the  Am.  Soc.  Mech.  Engrs.  in 
1898. 

The  results  of  the  table  show  that  the  alloys  yielding 
other  resistances  of  considerable  value  will  also  exhibit 
proportionate  torsion  resistances,  as  might  be  anticipated. 
The  Eighth  Report  to  the  Alloys  Research  Committee 
of  the  Institution  of  Mechanical  Engineers  of  Great  Britain 
by  Prof.  H.  C.  H.  Carpenter,  M.A.,  Ph.D..  and  Mr.  C.  A. 
Edwards  in  1907  contains  some  interesting  torsion  tests  on 
specimens  of  copper-aliuninum,  the  pieces  being  .624  inch 
in  diameter  and  3  inches  in  length  with  the  exception  of 
\o.  3,  which  was  2.8  inches  in  length.     Table  II  gives  the 
rcsuhs  of  these  tests.     It  will  be  observed  that  alloys  with 
a  (omparatively  small  percentage  of  aluminiun  give  much 
higher  torsional  ductility  than  pure  copper.     This  is  proba- 
bly due  to  the  fact  that  rolled  copper  generally  contains 


Table   II. 


■ 

Greatest  Twisting  Moment 

Cm 

Al. 
Per  cent. 

and  Stress. 

Twist  on 

Whole  Length 

Degrees. 

Ratio, 
Torsion  (T^) 

Per  cent. 

Moment. 

Stress.  Lbs. 

Tension 

In.-Lbs. 

per  Sq.In. 

99   96 

0 

1.792 

37.500 

2.736 

I    51 

99  9 

.1 

2.293 

47.960 

5.184 

1 

15 

98.94 

1.06 

2.359 

49.350 

4.345 

41 

97  9 

2.  I 

2.464 

51.450 

3,600 

34 

95  95 

4  05 

2.813 

58.870 

2,316 

2 

93  23 

6.73 

3.306 

69,170 

1,623 

.18 

92  61 

7  35 

3.373 

70,580 

1.374 

15 

90.06 

9  9 

3.351 

70,110 

234 

0 

89 

8y.  2 

11.72 

3.584 

74.970 

51 

I   04 

.96 
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some  dissolved  oxygen  which  diminishes  its  ductility.  The 
addition  of  a  small  amount  of  aluminum  removes  the  oxy- 
gen and  enhances  the  ductility.  The  authors  of  the  report 
express  the  conclusion  that  "Alloys  containing  aluminum 
up  to  7§  per  cent  behave  extremely  well  under  the  torsion 
test  but  beyond  this  percentage  there  is  a  rapid  deteriora- 
tion of  properties."  The  ratio  between  the  ultimate  resist- 
ance Tm  to  torsional  shear  and  the  ultimate  tensile  resist- 
ance is  shown  in  the  last  column  of  the  table. 


Other  Sections  than  Circular. 
The  common  theory  of  torsion  is  correct  only  for  cir- 
ctilar  sections.     The  general  demonstration  for  other  sec- 
tions  than   circular  shows   that   for  square,    rectangular, 
triangular  and  elliptical  sections,  the  maximum  intenaiy 
of_torsive  stress  Tn  will  be  found  at  the  middle  point  of  a 
side  of  a  square  section  or  of  the  longest  side  of  a  rectangular 
section,  or  at  the  middle  point  of  the  side  of  an  equilateral 
triangular  section  and  at  the  extremities  of  the  minor  axis 
of  an  elliptical  section.     If.  however,  for  approximate  pur- 
poses the  formulae  of  the  common  theory  of  torsion  should 
be  used  for  the  sections  indicated  above  the  polar. moments 
of  inertia  /„  would  be  taken  from  eqs.  (6).  (7),  (8)  and  (9} 
of  Art.  37.     The  maximum  torsive  shear  T„,  in  this  pro- 
cedure, should  be  taken  as  existing  at  the  extreme  points 
of  the  section.     The  results  by  this  approximate  method 
will  be  sufficiently  near  for  most  ordinary  purposes,  at  least 
with  the  square  section,  but  the  exact  theory  should  be 
used  for  oblong  sections  or  where  the  highest  degree  of 
accuracy  is  desired  for  non-circular  sections. 


CHAPTER    IV. 
HOLLOW  CYLINDERS  AND  SPHERES 

Art  39. — ^Thin  Hollow  Cylinders  and  Spheres  in  Tension. 

If  a  straight  closed  hollow  cylinder  be  subjected  to  an 
interior  pressure  having  the  intensity  g'  sufficiently  greater 
than  that  of  the  exterior  pressure  gi,  there  will  be  a  ten- 
teicy  to  split  the  cylinder  longitudinally. 

Fig.  I  represents  such  a  cylinder  with  sides  so  thin  that 
the  stress  to  which  they  are  subjected  may  be  considered 
tmifonnly distributed  throughout 
any  diametral  section.  If  a  cy- 
fiodrical  shell  has  much  thickness 
relatively  to  its  interior  radius 
the  tensile  annular  stress  due  to  - 
inner  pressure  will  not  be  uni- 
formly distributed  throughout 
the  shell.  The  excess  of  inner 
pressure  over  the  outer,  if  the  Pig.  i. 

latter  exists,  will  cause  the  inside 
:  part  of  the  annular  section  of  metal  to  be  stressed  to  a 
h^er  intensity  than  the  outside  and  that  difference  will  be 
greater  as  the  thickness  of  the  shell  increases  relatively  to 
the  radius.  It  becomes  necessary  therefore  to  distinguish 
between  these  two  classes  of  cylindrical  shells  in  their  ana- 
lytic treatment. 

AB  represents  the  diametral  plane  through  the  axis  of 
the  cylinder,  the  thickness  i  of  the  shell  being  supposed  in 
this  case  to  be  so  small  that  the  cylindrical  shell  may  be 
considered  "  thin." 
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As  the  notation  shows  r'  is  the  interior  radius  and  : 
the  exterior  radius.  If  C.  the  centre  of  the  cyhndric 
section,  be  taken  as  the  origin  of  the  circular  coordinati 
r'  and  a.  and  if  a  unit  length  of  cylinder  be  considers 
the  indefinitely  small  amount  of  pressure  on  a  different! 
of  the  interior  surface  r'a  will  be  q'r'da  and  it  will  have 
component  at  right  angles  to  the  diametral  plane  A 
expressed  by  q'r'da  sin  a.  The  integral  of  this  expre 
sion  between  180°  and  o  will  be  the  total  normal  pressu 
acting  on  the  two  longitudinal  sections  of  metal  at  i4  ar 
B,  as  shown  by  the  following  equation : 


q'r'  sin  ada 


■■2qr 


One-half  of  the  second  member  of  this  equation,  ^'i 
represents  the  tendency  to  spHt  the  cylinder  at  either 
or  B  and  it  must  be  resisted  by  the  sections  of  metal  1 
those  two  points,  or  at  any  other  two  points  at  the  extret 
ities  of  a  diameter. 

Precisely  the  same  integration  made  for  the  exterii 
pressure  will  obviously  give  the  quantity  qiVi  representii 
the  tendency  to  give  the  metal  compression  at  the  extrem 
ties  of  any  diameter. 

The  resultant  tendency  to  split  the  cylinder  per  unit 
length  will  then  be  q'r' —qiri.  it  being  supposed  that  tl 
interior  pressure  is  so  much  greater  than  the  exterior  th 
tension  only  will  be  induced  in  the  material.  Obvious 
if  the  exterior  pressure  were  much  larger  than  the  interic 
compression  would  exist  instead  of  tension.  The  intensi 
of  tensile  stress  t  in  the  sides  of  the  cylinder  will  therefore 
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This  valtae  of  t  expresses  the  tendency  of  the  cyKnder 
to  split  along  a  diametral  plane  under  the  action  of  the 
mterior  presstire  q'. 

If  the  ends  of  the  cylinder  are  closed,  the  internal 
pressure  against  them  will  tend  to  force  them  off  or  to  pull 
the  cylinder  apart  aroimd  a  section  normal  to  the  axis. 
The  force  F  tending  to  produce  this  result  will  be 

F  =  z(q'r'*-q,r,^) (2) 

The  area  of  normal  section  of  the  cylinder  will  be 
tir^^-r'^).  Hence  the  intensity  of  stress  developed  by 
this  force  will  be 

f  = =— ^^-^  (2) 

If  the  exterior  pressure  is  so  small  that  it  may  be  con- 
sidered zero,  eqs.  (i)  and  (3)  give 

When  the  thickness  of  the  shell  is  small  /  may  be 

placed  eqtial  to \  and  this  value  introduced  in  eq.  (5) 

will  give 

,.^v     =JV 

fin  eq.  (6)  is  seen  to  be  but  half  as  much  as  t  in  eq.  (4). 
In  this  case,  therefore,  if  the  material  has  the  same  ulti- 
^te  resistance  in  both  directions,  the  cylinder  will  fai} 
longitudinally  when  the  interior  intensity  is  only  half 
great  enough  to  produce  transverse  rupture. 

In  designing  thin  cylinders  it  will  usually  be  necessary 
to  determine  the  thickness  i,  so  that  the  tensile  stress  t  in 
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the  metal  shall  not  exceed  the  prescribed  value  h.  After 
writing  h  ioT  t  in  eq.  (i),  also  r^  —  r'  for  t,  then  divkfin 
both  sides  of  the  equation  by  r',  there  will  result 


This  equation  readily  gives 


•.--■-(^-''- 


(7) 


If  the  exterior  pressure  q^  is  so  small  that  it  may  be 
considered  zero,  the  thickness  given  by  eq.  (7)  takes  the 
following  form : 


i  = 


h 


(8) 


This  is  the   same  value   that  will  be   found  by  solving 
eq.  (4)  for  i. 

The  expression  for  the  thickness  of  the  material  of  the 
cylinder  to  resist  the  longitudinal  tension  having  the  in- 
tensity /  can  be  found  with  equal  ease.  If  f^  be  written 
for  /  in  eq.  (3),  as  the  greatest  permissible  longitudinal 
tension,  then  if  both  numerator  and  denominator  of  the 
second  member  of  that  equation  be  divided  by  r",  there 
will  result 


The  solution  of  this  equation  at  once  gives  the  desired 
thickness : 
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If  ^^is  so  small  that  it  may  be  neglected,  it  is  simply  to 
be  made  zero  in  eq.  (9) . 

If  the  exterior  pressure  q^  were  considerably  larger  than 
(f,  the  resulting  stresses  in  the  sides  of  the  cylinder  would 
be  compression,  but  the  formulae  for  the  resulting  intensi- 
ties would  be  precisely  the  same  as  the  preceding,  as  long 
as  the  cylinder  retained  its  circular  shape. 

The  case  of  stresses  in  a  thin  hollow  sphere   or  thin 

spherical  shell  may  be  treated  in  the  same  general  manner. 

The  hemispherical  ends  of  a  metallic  cylindrical  tank  or 

reservoir  may  be   illustrated  by  the  skeleton   section  in 

Fig.  2. 


t\ 


Ib 

Fig.  2. 

As  indicated  in  the  figure  the  internal  radius  of  each 
end  is  r',  while  r  1  is  the  external  radius.  The  internal  and 
external  intensities  of  pressure  are  as  shown  in  Fig.  i. 
The  force  tending  to  tear  off  the  hemispherical  ends  of  the 
tank  along  the  line  AB,  Fig.  2,  is  ir{qr'^—qri^).  The  sec- 
tion of  metal  resisting  this  force  with  the  intensity  t  is 
T(ri^  —  /^).  The  intensity  of  stress  developed  in  the  metal 
will  therefore  be 

(10) 


_gV^-giri^ 


t  = 


If  the  external  pressure  is  so  small  that  there  may  be 
taken  qi  =0,  eq.  (10)  will  take  the  form 


qy^  _qy 


<  = 


,2-.r'2 


2t 


(") 
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In  this  last  equation  i  =  ri— r',  and  the  interior  radius 
is  placed  equal  to  one-half  the  sum  of  the  interior  and  ex- 
terior radii,  as  may  be  done  without  sensible  error.  The 
interior  radius  being  given,  the  thickness  of  metal  required 
to  withstand  a  given  internal  pressure  q'  without  stressing 
the  metal  above  a  given  working  value  t  may  be  written 
as  follows  from  eq.  (i  i) : 

*=^. M. 

2t 

If  the  value  of  the  thickness  i  should  be  desired  in 
terms  of  both  the  interior  and  exterior  pressures,  it  can 
easily  be  written  by  the  aid  of  eq.  (lo) ;  if  both  numerator 
and  denominator  of  the  second  member  of  that  equation 
be  divided  by  r'^,  there  may  at  once  be  found 


After  multiplying  this  equation  through  by  r',  then  sub- 
tracting that  quantity  from  each  side  of  the  resulting 
equation,  the  desired  value  of  the  thickness  will  be 

By  giving  a  proper  working  value  to  the  tensile  in- 
tensity /  and  inserting  the  values  of  the  pressures,  the  thick- 
ness i  will  at  once  result. 

In  all  these  equations  no  allowance  is  made  for  the 
metal  taken  out  by  the  rivet  holes  in  riveted  work.  This 
does  not,  however,  affect  in  any  way  the  equations  found. 
It  is  only  necessary  to  remember  that  the  cross-section  of 
metal  required  by  the  preceding  equations  is  to  be  regarded 
as  the  net  section,  i.e.,  the  section  remaining  after  the  rivet 
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holes  have  been  made.  This  is  equivalent  to  making  the 
thickness  i  great  enough  to  give  the  required  section  as 
net  section. 

Art  40.    Thick  Hollow  Cylinders. 

If  the  thickness  of  sides  or  walls  of  hollow  cylinders 
and  spheres  subjected  to  high  internal  pressures  is  great 
in  comparison  with  the  internal  radius,  the  tensile  stress 
in  the  metal  may  not  be  assumed  to  be  uniformly  distrib- 
uted, and  it  is  necessary  to  deter- 
mine entirely  different  formulae 
from  those  established  in  the  pre- 
ceding article. 

The  normal  section  of  a  thick 
hollow  cylinder  is  shown  in  Fig. 
I.  r' being  the  internal  radius  and 
''i  the  external,  with  the  intens- 
ities of  internal  and  external 
pressures  p'  and  pi  respectively. 
It  is  supposed  that  the  internal 
pressure  so  greatly  exceeds  the 
eternal  that  the  metal  sustains 
^sile  stress  only.  If  the 
Q^linder   be     supposed     to    be 

divided  into  a  great  number  of  thin  concentric  portions, 
^he  elastic  stretching  of  the  metal  will  cause  a  much  higher 
^^on  to  exist  in  the  interior  portions  than  in  the  exterior. 
Wany  diametral  section,  such  as  i4S,  Fig.  i,  be  assumed. 
It  is  clear  that  the  sum  of  all  the  tensile  stresses  developed 
^  that  section  must  be  equal  to  the  excess  of  the  internal 
pressure  over  the  external.  A  unit  length  of  cylinder  will 
^  considered  in  the  following  formulae. 

The  tensile  stress  in  the  sides  of  the  cylinder,  whose 
intensity  will  be  represented  by  /t,  and  which  is  developed 
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in  any  diametral  section,  as  AB,  has  a  circumferential 
direction,  and  for  that  reason  it  is  sometimes  called  "  hoop 
tension." 

The  variation  of  this  tensile  intensity  k  carries  with  it 
a  corresponding  variation  in  intensity  of  the  radial  pres- 
sure whose  intensity  is  p,  having  the  values  p'  in  the  in- 
terior of  the  cylinder  and  pi  at  the  external  surface. 

The  amount  of  tension  on  a  radial  section  of  thickness 
dr  will  be  hdr.  and  if  that  differential  expression  be  inte- 
grated so  as  to  extend  over  the  entire  thickness  of  one  wall 
or  side  of  the  cylinder,  it  must  be  equal  to  the  effort  of  the 
internal  pressure,  in  excess  of  the  external  to  split  the 
cylinder  along  one  of  its  sides.  The  following  equation 
is  the  analytical  expression  of  this  condition; 


'i: 


hdr (i) 

If  p'.  ply  r',  and  ri  be  considered  variable  so  as  to  refer 
to  any  interior  points  in  the  wall  of  the  cylinder,  and  if  f 
and  ri  become  so  nearly  equal  to  each  other  that  ri-r 
may  be  considered  as  dr,  then  will  p'r'  —piri=d{pT)  ano 
eq.  {0  will  become: 

d{pr)=pdr  +  rdp=hdr.        ...       (»3 

Eqs.  (i)  and  (2)  will  be  in  no  way  changed  if  the  end- 
of  the  cylinder  are  closed,  it  being  assumed  in  that  cas* 
that  the  longitudinal  stress  is  uniformly  distributed  over  ^ 
normal  section  like  that  shown  in  Fig.  i. 

Eq.  (2)  is  a  differential  equation  expressing  a  relation 
between  the  two  intensities  p  and  h.  Another  equation  rf 
condition  is  required  in  order  to  determine  the  two  unknown 
quantities.  This  second  equation  can  be  written  by  ex- 
pressing the  relation  existing  between  the  direct  and  lateral 
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ains  due  to  the  stresses  p  and  A,  so  as  to  leave  the  radial 
gitudinal  sections  of  the  walls  of  the  cylinder  plane  under 
I  conditions  of  stress  due  to  the  assumed  internal  and 
«mal  pressures.  The  establishment  of  such  an  equation, 
«rever,  will  lead  to,  or  express,  precisely  the  same  con- 
ions  involved  in  the  analysis  of  Art.  5  of  Appendix  I, 
lich  therefore  need  not  be  repeated  here.  Those  con- 
ions  may  be  expressed  by  stating  that  the  stun  of  the  two 
tensities  p  and  fe,  i.e.,  (p+h),  is  a  constant  for  given 
tensities  of  pressure.  If  therefore,  a  be  such  a  constant 
lere  will  be  asstuned  the  equation : 

P+h=a (3) 

/.     dp  =  — d/t,  and  p  =a  — /t. 

By  the  aid  of  these  expressions  eq.  (2)  will  take  the 

■orm: 

2hdr+rdh=adr. 

By  multiplying  both  sides  of  this  equation  by  r  there 

will  result: 

d{r^h)=^r^ (4) 

If  b  is  a  constant  the  integration  of  eq.  (4)  will  give 


Also 


/»=^+^ (5) 

/'=°-^=f-^ (6) 


The  interior  and  exterior  pressures  p'  and  pi  are  known, 
and  eq.  (6)  will  give  the  two  equations : 

r= 7^and/7i= (7) 

2     r^  2     rr 


2o6  HOLLOW  CYLINDERS  AND  SPHERES.  [Ch.  IV. 

By  subtracting  pi  from  p' 

b=^^2r"ri' (8) 

Then  by  the  second  of  eqs.  (7) : 

a     .     ,b      py^-p.n^ 

The  substitution  of  these  values  of  b  and  -  in  eqs.  (5) 

and  (6)  will  give  the  following  values  of  the  intensities  p 
and  h.  Inasmuch  as  the  preceding  equations  involving  h 
and  p  have  been  written  without  giving  distinctive  signs 
to  either  tension  or  compression  and  as  the  constants  b 

and  -  may  be  regarded  either  as  positive  or  negative,  the 
2 

sign  of  each  one  will  be  changed  by  writing  ri^—r'^  for 

r'2  — ri^,  which  will  make  the  tensile  stress  h  positive  and 

the  compressive  stress  p  negative  after  substituting  the 

values  of  the  constants  b  and  -  in  eqs.  (5)  and  (6). 

U^py-Pirr  ,  p'^pxt'^rt'  .    \ 

Eqs.  (10)  and  (11)  can  be  put  in  more  convenient  form 
for  use  in  numerical  computations  by  dividing  both  numer- 
ator and  denomiijator  of  all  the  terms  in  the  second  mem- 
bers of  those  equations  by  ri^.  This  simple  operation  will 
give  eqs.  (12)  and  (13): 
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r'2 
P'—-Pi 

P-               ,'2 

^'2     1^2  • 

•         •         • 

'        r'2   r2'    • 

(12) 


(13) 


Eqs.  (12)  and  (13)  are  the  general  values  of  the  inten- 
sities of  the  internal  stresses  in  the  walls  of  the  cylinder, 
P  acting  in  a  radial  direction  and  /t  in  a  circumferential 
direction.  The  greatest  tensile  intensity  h'  will  exist  at 
the  interior  surface  of  the  cylinder  and  it  will  be  found 
by  making  r=^r'  in  eq.  (13)  as  shown  by  eq.  (14) : 

Similarly  the  intensity  of  tensile  stress  at  the  outer 
surface  of  the  cyUnder  (the  least  intensity  of  tensile  stress) 
^  be  given  by  making  r  =  ri. 

^-— h-^^ (IS) 

The  thickness  t  of  the  wall  of  the  cylinder  which  must 
be  provided  if  the  greatest  intensity  of  tensile  stress  W  is  not 
to  be  exceeded  by  a  given  intensity  p'  of  interior  pressure, 
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can  readily  be  foiind  by  solving  eq.  (14)  for  the  qtiantity 
—z,  which  will  give  eq.  (16). 

Then  by  adding  (  —  1)  to  each  side  of  eq.  (16)  and 
multiplying  both  members  by  r'  eq.  (17)  will  at  once 
restilt: 

'.-''-'-''(;jr^)'-'-  •  •   •   Crf 

As  the  internal  radius  r'  will  always  be  known,  eq.  (17) 
gives  the  thickness  t  desired  in  terms  of  the  known  pres- 
sures and  the  intensity  of  working  stress  h\ 

Eq.  (17)  shows  that  if  2pi+W  —p\  t  will  be  infinity. 
This  shows  that  when  the  intensity  of  the  internal  pressure 
is  equal  to  or  greater  than  twice  the  intensity  of  the  exter- 
nal pressure  added  to  the  greatest  allowed  tensile  stress  in 
the  metal,  it  is  impossible  to  make  the  wall  of  the  cylin- 
der thick  enough  to  resist  that  internal  pressure. 

If  the  external  pressure  is  so  small  that  it  may  be 
neglected,  it  is  necessary  only  to  place  /?i=o  in  the  pre- 
ceding equations. 

If  p\  exceeds  p'  it  is  obvious  that  the  internal  stress  h 
will  be  compression,  i.e.,  there  will  be  hoop  compression 
as  the  circumferential  stress  in  the  cylinder  wall  instead 
of  hoop  tension. 

The  complete  solution  of  the  problem  of  the  thick 
cylinder  including  expressions  for  the  distortions  or  strains 
of  the  material  at  all  points  will  be  found  in  Art.  5  of 
Appendix  I. 

The  application  of  the  preceding  formulae  can  be  ex- 
pedited by  the  use  of  the  following  tabular  values  which 
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explain  themselves.  A  curve  more  useful  than  the  table 
can  readily  be  constructed  from  the  numerical  values  in 
the  latter,  so  that  any  value  whatever  for  the  ratio  of  the 
radii  indicated  can  be  read  at  sight. 


r^ 

r'« 

.r' 

r'« 

r 

n' 

r 

n* 

I. 

I. 

5 

.25 

« 

95 

.9025 

45 

.2025 

. 

9 

.81 

4 

.16 

, 

85 

.7225 

35 

.1125 

.8 

.64 

3 

.09 

•75 

.5625 

25 

.0625 

.7 

.49 

2 

04 

.65 

.4225 

15 

.0225 

.6 

.36 

I 

.01 

.55 

3025 

05 

.0025 

As  an  illustration  of  the  laws  of  variation  of  the  inten- 
sities h  and  p  the  following  data  may  be  used : 

r'  =  io  inches; 

h'  =  20,000  pounds  per  square  inch ; 

p'  =  10,000  pounds  per  square  inch; 

pi  — 1000  pounds  per  square  inch. 

Eq.  (17)  will  give,  after  a  substitution  in  it  of  the  above 
ntunerical  data,  /  =  s.8i  inches. 


ri  =  15.81  inches. 


.'2 


T 

The  quantity  —  will  have  values  ranging  from  unity 


/2 


T 

for  the  interior  of  the  cylinder  to  —  =.4.     Inserting  these 

ri 

values  in   eqs.    (12)   and   (13)   there  will  result   the   two 

equations : 


-'2 


/?  =  5000 -15,000  — ; 


2IO 
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fe  =  5000  +  15,000  — . 


'2 


T 

Taking  the  varying  values  of  —  given  in  the  abovi 
table  the  following  values  of  p  and  h  will  result : 


r; 

r 

Pounds  I 

P 

I. 

—  10,000 

95 

-  «.540 

9 

-  7.150 

85 

-  5.«40 

.8 

—  4,600 

.75 

-  3.440 

.7 

-  2,350 

65 

-  1.340 

63 

—  1,000 

20,000 

18.540 
17.150 
15.840 

14,600 

13.440 
12.350 
11,340 

11,000 


Fig.  2  represents  these  results  graphically.     The  straigh 
line  GAF  is  laid  oflF  tangent  at  any  point  .4  to  the  circl 

HB  D 


Fig.  2. 


representing  the  interior  of  the  cylinder  subjected  to  th 
pressure  of  10,000  pounds  per  square  inch.     Similarly  HBl 
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is  a  straight  line  laid  off  tangent  at  the  point  B  on  any  radius 
CB  of  the  exterior  surface  of  the  cylinder,  the  distance  AB 
being  equal  to  5.81  inches.  AF  is  then  laid  off  by  .scale 
equal  to  h'  =  20,000  pounds,  while  AG  is  similarly  laid  off  to 
represent  p'  =  10,000  pounds  per  square  inch,  but  it  must  be 
remembered  that  it  acts  in  a  radial  direction,  i.e.,  along 
AB.  BD  and  BH  are  the  corresponding  quantities  for  the 
exterior  surface  of  the  cylinder,  equal  respectively  to  11,000 
p)Ounds  and  1000  pounds.  Curves  DF  and  HG  are  then 
constructed  by  laying  off  the  ordinates  p  and  h  at  right 
angles  to  AB  as  shown. 

Case  of  Exterior  Pressure  Greater  than  Interior  Pressure, 

If  the  exterior  pressure  pi  is  greater  than  the  interior 
pressure  p\  it  is  evident  that  the  preceding  equations  will 
need   no  change  whatever,  but  the  difference  p' —pi  will 

now  be  negative.     As  p'—^  is  less  than  p\  p  will  still  be 

rr 

negative  and  represent  compression.  On  the  other  hand, 
h  will  now  be  negative  and  represent  circumferential  or 
hoop  compression  as  shown  by  eq.  (13).  Eqs.  (12)  and 
(13)  are  used  in  connection  with  this  case  in  designing 
modem  heavy  gtms  where  thick  cylinders  are  raised  to  a 
high  temperature  and  slipped  over  a  close-fitting  interior 
thick  cylinder  at  ordinary  temperature,  so  that  when  the 
outside  hot  cylinder  cools  it  contracts  and  puts  the  interior 
cylinder  under  a  high  compression.  In  fact,  the  lining  of 
the  gun  may  be  enclosed  by  two  or  more  such  cylinders 
successively  shrunk  into  place.  One  interior  cylinder  with 
slightly  conical  interior  surface  may  be  forced  by  a  high 
pressure  at  ordinary  temperature  into  the  interior  of  a 
corresponding  exterior  cylinder  with  similar  results.  These 
matters  will  be  treated  more  extendedly  in  the  next  article. 
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Art  41. — Radial  Strain  or  Displacement  in  Thick  Hollow  Cjlis- 
ders« — Stresses  Due  to  Shrinkage  of  One  Hdlow  Cj^inder 
on  Another. 

Radial  Strain  or  Displacement. 

Inasmuch  as  all  diametral  sections  of  thick  hollow 
cylinders  remain  plane  for  all  conditions  of  stress  due  to 
internal  or  external  pressure,  the  only  strain  or  displace- 
ment in  such  a  cylinder  is  that  in  a  radial  direction  due  to 
either  increase  or  decrease  of  the  diameter  of  any  elementary 
thin  cylinder  or  shell  with  radius  r.  This  radial  displace- 
ment viill  be  indicated  by  p  and  the  expression  for  it  can 
only  be  established  by  the  analysis  shown  in  Art.  s  of 
Appendix  I,  or  by  some  equivalent  analysis.  By  referring 
to  eq.  (10)  and  the  two  equations  preceding  eq.  (15)  of  that 
article  it  will  be  seen  that  the  desired  displacement  is  given 
by  the  following  equation : 


(i  - 2r)(/>i  -/>'L-W  +  (/>i  -/>')- 
\ Ti'/ r 


P  = 

2G 


^H 


.  (i) 


In  this  equation  G  is  the  modulus  of  elasticity  for  shear- 
ing, while  pi  and  ri  represent  the  intensity  of  exteriof 
pressure  and  the  exterior  radius,  respectively,  and  p'  and 
r'  similar  quantities  for  the  interior  of  the  cylinder.  The 
quantity  r  represents  the  ratio  of  the  lateral  strain  divided 
by  the  direct  strain,  i.e.,  Poisson's  ratio.  Obviously  if 
r  =  r\  the  increase  or  decrease  of  the  interior  radius  will  be 
given  by  p  and  a  similar  observation  applies  to  the  increase 
or  decrease  of  the  exterior  radius  when  r  =  ri. 

It  is  clear  that  if  r  be  made  equal  to  either  r'  or  r\  in 
eq.  (i)  either  p'  or  pi  may  be  written  from  that  equation 
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1  terms  of  the  corresponding  radial  displacement  p'  or  pi. 
t  is  sometimes  desirable  to  express  the  intensities  of 
lienor  or  exterior  pressures  in  this  manner,  after  having 
determined  the  radial  displacement  corresponding  to  a 
known  change  of  temperature  or  in  some  other  manner. 
In  the  operation  of  shrinking  one  cylinder  on  another  the 
difference  in  diameters  required  for  the  operation  may  be 
prescribed  by  some  empirical  rule. 

Stresses  Due  to  Shrinkage. 

It  has  been  shown  in  the  preceding  article  that  when  a 
thick  hollow  cylinder  is  subjected  to  a  high  internal  pressure 
the  intensity  of  circumferential  or  hoop  tension  is  much 
greater  at  and  near  the  interior  surface  of  the  cylinder  than 
al  the  exterior  surface  and  that  if  the  thickness  is  great 
the  intensity  of  the  interior  tension  may  be  high,  while 
that  of  the  exterior  surface  will  be  extremely  low,  show- 

I  the  use  of  the  metal  to  be  uneconomical.  In  heavy 
gun  making  this  undesirable  condition  is  overcome  by 
;  the  body  of  the  gun  into  a  number  of  concentric 
ftiek  cylinders,  each  being  shrunk  over  those  inside  of  it, 
after  making  the  interior  diameter  at  ordinary  temperature 
)  than  the  exterior  diameter  of  that  over  which  it  is 
dinink  into  place.  Each  tube  is  heated  so  as  to  enlarge 
itt  diameter  until  it  can  be  slipped  over  the  tube,  or  tubes, 
hade  of  it,  so  that  when  it  cools  it  will  itself  be  subjected 

3  high  internal  pressure  with  correspondingly  high  cir- 
Qimferential  or  hoop  tension,  while  the  tube,  or  tubes, 
inside  of  it  will  be  correspondingly  compressed  at  ordinary 
temperature.  The  body  of  the  gun  thus  composed  of  a 
»ies  of  concentric  tubes  shrunk  in  place  in  series  will  form 
4  oombination  in  the  interior  of  which  there  will  be  rela- 
tively high  circumferential  or  hoop  compression,  decreasing 
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outwardly  though  not  regularly  or  continuously,  with 
cumferential  or  hoop  tension  in  the  outer  part  or  pa 
When  the  intensely  high  pressures  of  modem  explosi 
are  produced  in  firing  the  gun  the  metal  will  be  more  na 
uniformly  stressed  in  circumferential  tension  and  thus 
more  effectively   throughout  the  entire  thickness  of 
wall  of  the  gun.     It  will  not  be  attempted  here  to  g 


Fu..  I. 


the  details  required  to  secure  the  best  effects  by  shrink 
into  place  a  series  of  thick  hollow  cylinders  in  the  ma 
facture  of  ordnance,  but  the  general  analytic  proced 
in  deducing  the  proper  results  for  the  shrinkage  of 
cylinder  on  another  cither  in  gun  making  or  in  the  mal 
of  other  compound  cylinders  for  high  internal  press* 
will  be  illustrated  by  a  single  computation  only. 

Fig.    I    represents   a   thick   hollow  steel  cylinder  ^ 
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internal  diameter  of  12  inches  and  total  thickness  of  wall 

of  12  inches  composed  of  an  outer  cylinder  6  inches  thick 

shrunk  on  an  interior  hollow  steel  cylinder  with  wall  also 

6  inches  thick.     It  will  be  supposed  that  the  coefficient 

of  expansion  of  steel  per  degree  Fahr.  is  3  =  .0000065.     The 

increase  in  diameter  due  to  a  change  of  225°  Fahr.  of  the 

interior  24-inch  cylinder  will  be  225  X 24X5  =  .0351  inch. 

The  change  in  radius  will  be  one-half  of  this  amount.     The 

interior  diameter  of  the  exterior  thick  cylinder  at  ordinary 

temperature  must  be  24  — .0351  =23.9649  inches. 

If  /'  be  the  interior  radius  of  the  exterior  cylinder 
before  being  heated  and  r„  the  exterior  radius  also  before 
being  heated,  while  r'  and  ri  represent  the  interior  and 
exterior  radii  of  the  interior  cylinder  at  ordinary  tempera- 
ture and  before  shrinkage,  as  shown  in  Fig.  i,  the  data 
required  will  be  as  follows : 

f 
f'  =  6";    ri=i2";    r"  =  ii. 98245;    r,;  =  17.98245. 

The  interior  pressure  of  the  inner  cylinder  will  be  sinjply 
that  due  to  atmosphere.     Similarly  the  exterior  pressure 
on  the  exterior  cylinder  will  also  be  that  due  to  the  atmos- 
phere.   Hence,    both   these   pressures   will   be   considered 
zero.    There  will  then  be  acting  the  shrinkage  pressure  on 
the  exterior  surface  of  the  inner  cylinder  and  the  same 
pressure  on  the  interior  surface  of  the  outer  cylinder.     The 
intensity  of  this  common  shrinkage  pressure  will  be  indi- 
cated by  pi. 

As  indicated  in  Fig.  i,  after  the  properly  heated  outer 
ylinder  has  been  slipped  over  the  inner  cylinder  at  ordi- 
lary  temp)erature  and  the  two  allowed  to  cool,  the  radius 
I  will  be  decreased  by  the  radial  displacement  pi,  while 
le  radius  r"  will  be  increased  by  the  amoimt  p".     In- 
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asmuch  as  pi  will  be  intrinsically  negative,  eqs.  (2)  v 
once  result. 

By  making  p'  =0  in  eq.  (i)  and  r  =fi  there  will 
eq.  (3): 

■— (^  •  •  •  • 


pi  = 

2(71 


Similarly  by  making  /?i=o  in  eq.   (i),  r' =^r'\  r 
r  =  r"  and  remembering  that  p'  =p"  =pu  eq.  (4)  will 
sent  the  increase  of  the  radius  of  the  exterior  cylindei 
the  operation  of  shrinkage  is  complete : 


n  __\ fji / 

P  /     //o  ^         • 


2G 


(S-) 


By  substituting  the  second  members  of  eqs.  (3)  a 
for  the  first  member  of  eq.    (2)   an  equation  will 
giving  the  value  of  /?i  as  shown  by  the  following  eq 
and  eq.  (5) : 


P\ 


/'3     V  /2 


r\      ,     r,;^     \  .     r\^      .      r" 


-faV'-'^T^^T^VT^-'v-^ 


}  =r 


Or 


.r2"^       7^~V        7~2^^       7^"^ 


2Cr 


Hence 

Pi  = ^ 
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The  quantity  represented  by  Z  is  clear. 

It  should  be  observed  that  the  relation  between  the 

changes  of  the  radii  at  the  cylindrical  surface  of  shrinkage 

contact  and  the  original  radii  (eq.  (2))  is  general  and  holds 

for  all  conditions  of  shrinkage  stresses  whatever  may  be 

the  thicknesses  of  the  two  cylindrical  walls. 

In  computing  the  value  of  /?i  by  eq.  (5)  there  will  be 
taken: 

G  =  12,000,000  and  r=.2S. 

If  the  values  already  given  for  the  four  radii  of  the  cylinders 
be  inserted  in  the  equation  immediately  following  eq.  (4) , 
there  will  result : 

Z=-38.4. 

Hence 

^     .0351  X. 5  X 24,000, 000  ,,  .     V 

p\  =— ^^ Q      —  "^  io»97o  lbs.  per  square  mch. 

In  computing  the  value  of  Z  it  is  essentially  accurate 
to  use  the  inner  and  outer  radii  of  the  outer  cylinder  as 
they  exist  before  it  is  heated  for  the  shrinkage  process. 
This  will  save  much  labor  and  simplify  the  application  of 
the  foraiulae,  but  the  difference  ri— r"  must  of  course  be 
expressed  as  accurately  as  possible. 

The  stresses  in  the  walls  of  the  two  cylinders  due  to 

shrinkage  may  now  be  readily  computed,  since  the  outer 

cylinder  is  subjected  to  an  inner  pressure  of  10,970  lbs.  per 

square  inch  and  the  inner  cylinder  to  an  exterior  pressure 

of  the  same  intensity.     The  resulting  values  of  p  and  h 

for  the  two  cylinders  are  as  follows : 

Inner  Cylinder  in  Compression, 

/>i=  10,970  lbs.  per  square  inch;    />'=o;    r'=6  inches; 
1  =  12  inches. 
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Eqs.  (12)  and  (13)  of  the  preceding  article  will  give  at 
once  eqs.  (6)  and  (7)  for  this  case: 


.'2 


I  — 


P^P\-t; 


r  - 


(6) 


1  + 
h  =  pi-7.r 


.'2 


(7) 


ri 


2 


—  I 


If  the  intensities  p  and  h  are  computed  at  six  equidistant 
points  at  the  two  surfaces  and  at  intermediate  points  one- 
fifth  of  the  thickness  of  the  wall  of  the  cylinder  apart,  the 
results  given  in  the  following  tabulation  will  be  found  and 
they  are  shown  graphically'  in  Fig.  2. 


r 

Pounds  p 

er 

Sq. 

In. 

f* 

P 

h 

I 

I. 

0 

-29,250 

I  .2 

6944 

-    4.470 

—  24.780 

14 

.51^2 

-    7.164 

—  22.090 

16 

.3906 

-    8.913 

-  20,340 

1.8 

.3086 

-10.113 

-  19^089 

2 

•25 

- 10.970 

-18.283 

Outer  Cylinder  in  Tension, 

/?'  =  10,970  lbs.  per  square  inch;  pi  =0;  r'  =  i2  inches; 
ri  =  18  inches. 

By  making  p\  =0  in  eqs.  (12)  and  (13)  of  the  preceding 
article  there  will  result  the  following  two  formulae  for  the 
intensities  p  and  h : 


■  \ 
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.'2 


.'2 


rr 


P-^P^'-U 


(8) 


TV 


—  I 


-.'2        -.'2 

—  4-— 

2    '     •.2 


^=-/^'^V^ 


(9) 


rv 


—  I 


The  two  intensities  p  and  /i  will  be  computed  for  six 
equidistant  points,  including  those  on  the  two  cylindrical 
surfaces,  by  taking  corresponding  values  of  r.  The  results 
(rf  these  computations  are  given  in  the  following  tabulation 
and  they  are  shown  graphically  in  Fig.  2,  as  will  be  explained 
further  on. 


r 

Pounds  per  Sq.In. 

? 

P 

k 

I 

I.I 

1.2 

13 
14 

1-5 

I. 
.8264 
.6944 

.5917 
.5102 

.4444 

-10,970 

-  7.543 

-  4.937 

-  2,908 

-  1.299 
0 

4-28,054 
4-25,093 
4-22,486 
4-20,459 
4-18,848 
4-17,552 

Combined  Cylinder  under  High  Internal  Pressure. 

The  stresses  induced  by  shrinkage  in  making  the  com- 
bined cylinder  of  two  concentric  shells  have  been  explained 
and  computed  in  the  preceding  sections ;  those  stresses  are 
permanent  and  they  must  be  combined  with  stresses  which 
niay  be  produced  usually  temporarily  by  subjecting  the 
combined  cylinder  to  a  high  internal  pressure  such  as  that 
caused  by  the  discharge  of  a  gtm.     The  internal  presstu-e 
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produced  by  a  modem  high  explosive  may  reach  50,000 
or  60,000  lbs.  per  square  inch,  but  as  an  illustration  in  Hk 
case  the  internal  pressure  will  be  taken  as  40,000  lbs.  pa 
square  inch.     Hence  the  following  data  are  required: 

/?' =40,000  lbs.  per  square  inch;    pi—o;    r'=6  inches 
fi  =18  inches. 

As  this  case  is  similar  to  that  expressed  by  eqs.  (8)  am 
(9),  those  equations  will  yield  the  results  shown  in  th 
following  tabulation  when  the  above  data  are  substitute 
in  them. 


r 


I 

I| 

ij 

2 

2i 

2\ 

3 


l2 


Pounds  per  Sq.In. 


^ 

—  40,000 

•  5625 

-20,313 

.36 

-11,196 

•25 

-  6,252 

.1837 

-  3.268 

.1406 

-  I.32H 

.nil 

0 

+30,312 

+21,200 

+  16,248 
+  13.268 

+  11.3^8 
+  10,000 


It  will  be  observed  that  the  intensities  p  and  h  have  bee 
computed  at  points  3  inches  apart  throughout  the  i2-in( 
thickness  of  the  combined  cylinder  wall. 

The  results  of  computations  shown  in  the  three  pi 
ceding  tabulations  may  now  be  shown  graphically  in  F 
2.  That  figure  shows  part  of  a  normal  section  of  the  t^ 
cylinders,  C  being  the  center  and  CD  being  the  inten 
radius  of  6  inches.  The  separate  walls  each  6  inches  thi 
are  shown  by  the  parts  of  concentric  circles  with  ra 
6  inches.  12  inches,  and  icS  inches.  The  line  ABD  rep 
sents  the  trace  of  a  longitudinal  diametral  plane  at  ri 
angles  to  which  the  intensities  of  the  circumferential 
hoop  stresses  shown  in  the  preceding  tabulations  are  laid 
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Jisile  stresses  indicated  by  the  plus  sign  are  laid  off  to 
Eleft  of  AD  and  compressive  stresses  to  the  right  of  BD 
indicated  by  the  minus  sign.  . 

Referring  to  the  tabulated  results  for  the  inner  cylinder 
I  compression,  DQ  represents  29,250  and  BP  18,283,  both 
Hinds  ])er  square  inch.  Intermediate  ordinates  of  the 
iirved  line  PQ  are  laid  off  by  the  same  scale  to  represent 
Bother  intensities  h  given  in  the  table. 
The  ordinate  AL  represents  by  the  same  scale  the 
falsity  17,552  lbs.  per  square  inch  and  MB  the  intensity 
^054  lbs.  per  square  inch,  both  shown  in  the  tabulation 
r  the  outer  cylinder  in  tension.  The  other  intensities 
d  off  as  ordinates  give  the  curved  line  LM. 
The  tensile  intensities  h  for  the  combined  cylinder  under 
e  internal  pressure  of  40,000  lbs.  per  square  inch  are 
Bwn  by  the  ordinates  to  the  curved  line  EF,  FD  repre- 
Iting  50,000  lbs.  per  square  inch  and  EA  to.ooo  lbs.  per 
aare  inch. 

TTie  resultant  intensities  at  various  points  in  the  wall 
the  combined  c>'linder  are  found  by  taking  the  algebraic 
D  at  each  point  of  the  three  results  shown.  The  result- 
t  hoop  stress  at  D  is  found  by  laying  off  KF  =  DQ, 
iresuJtant  intensity  being  DA' =  50,000  — 29,250  =  20,750 
.  per  square  inch.     Similarly  SH  =.1/B-5P  =  16,248 - 

3  =  -  2035  lbs.  per  square  inch,  showing  that  the  tensile 

\  developed  by  the  high  internal  pressure  was  not 
*  enough  to  overcome  the  shrinkage  compression.     The 

sities  of  hoop  stress  in  the  wall  of  the  inner  cylinder 
!  therefore  the  iplercepts  of  ordinates  at  right  angles 
BD  between  FM  and  KH. 
AD  stress  in  the  outer    cylinder  is  tension    equal    in 

isily  at  any  point  to  the  sum  of  the  ordinates  between 
find  ME  added  to  those  between  AB  and  LS  repre- 
Btfld  by  the  ordinates  drawn  from  AB  to  ON.     Thus  it 
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is  seen  that  the  shaded  parts  of  the  diagram  represe 
each  point  the  intensity  of  stress  existing  at  that  p 


The  highest  tension  exists  in  the  outer  cylinder  at  B  i 
equal  to  28,054  +  16,248=44,302  lbs.  per  square  inch 


Art.  41]    CYLINDER  UNDER  HIGH  INTERNAL  PRESSURE.  223 

the  outer  point  A  the  tensile  intensity  of  hoop  stress  is  seen 
to  be   27,552   lbs.     The  intensity  of  hoop  stress  at  the 
interior  surface  of  the  cylinder  has  been  found  to  be  20,750 
lbs.  per  square  inch,  materially  less  than  at  the  outer  sur- 
face, which  is  desirable,  as  the  radial  normal  pressure  at 
the  inner  point  is  40,000  lbs.  per  square  inch. 

The  high  tensile  intensity  44,302  lbs.  per  square  inch, 
found  at  the  inner  surface  of  the  outer  cylinder  and  the 
compression  of  about  2000  lbs.  per  square  inch  at  the 
adjacent  point  on  the  inner  cylinder  show  the  desirability 
of  a  redesign  for  the  assimied  internal  pressure  with  adjust- 
ment of  the  amotmt  of  shrinkage  and  with  the  wall  com- 
posed perhaps  of  three  cylinders  instead  of  two.  In  this 
manner  the  undesired  extremes  of  stress  in  the  vicinity  of 
the  middle  of  the  wall  can  be  avoided.  The  results,  how- 
ever, exhibit  completely  the  procedures  to  be  followed 
where  it  is  desired  to  make  a  combined  cylinder  with  a 
number  of  concentric  shells  with  shrinkage  so  employed  as 
to  produce  a  more  nearly  tmiform,  though  not  continuous, 
stress  condition  than  can  be  attained  in  a  single  wall  with- 
out shrinkage.  In  a  single  wall  of  12 -inch  thickness  in 
this  case  the  hoop  tension  would  have  varied  from  50,000 
lbs.  per  square  inch  at  the  interior  surface  to  only  10,000 
lbs.  per  square  inch  at  the  exterior  surface. 

The  radial  compressive  intensities  p  have  not  been 
plotted  in  Fig.  2,  as  the  resultant  intensity  in  every  case  is 
found  by  adding  the  intensities  due  to  each  condition  as 
given  in  the  tabulations.     At  the  interior  surface  the  maxi- 

Imum  intensity  of  pressure  is  40,000  lbs.  per  square  inch. 
At  3  inches  from  the  interior  surface  the  maximum  inten- 
sity will  be  about  20,000  lbs.  per  square  inch  and  at  the 
common  surface  of  the  two  shells  that  intensity  will  be 
about  17,000  lbs.  per  square  inch,  thus  decreasing  outward 
until  the  value  o  is  found  at  the  outer  surface. 
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Art.  42. — Thick  Hollow  Spheres. 

When  the  thickness  of  wall  of  a  liollow  sphere  is  so 
great  that  the  stresses  may  not  be  considered  unifonnly 
distributed  over  a  diametral  section  of  the  shell  the  approxi- 
mate formulie  of  Art.  39  cannot  be  used;  it  becomes  neces- 
sary to  make  an  investigation  similar  to  that  required  for 
thick  hollow  cylinders. 

It  will  be  supposed  that  the  interior  of  the  spherical 
shell  is  subjected  to  an  intensity  of  pressure  p'  greater  than 
the  exterior  normal  pressure  p\  as  shottTi  in  Fig.  i.  As 
the  intensity  of  the  interior  pressure,  produced  possibly 
by  a  fluid,  is  greater  than  that  of  the  exterior  pressure  the 
material  of  the  shell  will  be  subjected  to  an  internal  stress 
of  tension  as  well  as  the  radial  compression,  but  the  fonnule 
as  demonstrated  will  be  equally  applicable  to  the  case 
the  exterior  pressure  being  greater  than  the  interior 
out  any  modification  whatever.  In  the  latter  case,  hoi 
the  internal  stress  acting  around  a  great  circle  will  be 
pression  instead  of  tension.  The  formulae  will  be  so  wril 
that  a  tensile  stress  is  positive  and  a  compressive  stress 
negative. 

If  a  diametral  section  of  the  spherical  shell  be  taken 
in  Fig,  I.  it  is  clear  that  for  a  given  radius  r  there  wiD  bfr 
a  uniform  intensity  of  tension  normal  to  that  section  and 
no  other  stress,  i.e.,  this  tension  at  every  point  will  be  id 
the  direction  of  the  circumference  of  a  great  circle.  Pur- 
thennore,  since  that  observation  is  true  of  all  possiblt 
diametral  sections  of  the  shell  it  is  equally  obvious  that  at 
any  point  in  the  shell  there  will  be  two  circumferential 
or  hoop  stresses  at  right  angles  to  each  other  and  a  third 
radial  stress  of  compression  with  no  other  stress  on  ttt 
stlrface  of  action,  the  three  stresses  being  principal  sti 
at  the  assumed  point.     The  three  principal  planes  on 
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these  principal  stresses  act  are  two  of  them  diametral  and 
at  right  angles  to  each  other,  while  the  third  is  tangent 
to  the  spherical  surface  with  radius  r,  and  it  is  at  right 
angles  to  the  other  two  planes.  The  state  of  stress  in  the 
interior  of  the  shell  is  also  obvious  from  the  fact  that  the 
interior  and  exterior  fluid  or  normal  pressures  are  each  the 
same  in  intensity  at  all  points  making  the  resulting  con- 


r 

■ 

I 


Fig.  I. 

dition  of  stress  completely  symmetrical.  As  every  diam- 
etral plane  section  of  the  shell  is  a  principal  plane  of  stress 
there  will  be  no  shear  on  any  such  plane  and  for  the  same 
reason  there  will  be  no  shear  on  any  of  the  concentric 
spherical  surfaces  within  the  limits  of  the  shell. 

Remembering  that  the  interior  radius  of  the  shell  is  r' 
and  the  exterior  radius  ri  and  that  the  tendency  to  tear  the 
shell  apart  in  any  diametral  annular  section  is  due  to  the 
excess  of  the  interior  pressure  over  the  exterior  the  follow- 
ing equation  may  be  at  once  written,  if  h  represents  the 
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intensity  of  the  internal  tensile  stress  developed  at 
point  in  the  annular  section : 


.(^V'2-/?iri2)=  Ch.27rr.dr. 

J  r\ 


•  •  • 


If  in  eq.  (i),  r'  and  y\  be  considered  variable  and  o; 
so  neariy  the  same  value  that  they  differ  from  each  othei 
only  by  dr,  the  quantity  p^/^  —  pirr  becomes  equal  to  d{pr^) . 
Hence,  eq.  (i)  for  that  supposition  may  take  the  following 
form: 

d(pr^)  =2hrdr  =  2prdr+r^dp (^) 

This    is    a   differential    equation    between    h   and  f^- 
Another  equation  of  condition  is  required   to  determirx^ 
those  two  variable  quantities.     Such  an  equation  may  t>^ 
written  by  so  expressing  the  relation  between  the  internal 
distortions  or  strains  accompanying  the  stresses  h  and    ^ 
as  to  make  the  diametral  sections  of  the  shell  plane  wha'ti' 
ever  may  be  the  intensities  of  the  internal  stresses  h  and^^' 
The  consideration   of  such  relations  between  the  strair** 
produced  would  be  precisely  the  same  as  given  in  Art.     ^ 
of  Appendix  I,  and  hence  it  is  repeated  here.     If  it  t^^ 
remembered  that  the  intensities  of  the  two  circumferenti^'* 
stresses  at  any  interior  point  of  the  shell  are  equal  to  eact' 
other  and  indicated  by  /t,  as  in  eqs.  (i)  and  (2),  while  /^ 
represents  the  intensity  of  the  internal  radial  stress  at  th6 
same  point,  the  relation  between  the  internal  strains  or 
distortions  necessary  to  make  all  diametral  sections  of  the 
shell  plane  for  all  intensities  of  stress  is  equivalent  to  the 
condition  that  the  sum  of  the  three  principal  stresses  must 
be  constant  at  all  points  as  expressed  by  eq.  (3),  a  being 
constant: 

p+2h^a (3) 


Art.  42.1  THICK  HOLLOW  SPHERES.  227 

From  eq.  (3): 

p=a  —  2h  and  dp  =  2dh (4) 

Substituting   from   eq.    (4)    in    the   second   and   third 
members  of  eq.  (2) : 

2hrdr  =  lardr  —  ^hrdr  —  ir^dh. 

By  arranging  terms  the  preceding  equation  takes  in- 
tegrable  form  as  given  by  eq.  (5) : 

^hrdr +r^dh  =  ardr (5) 

If  fa  is  a  constant  of  integration,  eq.  (5)  may  be  integrated 
so  as  to  take  the  form  of  eq.  (6) : 

r'h=^aT^+b]     /t=-+-^ (6) 

3  3     H 

By  using  the  first  of  eqs.  (4)  and  eq.  (6),  eq.  (7)  at  once 

follows: 

p-yi (7) 

At  the  inner  and  outer  surface  of  the  spherical  shell 
P'p' and  p^pu  respectively.     Eq.  (7)  will  then  give: 

P= ^and/?i= ' (8) 

Hence: 

The  preceding  equation  will  at  once  give  the  following 
value  of  6,  which  in  turn  substituted  in  the  second  of  eqs.  " 

S  will  give  the  value  of  -,  following  that  of  b\ 

3 

b-^i^~l^:  and?.£i;^£^.  .   .   to) 

2(r^— ri>*)  3         r^—r\^ 
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These  values  of  b  and  -  substituted  in  eqs.  (6)  and  (7) 

3 

will  give  the  following  values  of  radial  intensity  p  and  cir- 
cumferential intensity  h  at  any  point  in  the  shell  distant 
r  from  the  centre.  In  writing  these  final  expressions  it  is 
to  be  remembered  that  the  constants  a  and  b  may  be  either 
positive  or  negative  and  their  signs  are  changed  so  as  to 
make  all  positive  stress  tension  and  all  negative  stress  com- 
pression, as  was  done  in  the  case  of  thick  cylinders. 

y        r'3-ri3  (r'3-ri3)     r^'        '     '     ^^^' 

r'^-ri^     "^    2(r'3-ri3)    r^'        '     '     ^"^ 

These  equations  can  be  put  in  more  convenient  shape 
for  computation  by  dividing  all  terms  in  the  second  mem- 
bers by  ri^,  which  will  give  eqs.  (loa)  and  (iia) : 

P  =  —-s /^i ^-     •     •     •      (i~) 


^'3 


(iia) 


It  is  necessary  to  determine  a  thickness  t  of  shell  which 
will  resist  a  given  intensity  of  internal  pressure.  Eq.  (11) 
shows  that  the  circumferential  tension  h  will  be  greatest 
when  r  =  r'  in  eq.  (11).     Making  this  substitution 

2fe(r'3-ri3)=3/7iri3-p'(2r'3+ri3). 


I 

i 
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Dividing  by  r'^  and  solving: 

r'3     2h-p'+spi' 

« 

Hence  there  may  be  at  once  written : 


This  value  of  t  will  give  the  thickness  of  material  re- 
quired so  that  the  maximum  intensity  of  circumferential 
tensile  stress  shall  not  exceed  a  prescribed  value  h  at  the 
interior  surface  of  the  sphere  when  the  interior  pressure  is 
p'  and  the  exterior  pressure  pu  the  latter  being  smaller 
than  the  former. 

A  similar  treatment  may  be  given  to  eq.  (11)  after 
making  r=ri  in  order  to  determine  a  thickness  t  such  that 
the  circumferential  compressive  stress  shall  not  exceed  a 
given  prescribed  value  when  the  exterior  pressure  p\  exceeds 
the  interior  pressure  p'. 

In  eq.  (12)  if  /?' =  2/1+3^1,  the  value  of  t  becomes 
infinitely  great,  showing  that  if  the  interior  pressure  reaches 
or  exceeds  the  value  indicated  no  thickness  of  shell  what- 
ever will  prevent  the  circumferential  or  hoop  tension  ex- 
ceeding the  prescribed  limit  h. 

If  either  internal  or  external  pressure  become  zero, 
while  the  other  has  any  assigned  value,  it  is  only  necessary 
to  make  either  p'  or  p\  equal  zero  in  all  the  preceding 
equations.  Furthermore,  it  is  a  matter  of  indifference 
whether  p'  or  p\  is  numerically  greater  in  the  application 
of  any  of  the  preceding  equations  except  eq.  (12). 
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Radial  Displacement  at  any  Point  in  the  Spherical  Sh 

The  general  analysis  of  Art.  8  of  Appendix  I,  give 
expression  for  the  radial  strain  or  displacement  of 
material  at  any  point  within  the  spherical  shell.  It 
already  been  seen  that  no  other  displacement  occur 
all  diametral  sections  of  the  shell  remain  plane  for 
degree  of  stress  whatever.  If  this  radial  displacemer 
strain  at  any  point  be  indicated  by  p,  the  analysis 
cated  shows  that  the  value  of  this  displacement  wil 
given  by  eq.  (13): 


'^^ 


r'3 
2(1 -2r)^^     ^ri3  .(pi-p 


+ 


3(1+?)      r;^_^  r ^ 


'3  ^j- 


Eiiowing  the  internal  and  external  pressures  to  w 
the  shell  is  subjected  eq.  (13)  will  give  the  value  of 
radial  displacement  of  any  indefinitely  small  piea 
material  at  the  distance  r  from  the  center.  If  r=ri 
corresponding  value  of  p  given  by  eq.  (13)  will  indi 
the  increase  or  decrease,  as  the  case  may  be,  of  the  extc 
radius  ri\  and  if  r  =  /  the  increase  or  decrease  in  le 
of  the  interior  radius  /  will  result.  In  eq.  (13)  G  is 
viously  the  modulus  of  elasticity  of  the  material  for  si 
while  r  is  the  ratio  of  lateral  over  direct  strains. 


CHAPTER  V. 


RESILIENCE. 


Art  43.-=--General  Considerations. 

The  term  resilience  is  applied  to  the  quantity  of  work 

T^quired  to  be  expended  in  order  to  produce  a  given  state 

of  strain  in  a  body.     If  a  piece  of  material  is  subjected 

to  tension,  that  state  of  strain  will  be  simply  the  stretching 

of  the  piece  or  the  amotmt  of  compression,  if  the  piece  is 

subjected  to  compressive   stress.     In  precisely  the  same 

nianner  the  resilience  of  a  bent  beam  is  the  amount  of  work 

performed  upon  it  by  its  load   in   producing  deflection. 

There  may  also  be  the  resilience  of  shearing  or  of  torsion. 

In  the  ordinary  use  of  the  expression,  resilience  refers 

to  the  amount  of  work  expended  within  the  elastic  limit, 

whether  of  torsion,  compression,  or  tension,  but  it  m.ay 

properly  be  extended  in  its  meaning  to  include  the  total 

amount  of  work  required  to  rupture  the  material  under 

any  one   of  the  preceding  conditions  of   stress.     Elastic 

resilience   may  easily  be   computed   by  means  of  exact 

formulae,  but  if  the  total  work  required  to  cause  rupture 

in  any  case  is  desired,  a  graphical  record  of  the  total  strains 

produced  between  the  elastic  limit  and  failure  must  be 

obtained  by  actual  tests.     In  these  articles  the  formulae 

■or  elastic   resilience  only  will  be  given;    in  other  subse- 

juent  articles  the  method  of  computing  the  total  resilience 
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of  failure  will  be  illustrated  by  computations  from 
strain  records. 


Art.  44.— The  Elastic  Resilience  of  Tension  and  Com] 

and  of  Flexure. 

Let  it  be  supposed  that  a  piece  of  material  whose 

is  L  and  the  area  of  whose  cross-section  is  ^4  is 

stretched  or  compressed  by  the  weight  or  load  W  a] 

so  as  to  increase  gradually  from  zero  to  its  full  value. 

E  is  the  coefficient  of  elasticity,  the  elastic  change  of 

WL 
will  be  -T-^.     The  average  force  acting  will  be  ^W, 

the  work  performed  in  producing  the  strain  will  be 

Resilience  =  — rr" 0 

2AE  ^ 

W 
If  -J-,  the  intensity  of  stress  in  the  metal,  be  represent 

by  t,  eq.  (i)  may  be  written 

Resilience  =  ^At^  p. (l)^ 

Again,  eq.  (2)  may  take  the  following  form: 

Resilience  =  iAEjrr^L  =  iAEPL.      .     .     •    (3) 

In  eq.   (3)  the  quantity  l^  =^  ^2  is  obviously  the  squaH 

of  the  strain  (stretch  or  compression)  per  unit  of  length. 
If  a  bar  of  material  i  inch  in  length  and  i  square  inA 
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in  cross-section  be  considered,  ^4  =  i  and  L  =  i  must  be 
inserted  in  the  preceding  eqtiations,  and  there  will  result 

Unit  resilience  ^^j^.=^^El^ (4) 

t^ 

The  quantity  —  =£/'  is  called  the  ''Modulus  of  Resil- 
ience." The  expression  is  ordinarily  employed  when  t 
is  the  greatest  intensity  of  stress  allowed  in  the  bar. 

The  preceding  equations  are  applicable  whether  the 
bar  or  piece  of  material  is  in  tension  or  compression,  the 
coefficient  of  elasticity  E  being  used  for  either  stress,  while 
/represents  the  intensity  of  either  tension  or  compression, 
as  the  case  may  be. 

Inasmuch  as  the  values  of  t  and  E  are  usually  taken 
in  reference  to  the  square  inch  as  the  unit  of  area,  it  is 
gwierally  convenient  to  take  L  in  inches,  although  any 
other  unit  of  length  may  be  taken  when  multiplied  by  the 
proper  numerical  coefficient. 


The  Resilience  of  Bending  or  Flexure, 

It  has  already  been  shown,  in  considering  the  common 
theory  of  flexure,  as  applied  to  the  flexure  or  bending  of 
beams,  that  the  intensities  of  the  stresses  of  tension  and 
compression   vary   from   point   to   point   throughout   the 
entire   beam.     In    determining    the    elastic    resilience    of 
ilexure,  therefore,  it  is  necessary  to  find  the  work  per- 
formed in   producing   the   varying   strains   corresponding 
to  the  stresses  in  the  interior  of  the  beam.     The  resilience 
due  to  the  direct  stresses  of  tension  and  compression  will 
first  be  considered  and  then  that  due  to  the   shearing 


234  RESIUENCE.  [Ch-  V 

In  order  to  obtain  the  expression  for  the  work  per 
formed  by  the  direct  stresses  of  tension  and  compression 
in  a  beam  bent  by  loads  acting  at  right  angles  to  its  axis, 
a  differential  of  the  length,  dL,  is  to  be  considered  at  any 
normal  section  in  which  the  bending  moment  is  M,  the 
total  length  of  span  or  beam  being  L.  Let  /  be  the  moment 
of  inertia  of  the  normal  section,  A ,  about  its  neutral  axis, 
and  let  k  be  the  intensity  of  stress  (usually  the  stress  per 
sqtiare  inch)  at  any  point  distant  d  from  the  axis  about 
which  /  is  taken.  The  elastic  change  produced  in  the 
indefinitely  short  length  dL  when  the  intensity  k  exists 

is  -pjdL,     If  dA  is  an  indefinitely  small  portion  of  the  normal 

section,  the  average  force  or  stress,  either  of  tension  01 
compression,  acting  through  the  small  elastic  change  ol 
length  just  given,  can  be  written  by  the  aid  of  a  familial 
equation  of  flexure  as 

I,     ,-     Md    ,,  . 

-k.dA^-f  dA (S 

2  2/  ^ 

Hence  the  work  performed  in  any  normal  section  of  th 
member,  for  which  M  remains  unchanged,  will  be,  sine 

fk.dA.d^M, 


f 


1/  IP 

-\Lkd.dA.dL=^^uiL {( 

2IE  2Er 


The  work  performed  throughout  the  entire  piece  will  the 
be 

.1/' 


/ 


,Er"- .   .  (; 


The  integration   indicated   in  eq.   (7)  is  readily  mac 
in  all  ordinary  cases  by  substituting  the  value  of  the  bene 
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ing  moment  M  in  terms  of  the  variable  horizontal  ordinate 
or  abscissa  x  and  the  load,  it  being  remembered  that  dL 
is  precisely  the  same  as  dx.  If,  for  example,  the  beam 
is  non-continuous,  simply  supported  at  each  end  and 
carries  tmiformly  distributed  load  p  per  tmit  of  length 

P 
throughout  the  whole  span,  M  ^~{Lx  —  x^),     By  the  in- 

sertion  of  this  value  of  M  in  eq.  (7),  there  will  result 

Resilience ^-r=r.  I    ^ — (L-xydx^       itt^ e^,     (8) 

2EIJ0      4  ^  240EI     24oEr     ^  * 

ly  representing  />L,  the  entire  load*  on  the  beam. 

This  equation  gives  the  value  of  the  total  work  per- 
formed by  the  direct  stresses  of  tension  and  compression 
in  the  interior  of  a  simple  beam  imiformly  loaded  and 
supported  at  each  end,  tmder  the  assumption  that  the 
moment  of  inertia  /  of  the  cross-section  is  constant  through- 
out the  entire  span. 

If  a  single  load  W  rests  at  the  centre  of  the  span,  the 

W 
I'eaction  at  each  end  being  — ,  the  value  of  the  bending 

W 
moment  at  any  point  will  be  — x.     By  inserting  this  value 

rfWineq.  (7),  there  will  result 

^    ...  I        fiw^  2.      W^U  ,  . 

Resilience  =-j^j. 2  I     — x'ax=    .r-r-    •     •     (9) 

2EI    Jo      4  g6EI 

Similarly,  equations  of  the  elastic  resilience  of  the  direct 

stress  of  tension  and  compression  in  beams  loaded  in  any 

manner  whatever  may  easily  be  written.     In  some  cases 

Bte  the  last  the  deflection  at  the  point  of  application  of  a 

single  load  may  easily  be  determined.     Let  that  deflec- 
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tion  be  represented  by  w ;  when  a  single  load  W  tests  it 
the  centre  of  the  span  the  work  performed  by  this  load  m 
producing  the  deflection  is  \Ww,  Hence  that  amount  of 
work  must  be  equal  to  the  resilience  given  by  eq.  (9),  and 

WL'  .  . 


The  Resilience  Due  to  the  Vertical  or  Transverse  Shearing 

Stresses  in  a  Bent  Beam. 

The  work  performed  by  the  vertical  shearing  stresses  *] 
in  a  bent  beam  of  any  shape  of  cross-section  may  readily 
be  found.     Let  5  be  the  total  transverse  shear  in  a  normsl 
section,  /  being  the  moment  of  inertia  of  the  latter  about 
its  neutral  axis,  b  the  width  or  breadth  (constant  or  variabk) 
of  the  section,  (f>  the  unit  shearing  strain  defined  in  Art.  Si 
d  and  d^  the  distances  of  the  extreme  fibres  from  the  neu- 
tral axis,  and  G  the  coefficient  of  elasticity  for  shearing* 
By  eq.  (6)  of  Art.  15  the  intensity  5  of  the  shear  at  any 
point  in  the  section  at  the  distance  z  from  the  neutral  axis 
will  be 

s^^j(d'^z').   ......    (if> 

Again,  by  eq.  (3)  of  Art.  2, 

The  amount  of  shearing  stress  on  the  indefinitely  small 
portion  of  the  section  b .  dz  will  be  sb .  dz,  and  its  path  ID 
performing  the  work  will  be  <t>dx,  x  being  the  horizontal 
ordinate  of  the  section  of  the  beam  from  any  convenient 
origin,  as  the  end  or  the  centre  of  the  span,  i.e.,  in  this 
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I 

the  end  of  the  span.     The  differential  work  performed  in 
the  section  will  be,  by  the  aid  of  eqs.  (11)  and  (12), 

i{sbdz).(<l>dx)^^^(d'-zrdzdx.      .     .     (13) 

In  this  equation  it  is  easy  to  express  the  breadth  b  of 
the  section  in  terms  of  0,  whatever  may  be  its  shape,  by 
the  aid  of  the  eqtiation  of  the  perimeter  of  the  section. 
In  all  the  ordinary  and  important  cases  of  engineering 
practice  involving  this  resilience  of  shearing  the  shape  of 
the  section  is  rectangular  for  which  b  is  constant,  and  it 
will  be  so  regarded  in  the  following  eqtiations.  Remem- 
bering that  X  and  z  are  independent  variables,  and  that 
the  first  integration  will  be  made  in  reference  to  0,  that 
integration  will  give 

As  the  section  is  taken  to  be  rectangular  in  outline,  with 

h  bh^ 

the  breadth  b  and  depth  /t,  d  =rfj  =-  and  /  = — .     Eq.  (14) 

will  then  become 

Resilience  =-rrrp  /  S^dx (15) 

The  total  transverse  shear  5  will  have  varying  values 
depending  upon  the  amount  of  loading  on  the  beam  and 
its  distribution,  i.e.,  in  general  it  will  vary  wnth  x,  and 
when  not  constant  it  must  be  expressed  in  terms  of  that 
variable  before  the  remaining  integration  can  be  made. 

If  a  single  weight  W  rests  on  the  beam  at  the  distance 
of  P  from  one  end  where  the  reaction  is  i?',  and  at  the 
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distance  l^  from  the  other  end  where  the  reaction  is  /?,, 
the  shear  S  will  be  constant  for  each  of  the  segments  into 
which  the  point  of  loading  divides  the  span;  in  one  of 
those  segments  S  =  R\  and  in  the  other  S  =  R^.  The  com- 
plete integration  of  eq.  (15)  will  be,  therefore, 

Resilience  =  -^(^''^'  +  ^I'^i). 

If  there  be  substituted  in  the  parentheses  of  the  second 

member  of  the   preceding   equation  the  values  R'^Wj 

I' 
and  i?j  =  Wj,  there  will  result 

Resilience — 4-/=^  ¥t^' (16) 

SbhG   I 

I 
If  the  weight  W  rest  at  the  centre  of  the  span  /j-i'''^ 

and 

Resilience  ^—^Wn (i?) 

2006/1 

Eq.  (17)  affords  a  simple  method  of  finding  the  deflec- 
tion w^  of  the  point  of  loading  due  to  the  transverse  shear. 
As  the  weight  W  is  supposed  to  be  gradually  applied  tho 
expended  work  iU't£',  must  be  equal  to  the  shearing  ^' 
silience  given  in  eq.  (17).     Hence 

^^-^    bh ^''^ 

When  a  non-continuous  beam  simply  supported  at  each 
end  carries  a  uniform  load  over  the  entire  span,  it  has  been 
shown  in  Art.  22,  eq.  (7),  that  the  transverse  shear  at  any 
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section  is  equal  to  the  load  between  the  centre  of  span  and 
that  section.  If,  therefore,  the  origin  oi  x  he  taken  at 
the  centre  of  span  and  if  p  represents  the  load  per  unit  of 
length  of  the  beam,  S  =px.  By  substituting  this  value  of 
5  in  eq.  (15),  and  remembering  that  twice  the  integral 
must  be  taken  for  the  whole  beam, 

/ 

3  /*2  y>2/3  W2/ 

Resilience -^ —p^^rr  .  2  I    p^x^dx  =    ^^, ,  = — — —     (iq\ 

sGbh    Jo  ^  2oGbh    2oGbh    ^^^ 

The  shearing  resilience,  therefore,  in  a  non-continuous 
beam  carrying  a  uniform  load  is  only  one  third  as  much 
as  that  due  to  the  same  load  concentrated  at  the  centre  of 
the  span. 

If,  as  is  usual,  G  is  expressed  in  pounds  per  square  inch 
the  unit  for  /,  6,  and  h  will  be  the  linear  inch. 

Other  modes  of  loading  than  those  taken  can  be  treated 
in  precisely  the  same  general  manner. 

As  the  intensity  of  the  longitudinal  shear  at  any  point 
of  a  beam  is  the  same  as  that  of  the  transverse  shear, 
^he  total  work  of  the  longitudinal  shear  throughout 
^  beam  is  the  same  as  the  work  of  the  transverse 
shear.  The  total  work  of  the  shearing  stresses  in  a  beam 
^  therefore  composed  of  those  two  equal  parts. 

The  Total  Resilience  Due  to  Both  Direct  and  Shearing 

Stresses, 

The  general  expression  for  the  total  resilience  of  a  bent 
'^am  due  to  both  shearing  and  direct  stresses  will  be  the 
sum  of  the  second  members  of  eqs.  (7)  and  (13),  expressed 
ty  the  following  equation : 

^2^/.+  /  J  ^j^^id^-z^Ydzdx. 
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Or,  by  eqs.  (7)  and  (15),  since  dL^dx, 

Total  resilience  =  /  -^jdx  +  -^crp  I  S^dx.    . 

By  the  aid  of  eqs.  (8)  and  (19)  the  total  resilience 
a  simple  non -continuous  beam  may  be  as  follows: 
If  the  uniform  load  pi  =  W, 

Total  resilience  =  Pr'(^  +  j^  .       . 

For  the  same  beam  carrying  a  single  load  W  at  the  cei 
by  eqs.  (9)  and  (17) 

Total  resilience ^W*(^j+:^^.     .    . 

As  has  been  explained,  the  last  two  equations  are  a; 
cable  to  beams  with  rectangular  sections  only. 

In  a  similar  manner  the  total  deflection  of  a  t 
supported  at  each  end  and  loaded  with  a  single  weigh 
at  the  centre  of  the  span,  due  to  bending  and  flexure, 
be  foimd  by  the  stun  of  the  two  expressions  given  in 
(10)  and  (18): 


'"+'■' -'^{■m^Jsh)- '  ■  ■  ■ 


Art.  4S. — Resilience  of  Torsion. 

The  work  expended  in  producing  elastic  strain: 
torsion  constitutes  the  resilience  of  torsion  and  is  a  sp 
case  of  shearing  resilience.  The  twisting  moment  w 
produces  the  angle  of  torsion  a  is  given  by  eq.   {it 
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Art.  37  and  is  M  =GaIp,  When  the  piece  twisted  has  the 
length  I  the  total  angle  of  torsion  is  al  and  the  differential 
amount  of  work  performed  by  the  moment  M  in  producing 
the  indefinitely  small  twist  d{al)  =/.rfa  is  Ml. da.     Hence 

Resilience  =  /  Mlda  =GlIp  I    a  .rfa  =  Gllp-^  .  .     (i) 

If  P  and  e  are  the  force  and  lever-arm  of  the  twisting 
couple,  eq.  (18)  of  Art.  37  shows  that 

Pe 
a.  = 


'~GIp' 


Substituting  this  value  of  a^  in  eq.  (i), 

P^eH 
Resilience  =  -^=^ (2) 

2GIp  ^   ' 

If  the  normal  section  of  the  piece  is  circular  Ip  = — • 


Hence,  for  a  shaft  with  circular  section, 

Resilience  = —7:^^ (3) 

If  the  sectibn  of  the  shaft  is  a  square,  Ip^-r,  b  being 
the  side  of  the  square.     Hence,  for  a  square  section, 

^P^eH 
Resilience  =    ^-^4 (4) 

In  some  cases  shafts  are  subjected  to  combined  torsion 
tod  bending.  In  such  cases,  if  it  is  desired  to  compute 
the  total  elastic  resilience  it  is  only  necessary  to  take  the 
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sum  of  the  two  resiliences,  each  found  as  if  existmg  in- 
dependently of  the  other. 

The  resilience  of  torsion  beyond  the  elastic  Uinit  or 
between  the  elastic  limit  and  the  ultimate  resistance  itiust 
be  determined,  as  in  all  cases  of  distortion  beyond  the 
elastic  limit,  from  an  actual  strain  record,  as  given  by 
the  testing  machine  when  the  piece  is  strained  up  to  any 
given  degree  of  permanent  stretch  or  to  rupture. 

Art.  46. — Suddenly  Applied  Loads. 

A  load  is  considered  suddenly  applied  when  its  full 
amount  acts  instantly  upon  any  piece  of  material  loaded 
by  it.  In  the  preceding  articles  relating  to  resilience  the 
loads  are  treated  as  being  gradually  increased  from  zero 
to  their  full  values.  In  such  cases  the  amount  of  extenial 
loading  at  any  instant  is  supposed  to  be  equal  only  to  the 
internal  stress  or  stresses  opposing  it,  so  that  the  work 
performed  is  equivalent  to  one  half  the  total  load  multi- 
plied by  the  total  resulting  strain.  When  the  loads  are 
suddenly  applied,  on  the  other  hand,  the  internal  stresses 
produced  are  exactly  equal  to  the  external  forces  only 
when  the  stniins  corresponding  to  the  latter  are  reached, 
and  the  work  performed  up  to  that  point  is  just  double 
the  work  expended  when  the  loads  are  gradually  applied. 
It  follows  from  this  last  consideration  that  the  strains 
produced  by  the  suddenly  applied  loads  will  be  double 
those  found  under  gradual  application.  Inasmuch  as 
the  elastic  strains  are  proportional  to  the  corresponding 
stresses,  it  further  follows  that  the  stresses  produced  by 
suddenly  apj)lie(l  loads  will  bo  double  in  intensity  those 
which  are  produced  by  the  same  loads  gradually  applied. 

The  work  expended  by  a  suddenly  applied  load  up  to 
the    point   of   strain   cc^rresponding   to   its  amount  being 
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double  the  work  performed  by  the  internal  stresses,  the 
total  stress  induced  in  the  material  at  the  limit  of  the  final 
stiain  produced  by  such  a  load  will  be  double  the  amount 
of  the  latter.     The  internal  stresses  in  the  piece  will,  there- 
fore, cause  it  to  recover  from  its  strained  condition  and 
vibrations  will  result,  the  treatment  of  which  constitutes 
an  important  branch  of  the  theory  of  elasticity  in  sohd 
bodies.     Some  general  features  of  that  treatment  will  be 
given  in  Art.  12,  App.  I,  but  as  they  are  seldom  used  in 
engineering    practice   they   will  not   be   considered    here. 
It  is  only  important    at    this    point    to    note    carefully 
the  distinction  between  the  effects  of  a  given  load  grad- 
'ually    applied    and    suddenly    applied,    the    strains    and 
stresses  in  the  latter   condition    being   double    those    in 
the  former. 

Again,  it  is  also  important  to  distinguish  between 
loads  suddenly  applied,  and  shocks,  as  they  are  called  in 
engineering  practice.  A  shock  is  produced  when  the 
load  falls  freely  before  acting  upon  a  piece  of  material 
sustaining  it.  The  cause  of  shock,  therefore,  is  a  suddenly 
applied  load  with  the  eflfect  of  a  free  fall  of  the  latter  super- 
iniposed.  These  matters  must  be  carefully  taken  into 
account  and  allowed  for  in  such  structures  as  bridges 
^rn'ing  rapidly  moving  trains,  and  those  allowances  are 

• 

wicorporated  in  the   provisions  of  specifications  covering 
^dge  construction. 

Problems  for  Chapter  V. 

Problem  i. — A  6-inch  by  1.75-inch  steel  eye-bar  48  feet 
'ongis  subjected  to  a  stress  of  117,500  pounds.  If  that 
'^d  is  gradually  applied  what  is  the  work  performed  in 
4e  total  length  of  the  bar,  if  E  =  30,000,000  pounds?  Also 
^hat  is  the  unit  resilience? 


[ 


,190.     L  =  48Xi2  =  576  inches. 


of  Art.  44  then  gives 
Resilience  =work  performed  = 


i.5X(ii.t9o)'X576 
2X30,000,000 


=  12,621  in. -lbs. 


Eq.  (4)  of  Art.  44  gives 


Unit  resilience  — 


(i: 


190)' 


=  2.09  in.-lbs. 


2X30,000,000 

Problem  2. — A  cast-iron  column  18  feet  long  havii 
an  area  of  cross-section  of  40.8  sq.  in.  carries  a  load 
245,000  pounds.  If  the  coefficient  of  elasticity  E  is  1. 
000,000  pounds,  how  much  work  is  performed  in  cor 
pressing  the  column  if  the  load  is  gradually  applied. 

Problem  3. — A  30-paund  lo-inch  rolled  steel  I  bea 
carries  a  uniform  load  of  1000  pounds  per  linear  foot 
addition  to  its  own  weight  with  a  span  of  16  feet.  Wh 
will  be  the  resilience  or  work  performed  in  the  materi 
of  the  beam  under  the  gradual  application  of  that  tot 
load  of  1030  pounds  per  linear  foot,  the  moment  of  inert 
/  of  the  beam  being  134.2  and  £  =  30,000.000  pound 
Eq.  (8)  of  Art.  44  is  to  be  used,  in  which  L  is  192  inch< 
Incidentally,  what  will  be  the  greatest  intensity  of  stre 
k,  in  the  extreme  fibres? 

Ans.  Resilience  =  1987  in.-lbs;  k  =  15,000  lbs.  per  squa 
inch. 

Problem  4. — In  Problem  3  if  the  thickness  of  the  w 
of  the  10-inch  rolled  beam  is  .5  inch,  find  the  resilience 
the  vertical  or  transverse  shearing  stresses  in  the  bea 
the  coefficient  of  shearing  elasticity,  G,  being  taken 
12,000,000  pounds.  The  remaining  data  are  /  =  192  inch 
fc  - 10  inches;  6=0.5  inch,  and  lI'=i6,48o  pounds,  a 
they  are  to  be  used  in  eq,  (19)  of  Art.  44.  ~ 
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Problem  5. — ^A  round  bar  of  steel  2|  inches  in  diameter 
is  twisted  by  a  force  of  2100  poimds  acting  with  a  lever- 
arm  of  17  inches.     Two  sections  25  ft.  apart  are  turned 
0.185  inch  in  reference  to  each  other,  i.e.,  the  total  strain 
of  torsion  for  a  length  of  bar  of  2  5  feet  has  that  value. 
Pind  the  total  angle  of  torsion^  the  angle  of  torsion  and  the 
ccefficient  of  elasticity,  G,  for  shearing  (i.e.,  for  torsion). 
Ans.  a  =  o.ooo43;  a/=o.i29;  and  6^  =  13,000,000  lbs. 
Problem  6. — The  greatest  permitted  working  intensity 
of  torsive  shearing  is  8000  pounds  per  square  inch.     Design 
a  steel  shaft  to  carry  a  twisting  moment  produced  by  a 
force  of  1900  pounds,  acting  with  a  lever-arm  of  84  inches. 
If  the  coeflBcient  of  elasticity  for  shearing  is  12,000,000 
ixjunds,  what  will  be  the  angle  of  torsion?    Also  what  will 
te  the  total  angle  of  torsion  and  total  strain  of  torsion  for 
alength  of  shaft  of  13  feet? 

Problem  7. — In  Problems  5  and  6  find  the  work  per- 
formed in  twisting  the  two  steel  shafts,  i.e.,  the  resilience 
for  25  feet  length  in  the  one  case  and  13  feet  in  the  other. 
Use  equations  of  Art.  45. 

Problem  8. — In  Problem  5  suppose  the  load  suddenly 
applied,  what  will  be  the  resulting  resilience  and  greatest 
intenaty  of  extreme  fibre  stress? 


'  • 


CHAPTER    VI. 

COMBINED  STRESS  CONDITIONS. 

Art.  47.— Combined  Bending  and  Torsion. 

Probarly  the  most  important  case  of  combined  bend- 
inj:  or  tloxurv  and  torsion  is  that  of  the  ordinar\-  crank- 
shalt  a^pa^sontod  in  Fig.  i. 

The  conta^  of  the  thrust  of  a  connecting-rod  is  at  .4, 
on  the  crank-pin  journal  against  which  the  connectmg-nxi 
IxMn;.  The  c^MUa^  of  the  shaft-bearing  is  at  B,  If  the 
thnist  at  A  is  a^pa^sontod  by  P.  then  the  actual  resultant 
moment  aKnu  the  oenta^  of  the  bearing  B  will  be  P\AB 
TIh^  pa^MoTV.  is  to  doterrr.ine  the  maximum  stresses  de- 
volv^:x\i  bv  t;.:s  a'sultar.t  r:ioment  in  the  secti^r*  of  ihe 
sha::  at  F.  Two  :v.o:::a1s  :r.ay  be  er-p!oyed  in  tctb  of 
which  the  a^su.M:::  :r.v ::.or.t  o:  F  nvj'.::plied  by  the  jever 


• 
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The  twisting  moment  producing  pure  torsion  will  be 

M'=Pe (2) 

If  d  represents  the  distance  of  the  most  remote  fibre 
ia  the  section  B  from  the  neutral  axis  of  the  latter,  and  if 


*  is  the  greatest  intensity  of  bending  stress  at  the  dis- 
tance d  from  the  neutral  axis,  while  /  is  the  moment  of 
"wrtia  of  the  normal  section  of  the  shaft  at  B  about  the 
sme  neutral  axis,  the  following  will  be  the  value  ot  k : 

,     Md    Pld 


I 


I 


(3) 


Again,  if  T  is  the  greatest  intensity  of  torsional  shear 
1  the  normal  section  of  the  shaft  at  B,  at  the  greatest 
<listance  r,  in  the  perimeter,  from  the  centre  of  gravity  or 
tlf  centroid  of  the  same  section,  the  value  of  the  maximum 
itensity  T  will  be 

_     M'r     Per 

^=^i;-i7 f*' 

In  eq.  (4)  /p  is  the  polar  moment  of  inertia  of  the  nor- 
iJal  section  at  B. 
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First  Method. 

In  this  method  it  is  only  necessary  to  consider  the 
intensities  k  given  by  eq.  (3)  and  T  given  by  eq.  (4),  the 
greatest  allowed  working  stresses  of  direct  tension  and  of 
shearing  respectively,  k  would  have  the  value  of  the 
greatest  tensile  working  stress  of  the  material  of  the  shaft 
for  the  reason  that  if  tested  to  failure  the  shaft  would 
yield  first  on  the  tension  side. 

It  being  understood,  therefore,  that  k  and  T  represent 
the  greatest  allowed  working  intensities  of  stress,  usually 
expressed  in  pounds  per  square  inch,  eq.  (3)  will  give 

d"  k~  k'   '     ' ^5^ 

Under  the  same  conditions  eq.  (4)  will  give 

hJl'^El  (6) 

For  the  circular  section 

/=—     and    /p=— il) 

4  "^       2 


For  a  square  section 


—     and     /<,  =  -7 
12  ^      0 


/  =  —     and     /p=^. (8; 


b  being  the  side  of  the  square.     In  eq.  (5)  for  a  circula 

section  d  =  r  and  for  a  square  section  (i=  — ^.     In  eq.  (6) 

V  2 

r=^r  for  the  circular  section,  but  for  the  square  sectio; 
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=— ^.     Making  those  substitutions  in  eqs.  (5)  and  (6)  for 

V2 

he  circular  section,  there  will  result,  D  being  the  diameter 
){ the  shaft, 


For  bending. .  .t=—  =v  jt-  =i.o8-^-r- 
For  torsion r  =—  =  ^  -yr  =  .86-^^ 


.     (9) 


In  the  practical  use  of  eqs.  (9)  that  one  of  the  two 
^'alues  of  r  should  be  taken  which  is  the  greatest.  This 
will  insure  that  both  the  direct  stress  of  tension  and  the 
shearing  stress  shall  not  exceed  the  prescribed  values  of 
k  and  r. 

The  substitution  of  the  values  of  /  and  Ip  for  the  square 
section  in  eqs.  (5)  and  (6)  will  give,  remembering  that  d 
and  rare  each  one  half  the  diagonal  of  the  square, 


,      « ItV^Pl  3  iPl 

For  bending ...  6  =\ — t —  =  2.04'^-T- 

For  torsion b  =  1.62-v-yr 


r   .    (10) 


In  eq.  (10),  also,  the  greatest  value  of  6  given  by  the 
application  of  the  two  formulae  is  to  be  taken,  so  that,  as 
in  the  case  of  the  circular  section,  neither  of  the  two  in- 
ensities  k  and  T  shall  exceed  the  values  prescribed  for 
hem. 

This  method  involves  only  the  consideration  of  the 
mple  formulae  of  the  common  theories  of  flexure  and 
>rsion. 
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Second  Method. 
The  second  method  of  treatment  of  this  case  of  the 
crank-shaft  consists  in  determining  the  greatest  intensity 
of  the  direct  stress  of  tension  in  the  section  B  of  the  shaft 
at  the  journal-bearing.  This  resultant  maximum  intensity 
is  produced  by  the  combination  of  the  same  compinient 
moments,  M  =Pl  and  M'  =Pe,  as  in  the  preceding  methoL 
With  the  sections  of  shafting  always  employed  the  maxi- 
mum intensity  of  bending  stress  k  and  the  maximuiD 
intensity  of  torsional  shear  T  exist  at  the  same  point  and 
on  the  same  plane,  i.e.,  the  plane  of  normal  section  of  the- 
shaft.  The  existence  of  the  shear  T  on  the  normal  section 
at  the  distance  r  from  its  centre  of  gravnty  carries  with  it 
the  same  intensity  of  shear  at  the  same  point  on  a  longi* 
tudinal  plane  passing  through  the  axis  of  the  shafting. 
At  the  point  considered,  therefore,  on  two  indefinitely 
smalt  planes  at  right  angles  to  each  other,  one  normal  to 
the  axis  of  the  shaft  and  the  other  parallel  to  it,  there  exist 
the  direct  intensity  of  tension  k  on  the  first,  and  the 
intensity  of  shear  T  on  the  second.  The  problem  is  to 
determine  at  the  same  point  the  greatest  intensity  t>f 
the  direct  stress  of  tension  on  any  plane  whate\er,  and 
the  angle  ^  between  the  direction  of  that  stress  and  tte 
axis  of  the  shaft.  Reference  may  best  be  made  to  tte 
general  formula;  of  internal  stresses  in  a  solid  body  for  its 
solution,  and  those  are  eqs.  (8)  and  (9)  of  Art.  8.  Those 
equations  are  adapted  to  this  case  by  making  f.  =k. 
pit^T,  tan  a=tan  ff.  and  p=l.  the  latter  quantity  beitlg 
the  greatest  intensity  of  tension  desired.  These  substi- 
tutions give  the  following  two  equations: 


t  = 


P-l--. 


(ul 


Art.  471  COMBINED  BENDING  AND  TORSION,  2$! 

tan  2j8^-7-- (12) 


Eq.  (11)  gives  the  greatest  intensity  of  direct  tension 
in  the  shaft  in  terms  of  known  stresses. 

By  eq.  (12)  the  position  of  the  plane  or  section  of  the 
shaft  on  which  the  maximiim  intensity  t  exists  may  at 
once  be  found.  Inasmuch  as  /3  is  the  angle  between  the 
direction  of  the  stress  t  and  the  axis  of  the  shaft,  the  angle 
bet^^een  the  plane  on  which  t  acts  and  the  axis  of  the  shaft 
wiUbe9o''+/3. 

Under  this  method  of  treatment  it  would  be  necessary 
to  design  the  shaft  so  that  /  should  not  exceed  the  greatest 
prescribed  tensile  working  stress  for  the  material  em- 
ployed. 

The  greatest  intensity  of  compressive  stress  in  the  shaft 
would  be  fotmd  by  giving  the  negative  sign  to  the  radical 
in  the  second  member  of  eq.  (11). 

The   preceding  formulae   have   been  established   in  a 

manner  to  make  them  applicable  to  any  form  of  shaft 

section  or  any  values  of  k  and  T.     It  is  only  necessary  to 

insert  in  those  formulae  anv  intensities  of  those  stresses 

that  may  exist.     If,  for  example,  it  were  considered  desir- 

p 
able  to  add  the  shear  —3  due  to  the  thrust  P  to  the  tor- 

sional  shear  it  would  only  be  necessary  to  take   T  +  — , 

for  T  wherever  the  latter  quantity  occurs. 

If  a  shaft  is  circular  in  section,  as  is  almost  universally 
the  case,  so  that  Ip  =2/,  and  if  the  shearing  eflfect  of  P  in 
the  section  at  J5,  Fig.  i,  be  omitted,  useful  and  extremely 
simple  relations  may  be  deduced.  In  that  case  Z?  =  2r, 
being  the   diameter  of  the  shaft,  and  /  the  angle  ABC 


2S2  COMBINED  STRESS  CONDITIONS.  (Ch.  VI. 

of  Fig.  1,  M  as  before    being    the    resultant  moment,  or 
M=PXAB: 


,     rM  cos  /        AT    ^M  sin  /  .    . 

k  =  — J — i    and     7  =  — -^.      .     .     (13) 


By  the  substitution  of  these  values  in  eq.  (11), 


^  =  ^(i+cos;)=^^3-(i+cos;).      .     .     (14) 
Hence 


D  =  i.72yj—{i+cosj) (is) 


Eq.  (14)  gives,  by  the  aid  of  the  first  of  eqs.  (13), 


rM  k 

^  =  — 7(i+cos;)  =-(sec;  +  i).     .     .     .     (16) 
21  2 


The  second  of  eqs.   (13)  gives,  after  substituting  the 
value  oi  -rL  = 


2I     7rZ>3' 


^     5.1M  sin  i  ,     . 

7^  =  --——^ (17) 


D^ 


The  substitution  of  the  values  of  T  and  k  from  eqs.  (13) 
in  eq.  (12)  gives 
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tan  2j8=-^--=tan  ;';    /.  /8  =  i;. 
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(18) 


This  last  set  of  results  relating  to  circular  shafts  will, 
in  all  ordinary  cases,  supply  everything  required  for  the 
operations  of  design  or  of  investigations  regarding  con- 
ditions of  stress  in  existing  shafts. 

Eqs.  (13),  first  of  (14),  (16),  and  (18)  apply  as  they 
stand  to  square  shafts. 

The  first  method  involves  simpler  considerations  than 
the  second,   not  only  analytically,  but   also  in  respect  to 


Fig.  2. 

■ 

empirical  quantities  required  to  be  used.  The  test  pieces 
fronn  ^which  the  ultimate  resistance  of  the  material  is  de- 
termined are  always  taken  parallel  to  the  axis  of  the  shaft, 
but  the  greatest  intensity  of  stress  /  found  in  the  second 
method  has  a  direction  inclined  to  that  axis  by  the  angle  ^. 
In  general,  therefore,  it  will  probably  be  found  more 
practicable  to  use  the  first  method  rather  than  the 
second. 

In  the  case  of  the  double  crank-shaft  shown  in  Fig.  2, 
it  is  only  necessary  to  treat  each  half  precisely  as  if  it  were 
the  single  crank-arm  in  Pig.  i . 
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Art.  48.^ — Combined  Bending  and  Direct  Stress. 

There  are  a  considera'ble  number  of  practical  problems 
of  combined  flexure  and  direct  stress  of  sufficient  impor- 
tance to  merit  careful  examination,  and  among  them  islhe 
flexure  of  long  colunms  treated  in  Art.  24.  In  this  place 
the  particular  cases  to  be  considered  are  those  in  which  the 
bending  is  produced  by  a  uniform  load  at  right  angles  to 
the  axis  of  the  member,  or  by  eccentricity  of  longitudinal 
loading,  the  direct  stress  (or  external  force)  being  applied 
in  a  direction  parallel  to  the  same  axis.  Lower  chonl 
eye-bars  and  other  horizontal  or  inclined  chord  members 
of  pin  bridges  belong  to  this  class. 

Let  M,  represent  the  bending  moment  in  the  member 
at  that  section  where  the  deflection  is  greatest,  produced 
by  loading  at  right  angles  to  the  member's  axis  or  by 
eccentricity  in  the  application  of  the  longitudinal  loading; 
let  It/  represent  the  greatest  deflection  resulting  from  the 
total  bending  moment  and  diR'ct  stress:  also,  let  /'  he  the 
total  direct  stress  acting  upon  the  member  whose  length 
is  /,  while  k  represents  the  greatest  intensity  of  stress  dvC 
to  bending  alone  and  at  the  distance  (/  of  the  most  remote 
fibre  from  the  neutral  axis  of  the  section  at  which  the 
deflection  a/  is  found.  Finally,  let  A  be  the  area  of  cfOSS- 
section  of  the  member  which,  together  with  the  moment  of 
inertia  /,  is  supposed  to  be  constant  throughout  the  entire 

p 
length;    and  let  Q=-a<  the  intensity  of  uniform  stress  in 

the  member  due  to  the  direct  stress  or  force  P.  1 

The    resultant    maximum    bending    moment 
member  will  then  be 

M=Mi.hPw' 
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If  P  is  tension  it  will  tend  to  pull  the  member  straight, 
thus  producing  a  moment  opposite  to  M^,  In  the  second 
member  of  eq.  (i),  therefore,  the  negative  sign  is  to  be  used 
for  a  member  in  tension  and  the  positive  sign  for  a  member 
in  compression. 

The  greatest  resultant  intensity  of  stress,  t,  in  the 
member  will  then  take  the  value 

^    P    Md      i/^    Md\ 
The  quantity  r  is  the  radius  of  gyration,  so  that 

When  the  intensity  /  is  prescribed,  the  required  area 
of  section  A  is 


-K^-^O 


(3) 


These   equations   are   perfectly   general   and   may  be 
applied  to  all  cases  of  combined  bending  and  direct  stress. 

Art.  49.~The  Eye-bar  Subjected  to  Bending  by  Its  Own  Weight 

or  Other  Vertical  Loading. 

Let  Fig.  I  represent  a  lower  chord  eye-bar  of  a  pin- 
Oimiected  bridge  with  the  length  /  and  carrying  the  total 
tension  P.  The  depth  of  the  bar  is  h  and  the  thickness  6, 
so  that  the  area  of  the  normal  section  is  bh.  The  bar  acts 
is  a  beam  carrying  its  own  weight  as  a  uniform  load  over 
he  span  /.  That  load  deflects  the  bar  as  a  beam  while  the 
inect  stress  of  tension  (P)  decreases  that  deflection  by 
ending  to  pull  the  bar  straight.     The  problem  is  to  deter- 
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mine  the  greatest  stress  in  the  bar  and  incidentally  its  centre 
deflection. 

There  are  several  methods  of  procedure.  The  first  and 
simplest  method  is  approximate  in  its  results,  although 
sufficiently  close  for  some  purposes.     It  consists  in  treating 


Fig.  I. 

the  bending  and  direct  stresses  as  existing  independently, 
so  that  results  are  obtained  by  simply  adding  the  bending 
to  the  direct  intensities.  This  method  will  be  treated 
first. 

The  more  exact  method  consists  in  recognizing  the  bend- 
ing moment  as  the  resultant  of  those  due  to  the  transverse 
load  acting  on  the  bar  as  a  simply  supported  beam,  and  to 
the  direct  stress  P  acting  with  the  greatest  deflection  as 
its  lever-arm. 

Approximate  Method. 

Although  reference  will  be  made  to  Fig.  i,  the  formule 
as  written  will  be  equally  applicable  to  compression  mem- 
bers in  which  P  would  be  the  total  force  of  compression. 

If  the  total  weight  of  the  bar  or  compression  member 
is  W,  and  if  /  is  the  moment  of  inertia  of  its  cross-section 
about  the  neutral  axis,  while  k  is  the  greatest  intensity  of 
bending  stress  at  the  distance  d  from  the  same  axis,  the 
theory  of  flexure  gives 


,^     Wl    kl         ^    Wld 

"1        o         /7  »   •  •    " 


8 


8/ 


(0 
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If  the  area  of  cross-section  is  represented  by  A ,  while 
the  radius  of  gyration  is  r,  /=^r'.  Again,  the  quantity 
/-^rf  is  called  the  ** section  modulus,"  and  tabulated 
values  of  it  for  rolled  sections  may  be  found  in  hand-books. 
Utmbe  that  modulus,  then  eq.  (i)  may  take  the  form 

The  intensity  of  direct  tension  is 

Obviously  k  will  be  tension  on  the  lower  side  of  the  bar 

or  other  member  and  compression  on  the  upper  side.     The 

greatest  intensity  of  stress  in  the  piece  will  be  the  sum  of 

q  and  k.     Eqs.  (2)  and  (3)  will,  therefore,  give  the  value 

of  that  greatest  intensity,  t,  of  stress  as  follows : 

^=9+^  =  ^(^  +  ^ (4) 

When  the  greatest  value  of  t  is  prescribed,  the  required 
irea  of  section.  A,  can  be  at  once  written  from  eq.  (4) 


-K 


In  the   case  of   an  eye-bar  with  the  cross-section  6/t, 


f=-  and  -,  =t;.    Hence 
2  T        n 


Dd 
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If  the  bar  carries  any  other  iiniform  load  than  its  ow 
it  is  only  necessary  to  make  W  represent  the  total  unifor 
load,  including  the  weight  of  the  bar  itself. 

Finally  the  direct  force  P  may  act  with  the  eccentricity 
In  this  case  the  moment  Pe  produces  imiform  bendii 
throughout  the  length  of  the  bar,  and  it  is  only  needful 

.       /Wl     „\    ,       117   .       ^  ^.       r         1     .1 

wnte    (  — Q-  ±  Pe  I    for   -^   m  the   precedmg  formulae,  tl 


8 

double  sigh  showing  that  Pe  may  act  either  with  or  again 
the  moment  of  the  uniform  load. 

The  formulae  of  this  article  are  not  sufficiently  exa 
for  the  usual  cases  of  engineering  practice. 

Art.  50.— The  Approximate  Method  Ordinarily  Employed. 

The  method  commonly  employed  in  practical  work  f 
the  treatment  of  compoimd  bending  and  direct  stress 
a  much  closer  approximation  than  the  preceding  meth<: 
although  not  exact.  Its  chief  feature  is  the  introducti 
of  the  bending  moment  produced  by  the  direct  or  Ion 
tudinal  force  multiplied  by  the  actual  maximum  defiectic 
In  the  same  manner  the  moment  due  to  the  eccentric: 
of  the  line  of  action  of  that  force  is  introduced  where\ 
necessary. 

Eq.  (6a)  of  Art.   27  gives  the  following  expression  1 
the  deflection  if'  due  to  pure  bending  and  in  terms  of  t 
greatest  intensity  of  bending  stress  k,  a  being  a  consta 
depending,  among  other  things,  uix)n  the  distribution 
loading: 

Ed 

If  the  deflection  as  given  in  cq.  (i)  be  placed  equal 
each  of  the  two  parts  of  the  deflection  given  in  eq.  (2 
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of  Art.  28,  it  will  be  found  for  a  beam  simply  supported 
at  each  end  and  loaded  imiformly,  that  a^^,  and  for 
the  same  beam  loaded  by  a  single  weight  only  at  the  centre 
of  the  span,  a  =  /^.  The  cases  which  occur  in  practice 
conform  nearly  to  that  of  a  load  imiformly  distributed 
o\'er  the  length  /.  Hence  for  such  a  beam  there  is  ordi- 
narily tak»n 

The  moment  produced  by  the  direct  force  or  stress  P 
acting  with  the  lever  arm  w'  will  have  the  opposite  sign 
to  that  of  M,  (the  moment  due  to  transverse  loading  or 
to  eccentricity),  if  the  member  is  in  tension,  but  if  the 
member  is  in  compression  those  two  moments  will  have 
the  same  sign.  The  resultant  equation  of  moments  may, 
therefore,  be  written 

A/=^=M,±Ptt;' (3) 

As  stated,  the  plus  sijn^  is  to  be  used  for  a  compression 
member  and  the  negative  sign  for  a  tension  member. 

If  the  value  of  iv\  given  by  eq.  (2).  be  substituted  in 
^-  (:0,  the  following  value  of  k  will  result: 

^  =  -^1.77 (4) 

1 0/1 

In  eq.  (4)  the  plus  sign  is  to  be  used  for  tension  mem  - 
^rs  and  the  minus  sign  for  compression  members.     This 
^uation   is   general   and   adapted   to  all  forms  of  cross- 
action  under  the  conditions  virtually  assumed.     Although 
3ot  explicitly  stated,  it  is  essentially  assumed  that  the  ends 
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of  the  member  remain  absolutely  fixed  in  distance  apart. 
This  is  frequently  not  the  case,  especially  in  the  lower 
chord  eye-bar  of  a  pin-connected  bridge  subjected  to  direct 
tension  and  to  bending  due  to  its  own  weight,  the  bat 
usually  being  horizontal. 

If  the  ends  of  the  beam  or  member,  imiformly  loaded, 
are  fixed,  a  =i'(,  when  k  is  the  greatest  intensity  of  bending 
stress  at  the  mid-point  of  the  member,  or  ^  if  k  is  ihe 
intensity  of  the  bending  stress  at  the  fixed  ends.  One  of 
those  values  (usually  ^j)  is  to  be  substituted  therefore 
for  iV  in  the  formula;  which  follow  when  the  fixed-end 
condition  exists. 

The  resultant  maximum  intensity  of  stress  i  in  the 
member  will  obviously  be 

t=k+q (S) 

in  which  equation  q  is  the  uniform  intensity  P  ^A. 

Eq.  (4)  will  be  immediately  applicable  to  any  particu- 
lar case  by  substituting  in  it  the  values  of  /  and  .1/,  tor 
that  special  case. 

If  the  case  of  the  lower  chord  eye-bar  mentioned  in  a 
preceding  paragraph  be  considered,  the  total  weight  of  the 
bar  being  W,  while  b  and  h  represent  its  thickness  and 

depth    respectively,    /  =  - —    and    ^I^  =•  -  q-.     These    values 

substituted  in  eq.   (5)  will  give  the  desired  value  of  the 
resultant  intensity,  as  follows: 

»■-' 

-S-^ '« 

3         5£'»* 
Eq.  (6)  gives  the  value  of  tlie  maximum  intensity  Ol 
tension  in  the  extreme  lower  fibres  of  the  eye-bar  wh« 
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subjected  to  the  total  direct  tension  P  and  to  the  bending 

due  to  its  own  weight. 

The  greatest  intensity  of  bending  stress  in  the  bar  is 

evidently  the  second  term  of  the  second  member  of  eq.  (6), 

and  it  has  the  following  value  if  the  weight  of  the  bar  per 

W 
unit  of  length  is  -7-  =g,  or  if  the  weight  of  a  cubic  unit  of 

the  metal  is  i : 

SgE 
k-      "^b  jihE 

It  is  frequently  important  to  observe  what  depth  of 

bar  with  a  constant  area  of  cross-section,  subjected  to  a 

prescribed  working  stress,  will  give  the  maximiun  bending 

stress  due  to  its  own  weight  when  the  length  is  fixed. 

That  depth  can  readily  be  determined  by  taking  the  first 

derivative  of  k,  as  given  by  eq.  (7),  with  h  as  the  variable. 

dk 
By  performing  that  operation  and  placing  ^  =*  Oi  there 

will  at  once  result 

The  value  of  h  resulting  from  an  application  of  eq.  (8) 
gives  the  depth  of  bar  which,  with  a  given  value  of  /,  will 
under  the  conditions  of  the  case  yield  the  greatest  in- 
tensity of  bending  stress  k\  it  indicates,  therefore,  a  lin-iit 
of  depth  to  be  avoided  as  far  as  practicable. 

Steel  is  the  usual  structural  material  for  eye-bars  for 
which  E  may  be  taken  at  29,000,000.  For  this  value  of 
£,  h  will  become,  by  eq.  (8), 

4900    ^ 
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P 

In  this  equation  9  =  j-  is  the  intensity  of  uniform  stress 

in  the  bar,  or  the  * '  working  stress. '  * 

By  placing  the  value  of  /z,  as  given  by  eq.  (8),  in  the 
value  of  k,  eq.  (7),  there  will  result  the  maximum  possible 
bending  stress  in  a  bar  of  given  length  /  and  given  area  of 
cross-section  A : 


(9) 


/fe=JlV£-7= 

Vq 

If  £  =  29,000,000  and  t  =.286  lb.  per  cubic  inch  for 
steel,  eq.  (9)  will  take  the  value,  for  the  corresponding 
values  of  /i  in  the  equation  preceding  eq.  (9), 


fe  = 


510/ 
Vq' 


(lo) 


The  following  table  shows  at  a  glance  the  greatest 
possible  fibre  stresses  in  eye-bars  of  difl[erent  lengths  and 
depths  when  the  working  tensile  stresses  in  pounds  per 
square  inch  are  those  given  in  the  extreme  left-hand  column 
of  the  table : 


Workinp 
Tensile 
Strrsscs 

in 
Pounds 

per 

S<4uarr 

Inch. 


I^'njTth  of  Eve -bars  in  Feet. 


15 


5  i 
O 


■}. 


8.000 
10.000 
I  a. 000 
T4.000 
\(t.ono 


T«^  Ll)S.  p. 

^"'^  Sq.  In. 
.^■3  10^0 

.^•7    020 

4.01  840 

4-.<.   780 
4  <»  .   730 


20 

25 

& 

Fibre 
Stress. 

Fibre 
Stress 

1 

Ins. 

Lbs.  p 
S<i.  In. 

Ins. 

Lbs.  p. 
S(i.  In 

Ins. 

4-4 

i.Uo 

^'5 

1710 

6.6 

40 

I  220 

<•.  I 

15.^0 

7-3 

5.4 

1  1  JO 

^).7 

1400 

8.0 

s.s 

lO.^O 

7-  2 

I  200 

H.7 

0.2 

070 

7  7 

1210 

0.3' 

1 

^s 


b. 

Lbs.  p. 

S(i.  In. 
2050 
1840 
1  f)8o 
1  S^o 
14^0 


xT. 

ja 

4-» 

0. 

i; 

rS^ 

Q 

Cl. 

4'> 


Ins. 


7- 
8. 
o. 

10. 

10. 


Lbs.  p. 

Ins. 

Sq.  In. 

3400 

8.S  . 

2140 

0  S 

i960 

10.7 

18x0 

II. 6 

i6go 

1 
1 

t»  4 

In  using  the  preceding  fomiiilr  it  is  to  be  remembered 
that  the  ordinary  unit  of  length,  as  well  as  the  unit  oE" 
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cross-section,  is  the  linear  inch,  and  that  the  weight  i  of  a 
cubic  unit  will  then  be  the  weight  of  a  cubic  inch.  This 
investigation  will  yield  results  sufficiently  accurate  for  all 
the  usual  cases  of  engineering  practice,  although  it  does 
not  provide  for  the  straightening  effect  of  the  pull  P, 
except  as  producing  a  bending  moment  opposite  to  that 
of  the  uniformly  distributed  load  W, 

Allowance  for  any  other  distributed  loading  than  the 
weight  of  the  bar  itself,  and  for  any  eccentricity  of  the  line 
of  action  of  P  that  may  exist,  are  made  precisely  as  ex- 
plained in  the  two  paragraphs  following  eq.  (7)  of  Art.  49. 

Art.  5x. — Exact  Method  of  Treating  Combined  Bending  and 

Direct  Stress. 

In  this  method  of  finding  the  results  of  direct  stress 
combined  with  bending  it  is  necessary  to  determine  an 
expression  for  the  centre  deflection  of  the  bar,  or  com- 
pression member,  considered  as  simply  supported  at  each 
end.  As  the  line  of  action  of  the  direct  stress  P  is  sup- 
posed to  coincide  with  the  original  centre  line  or  axis  of 
the  bar,  if  g  is  the  weight  per  linear  unit  of  the  latter,  the 
bending  moment  M^  in  the  second  member  of  eq.  (i), 
^.  48,  becomes 

*     2 

As  this  case  is  one  in  which  P  is  tension  the  general 
eq.  (i)  of  Art.  48  will  take  the  following  form  by  the  aid 
0^^.(7)  of  Art.  14: 

T  .  .  W 

In  this  equation  g=-j-  is  the  weight  per  linear  inch. 
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or  Other  tinit,  of  the  bar  or  member  producing  a  bending 
moment  opposite  to  that  induced  by  the  direct  stress  P 
acting  with  the  lever-arm  w\  The  integration  indicated  in 
eq.  (i)  may  be  completed,  but  as  it  is  not  a  simple  integra- 
tion it  will  not  be  made  here.  As  the  greatest  bending 
stress  is  found  at  the  centre  of  span  the  centre  deflection 
only  is  needed  and  a  different  procedure  may  be  followed. 
Let  M/j  represent  the  centre  deflection  of  the  member 
considered,  a  beam  simply  supported  at  each  end  and 
carrying  its  own  weight  only,  or  any  other  total  weight  W 
uniformly  distributed.  It  is  necessary  to  use  the  expres- 
sion for  the  work  performed,  or  resilience  of  the  beam  in 
being  deflected  at  the  centre  by  the  amoimt  w^  Eq.  (8) 
of  Art.  44  gives  that  resilience  as 

Resilience  = ^ (2) 

In  producing  the  centre  deflection  u\  the  centre  of  gravity 
of  the  weight  W  will  descend  through  the  distance  w^  found 
by  placing  Ww^  equal  to  the  resilience  given  in  eq.  (2). 
Hence 

Wl' 
^0  =  ^^^/ (3) 

Also,  since  by  eq.  (26)  of  Art.  28  ^i==~Q~g7» 

~  =^;     •••  «^o=^^i (4) 

Hence  the  resilience  becomes 

Resilience  ^W^w^.       •     •     •     •     .     (5) 
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If  the  value  of  W  in  terms  of  w^  be  taken  from  eq.  (26) 
of  Art.  28  and  substituted  in  eq.  (5), 

^  o  7  2  EI 

Resilience  =- tt'^a^ (6) 

125/'      *  ^  ^ 

Hence  the  resilience  of  a  bent  beam  varies  as  the  square 
0/  the  centre  deflection. 

If  the  actual  centre  deflection  of  the  bar  or  member 
considered  be  w/,  the  resilience  of  the  beam  when  deflected 
to  that  extent  will  be 

Resilience  =  I  —  I p^ (7) 

\ufj  2 40 EI  ^'^ 

The  curvature  of  the  bar  or  member  being  slight,  the 
lengths  (equal  to  each  other)  of  the  neutral  surface  with 
the  deflections  u/  and  w^  will  be,  if  /'  and  /^  are  the  corre- 
sponding lengths  of  span  or  horizontal  projections  of  the 
neutral  surface, 

Hence 

The  difference  I'  —  li  represents  the  movement  toward 
or  from  each  other  of  the  two  ends  of  the  bar  or  member 
^der  the  action  of  the  direct  stress  or  force  P. 

In  the  case  of  the  eye-bar,  the  pull  of  the  force  P  re- 
niovesa  part  of  the  deflection  w,,  and  in  so  doing  performs 
^ork  in  aiding  to  lift  the  weight  W  of  the  bar,  the  remainder 
of  the  work  of  lifting  W  being  performed  by  the  elastic 
efforts  of  the  bar  to  straighten  itself  from  the  deflection 
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w^  to  tt/,  the  latter  portion  of  the  work  being  represented 

by    the    quantity    — 7^  ( i 2 )  •     Hence  the  following 

equation  of  work  may  be  written, 


P  8 
2  3 


The  condition?  under  which  the  work  represented  by 
eq.  (10)  is  performed  are  such  that  either  (w^— u/)  or 
{w^+w')  may  be  written  in  the  second  member.  The 
resulting  numerical  value  of  u/  will  be  the  same  in  both 
cases  but  affected  by  different  signs.  As  the  equation  is 
written  the  numerical  value  of  u/  will  be  negative. 

In  eq.  (10)  there  is  taken  /'  ^l^^l,  the  length  of  panelt 
which  may  be  done  with  essential  accuracy. 

Dividing  both  sides  of  eq.  (10)  by  (w^— a/)  and  solving 
for  z«/, 

^= — tVt ("> 

'  ^  25   P    w, 

5H7» 
The  deflection  ^1=   q   c-r  appearing   in   eq.  (11)  is  a 

known  quantity. 

After  u/  is  determined,  the  resultant  bending  moment 
at  the  centre  of  the  bar  will  be 

Wl 
M'  =  -^-Pi£/ (12) 

If  the  area  of  cross-section  of  the  bar  is  A,  the  maxi- 
mum intensity  of  stress  /  in  it  will  be,  by  eq.  (2)  of  Art.  48, 


t 


-x(--^0 <■': 
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Or  if  the  maximum  value  of  /  is  specified 

^      i/„    M'd\  ,    , 

^-7(P+-p-j (14) 

I, 

If  the  section  is  rectangular,  so  that  A=bh  and  d  =  --, 

2 


and 


I  /„     6M'\ 


When  the  depth  of  the  bar  is  small  in  comparison  with 
the  length  /,  it  may  happen  that  the  resultant  or  final  de- 
flection zi/  will  be  such  as  to  make  the  bending  moment 
Af  equal  to  zero.     Or 

Wl  Wl 

M'='-g  -P«/=o;    /.  «^=-8p-     •     •     (17) 

When  v/  found  by  eq.  (17)  is  less  than  w'  given  by 
eq.  (11),  eq.  (17)  is  to  be  employed.  This  result  shows 
that  the  bar  will  be  subject  to  no  bending,  but  that  it  will 
hang  like  a  flexible  cable.  The  conditions  thus  developed 
are  those  which  indicate  when  a  horizontal  or  inclined  bar 
stressed  in  tension  ceases  to  act  partially  as  a  beam  and 
becomes  purely  or  wholly  a  tie. 

These  formulae  are  perfectly  general  for  all  cases  of 
bars  or  members  in  tension,  even  for  such  small  sections 
as  wire.  Their  application  to  individual  cases  will  show 
that  excessive  intensities  will  not  exist  where  simple  ten- 
sion members  are  held  under  stress  in  a  nearly  horizontal 
position. 
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Art.  52. — Combined  Bending  and  Direct  Stress  in  Compressiofl 

Members. 

If  the  ordinary  approximate  method  of  Art.  50  be  em- 
ployed, eq.  (4)  of  that  article  is  immediately  applicabk. 
using  the  minus  sign  in  the  denominator,  P  being  the  total 
direct  stress  of  compression  and  A/j  the  bending  moment 
due  to  the  uniform  transverse  load  and  to  eccentricity  of 
the  line  of  action  of  P,  if  there  be  any.  The  greatest  in- 
tensity of  bending  stress  as  represented  by  that  formula 
would  then  be 

*--% w 

io£ 

In  this  equation,  d  is  the  distance  from  the  neutra/  axis 
of  the  section  to  the  extreme  fibre  in  which  the  intensity  k 
exists. 

If  e  be  the  eccentricity  of  the  line  of  action  of  P,  and  if 
W  be  the  weight  of  the  compression  member  whose  length 
is  /, 

M,-=^~^±Pe (2) 

When  the  moment  of  P  produces  bending  of  the  sam^ 
sign  with  the  transverse  load  IT,  the  plus  sign  is  to  be  usecJ 
in  eq.  (2),  and  the  minus  sign  when  those  moments  aie 
opposite.  If  the  line  of  action  of  P  coincides  with  the 
axis  of  the  member,  the  moment  Pe  disappears  from  eq.  (2). 
Again,  if  the  member  is  vertical,  so  that  there  is  no  trans- 
verse bending  due  to  the  load  W^  when  the  line  of  action 
of  P  has  the  eccentricity  e, 

M.^Pe (3) 
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This  latter  case  exists  very  frequently  in  the  coltimns 
of  buildings. 

Eq.  (i)  is  thus  seen  to  represent  the  greatest  intensity 
of  bending  stress  with  M^  -taken  from  either  eq.  (2)  or 
eq.  (3)  for  the  cases  of  transverse  loading,  no  transverse 
loading,  eccentric  longitudinal  loading,  or  any  combina- 
tion of  those  cases. 

The  resultant  intensity  of  stress,  i.e.,  the  greatest 
intensity  of  compressive  stress  in  the  entire  compression 
member,  will  be 

P  ,    M,d 

^^^    JIIE ^"^^ 

loE 

As  A  is  the  area  of  cross-section,  I  =Ar^,  r  being  the 
radius  of  gyration  of  the  cross-section  of  the  compression 

P 
member.     If  g  =  -j  ,  eq.  (4)  will  take  the  form 


P         MA  M.d  .  V 

^=A+-7^=^+-7^-  .  .  .   (s) 

io£  io£ 


In  the  use  of  this  eqiiation,  the  intensity  q  must  ob- 
viously never  exceed  the  working  value  given  by  the  column 
formula  employed.     Indeed,  if  there  is  suitable  eccentricity 
?may  be  much  less  than  that  working  long  colvimn  value. 
In  practical  operation  the   principal    use    of   eq.    (5) 
may  be  the  determination  of  the  area  of  cross-section  A 
with  some  prescribed  value  of  t.     It  is  usually  feasible  to 
issign  general  outside  dimensions  of  the  proposed  column 
ection  and  that  will  enable  a  close  approximate  value  of 
to  be  assigned.     If,  at  the  same  time,  an  approximate 
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value  of  q  may  also  be  taken,  the  resolution  of  the  first  and 
third  members  of  eq.  (5)  will  at  once  give 

P   l^      M  d 
A^-^\  +  f^^, (6) 

If,  on  the  other  hand,  such  an  assignment  of  q  may  not 
be  made,  it  will  be  necessary  to  solve  the  first  and  second 
members  of  eq.  (5),  as  a  quadratic  equation,  for  -4.  Bring- 
ing both  terms  of  the  second  member  of  eq.  (5)  over  a 
common  denominator  and  solving  the  resulting  equation 
of  the  second  degree  in  the  usual  manner,  the  foUowing 
general  value  of  -4  will  be  fotind: 


h 
Frequently  there  may  be   wntten  d=-  and  f-.4A. 

Hence 

d     2 

-,=^  (nearly). 

If,  again,  d=-  and  r  =  .35/1, 

d     4 

72=^  (nearly). 

The  preceding  values  of  the  radius  of  gyration  r  repre- 
sented in  terms  of  the  depth  //  of  the  compression  member 
are  closely  approximate  for  practical  design  work. 

Eqs.  (6)  and  (7)  will  ^[ivc  the  desired  area  of  section  of 
the  compression  member  carrying  both  direct  stress  and 


1 


Art  52.)       COMBINED  STRESSES  IN  COMPRESSION  MEMBERS.      271 

hiding  produced  by  transverse  loading  under  the  assump- 
tions of  the  method  ordinarily  employed.  Those  formulae 
are  sufficiently  accurate  for  their  purposes,  but  it  may  be 
desirable  to  use  the  more  exact  formulae  given  in  the  next 
section. 

Exact  Method  for  Combined  Compression  and  Bending. 

The  exact  procedure  for  combined  compression  and 
bending  is  identical  with  that  used  in  Art.  51,  the  formulae 
detennined  there  simply  being  adapted  to  a  compressive 
longitudinal  force  instead  of  a  force  of  tension.  It  is  to  be 
observed,  as  in  the  case  of  the  tension  member,  that  the 
compression  member  may  be  horizontal  or  inclined,  so  as 
to  be  subjected  to  bending  either  from  its  own  weight  or 
from  some  other  form  of  loading  in  addition  to  that  weight. 
The  member  may  also  be  subjected  to  imiform  bending 
throughout  its  length  by  the  eccentric  application  of  the 
longitudinal  force  P  concurrently  with  the  preceding  cross 
bending,  or,  as  in  the  case  of  a  vertical  column  carrying 
eccentric  loading,  by  that  force  P  alone. 

It  is  essential  to  recognize  in  this  connection  that  while 
the  columns  may  occasionally  be  in  the  pin-end  condi- 
tion, usually  their  ends  are  essentially  in  a  condition  of 
at  least  partial  fixedness,  although  the  degree  of  fixed- 
ness is  indeterminate.     It  will  conduce  to  simplicity  of 
treatment  if  the  transverse  bending,  either  from  distributed 
loading  or  by  the  eccentricity  of  application  of  the  column 
bad,  be  treated  as  if  the  ends  of  columns  are  hinged.     It 
has  been  shown  in  Art.  28  that  the  centre  deflection  of  a 
beam  of  given  length  and  cross-section  with  ends  simply 
supported  and  with  the  loading  uniformly  distributed  is 
five  times  as  great  as  when  the  ends  of  the  same  beam 
aie  fixed.     In  the  following  analysis,  therefore,  the  bend- 
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ing  from  both  the  sources  named  may  be  considered  as 
produced  in  a  column  with  hinged  ends  by  a  total  uni- 
formly distributed  load  W,  sufficient  in  amount  to  i 
one  fifth  of  the  actual  bending  moment  acting  on  the  col- 
umn with  ends  fixed.  In  this  manner  the  fixed  or  am- 
strained  end  condition  of  the  actual  column  is  provided 
for,  while  the  simplicity  of  the  hinged  end  compytatioos 
is  retained.  The  bending  moment  produced  by  P,  acting 
with  the  lever-arm  of  the  greatest  deflection,  will  concur 
with  the  bending  moment  produced  by  the  own  weight 
of  the  member  or  other  vertical  uniform  loading,  instead 
of  being  opposed  to  it.  as  was  the  case  with  the  tension 
member  of  Art.  51.  The  work  performed,  therefore,  by 
P  and  the  uniform  loading  W  will  be  equal  to  the  resilience 
or  elastic  work  performed  in  the  member  in  changing  the 
deflection  from  u\  to  «/,  it  being  remembered,  in  this  case. 
that  w'  may  be  less  than  u.\.  Under  these  conditions, 
then,  eq.  (10)  of  Art.  51,  expressing  the  work  done  on  the 
beam  in  changing  the  deflection  from  the  u\  to  w'  will 
become  the  following,  the  second  member  representing  the 
resilience  or  the  work  done  by  the  elastic  stresses  through- 
out its  volume : 


8^/uA 


/w"-wA  ,   8,,.,   ,  .     ^      U''/»  M'       \ 


(8) 


Dividing  both  members  of  this  equation  by  (u^—w,)< 
then  soh-ing  for  Ti/.  the  following  value  of  the  latter  wit 
immediately  result: 


a/. 


_6  IT/  j_ 
!5  P    ».,' 


3»4Er 


(?- 
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Having  found  the  deflection  11/ ,  the  general  equation 
or  the  resultant  maximum  bending  moment,  eq.  (i)  of 
\rt.  48,  will  take  the  following  form,  in  which  the  coeffi- 
cient c  is  introduced  to  provide  for  fixedness  of  ends  in 
the  manner  shown  in  Prob.  4,  at  the  end  of  this  chapter. 
If  the  ends  are  hinged,  corresponding  to  the  end  condition 
of  a  beam  simply  supported,  c  =  i,  but  if  the  ends  are  fixed, 
cmay  be  taken  as  .5: 


M 


/Wl                   \ 
=c(^-y±P(^±a/)j (10) 


In  this  equation  care  must  be  exercised  in  using  the 
double  signs,  observing  that  both  plus  signs  are  to  be  taken 
together  as  are  both  minus  signs;  also,  that  the  eccen- 
tricity e  in  a  vertical  column  is  taken  in  a  direction  opposite 
to  the  deflection  v/y  in  which  case  ^  is  to  be  considered 
positive  and  the  lever-arm  of  P  is  (^-h^e/).  In  the  upper 
chord  of  bridges  e  may  be  given  such  value  that 

Wl 

Af -=>-g--P(^ -!£;')  =0  (nearly).  .     .     .     (11) 

In  the  case  of  vertical  columns,  like  those  in  buildings, 

Wl 
ordinarily  the  term  -^  disappears,  leaving  the  bending 

moment  in  the  column : 

M=P{e  +  u/) (12) 

In  the  great  majority  of  cases  w'  is  so  small  in  com- 
parison with  e  as  to  make  it  negligible,  so  that 

M^Pe (13) 

These  various  values  of  the  bending  moment  M  cover 
all  that  usually  occur  in  practical  operations. 
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If,  in  accordance  with  the  preceding  notation,  i  is 
maximum   resultant   intensity  of  stress  in  the  memi 
there  will  result 


,    P    Md     i/„    MS\ 


( 


Evidently  the  uniform  intensity  of  compressive  st 

P 

^  must  not  exceed  the  intensity  of  working  stress  gi 

by  a  suitable  long  column  formula.  When  the  grea 
working  intensity  /  is  prescribed,  the  desired  area  of  ct 
section  of  the  compression  member  will  be 


""-t 


li^^^f) 


d 

The   closely   approximate  values  of  -j   given  imm 

ately  following  eq.  (7)  may  be  used  in  a  precisely  sin 
manner  in  eq.  (15),  so  as  to  simplify  the  practical  us 
that  equation. 

Problems  for  Chapter  VI. 

Problem  i. — A  steel  eye-bar  8  ins.  by  ij  ins.  in^( 
and  32  feet  long  sustains,  in  a  horizontal  position,  a  te 
stress  of  144,000  pounds,  i.e.,  1 2,000  pounds  per  square  i 
Find  the  greatest  bending  tensile  intensity  of  stress 
the  resultant  intensity  of  tensile  stress  at  its  centre 
tion  by  the  ordinary  approximate  method  of  Art.  50, 
by  the  exact  method  of  Art.  51  In  this  problem, 
30,000,000;    /  =  32X12 -384   ins.;    P  =  144,000   and 

Qv.               A            1         M      7     1-5X8x8x8     ^ 
40.8X32  =  1306  pounds.     Also  /  = =64. 
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By  eq.  (6)  of  Art.  50  the  resultant  intensity  of  tensile 
stress  required  is 

1^06X48  ^^  ^^    „ 

/=I2,000-^ r— ; =  I2,000  +  i860  =  I-l.SOG  IDS.  DCf  SQ.  Ul. 

'  16  4-17  7  ^  f  ^ 

The  centre  deflection  w^,  due  to  own  weight  only,  used 
in  the  exact  method,  is  tfi  =  .5  inch.  Hence,  by  eq.  (11) 
of  Art.  SI,  the  centre  deflection  under  tensile  stress  is 

^"" — .'    .    =.19  inch. 
I +  1.67 

The  resultant  intensity  of  tensile  stress  at  the  centre 
section  of  the  eye-bar,  is  therefore, 

< -12,000  4 — 5--75-«=  1 2,oco  1-2208  =  14,208  lbs.  per  sq.  in. 

1.5  X  0X0 

• 

The  approximate  method,  therefore,  gives  an  intensity 
2208-1860  =  348  pounds  per  sq.  in.  too  small. 

Problem  2. — ^A  horizontal  square  2  in.  by  2  in.  steel 
bar  30  ft.  long  is  subjected  to  a  tensile  stress  of  48,000 
pounds,  i.e.,  12,000  pounds  per  square  inch.  Find  the 
same  quantities  as  in  Prob.  i.  £  =  30,000,000;  /  =  36o 
inches;  own  weight,  W  =  4o8  pounds,  and  P=  48,000 
pounds. 
.     By  eq.  (6)  of  Art.  35 

/  =  12,000 +  835  =  12,835  lbs.  per  sq.  in. 

In  the  e^^act  method  the  centre  deflection  due  to  own 
weight  is 

T£;j  =  6 .  2  inches. 

Eq.  (11)  of  Art.  51  gives 

zt/  =  5.55  inches. 
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On  the  other  hand,  the  criterion,  eq.  (17)  of  Art.  51 
gives 

«/=|^^4^  =  .  38.5  inch. 

8X48,000  ^         ^ 

The  bar,  therefore,  will  be  subject  to  no  bending  ani 
its  stress  will  be  simply  that  of  tension,  the  centre  deflectioi 
being  .3825  inch.  If  the  deflection  were  sufficient  to  giv 
the  bar  sensible  inclination,  it  would  be  necessary  to  mul 
tiply  the  horizontal  force  P  =  48,000  by  the  secant  of  tha 
inclination  to  obtain  the  actual  tensile  stress  in  the  bar. 

The  results  given  by  the  ordinary  approximate  metho 
are  thus  seen  to  be  quite  erroneous. 

Problem  3 . — A  i .5-inch  round  steel  bar  48  ft.  long,  carry 
ing  a  tensile  stress  of  10,000  poimds  per  square  inch,  i 
inclined  at  an  angle  of  51°  to  the  horizontal.  Will  it  b 
subjected  to  any  bending,  and  what  will  be  its  centre  de 
flection  at  right  angles  to  its  axis  if  a  =  5 1°?  The  componen 
of  the  bar's  weight  producing  the  deflection  named  i 
Mucosa,  in  which  W  =  288  pounds  is  the  bar's  weight 
W  cos  a  =  224  poimds;  /  =  48  ft.  =576  ins.  By  the  usiu 
formula,  u/j  =  74  ins.  Eq.  (11)  of  A'-t.  51  then  gives  u 
=  72  ins.;  buteq.  (17)  of  Art.  51  gives 

224X576  .     , 

«^  =  Q^   ^- —  =  .91  mch. 
8X17,700      ^ 

Hence  this  latter  deflection  is  the  true  value  and  th 
bar  is  subjected  to  no  bending  in  its  stressed  condition. 

Problem  4.  —A  steel  column  18  ft.  long  sustains  a  loa 
of  240,000  pounds  and  carries  a  transverse  load  (i.e.,  pe 
pendicular  t(^  its  axis)  of  300  pounds  per  linear  foot,  tl 
latter  total  being  5400  pounds.  The  column  has  a  sectir 
like  that  shown  as** top  chord  latticed,"  Page 476,  Art. 8 
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and  it  is  composed  of  two  15-m.  by  ^-in.  web  plates,  two 
j-in.  by  3-in.  7-lb.  angles,  two  3-in.  by  4-in.  14-lb.  angles, 
and  one  i8-in.  by  I'a-in.  top  plate.  The  sectional  area  is  35 
sq.  ins.  The  moment  of  inertia  /is  1255,  and  the  radius  of 
gyration  r  is  6.  The  loading  is  applied  to  the  latticed 
side  of  the  colimm,  so  that  the  eccentricity  of  application 
is  8.5  inches.  It  is  required  to  find  the  deflection  at  the 
centre  of  the  column  length,  the  bending  moment  and 
greatest  intensity  of  stress  at  the  same  section.  Also, 
if  the  area  of  section  were  not  given,  find  that  area  if  the 
greatest  allowed  intensity  of  compression  is  12,000  poimds 
per  square  inch.  The  details  of  the  coltimn  at  top  and 
bottom  are  first  to  be  assumed  such  as  to  make  those  ends 
essentially  fixed  and  then  hinged. 

If  the  ends  of  the  column  were  hinged,  the  centre  bend- 
ing moment  would  be 

..  5400X216  ^  r»         «  .  « 

M  =- g h  240,000  X8 . 5  =-  2,185,800  m.-lbs. 

As  the  ends  of  the  column  are  first  to  be  taken  as  fixed, 
and  as  the  deflection  in  that  condition  will  be  but  one  fifth 
of  that  existing  with  ends  hinged,  it  will  be  necessary  to 
take  one  fifth  of  the  preceding  bending  moment  and  place 

ft 

It  equal  to  the  expression  for  the  centre  bending  moment 
produced  by  a  imiformly  distributed  load  acting  on  a 
colunin  supposed  to  be  with  hinged  ends.  If  W  represents 
that  uniformly  distributed  load, 

Wl 

-g-  =437,160  in. -lbs. 

Hence 

W  =  16,200  poimds. 

Byeq.  (9a)  of  Art.  5a,  E  being  30,000,000  and  /  =  216  ins., 

^1=  0565  in. 
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Remembering  that  P  =  240,000,  eq.  (9)  then  gives 

v/  =  .  00093  i^- 

These  deflections  are  so  small  in  comparison  with 
^  =  8.5  inches,  that  they  will  have  no  sensible  effect  upoo 
the  result  and  they  m.iy  be  neglected. 

In  consequence  of  the  elastic  motions  of  the  members 
of  a  steel  structure  it  is  difficult  to  estimate  accurately  the 
effect  of  such  degree  of  fixedness  of  the  ends  of  a  column 
as  may  be  attained  in  an  actual  structure,  but  it  is  probable 
that  the  resulting  bending  moment  at  the  centre  of  the 
column  due  to  eccentricity  and  lateral  loading  is  not  less 
than  one  half  that  existing  with  hinged  ends,  and  that 
ratio  will  be  employed.     In  eq.  (10)  of  Art.  52,  therefore, 
c  =  .5,  and  the  bending  moment  will  be 


M 


1/5400X216  „    \  .      „ 

=-(         g         +240,000X8.5 1  =1,092,900  m.-lbs. 


Hence  by  eq.  (14)  of  the  same  Article  the  greatest  inten- 
sity of  compression  will  be 

240,000     1,092,900  X  (c?  =  8.5) 
"""     35~  7255 

=  6857  +  7  f02  =*  14,259  lbs.  persq.  in. 

This  computati(^n  shows  the  serious  effect  of  eccentric 
application  of  loading. 

If  the  greatest  allowed  intensity  of  compression  is 
12,000  poimds  per  square  inch,  eq.  (15)  of  Art.  52  shows 
that  the  area  of  cross  section  required  is 

•  I     /  ,  1,092,900  X8.5\ 

^  ^Ii:^i''^^'^^^  + "36 ;  ^-^'-S  sq.  ins. 
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The  moment  of  inertia  /  will  now  become  1481  instead 
of  1255. 

These  results  may  be  compared  with  those  of  the  ordi- 
uxy  approximate  method  by  finding  the  greatest  intensity 
of  compression,  /,  by  eq.  (4)  of  Art.  52,  as  follows,  after 
displacing  h  by  3^  on  accoimt  of  the  fixed  end  condition: 

240,000      ,      1,092,900X8.5  ,n,,,^^^^ 

I  — _ =  5011  +  7570 

41.3  1481-12  ^  '^' 

=  12,135  lbs.  per  sq.  in. 
There  is,  therefore,  no  material  discrepancy. 

Results  corresponding  to  the  preceding,  but  under  the 
supposition  that  the  ends  of  the  column  are  hinged,  may 
readily  be  found  as  follows: 

Wl 

-^=2,185,800;     .'.  H^  =  8i,ooo  poimds. 

Hence 

tt;j=  .2825  in. 

md 

w'  =  .0047  in. 

While  these  deflections  are  five  times  as  large  as  before, 
/  is  still  too  small  to  affect  sensibly  the  results  and  it  will 
>e  neglected.  The  bending  moment  at  the  centre  of  the 
olumn  will  then  be 

_^      5400X216 

M  = g -f  240,000  X  8.5  =  2,185,800  m.-lbs. 

nd  the  greatest  intensity  of  compression 

_  240,000     2,185,800X8.5 

"      35  125s 

=  6857  +  14,800  =  21,657  lbs.  per  sq.  in. 
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If  the  greatest  allowed  intensity  of  comprej 
12,000  pounds  per  square  inch,  the  area  of  cross 
becomes 

A         J      /  .  2,185,800 X8.5\ 

A  = 240,000 H 2 )  =63  sq.  1 

i2,ooo\  ^  36  / 

The  moment  of  inertia  /  will  now  become  2259 
of  1255. 

Comparing  these  results  with  those  of  the  c 
approximate  method  by  finding  the  greatest  intei 
compression,  /,  by  eq.  (4)  of  Art.  52, 

240,000      2,185,800X8.5 

/= — 7 1 =12,170  lbs.  per  sq 

63  2259-37  '   '  ^     ^ 

This  result  is  a  close  agreement  with  the  other. 

Problem  5. — The  pin  of  a  crank-shaft  like  that 
in  Fig.  I  of  Art.  47  sustains  a  maximum  thrust 
32,000  poimds,  the  length  of  crank,  e,  being  20 
and  the  axial  distance,  /,  between  the  centre  of  th( 
and  shaft  bearings  being  18  inches.  Find  the  d 
of  the  steel  shaft  at  the  bearing  B  if  the  greatest 
bending  tension,  k,  is  10,000  lbs.  jx^r  sq.  in.  and  the  | 
allowed  torsional  shear,  7,  is  7000  lbs.  per  sq.  in. 

In  using  the  formulae  of  Art.  47  the  data  wil 
follows : 

^  =  20  ins. ; /  =  i8  ins. ;  /IB  =  26.9  ins. ;  tan;=f8 
7=48°;     cos   y  =  .669;    sin    y=.743;    ^  =  32.0 
/?  =  10,000  lbs.  per  sq.  in.;    7' =  7000  lbs.  per 
bending  moment  M  =  576,000  in. -lbs. ;   twisti 
ment  .1/'  =640,000  in. -lbs. 

The  first  method  of  Art.  47  gives  for  bending,  t 
the  first  of  eqs.  (9), 

3/32,000X18 

L/  =  2.i6V —      =8.34  ms. 

>       10,000  ^^ 


PART   II.— TECHNICAL. 


CHAPTER  VII. 

TENSION. 

Art  53. — General  Observations. — Limit  of  Elasticity. — ^Yield 

Point. 

Hitherto  certain  conditions  affecting  the  nature  of 
dastic  bodies  and  the  mode  of  applying  external  forces 
to  them,  have  been  assumed  as  the  basis  of  mathematical 
operations,  and  from  these  last  have  been  deduced  the 
fonnulae  to  be  adapted  to  the  use  of  the  engineer.  These 
conditions  are  never  realized  in  nature,  but  they  are 
approached  so  closely  that,  by  the  introduction  of  empiri- 
cal quantities,  the  formulae  give  results  of  sufficient  accu- 
racy for  all  engineering  purposes;  at  any  rate,  they  are 
the  only  ones  available  in  the  study  of  the  resistance  of 
niaterials. 

In  determining  the  quantity  called  the  **  coefficient  or 
DKxiulus  of  elasticity,"  it  is  supposed  that  the  body  is  per- 
fectly elastic,  i.e.,  that  it  will  return  to  its  original  form  and 
volume  when  relieved  of  the  action  of  the  external  forces, 
^  that  this  **  modulus  '*  is  constant.  There  is  reason 
to  believe  that  no  body  known  to  the  engineer  is  either 
perfectly  elastic  or  possesses  a  perfectly  constant  modulus 
of  elasticity.  Yet  within  certain  limits,  the  deviations 
from  these  assumptions  are  not  sufficiently  great  to  vitiate 

their  great  practical  usefulness. 

281 
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These  limits  for  any  given  material  are  in  the  vie 
of  the  ''  limit  of  elasticity  ''  or  '*  elastic  limit."  The 
of  elasticity  or  elastic  limit  of  a  material  may  be  defin 
that  point  of  stress  below  which  the  intensity  of  : 
divided  by  the  rate  of  strain,  i.e.,  strain  per  unit  of  le 
is  essentially  constant.  This  point  or  limit  is  fairlj 
defined  for  most  grades  of  structural  steel  and  for 
other  ductile  metals,  but  in  other  materials  like  sto 
timber  it  is  difficult  to  assign  any  degree  of  stress  a 
limit  of  elasticity.  In  such  material  the  intensity  of 
divided  by  the  rate  of  strain  sometimes  fails  to  be  cor 
at  all.  If  the  intensities  of  stress  and  rates  of  strai 
such  materials  be  plotted  so  as  to  exhibit  the  re 
between  those  quantities  the  resulting  line  will  be 
to  be  a  curve  without  any  point  which  can  properly  b< 
sidered  the  limit  of  elasticity.  Frequently  when 
materials  are  relieved  cf  loads,  the  dimensions  o 
piece  subjected  to  stress  will  not  return  to  their  or 
values. 

Between  the  extreme  limits  of  these  materials  exhi 
such  a  range  of  elastic  or  physical  qualities,  all  degr 
imperfect  elastic  characteristics  may  be  found.  I 
nately,  however,  the  structural  materials  commonb 
ployed  in  engineering  o[)erations  may  be  treated 
possessing  at  least  approximately  elastic  characte 
sufficient  to  make  applicable  useful  formulae  based 
Hooke's  Law. 

It  should  be  stated  that  some  authorities  have 
arbitrary  definitions  of  the  elastic  limit,   and  that 
definitions   have   been  much  used.     Wertheim  and  • 
have  considered  the  elastic  limit  to  be  that  force 
produces  a  permanent  elongation  of  0.00005  of  the  I 
of  bar.     Again,  Styffe  defines,  as  the   limit  of  elas 
a  much   more   complicated   quantity.     He   considei 
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external  load  to  be  gradually  increased  by  increments, 
which  may  be  constant,  and  that  each  load,  thus  attained, 
is  allowed  to  act  during  a  number  of  minutes  given  by 
taking  100  times  the  quotient  of  the  increment  divided 
by  the  load.  Then  the  *'  limit  of  elasticity  '*  is  '*  that  load  by 
which,  when  it  has  been  operating  by  successive  small  incre- 
ments as  above  described,  there  is  produced  an  increase  in 
the  permanent  elongation  which  bears  a  ratio  to  the  length 
of  the  bar  equal  to  o.oi  (or  approximates  most  nearly  to 
o.oi)  of  the  ratio  which  the  increment  of  weight  bears  to 
the  total  load."     (Iron  and  Steel,  p.  30.) 

These  rather  artificial  expressions  for  limit  of  elasticity, 
however,  have  now  been  abandoned  in  favor  of  what  seems 
to  be  the  most  natural  value,  i.e.,  the  point  where  the  ratio 
between  intensity  of  stress  and  rate  of  strain  ceases  to  be 
essentially  constant. 

The  preceding  observations  relate  to  the  limit  of  elas- 
ticity as  determined  by  tests  of  materials  under  direct 
tension  or  compression.  Obviously,  however,  the  coeffi- 
cient or  modulus  of  elasticity  and  elastic  limit  as  well  as 
other  physical  qualities  may  be  determined  by  subjecting 
beams  to  flexure.  Observed  deflections  under  known  loads, 
which  do  not  bend  the  tested  beam  beyond  the  elastic 
limit,  will  enable  the  coefficient  of  elasticity  to  be  com- 
puted by  using  formulae  of  the  common  theory  of  flexure. 
Similarly  the  observed  increments  of  transverse  loading 
will  yield  data  from  which  the  limit  of  elasticity  may  be 
determined. 

By  precisely  similar  procedures  the  coefficient  of  elas- 
icity  and  el^tic  limit  of  material  subjected  to  torsion 
aay  be  found.  All  such  results  will  be  well  defined  in 
Toportion  to  the  elastic  properties  of  the  materials.  If 
lose  elastic  properties  are  nearly  perfect  the  results  will 
I  well  defined.    On  the  other  hand,  they  will  be  obscure 
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and  ill  defined  if  the  material  possesses  only  a  low  degfree 
of  elastic  properties. 

Yield  Point, 

In  the  ordinary  testing  of  materials  for  engineering  pur- 
poses the  true  elastic  limit  is  not  determined.     The  true 
elastic  limit  of  any  test  piece  is  found  by  carefully  com- 
puting the  ratio  between  intensity  of  stress  and  rate  of 
strain  for  a  loading  continually  increasing  by  comparatively 
small  increments.     Such  a  procedure  is  too  slow  for  what 
may  be  termed  the  commercial  purposes  of  engineering. 
A  much  more  rapid  and  convenient  procedure  consists  in 
carefully  observing  the  scale  beam  of  the  testing  machine. 
As  the  load  is  gradually  increased  the  scale  beam  may 
easily  be  kept  in  a  horizontal  position  by  moving  the  scale 
weights  until  a  point  of  stress  in  the  specimen  is  reached 
at  which  the  beam  drops  in  consequence  of  the  relatively 
sudden  stretching  of  the  material.     This  stretching  con- 
tinues with  such  a  material  as  structural  steel  with  a  slights 
addition  of  loading,  or  none  at  all,  to  a  remarkable  extent. 
Finally,  after  much  stretching  of  the  test  piece,  the  strained- 
material  appears  to  take  on  renewed  resistance,  requiring^ 
additional  loading  to  produce  much  elongation.    The  inten^ 
sity  of  stress  in  the  specimen  when  this  sudden  stretching 
begins  is  called  the  ** yield  point"  or  sometimes  the  "stretch 
limit.**     It  is  but  little  above  the  elastic  limit.     In  soft  or 
mild  steels,  or  in  high  structural  steel  the  yield  point  may 
not  be  more  than  two  or  three  thousand  pounds  above  the 
elastic  limit.     The  elastic  limit  itself  is  from  one-half  to 
six-tenths  the  ultimate  resistance  for  small  specimens  or 
about  one-half  the  ultimate  resistance  for  large  members 
like  eye-bars,  or  a  little  less  than  that  after  annealing. 

The  ease  with  which  the  yield  point  may  be  determined 
has  led  to  its  wide  use  under  the  name  of  elastic  limit  in 
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much  engineering  literature,   but   the  distinction   should 
always  be  observed. 

In  the  case  of  some  structural  materials  with  erratic  or 
defective  elastic  properties,  like  some  grades  of  cast  iron, 
it  is  practically  impossible  to  find  any  well-defined  elastic 
limit  or  even  yield  point. 

Art.  54. — ^Ultimate  Resistance. 

After  a  piece  of  material,  subjected  to  stress,  has  passed 
its  elastic  limit,  the  strains  increase  until  failure  takes 
place.  If  the  piece  is  subjected  to  tensile  stress,  there 
will  be  some  degree  of  strain,  either  at  the  instant  of  rup- 
ture or  somewhat  before,  accompanied  by  an  intensity  of 
stress  greater  than  that  existing  in  the  piece  in  any  other 
condition.  This  greatest  intensity  of  internal  resistance 
is  called  the  "  Ultimate  Resistance." 

In  ductile  materials  this  point  of  greatest  resistance  is 
found  considerably  before  rupture;  the  strains  beyond  it 
increasing  rapidly  while  the  resistance  decreases  imtil 
separation  takes  place. 

These  phenomena  are  highly  marked  in  ductile  mate- 
rials like  wrought  iron  and  structural  steel,  particularly 
in  the  latter.  In  such  cases  if  the  application  of  stress  to 
the  test  piece  is  carefully  controlled  a  considerable  stretch- 
ing of  the  piece  may  be  produced  beyond  the  point  of 
ultimate  resistance  without  actually  separating  the  metal, 
the  load  per  square  inch  of  original  section  of  the  piece 
decreasing  rapidly.  It  is  not  difficult  to  obtain  such  re- 
sults with  soft  or  mild  steely 

The  ultimate  resistances  of  different  materials  used  in 
^gineering  constructions  can  only  be  determined  by 
^ual  tests,  and  they  have  been  the  objects  of  many  ex- 
periments. 
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It  has  been  obser\^ed  in  these  experiments  that  man; 
influences  affect  the  ultimate  resistance  of  any  give 
material,  such  as  mode  of  manufacture,  condition  (ar 
nealed  or  unannealcd,  etc.),  size  of  normal  cross-sectioi 
form  of  normal  cross-section,  relative  dimensions  of  tei 
piece,  shape  of  test  piece,  etc.  In  making  new  experimen* 
or  drawing  deductions  from  those  already  made,  these  ar 
similar  circumstances  should  all  be  carefully  considered 


Art.  55. — Ductility. — ^Permanent  Set. 

One  of  the  most  important  and  valuable  characteristii 
of  any  material  is  its  **  ductility,**  or  that  property  b 
which  it  is  enabled  to  change  its  form,  beyond  the  lim 
of  elasticity,  before  failure  takes  place.  It  is  measure 
by  the  permanent  "  set/'  or  stretch,  in  the  case  of  atensil 
stress,  which  the  test  piece  possesses  after  fracture;  ala 
by  the  decrease  of  cross-section  which  the  piece  suffers  s 
the  place  of  fracture. 

In  general  terms,  i.e.,  for  any  degree  of  strain  at  whic 
it  occurs,  **  permanent  set"  is  the  strain  which  remains! 
the  piece  when  the  external  forces  cease  their  action.  • 
will  be  seen  hereafter  that  in  many  cases,  and  perhaps  &■ 
permanent  set  decreases  during  a  peri(xl  of  time  itnin 
diately  subsequent  to  the  removal  of  stress.  Indeed, 
some  aises  of  small  strains  it  is  observed  to  disappc 
entirely. 

Art.  56. — Cast  Iron. 

Modulus  of  Elasticity  ami  Elastic  Limit, 

Cast  iron  is  a  metal  produced  by  fusion  without  si 
sequent  working  such  as  forging  or  rolling.  Except  wl 
made  for  special  purposes  under  conditions  of  careful  cont 
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of  the  elements  entering  it.  the  quality  of  the  product  is 
irregiilar  and  variable.  Bubbles  of  gases  not  escaping  from 
the  molten  mass  will  leave  voids  or  "  blow-holes  "  in  the 
final  product  and  carbon  exists  both  in  the  graphitic  and 
combined  condition,  but  in  varying  proportions.  The  mode 
of  production  and  the  practically  unavoidable  irregularities 
in  cooling  induce  both  variable  conditions  of  crystallization 
and  internal  stresses  which  are  sometimes  liigh  enough  to 
fracture  the  completed  casting. 

There  are  some  grades  of  cast  iron  like  those  formerly 
used  for  car  wheels  and  ordnance  which  give  high  ultimate 
resistance  and  comparatively  high  moduli  of  elasticity  and 

'hich  exhibit  an  approximation  at  least  to  an  elastic  limit. 
although  the  latter  point  is  never  well  defined  as  in  wrought 
iron  and  steel.  The  ordinary  soft  castings  used  in  engi- 
neering practice  for  water  pipes,  machine  frames  and  other 
amilar  purposes  disclose  under  test  such  erratic  properties 
that  they  cannot  be  said  to  have  either  a  welt-defined 
modulus  of  elasticity  or  any  real  elastic  limit.  The  irregular 
behavior  of  cast  iron  under  stress  is  well  shown  for  different 
grades  of  the  material  by  the  stress-strain  diagrams  shown 
in  Fig.  1 ,  in  which  the  vertical  ordinates  are  intensities  of 
stress,  while  the  horizontal  ordinates  or  abscissae  are  the 
stTMis  or  elongations  per  linear  inch.  These  curves  are 
typical  of  what  may  be  considered  good  grades  of  cast 
iron  for  their  purpose.  The  line  oq  represents  a  fair  grade 
if  ordinary  soft  cast  iron,  while  ok  and  oe  belong  to  a  higher 

Fade  and  od  a  still  stronger  metal  for  special  pur[Joses. 

The  amounts  written  at  the  extreme  upper  ends  of  the 
Qirvcs  indicate  the  loads  or  stresses  per  square  inch  at 
fhich  the  test  specimens  failed.  The  two  curves  Of  and 
Oi'were  constructed  from  data  given  on  pages  597  and  605 
of  [he  '•  U.  S.  Report  of  Tests  of  Metals  and  Other  Materi- 
sls  '■  for  1899.     These  two  cast-iron  test  specimens  were  of 
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metal  of  superior  or  special  grades,  proposed  to  be  ui 
for  ordnance  purposes,  as  is  indicated  by  thQ  high  ultim 
resistances,  22,300  and  35,280  pounds  per  square  inch. 

There  is  seen  to  be  the  greatest  diversity  in  the  im 
nation  and    general   character  of  the  four  strain  cur 
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8000 


OOi"   PERI^ 


Fig.  I. 


The  cur\'e  Oc  has  a  fairly  straiglit  portion  ha,  the  poin 
representing  an  intensity  of  stress  of  7000  pounds,  w 
the   j)()int  li  represents  an   intensity  of   2000  jx^unds 
Mjuare  inch.     The  cross-sectional  area  of  this  test  sp 
men  was  i  square  inch.     The  difference  in  strains  at 
two  points  a  and  //,  or  for  a  range  in  intensity  of  5000  pom 
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.was  .0003   inch.     Hence  the   coefficient  of  elasticity  for 
these  data  would  be 

E  =  — =^  16,667,000  pounds. 

•  0003 

In  the  same  manner  the  increase  of  strain  per  linear 
mch  of  test  specimen  resulting  from  increasing  the  stress 
of  2000  pounds  per  square  inch  at  k  to  8000  pounds  per 
square  inch  at  b  was  .00032.  Hence  with  these  data  the 
coefficient  of  elasticity  would  be 

E  = =i8,7«:o,ooo  pounds. 

.00032         "^  ' 

The  strain  curve  On  is  an  extraordinary  one  for  cast  iron, 
as  it  is  straight  for  nearly  its  entire  length.  For  the  in- 
tensity of  stress  of  16,200  pounds  the  strain  or  stretch  is 
seen  to  be  .002  inch;  hence  the  coefficient  of  elasticity 
would  be 

16,200 

h  = =8,100,000  pounds. 

.002  .  ^ 

The  metal  represented  by  the  strain  curve  Oq  cannot  be 
said  to  have  any  coefficient  of  elasticity  at  all,  as  no  part  of 
the  curve  is  straight.     These   instances  selected  from  a 
large  number  of  tests  are  representative  of  what  may  be 
wpected  in  elastic  behavior  of  cast  iron.     As  a  rule,  the 
grades  possessing  the  higher  ultimate  resistances  exliibit 
a  more  nearly  normal  elastic  character  and  possess  what 
may  be  termed  not  very  well-defined  ccx3fficicnts  of  elas- 
ticity running  from  about*  14,000,000  to  perhaps  18,000,000 
pounds  per  square  inch,  while  the  usual  grades  or  quanti- 
tks  employed  in  engineering  castings  n^.ay  liave  no  cocfii- 
dent  of  elasticity  at  all  or  as  low  as  8,000,000  or  10,000,000 
pounds  per  square  inch.     In  view  of  all  experimental  data 
available  at  the  present  time  it  is  probably  about  as  near 


correct  as  practicable  to  take  the  tensile  coefficid 
iron  for  ordinary  engineering  purposes,  as 

E  =  12,000,000     to     14,000,000  pounds, 

or  one  half  that  of  wrought  iron.  For  the  special 
of  stronger  cast  iron,  such  as  are  used  for  ordnai 
car-wheel  purpcises,  a  coefficient  or  modulus  of  16, 
pounds  to  18,000,000  pounds  per  square  inch  may  I 
As  is  usually  the  case  in  cast  iron,  the  elastic  Ij 
the  curves  in  Fig.  1  are  so  ill-defincd  that  they  cw 
placed  with  certainty  even  on  the  curves  Of  and 
scarcely  on  On,  and  not  at  all  on  curve  Oq.  If  th< 
are  approximately  located  on  the  first  three  of  thest 
they  may  perhaps  be  placed  at  b  (8000  pounds  per 
inch),  at  a  (7000  pounds  per  square  inch),  and  at  ffti 
pounds  per  square  inch).  In  none  of  these  cases,  b| 
can  the  metal  be  s;iid  to  have  either  a  well-define^ 
elasticity  or  a  true  yield  point,  and  that  observatl 
general  true  of  all  cast  iron.  ] 


Resilience,  or  Work  Performed  in  Straining  Cad 

As  the  scale  of  the  original  of  Fig.  i  was  SoooH 
to  each  inch  of  vertical  ordinate  and  .001  inch  to  tm 
or  horizonUil  ordinate  or  abscissa,  and  as  the  straidj 
in  Fig.  1  belong  to  a  test  piece  i  inch  square  in  sedi 
I  inch  long,  each  square  inch  of  area  on  the  orig^ 
gram  between  any  one  of  the  strain  curves  and  t 
of  abscissa  drawn  through  0  will  represent  8000  >ip 
inch-pounds  of  work  performed  in  stretching  th 
piece.  The  strain  at  the  point  b  on  the  curve  Of  is 
inch,  as  shown  in  the  figure,  while  the  mean  inter 
stress  in  producing  that  strain  is  4400  pounds. 
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b  represents  the  elastic  limit  the  resilience  or  work  per- 
formed in  stretching  the  metal  up  to  the  elastic  limit  of 
8000  potinds  per  square  inch  is 

4400  X  .00036  =  1.58  inch-pounds  per  cubic  inch. 

Similarly,  if  a  is  the  elastic  limit  in  the  strain  curve  Oc, 
the  total  strain  for  each  inch  in  length  of  the  test  specimen 
is  .00038  inch  and  the  mean  intensity  of  stress  is  3750 
pounds,  all  as  shown  in  Fig.  i .  Hence  the  resilience  or 
work  performed  was 

3750 X. 00038  =  1.43  inch-pounds  per  cubic  inch, 

A  similar  computation  may  be  made  for  the  straight  por- 
tion of  the  strain  curve  On,  but  the  preceding  operations 
sufSciently  illustrate  the  procedure. 

The  total  work  performed  in  breaking  each  specimen 
niay  readily  be  foimd  in  precisely  the  same  manner.  In 
the  case  of  the  curve  Of  the  strains  or  elongations  of  the 
specimen  were  actually  observed  only  up  to  the  point  d, 
although  failure  actually  took  place  at  /  or  at  the  intensity, 
35.280  pounds  per  square  inch.  The  part  dj  of  the  curve 
is  drawn  approximately  as  a  continuation  of  the  observed 
•  curve  and  therefore  is  shown  as  a  broken  line.  The  area 
included  between  the  ciuve  Of  and  the  horizontal  ordinate 
0^1  le.  the  area  of  the  figure  O/5,  is  11.97  square  inches. 
Hence  the  work  performed  in  rupturing  the  test  piece  was 

11.97 X 8000 X. 00 1  =95-76  inch-pomtds  per  cubic  inch. 

Again,  in  the  case  of  the  strain  curve  Oe  the  area  of  the 
figure  Oet  is  4.69  square  inches.  The  total  work  expended, 
therefore,  in  rupttiring  the  specimen  was 

4.69 X 8000  X  .001  =37.5  inch'pomtds  per  cubic  ifich. 
fc  the  latter  case  the  short  portion  ce  of  the  strain  curve  is 
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drawn  approximately,  as  the  strain  observations  ceased 
at  c.  It  is  to  be  remembered,  as  is  indicated  in  each  of 
these  cases,  that  when  the  data  apply  to  each  linear  inch 
of  test  piece  and  each  square  inch  of  sectional  area,  the 
work  computed  will  be  for  i  cubic  inch  of  material.  It 
is  only  necessary  to  multiply  by  the  number  of  cubic  inches 
in  the  test  piece  in  order  to  obtain  the  work  performed  in 
the  entire  piece. 

Ulthnate  Resistance. 

The  ultimate  tensile  resistance  of  cast  iron  is  an  ex- 
ceedingly variable  quantity ;   it  may  range  from  not  more 
than  8000  or  10,000  poimds  in  castings  of  indifferent  quality 
to  values  of  nearly  50,000  potmds  per  square  inch  in  such 
special  grades  of  metal  as  those  which  have  been  used  for 
car  wheels   and  ordnance.      Cast   iron   has   passed  com- 
pletely out  of  use  for  the  manufacture  of  heavy  guns,  but 
there  are   other  ordnance  purposes  for  which    it    is  stffl 
used.      The   castings   usually  employed  by  civil  engineers 
are  generally  of  soft-grade  iron;   they  are   such  as  wate^ 
pipes,  frames,  beds  of  machines,  and  other  similar  purpose- 
which  do  not  rccjuire  sjxicial  grades  produced  by  specie 
mixtures  of  raw  material  or  special  processes  of  manu- 
facture.    The  ultimate  resistances  will,  therefore,  be  con 
siderably  less  than  those  belonging  to  ordnance  and  car 
wheel  irons,  or  for  specially  strong  grades  of  metal,    kt 
with  all  material,  the  character  of  cast  iron  affects  to  ^ 
great  extent  its  resistance,  i.e.,  whether  it  is  fine  or  coarse 
grained,  as  does  also  the  character  of  the  ore  from  which 
it  is  produced. 

Three  s|X'cimens  turned  d(nvn  to  a  diameter  of  about 
.625  inch  til  ken  from  iron  used  in  the  Boston  water  pipes 
and  broken  at  the   Warren    r'^oundry,    Phillipsburg,   Nev 
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Jersey,   gave  the  following  ultimate  resistances  in  pounds 
per  square  inch : 


18,300, 


15.470, 


i3»070' 


These  results  represent  fairly  the  ultimate  resistance  of 
ordinary  cast-iron  pipe  and  other  castings  commonly  used 
in  civil  engineering  practice.  It  has  sometimes  been  stated 
that  the  outer  stuface  or  **  skin  ''  of  iron  castings  has  a 
greater  capacity  of  resistance  to  stress  than  the  interior 
parts.  Investigations  carefully  conducted,  however,  by  the 
late  Professor  J.  B.  Johnson  and  others  do  not  show  that 
to  be  the  case.  Indeed  it  is  practically  certain  that  there 
is  no  essential  difference  between  the  resistances  of  the 
exterior  and  interior  parts  of  a  casting  unless  it  has  been 
subjected  to  some  special  treatment.  It  is  not  unlikely 
that  this  erroneous  impression  may  have  arisen  from  the 
results  of  irregular  cooling  of  castings  producing  internal 
stresses  sometimes  sufficient  to  produce  fracture. 

The  • '  Report  of  the  Tests  of  Metals  and  Other  Mate- 
rials'* at  the  United  States  Arsenal,  Watertown,  Mass., 
for  1900,  contains  a  mass  of  tensile  tests  of  pig  irons  and 
ordnance  castings  of  a  great  variety  of  grades  and  quali- 
ties, from  which  the  following  tabular  statement  of  greatest 
and  least  values  have  been  taken.  There  are  also  given 
the  results  of  two  tests  of  gear  teeth  taken  from  the  same 
source. 

TENSILE  TESTS  OF  CAST  IRON. 


Inm. 


R« 

Ordnance 

Castings  , 
Gear  teeth 


Ultimate  Resistance.     Lbs.  per  Sq.  In. 


Greatest. 


^1,890  Pine  granular,  gray. 


<( 


«< 


( f 


33.500 

1 2,200  Fine  or  medium  granu- 
lar, gray. 


Least. 


1 1,820  Coarse  granular,  dark  gray. 


f  f 


<( 


(<      <  I 


14,900 

12,080  Fine    or  medium    granu- 
lar, gray. 


As  a  recapitulation  there  may  be  written: 
For  ordinary  castings: 

f  12,000,000  lbs.  per  sq.  in. 
Modulus  of  daslidty  -■  to 

(  14,000,000  lbs.  per  sq.  in. 

Ultimate  tensile  resistance,  15,000  to  18.000  lbs.  per  sq.  in. 
For  specially  excellent  grades; 

i  16, 000, 000  lbs.  per  sq.  in. 
to 
18.000,000  lbs.  per  sq.  In, 
Ultimate  tensile  resistance,  20,000  to  35,000  llis.  per.  sq.  in. 
Tensile  working  resistances  in  pounds  per  square  bch 
may  be  taken  as  follows: 

For  tt'ater  pipes  and  other  similar  purposes: 

3000  to  3500  lbs.  per  sq.  in. 

With  higher  grades  of  cast  iron  for  special  purposes; 

4000  to  7000  lbs.  per  sq.  in. 

Ejects  oj  Rt-mclling,  Continued  Fusion,  Repetition  of  S(r«*i     | 
and  High  Temperatures.  I 

The  physical  qualities  of  cast  iron  may  be  much  in)' 
proved  by  remelting  and  continued  fusion.  The  product 
of  the  blast  furnace  is  commercial  pig  iron.  These  pig* 
remelted,  as  in  a  cupola  furnace,  form  the  ordinary  cast* 
ings  of  engineering  work.  If  this  remelting  should  be  con- 
tinued so  as  to  secure  third  or  fourth  fusion  metal  the 
resisting  properties  of  the  iron  would  be  enhanced,  but  the 
cost  would  at  the  same  time  be  materially  increased,  and 
hence  second  fusion  metal  only  is  ordinarily  used. 

Again,  ex]>erience  has  shown  that  if  molten  metal  be 
held  in  fusion,  even  for  a  period  of  three  hours  or  more, 
its  physical  quality  continues  to  improve,  but  the  cost  of 
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1  a  procedure  renders  it  prohibitive  for  ordinary  pur- 
investigations  have  been  made  to  determine  the 
»wer  of  structural  materials  to  frequent  and  con- 
itition  of  stresses,  not  only  below,  but  above  the 
[imit,  the  relief  from  stress  between  two  applications 
metimes  being  partial  and  sometimes  complete.  It  has 
Bn  found  that  such  repeated  stresses,  when  as  high  as 
■half  to  three-quarters  of  the  ultimate  resistance,  pro- 
Ke  material  fatigue  in  cast  iron  and  final  failure  much 
low  the  ordinary  ultimate  resistance  as  determined  by  a 
adual  application  of  load.  Such  tests  have  shown  that 
St  iron  is  somewhat  more  sensitive  to  fatigue  than  the 
ictile  structural  materials  of  higher  ultimate  resistance. 

The  effect  of  high  temperatures  upon  the  resisting 
^city  of  cast  iron  is  not  in  general  different  from  that 
iimd  for  steel  and  wrought  iron.  Little,  if  any,  softening 
observed  until  a  temperature  of  500°  F.  is  approached, 
It  beyond  that  limit  it  is  liable  to  begin  to  lose  capacity 
resistance  to  a  material  extent  if  not  rapidly. 

157.— Wrought  Iron. — Modulus  of  Elasticity.— Limit  of  Elas- 
ticity and  Yield  Point.—  Resilience.— Ultimate  Resistance  and 
IhictiUty. 

Wrought  iron  as  a  structural  material  has  been  com- 
ttely  displaced  by  the  various  grades  of  structural  steel. 
though  it  is  still  used  in  relatively  small  quantities  for 
erial  purposes.  Again,  many  bridge  and  other  struc- 
Es  built  of  wrought  iron  are  still  standing,  and  it  is 
enlial  to  retain  a  record  of  its  physical  qualities. 

Wrought  iron  differs  fundamentally  from  steel  in  its 
nner  of  production,  as  it  is  a  product  of  the  puddling 
nace.  A  white-hot  spongy  mass  was  brought  out  of  a 
b  of  molten  slag  and  passed  between  rolls,  resulting  in 
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what  were  known  as  puddle  bars.  These  were  cut  in  suit- 
able lengths,  and  placed  in  rectangular  packages  or  piles 
of  proper  size  to  produce  the  finished  bar  or  beam  by  sub- 
sequent heating  and  rolling. 

This  process  of  production  gave  to  wrought  iron  a 
fibrous  internal  structure  of  much  greater  tiltimate  resist- 
ance in  the  direction  of  the  fibre  than  at  right  angles  to 
the  fibre  or  direction  of  rolling,  and  this  was  true  whatever 
shape  was  produced,  such  as  plates,  beams,  bars,  etc. 

Modulus  of  Elasticity. 

The  coefficient  or  modulus  of  elasticity  of  wrought  iron 
was  determined  by  many  tests  of  both  small  and  full-size 
bars  when  it  was  the  principal  structural  material  in  bridges 
and  other  similar  structures.  The  adjoining  table  gives 
the  results  of  tests  of  four  bars  only.  The  two  i-inch  square 
bars  were  of  fine  quality  of  wrought  iron  and  were  tested 
many  years  ago  by  Eaton  Hodgkinson.  The  results  of 
tests  of  the  5 -inch  and  3 -inch  bars  are  taken  from  the 
"  Report  of  Tests  of  Metals  for  1881  '*  made  on  the  large 
testing  machine  at  the  U.  S.  Arsenal,  Watertown,  Mass. 
The  table  below  gives  full  information  as  to  the  total  strain, 
gage  length  and  stress  per  square  inch  for  the  various  bars- 
If  p  is  the  stress  per  square  inch  and  /  the  strain  per  line^ 
inch  of  gaged  length,  the  coefficient  of  elasticity  E  will  haV^ 

the  value, 

P 


E  = 


r 


Size  of  Bar, 
Irn  hfs. 


IXI 
IXI 

5.04X1.27 

3  05X1 


OaKed 

Length, 

Inches. 


I  20 

120 

80 

80 


Total  Strain, 
Inches. 


o4v3 
029 

0279 


Stress  per 

5^q.  Inch, 

Pounds. 


10.670 
10.095 
20,000 
20,000 


£. 


28,101,000 
28,198.000 
27.5^6,000 
28.674.000 


^57)        LIMIT  OF  ELASTICITY  AND   YIELD  POINT.  297 

It  will  be  observed  that  the  four  values  shown  are  more 
learly  the  same  than  will  be  found  in  a  long  series  of  deter- 
ninations  in  the  early  te§ts  of  engineering  materials  when 
wrought  iron  was  in  general  use.  As  a  result  of  such 
ietenninations,  the  value  of 

E  =  26,000,000 

tnay  be  taken  as  a  fair  average  value  for  wrought  iron 
members  of  structures.  For  small  specimens,  or  for  some 
special  grades  of  wrought  iron,  27,000,000  or  possibly 
28,000,000  may  be  used. 

Obviously  all  values  of  E  must  be  computed  for  inten- 
aties  of  stress  less  than  the  elastic  limit. 

Limit  of  Elasticity  and  Yield  Point — Resilience. 

The  limit  of  elasticity  for  wrought  iron  is  not  nearly  so 
^ell  defined  as  for  structural  steel.  The  diagram  Fig.  i  has 
l^cen  constructed  from  the  test  of  the  one-inch  square 
wrought  iron  bar  with  a  gaged  length  of  10  feet  and  with  a 
load  increasing  by  small  increments.  The  horizontal  ordi- 
oates  represent  the  total  strains  in  inches,  while  the  ver- 
tical ordinates  represent  intensities  of  stress  per  square 
inch. 

That  part  of  the  curve  from  the  origin  o  to  a  is  straight 
^^  its  equation  is, 

p^El. 

• 

Above  a  the  line  begins  to  curve  and  at  e  the  curvature 
ecomes  about  as  sharp  as  at  any  point.  The  point  a, 
astic  limit,  may  be  taken  at  26,000  pounds  per  square 
ch.  while  e,  the  yield  point,  may  be  considered  as  29,000 
imds  per  square  inch,  although  this  latter  point  is  not 
U  defined.     Above  e  the  curve  becomes  much  less  inclined 
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to  a  horizontal  line,  showing  that  for  small  increraenls  of 
load  the  stretch  of  the  specimen  is  relatively  great. 

While  these  results  belong  to  one  specimen  only  o( 
wrought  iron  they  are  characteristic  of  the  metal.  Approxi- 
mately the  elastic  limit  may  be  considered  half  the  ultimatt 


a 


I 


resistance  and  the  yield  point  possibly  aooo  to  4000 
more. 

For  all  ordinary  cases  of  wrought-iron  structures 
elastic  hmit  may  safely  be  considered  22,000  to  24.00* 
pounds  per  square  inch  and  the  yield  point  from  25,000  W 
28,000  pounds  per  square  inch,  as  it  is  to  be  remembereO 
that  the  elastic  limit  and  yield  point  will  be  higher  lot 
small  test  specimens  than  for  full-size  structural 
bers. 
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Ductility  and  Resilience. 

In  Fig.  X  the  horizontal  coordinates  of  the  stress-strain 
orve  are  the  strains  for  120  inches  in  length  of  a  wrought- 
ton  test  bar,  corresponding  at  each  point  to  the  intensities 
i  stress  per  square  inch  shown  on  the  vertical  line  through 
This  curve  exhibits  fully  the  physical  characteristics  of 
e  material  under  test.  The  straight  part  oa  of  the  curve 
dongs  to  that  part  of  the  loading  below  the  elastic  limit 
i  i.e.,  below  26,000  pounds  per  square  inch.  The  point  e 
dicates  the  stretch  limit  at  about  29,000  pounds  per 
qnare  inch.  There  is  no  constant  proportionality  be- 
stress  and  strain  above  a  nor  is  there  any  great 
crease  in  the  strain  for  a  given  small  increment  of  load- 
B  until  the  point  e  is  passed,  but  above  that  point  the 
retch  for  each  constant  increment  of  loading  becomes 
datively  large.  Beyond  the  point  b,  the  inclination  of 
he  stress-strain  curve  to  horizontal  is  relatively  small.  At 
rnear  c  the  curve  becomes  horizontal,  showing  the  maxi- 
irnn  intensity  of  resistance,  i.e.,  the  ultimate  resistance, 
Bd  the  broken  line  c/  indicates  a  rapidly  decreasing  load 
f  the  testing  machine  is  properly  manipulated  prior  to  the 
ictual  parting  of  the  material  at  /.  Usually  the  actual 
failure  of  the  material  will  take  place  at  the  highest  point 
<if  the  curve  unless  special  pains  be  taken  to  operate  the 
decrease  of  loading  and  even  under  such  conditions  the 
Oatcrial  must  be  highly  ductile  to  produce  the  part  of 
file  curve  shown  by  the  broken  line. 

The  resilience  of  work  expended  below  the  elastic  limit 
I  can  readily  be  computed  by  the  aid  of  Fig.  i,  as  it  is 
epresented  by  the  triangular  area  between  the  straight 
art  of  the  stress-strain  curve  and  a  vertical  line  through 
5  upper  limit.  The  strain  at  the  elastic  limit  of  26,000 
Dunds  per  square  inch  is  .11744  inch.     The  average  force 
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acting  upon  the  specimen  up  ta  the  elastic  limit  would  be 
half  the  value  of  the  latter.  Hence  the  elastic  resilience 
or  the  work  performed  on  the  specimen  up  to  the  elastic 
limit  is 

26,000  ,  .     ,  , 

.11744X =1527.6  mch-pounds. 

mi 

Inasmuch  as  the  test  specimen  was  120  inches  long,  the 
elastic  resilience  of  the  bar  would  be  12.73  inch-pounds 
per  cubic  inch  of  its  volume.  Similarly,  the  area  of  the 
irregular  figure  oehch  is  4.97  square  inches,  and  as  the 
scale  of  force  is  20,000  poimds  per  linear  inch,  that  figure 
represents    4.97X20,000    pounds  =  99,360    inch-pounds  of 

work;   or  -  =828  inch-pounds  of  work  per. cubic  inch 

of  volume  of  the  test  specimen.     If  this  test-bar,  therefore, . 
were  to  be  broken  by  a  falling  weight  of  100  pounds,  that 
weight  w^ould  be  required  to  fall  through  a  height  of 

99,^60  ^  .     , 

-^^-^-   -  =993.6  inches. 
100 

It  is  clear  from  the  figure  that  if  the  metal  possessed 
little  ductility  so  that  its  strain  curve  extended  no  further 
than  the  point  b,  the  work  required  to  be  expended  in 
breaking  it  would  be  very  small  compared  with  that  needed 
for  rupturing  the  actual  wrought-iron  piece.  The  effect 
of  a  falling  weight  may  represent  a  shock  or  blow,  or  be 
tiiken  as  the  equivalent  of  what  is  usually  called  a  suddenly 
applied  load.  These  considerations  show  why  a  ductile 
material  requiring  so  much  more  work  to  be  performed 
to  break  it  is  much  better  adapted  to  sustain  shock  than 
a  non-ductile  or  brittle  material.  The  latter  class  of 
materials  can  l)e  strained  so  little  before  failure  that  littk 
work  is  required  to  be  expended  to  break  them. 
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Ultimate  Resistance. 

The  iiltimate  resistance  of  wrought  iron  depends  to 
some  extent,  like  structural  steel,  on  the  size  of  the  test 
specimen  or  bar,  its  treatment  during  manufacture,  and 
whether  the  piece  is  tested  in  the  direction  in  which  it  was 
rolled  or  at  right  angles  to  that  direction.  Wrought  iron 
being  a  fibrous  material,  its  ultimate  resistance  is  materially 
greater  in  the  direction  of  the  fiber  than  at  right  angles  to 
that  direction  or  in  inclined  directions.  Structural  speci- 
fications usually  prescribed  that  when  used  in  tension, 
wrought  iron  should  take  its  load  parallel  to  the  direction 
of  rolling,  particularly  for  wrought-iron  plates. 

Round  and  rectangular  bars  of  wrought  iron  of  ordinary 
structural  sizes  showed  under  tests  ultimate  resistances, 
generally  varying  from  about  45,000  to  50,000  pounds  per 
square  inch,  the  smaller  values  applying  to  large  bars  and 
the  large  values  to  bars  of  small  section. 

A  series  of  tests  of  round  bars  found  in  the  **  Report  of 
the  Committee  of  the  U.  S.  Board  Appointed  to  Test  Iron, 
Steel,  and  other  Metals,  etc.,"  showed  that  the  ultimate 
resistances  ran  from  about  60,000  per  square  inch  for  J-inch 
rounds  down  to  about  46,000  to  47,000  pounds  per  square 
inch  for  bars  4  inches  in  diameter. 

The  ultimate  resistance  of  such  wrought-iron  shapes  as 
angles,  eye  bars,  channels,  tees,  and  others  were  shown  by 
many  tests  to  be  about  the  same  as  bars  and  flats  of  the 
same  quality  and  size,  i.e.,  many  test  specimens  showed 
ultimate  resistances  running  from  about  45,000  to  50,000 
pounds  per  square  inch.  If  the  shapes  or  plates  were 
small,  so  that  the  temperature  was  relatively  low  during 
final  passes  between  the  rolls,  the  hardening  effect  of  such 
treatment  would  raise  the  ultimate  resistance  to  some 
extent,  resulting  in  higher  values  than  for  similar  shapes 
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of  large  section  which  suffered  less  reduction  of  temperatures 
during  the  process  of  rolling.  Thin  plates  showed  markedly 
higher  ultimate  resistances  than  thick  plates  for  this  reason. 

Diiclility. 

From  what  has  been  stated  it  is  evident  that  wrought 
iron  would  show  the  greatest  final  contraction  of  fractured 
area  and  final  stretch  when  tested  in  the  direction  of  rolling 
than  in  any   other  direction.     Again  it  is  equally  dear 
that  the  percentage  of  final  stretch  would  be  materially 
greater  for  short  specimens  than  for  long  ones,  because  the 
necking-down  at  the  section  of  fracture  would  add  a  much 
greater  percentage  to  the  length  of  a  short  specimen  thaa 
to  a  long  one.     While  both  final   contraction  and  final 
stretch  varied  greatly  in  different  test  pieces,  it  may  be    > 
stated   that  for  gage  lengths  ranging  from  about  5  f«t    , 
to  20  feet,  full-size  wrought-iron  bars  gave  a  final  con-    i 
traction  of  20  per  cent  to  30  per  cent  and  a  final  stretch 
of  about  half  these  values. 

Test  specimens  of  plates,  angles  and  other  shapes,  the 
final  stretch  being  measured  over  a  gage  length  of  8  inches, 
would  generally  yield  about  ao  per  cent  to  30  per  cent  w 
final  contraction  and  about  10  per  cent  to  20  per  cent  » 
final  stretch. 

The  preceding  may  be  considered  fairly  representative 
values  of  ductility  of  the  best  quality  of  wrought  iron  use« 
in  bridge  and  other  structures.  They  show  that  the  meti*^ 
was  highly  ductile  and  well  adapted  to  structural  purpose*- 
although  possessing  these  desirable  qualities  to  a  less  degr^ 
than  structural  steel. 

Fracture  of  Wrought  Iron. 
The  characteristic  fracture  of  wrought  iron  brola 
tension  either  directly  or  transversely  is  rather  coal 
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not  infrequently  exhibiting  a  few  bright  granular 
hich,  in  rare  cases,  may  possibly  be  crystalline. 
aracteristic  fibrous  fracture  is  produced  by  the 
ipplication  of  load,  but  a  piece  of  wrought  iron 
bit  a  granular  fracture  if  broken  suddenly.  Many 
Its  have  been  made  that  wrought  iron  may  become 
ie  and  lose  both  ultimate  resistance  and  ductility 
rtain  conditions  of  use,  but  bright  granular  fracture 
ably  been  mistaken  in  such  cases  for  crystalline. 


RArt.  58.— Steel. 
Modulus  oj  Elasticity, 
number  of  varieties  and  grades  of  steel  brings 
itence  a  correspondingly  great  number  of  physical 
;s  and  coefficients  or  moduli  used  in  its  consider- 
connection  with  the  "  Resistance  of  Materials." 
rithstanding  the  number  of  varieties  of  steel  used 
resent  time  for  engineering  purposes,  it  is  fortunate 
interests  of  simplified  computations  to  find  their 
of  elasticity  varying  so  little  that  they  may  be 
i  practically  the  same.  Again,  it  is  further  fortunate 
•  moduh  for  tensioti  and  compression  also  appear 
e  same,  and  they  are  so  taken. 
;  class  of  steel  generally  to  be  considered  here 
ded  under  the  term  ' '  Structural  Steel, ' '  which 
divided  into  low,  medium,  and  high  steel.  These 
ades  of  structural  steel  are  mainly  based  upon  the 
s  of  carbon  which  they  contain.  While  each  class 
insensibly  into  another  without  well-defined  limits, 
be  approximately  stated  at  least  that  low  or  soft 
II  have  carbon  ranging  from  about  .1  to  .2  per  cent,, 
A  the  carbon  in  medium  steel  will  run  from  about 
,,  while  high  steel  will  show  about  .3  to  .45 
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]XT  cent,  of  carbon.     The  ultimate  resistance  of  low  st^^^ 
may  run  from  52,000  to  60,000  pounds  per  square  ind^' 
medium  steel  from  60,000  to  68,000  pounds  per  squa^ 
inch,  and  high  steel  from  68,000  to  about  76,000  pounds 
per  square  inch,  or  possibly  higher.     Experimental  inves-' 
tigations  have  shown  that  the  coefficient  of  elasticity  \B 
essentially  the  same  for  all  grades  of  steel  tised  in  construc- 
tion.    This  observation  holds  true  also  for  nickel  steel, 
which  has  within  the  past  few  years  come  into  use  for 
special   structural    purposes.     A    considerable   number  of 
tests  of   nickel-steel  specimens,  in  some  cases  containing 
3.375  per  cent,  of  nickel  with  .3  per  cent,  of  carbon  and  .73 
per  cent,  of  manganese,  given  in  the  U.  S.  Report  of  Tests 
of  Metals  for  i8c)8  and  1899,  show  that  the  coefficient  of 
elasticity  for  this  metal  may  be  taken  at  values  ranging 
from  28,700,000  pounds  to  30,385,000  potmds  per  square 
inch.     In  other  words,  the  coefficient  of  elasticity  of  this 
nickel  steel  may  be  taken  between  the  usual  limits  for 
ordinary   structural    steel    of    28,000,000   and    30,000,000 
pounds   per   square    inch. 

Table  I  gives  a  condensed  statement  of  the  results  of 
an  extended  investigation  made  to  determine  the  **  con- 
stants *'  of  structural  steel  by  Prof,  (now  President)  P.  C. 
Ricketts,  at  the  mechanical  laboratory  of  the  Rons.  Pol. 
Inst,  in  1886.  Although  these  tests  were  made  before  as 
many  varieties  and  grades  of  steel  had  been  developed  as 
at  present,  the  values  given  in  the  table  are  accurately 
characteristic  of  the  same  grades  of  structural  steel  pro- 
duced at  the  present  time,  191 5.  As  no  corresponding 
determinations  have  been  made  of  such  wide  range  nor  with 
such  a  wide  scope  of  purpose  since  that  early  date,  the 
table  has  unique  value  and  is  worthy  of  careful  study. 
Although  this  table  contains  other  values  than  those  im- 
mediately desired,  the  opportunity  of  directly  comparing 


^%.     V 


L.;'X 


-riLf:-- 


■    H      I 


f.  ■ 


sr££i. 
Table   I. 


Ur- 
ban. 

,««.„.. 

Sp.^im,.:> 

Poun 

JMH-rS,,. 

-rslnch. 

Mull. 

Per 

Per 

UUi- 

Coil 

Cent. 

Elastic 

lnch«. 

o(  Atca 

UmU 

kISsI- 

of  Bias. 

Ri«i_.i«i»-. 

.. 

,o„ 

=  .7St. 

ft.,1 

3».8oo 
.*7.*=o 

*.>.-=. 

J.,o.«,^ 

6;:» 

.nlolilioDO 

" 

^ 

O.JSS 

eS:', 

j°  J 

isiooo 

6.(,ioo 
If.Boo 

ialnn.tiooo 

:: 

S 

o'?6^ 

hoiS 

agjft 

.I'.iuoo 

6?:°o° 

.ioIhSsIooo 

.;; 

ti 

o:7<« 

<j« 

ftsijoo 

.UIoih:^ 

::     ■^'■ 

,1 

si:; 
1 

'si* 

:;■§ 

30:414!™ 

30.0,11,000 
30,166.000 

::      ■■ 

;;■ 

ii 

li 

)«.! 

Jft!400 

36,400 

III 

aoliQo 

ji!ofis!oDo 

Bewmert   .:: 

8i 

1 

D     "^ 

98 !  4 

Iji 

fifiiboo 

Jl.gjoiooD 

1' 

:';'J; 

is!  I 

4l!.loci 

'>i.7ao 

(^6.100 
ftS40O 

^ijfij;™ 

s. 

'>u!l°a 

&. 

::;k 

!6:4 

\l\ 

4t;.oo 

[o:j<s:ooo 

H' 

0.7^3 

Atil^Da 

Ut 

O.HIS 

5' 

-■!«-8 

.loioHiiaoo 

gj 

o'?" 

IVi 

il'™ 

6K.IX^ 

■.'74* 

!h!° 

p» 

p. 

V, 

V, 

=  ;7S6 

i»'.S 

golfioo 

&. 

.'jg 

0:76] 

',l't 

?F° 

i,.!uHu!cao 

;^ 

O.JSS 

1; 

;::; 

o»]ioo 

joimi',000 

■  ODcnbewth'T 


t  Frum  Troy,  N.  Y, 


3o6 


TENSION. 
Table  I. — Continued. 


... 

...... 

Pound.  ,.r  ^„^  Tnch. 

•s^ 

Puun^s  per  Square  Inch. 

Sinale  Shpiir, 

Double  Shwr, 

s 

Si- 

Kliulidly. 

Eluiic 

Ultimalc 
R«.i[. 

ElBtic 
Limit. 

"S- 

.tS.ftoo 

as 

41.700 

n 

uolooo 
P.ioiooo 

3*  .60a 

33,800 
J5,8oo 

36,600 
j6,Toa 
41, !o. 

46.0  JO 
46.0  ■» 
44.780 
44.'i''0 
4fl.44f= 

46.,D=> 

40.!  40 

«T.t6o 

43.600 
j8,.oo 
JJ.Boo 

J8,soo 
.1U.400 

3S.600 

40,800 

4J.SOO 

46,460 

47,!»0 
48,J»o 
46.!DO 

48,800 

■  .04S 
1.061 

1.016 

■  .o>I 

KfTerent  physical  constants  from  the  same  quality  of  steel 
I  is  a  sufficient  reason  for  inserting  the  entire  table  at  this 
I  place,  All  the  test  pieces  were  uniformly  about  three- 
I  quarters  of  an  inch  in  diameter,  and  the  stretch  was  in  all 
I  cases  measured  on  8  inches.  The  elongations  given  are  per 
f  cents  o£  the  original  length  of  8  inches. 

The  reductions  of  area  are  the  per  cents  of  original 
[  Rclions  of  the  test  pieces  which  indicate  the  differences 
I  between  the  original  and  fractured  areas. 

As  indicated,  the  first  half  of  the  table  belongs  to  speci- 
I  mens  of  open-hearth  rivet  steel  from  Steclton,  Pa.,  while 
1  the  second  lialf  contains  results  drawn  from  tests  on  a  com- 
Iparatively  wide  range  of  metal  from  the  Bessemer  process 
lolthe  Troy  Steel  and  Iron  Co..  of  Troy,  N.  Y.  The  open- 
1  hearth  rivet  slecl  is  all  seen  to  contain  only  .09  per  cent, 
lot  carbon,  while  the  Bessemer  metal  had  carbon  varying 
Ifem  0.1 1  per  cent,  to  0.39  per  cent.,  with  a  wide  gap 
Ihetween  0.17  and  0.36  per  cent. 

The  specimens  i,,  i,,  and  i,  were  cut  from  the  two  ends 
md  centre  of  bar  i,  and  those  subjected  to  tension  were 
sited  adjacent  to  specimens  of  the  same  name  subjected 
0  compression.  Similar  observations  apply  to  other  sets 
[  specimens  affected  by  the  same  figure  or  same  letter, 
aice  there  is  shown  in  this  table  the  relation  of  different 
rfij-sical  quantities  belonging  to  as  nearly  identically  the 
same  material  as  the  possibihties  of  the  case  admit. 

The  coefficients  of  tensile  elasticity  exhibit  unusual 
uniformity.  Those  for  the  open-hearth  steel  show  no 
variation  with  the  small  variation  in  carbon.  Although 
the  tensile  coefficients  for  the  Bessemer  steel  are  slightly 
lower  for  the  lowest  per  cents  of  carbon  th^Ti  fi>r  the  highest, 
yet  some  of  the  lowest  coefficients  are  found  for  the  highest 
irbons,  and  it  is  difficult .  to  determine  any  essential  varia- 
ion  with  varying  proportions  of  that  element. 
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While  the  average  of  the  tensile  coefficients  is  a  very 
little  more  for  the  oi^en  hearth  than  for  the  Bessemer  sutl, 
there  is  really  no  sensible  difference  between  them.    The 
average   tensile    coefficient   may   be    taken   at    30,00 
pounds  per  square  inch. 

Too  much  importance  should  not  be  attached  to  tlu 
percentage  of  carbon  alone  in  these  specimens,  as  the 
presence  of  other  elements  not  given,  such  as  manganese, 
piiosphorus,  etc.,  exert  marked  influences  on  the  physicaT 
characteristics  of  steel. 

The  modulus  of  elasticity  of  the  steel  wire  used  in 
the  cables  of  long  span,  stiffened  suspension  bridges  also 
has  the  value  of  about  30,000,000  pounds,  the  ultimate 
tensile  resistance  of  such  wire  varying  from  about  200.000 
to  220,000  pounds  per  square  inch.  The  resisting  capacity 
of  this  material  is  largely  affected  by  the  process  of  cold 
drawing  in  its  manufacture,  but  the  modulus  of  elasticity 
seems  to  experience  little  or  no  effect  of  the  cold  workiiig- 

Variation  of  Ultimate  Resistance  with  Area  of  Cross-sfdW*- 

The  ultimate  resistance  of  a  ductile  material  like  sXeet. 
depends  to  some  extent  upon  the  area  of  cross-section  f* 
a  number  of  reasons. 

Generally  the  work  put  upon  a  bar  of  small  cross-sectiol 
in  reducing  between  the  rolls  from  the  ingot  or  bloom  ' 
the  finished  bar  \it11  be  greater  for  a  bar  of  small  sectio" 
than  for  a  similar  bar  of  large  section,  Other  things  beiH 
equal,  the  greater  amount  of  such  work  put  upon  the  mat< 
rial  the  higher  v-iW  be  its  physical  qualities,  including  ttl 
ultimate  resistance.  Again,  the  temperature  of  a  small  h 
or  thin  plate  during  its  last  passes  between  the  rolls  » 
generally  be  lower  than  for  a  bar  of  larger  cross-sectifl 
or  for  a  thicker  plate.     In  other  words,  the  slight  tendenC 
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oward  cold  rolling  tends  to  enhanced  ultimate  resistance 
nd  elastic  limit. 

Finally  at  the  section  of  ultimate  failure  there  is  a 
necking  down  "  to  the  final  reduction  of  area  of  fracture 
rithin  a  short  length  of  bar.  This  means  a  rather  violent 
lovement  or  flow  of  molecules  of  the  material  toward  the 
xis  of  the  bar,  distinctly  greater  in  distance  for  a  larger 
>ar  than  one  of  smaller  section  for  the  same  percentage  of 
inal  reduction.  This  corresponds  to  a  greater  longitudinal 
«paration  of  the  molecules  near  the  axis  of  the  specimen 
;or  a  large  bar  than  for  a  small  one,  which  induces  a  little 
earlier  ruptiu^  in  the  former  bar  than  in  the  latter. 

For  all  these  reasons  the  somewhat  smaller  ultimate 
resistance  per  square  inch  of  cross-section  is  to  be  antici- 
pated for  bars  of  large  section,  or  plates  of  greater  thickness 
than  for  bars  of  smaller  sectional  area,  or  for  thin  plates. 
This  difference,  however,  is  much  less  for  steel  bars  and 
plates  at  the  present  time  than  in  the  case  of  wrought  iron 
^'hen  that  material  was  widely  or  even  exclusively  used  for 
structural  purposes. 

Influence  of  Shortness  of  Specimen. 

If  the  dimensions  of  a  test  specimen  are  such  as  to  make 
exceedingly  short  that  part  within  which  failure  will  occur 
if  a  test  is  carried  to  rupture,  there  is  less  opportunity  for 
the  molecules  of  the  material  to  move  in  toward  the  axis 
of  the  piece  as  failure  is  approached,  thus  preventing  an 
inrestrained  final  reduction  of  fractured  area.  The  result 
5  an  abnormal  enhancement  of  the  ultimate  resistance, 
f  the  specimen  is  exceedingly  short,  as  in  the  case  of  its 
eing  made  by  a  groove,  as  shown  in  Fig.  i,  it  is  readily 
.^n  that  the  planes  of  shear  indicated  He  mostly  in  the 
ilarged  part  of  the  test  piece.  This  condition  prevents 
le   free    movement   of  the   molecules   along   the   oblique 
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planes,   required  to  produce   the   necking  down  or  final 

reduction  of  area  of  section.  In  other  words,  the  material 
at  and  in  the  vicinity  of  the  section  of  failure  is  substan- 
tially supported  by  that  in  the  enlarged  part  of  the  piece, 
thus  enabling  the  ultimate  section  of  fracture  to  retain  an 
abnormally  large  area,  which  correspondingly  raises  the 
ultimate  resistance.  Many  tests  have  been  made  with 
wrought-iron  specimens  to  determine  the  limits  of  this 
influence  of  shortness.  These  tests  show  that  the  length 
of  the  reduced  part  of  a  test  piece  in  which  the  section  of 
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fracture  will  be  found  should  not  be  less  than  about  four 
times  the  diameter  in  any  case  and  that  with  ductile 
material  five  or  six  times  would  be  preferable.  As  a  matiw 
of  actual  engineering  practice,  the  length  of  the  reduced 
part  of  a  test  piece  is  never  less  than  about  eight  to  leB 
times  the  diameter.  In  the  case  of  a  test  piece  of  rect- 
angular section,  the  length  should  not  be  less  than  five 
or  six  times  the  greatest  dimension  of  the  cross-section, 
or  preferably  six  to  eight  times  that  dimension. 

This  matter  of  influence  of  shortness  in  test  specimens 
is  of  the  utmost  importance  in  determining  the  true  ultiimU 
resistance  of  materials.  If  the  test  piece  be  too  short  the 
ultimate  resistance  will  be  unusually  high. 


Elastic  Limit,  Resilience,  and  i'ttimate  Resistance.        I 

1 

In  scrutinizing  the  results  of  tests  of  specimens  and 

full-size  members  of  this  section,  it  is  to  be  observed  that 
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he  elastic  limit  is  almost  invariably  the  *'  stretch-limit/' 
IT,  as  it  is  commonly  called,  *  *  the  yield-point, ' '  and  not  the 
rue  ** elastic  limit,"  below  which  the  ratio  between  in- 
ensity  of  stress  and  rate  of  strain  is  essentially  constant. 
t  has  already  been  shown  and  stated  that  the  true  elastic 
imit  is  from  2000  to  3000  or  4000  poimds  per  square  inch 
)elow  the  stretch-limit  or  yield-point.  The  stretch-limit  is 
»  readily  observed  without  delaying  the  ordinary  routine 
rf  testing  that  it  has  come  to  be  called,  although  erro- 
neously, the  elastic  limit,  in  spite  of  the  fact  that  it  is  a  little 

above  the  intensity  of  stress  to  which  that  term  shotdd  be 

applied. 

88870 
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Fig.  2. 

The  elastic  properties  of  three  grades  of  steel  are  ex- 
hibited graphically  in  Fig.  2.    The  curved  lines  represent 
the  tensile  strains  of  the  steel  specimens  at  the  intensities 
of  stresses  shown.    The  vertical  ordinates  are  intensities 
of  stress  and  the  horizontal  ordinates  the  rates  of  stretch, 
i.e.,  the  stretches  per  tmit  of  length,  the  latter  being  drawn 
20  times  their  actual  amounts.     The  Rock  Island  Steel 
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belongs  to  a  specimen  of  steel  used  for  the  combined  rail 
road  and  highway  structure  across  the  Mississippi  Rivei 
at  Rock  Island,  111.,  the  data  being  taken  from  the  U.  S. 
Report  of  Tests  of  Metals  for  1896.  The  lines  for  axle 
steel  and  nickel  steel  are  the  graphical  representations  of 
datii  taken  from  the  * '  U.  S.  Report  of  Tests  of  Metals"  foi 
1899.  As  in  the  previous  case,  the  horizontal  ordinate? 
are  the  stretches  per  lineal  inch  shown  at  20  times  theii 
actual  values.  The  figures  at  the  right-hand  extremities 
of  the  curves  are  the  ultimate  resistances  per  square  inch. 
The  elastic  limits  and  stretch-hmits  or  yield-points  aw 
shown  with  clear  definition.  The  remarkably  high  elastic 
limit  of  the  nickel  steel  is  well  irrdicated. 

By  taking  areas  first  between  the  horizontal  axis  OB 
and  the  inclined  straight  portion  of  each  line,  and  then 
1:)etween  the  same  horizontal  axis  and  the  entire  line  in 
each  case,  the  following  values  of  the  elastic  and  ultimate 
resilience  per  cubic  inch  of  each  specimen  will  be  found: 


Rfck  Island 
Steol. 


P^lastic  Resilience i  24  in.  lbs. 

Ullimatc       * '         i    10,500  in.  lbs. 


Axle -steel. 


15.7  in.  lbs. 
10,860  in.  lbs. 


Nickel-steel. 

49.6  in.  lbs. 
ii,04oiiLlbi 


The  three  stress-strain  lines  or  curves  of  Fig.  i  illus- 
trate completely  the  i)hysical  characteristics  of  the  \'arioiis 
grades  of  steel  indicated  under  all  degrees  of  stress  up  to 
actual  failure,  except  that  the  lines  are  carried  only  to  the 
maximum  intensities  of  stress  sustained.  If  those  lines 
were  prolonged  to  the  actual  parting  of  the  metal,  they 
would  show  rapidly  descending  portions  like  the  brokeD 
portion  of  the  Rock  Island  Bridge  steel  line.  That  por- 
tion of  the  curve,  however,  has  little  practical  \'alue, 
although  consideral)le  scientific  interest. 

Table  I  contains  a  synopsis  of  the  valuable  series  o 
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)ccimens  by  Prof.  P.  C.  Ricketts.  This  table  has 
een  explained  on  page  305.  The  tension  tests 
arkably  uniform  results  in  elastic  limit  and  ulti- 
stance,  and  characterize  a  most  excellent  mate- 
,h  the  exception  of  the  two  Bessemer  specimens 
I  0.36  and  0.39  per  cent  carbon,  all  specimens 
ild  steel. 

II  exhibits  results  of  tests  of  a  ntmiber  of  un- 
irge  eye-bars  12  inches  wide  with  other  8-inch 
h  bars  used  in  the  Pennsylvania  Railroad  bridge 
I  Delaware  River  a  short  distance  above  Phila- 
id  completed  in  1896.  Theie  wall  also  be  found 
)le  tests  of  specimens  taken  from  the  same  bars, 
w-ith  the  chemical  composition.  This  table  is 
I  as  disclosing  the  ultimate  tensile  resistance  of 
;  of  mild  steel  having  the  chemical  composition 
The  decrease  in  ultimate  tensile  resistance  and 
lit  between  the  original  bar  and  the  finished  eye- 
;o  the  process  of  manufacture  of  the  latter,  is  also 
t  a  glance.  Although  the  steel  in  the  original 
/s  ultimate  resistances  revealed  by  the  tests  of 
;  nmning  from  58,300  pounds  to  69,500  pounds 
e  inch,  no  ultimate  resistance  of  the  completed 
-^ds  59,500  pounds  per  square  inch,  while  as  small 
s  52,300  pounds  per  square  inch  is  found.  This 
iken  from  the  description  of  the  Delaware  River 
V  Mr.  F.  C.  Kimz,  Assistant  to  Vice-President 
merican  Bridge  Company,  Engineering  Depart- 
)lished  at  Vienna,  1901. 

III  gives  the  results  of  testing  a  remarkable 
large  steel  eye-bars.  The  table  exhibits  not 
physical  results  of  the  tests  but  the  chemical 

on    of   the   metal    and    tl.e    relative   results    for 
and  unannealed  bars.     Tl:e  table  was  supplied 


Table   II.»  I 

RESULTS  OF   TESTS   OF    EYE-BARS    AND    OF  TEST  SPECDlENSI 


;s 


as 


E  Rjvrr  Bridge,  Built  by  Pcnoiyd  Bridge  Co^'  Igr  '■' 


TX 


by  Mr.  Henry  W.  Hodge,  C.E.,  of  the  firm  of  consultiii|j 
engineers,  Boiler  5:  Hodge,  of  New  York  City.  The  \-aii« 
tion  in  chemital  cnniposition  is  accounted  for  by  the  fkC) 
that  tlie  bars  tested  were  not  specimens  of  anv  actuil 
lot,  but  were  forged  and  broken  for  the  purpose  of  a 
investigation  to  determine  specifications  under  urtiid 
13  and  14  inch  eye-bars  for  the  Monongaliela  River  cant 
lever  bridge  should  be  manufactured.  The  machine  i 
which  the  eye-bar  heads  were  formed  was  not  of  suffi< 
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Table    II. — Continued.                                            1 
'ROM  THE  SAME  EYE-BARS.  DELAWARE  RIVKR  BRIDGE.                    | 

leci 

Teat  Specimen  8"  Long.  Approx.  i"  S.iuare. 

i 

1 

No. 

f 

Chntuoil  OnnpoiiliDD 
in  Pet  &«. 

S^Z^'l^h. 

Per  Cent, 

C, 

S. 

p. 

Mo. 

Ulli- 
S?Sth. 

Elastic 

Stt-ch 

Re- 

«  1 
49- J 

o!o« 

o.o, 

0.06 

1 

6s,6oo 

60.S00 
60,100 

is 

36^00 

=8.  so 

1 

SB.O 

arid 

acid 

base 

acid 

^      . 

to  give  satisfactory  results,  and  hence  it  will  be 
that  most  of  the  bars  broke  in  the  head  or  neck. 

jal  bars  for  the  structure  were  to  be  forged  in  a 

:hine  of  greater  capacity. 

results  are  highly  interesting  as  indicating  what 

results  may  be  obtained  even  for  the  largest  bars 

tisfactory  conditions  of  manufacture. 

Shape  Steel  and  Plates. 
mber  of  specimen  tests  were  made,  during  1899- 
the  open-hearth  acid  and  basic  steel  shapes  and 
ir  the  construction  of  the  City  Island  bridge  and 
Ji  Street  bridge  across  the  Harlem   River,   both 
ity  of  New  York,  under  the  direction  and  super- 
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Table   III. 
RESULTS    OF    FULL-SIZR    KYE-BAR    TESTS    ON    TRIAL    STEEL 
MONONC.AHKLA    RIVER    CANTILEVER.    BOU.ER    fc   HODGE, 
CONSULTING  KN'GINEERS. 
TIic  steel  nas  basic  o^Kii-liciLrili  metal  manufactured  and  rollMl  bj  tlv 
Cnmcgie  Steel  Coinjiaiiy,  1903.     All  burs  were  about  30  feet  long. 
"A"  means  annenled  and  "N"  nut  anneated. 


Ch.™i..lC,„„.....n. 

Spedmra. 

Bar. 

Elu.       1      Ult. 

Bi™*» 

Car. 

'■'-■ 

Maiii;. 

Sulph. 

Pcunds  per  Sq.  Id. 

.j-x.r 

■30 

.OJ, 

.62 

,026    ] 

A  37380 
N  44330 

67600 
71080 

27 

♦6-J 

ii"x.r 

A  32050 

60330 

ah 

N  37^30 

68000 

^1 

'J"  XiJ" 

.26 

■Dl 

.S-' 

.02 

A  38610 
N  ,19700 

6<,700 
71400 

98 

:21 

i:-xir 

.36 

.oig 

.5; 

.0.15 

A  31 250 

N  377+0 

70730 

76980 

■n 

r. 

.;"X.r 

■32 

-03 

.51 

■  OX 

A  .'9140 
N  35600 

67IJ0 
73IW 

38 
3S 

0-s 

.i-x.r 

.aS 

■03 

.4G 

.04 

A  37050 
N  40450 

73340 

30 
a7 

4S0 
*+-7 

Full-siie  Bar. 

Uar. 

I^l"^-        1        fl'-        lE-l,.,„ra.Lna 

^nMta 

US'.^i-. 

;;"  .1'!- 

.(Si,;.,      !      (,,ir4„      ,      ,j,.,,i 

5S-51 

T:B. 

'>«••}•>            II.  S5 

,W-'i'J 

S'tiT"             6.0 

5.96 

::  :» 

vision  of  the  author.  Tabic  IV  contains  the  lesuHs  of 
;i  portion  of  such  tists  for  the  quality  of  material  used. 
It  will  he  sivn  lliat  thi-  specimens  were  taken  from  « 
v.idi-  rant.!f  of  shapfs  and  phitcs,  and  that  a  large  portion 
of  the  mntcrial  was  iiroclmvd  by  the  basic  open-heaith 
process.     The   table   is   of   special   value   in   consequence 


k  ticel  cyc-b>tr  forced  at  llic  shops  of  the  Flitetiii  £ 
T  developed  an  ultimale  resistance  of  50, 160  lbs.  pe 
.  at  daitic  limit.  1  he  elongatiaii  in  S  jus.  nf  the  h 
U  »4*  15.6  per  cent,  and  the  eloiigiition  of  the  pin.t 
'  he  Kcliuti  ipf  fr.iclurc   w«s  51.9  piT  ce 


Cu.,  Ph<tnixville.  P». 
in.  iind  28.000  lbs.  per 
ii^ludrng  the  section  of 
(•as  5.16  inches.     Tfae-J 
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of  the  wide  range  of  sections  covered  by  it,  as  well  as  for 
the  chemical  data  which  it  contains,  showing  the  percent- 
ages of  carbon,  manganese,  phosphorus,  and  sulphur 
contained  by  the  steel.  Both  the  chemical  analyses 
and  the  physical  results  indicate  that  many  of  the  shapes 
are  of  mild  steel,  while  the  remaining  portion  is  of  low  i 
steel. 

The  quality  of  metal  either  in  steel  shapes  or  platew 
depends  largely  upon  the  amount  of  reduction  reacheiS 
in  the  passage  of  the  blooms  through  tlie  rolls  before  th«s 
final  area  of  section  is  attained.  In  the  early  days  of 
rolling  steel  sufficient  work  between  the  rolls  was  not 
always  done,  and  the  quality  of  the  metal  suffered  corre- 
spondingly. This  defect  is  seldom  or  never  found  at  the 
present  time  and  the  corresponding  variations  in  ceruilk. 
physical  quaUties  are  avoided.  In  the  case  of  mde  andL, 
thin  plates,  in  which  the  temperature  of  the  metal  ma] 
be  lower  than  in  thicker  plates  at  the  last  pass  througb 
the  rolls,  increased  hardness  may  sometimes  lie  foundU 
but  as  a  rule  there  will  be  little,  if  any,  diiference,  as  tb* 
preceding  tables  show,  in  tlie  physical  results  for  the  ihidC 
and  thin  sections  ordinarily  used  in  engineering  constructioar 

Tests  of  specimens  from  a  large  variety  of  shapes, 
plates,  and  bars  used  in  the  towers  and  stiffening  trusses 
of  the  Manhattan  Suspension  Bridge  across  the  East  River 
at  New  York  City,  as  given  in  the  Report  of  Mr.  Ralph' 
Modjeski,  consulting  engineer,  1909,  show  the  foUowiD^ 
results: 

Carbon  Steel  far  Towers. 

Metal  from  plates,  bars,  channels,  bulb  angles, 

and  rivet  rounds  gave  average  elastic  limits  for 

different  sets  of  tests  varying  from  a  maximum  of 

43.040  pounds  per  square  inch  down  to  31,13^ 


pounds  per  square  inch.  The  average  ultimate 
resistances  of  the  same  sets  of  tests  gave  a  maxi- 
muin  of  65,880  pounds  per  square  inch  with  inter- 
mediate values  running  down  to  51,380  pounds 
per  square  inch.  The  smaller  of  each  of  these  sets 
of  results  belongs  to  the  low  steel  used  for  rivets; 
the  higher  values  belong  to  shapes,  plates  and  bars. 

Carbon  Steel  for  Suspended  Structures. 
Tests  of  specimens  cut  from  shapes,  plates,  bars 
and  rivet  rounds  gave  average  elastic  limits  run- 
ning from  a  maximum  of  44.505  pounds  per  square 
inch  down  to  33,907  pounds  per  square  inch.  The 
corresponding  ultimate  resistances  varied  from 
68.652  pounds  per  square  inch  down  to  52,411 
pounds  per  square  inch.  Again,  the  smaller  values 
are  found  for  the  low-carbon  rivet  steel. 

Nickel  Steel  for  Stiffening  Trusses. 
Tests  of  specimens  cut  from  nickel-stee'  shapes, 
bars  and  rivet  rounds  used  in  the  suspended 
structure  gave  average  elastic  limits  for  different 
sets  of  tests  varying  from  a  maximum  of  61,355 
pounds  per  square  inch  down  to  a  minimum  of 
55.400  pounds.  The  corresponding  ultimate  resist- 
ances varied  from  a  maximum  of  90,760  pounds 
per  square  inch  down  to  77,268  pounds  per  square 
inch. 

The  preceding  results  for  the  Manhattan  Suspension 
idge  show  values  which  may  reasonably  be  expected  for 
ch  carbon  and  nickel  steels  as  are  now  in  use  for  the  best 
pes  of  large  bridge  structures.  The  carbon  steel  for  the 
ites.  shai>es  and  bars  l>elongs  to  the  grade  of  medium 
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steel  with  ultimate  tensile  resistance  running  from  about 
60,000  pounds  per  square  inch  to  68,000  pounds  i>er  square 
inch.  The  carbon  content  varies  approximately  from  .2 
to  .30.  The  nickel  content  in  the  nickel  steel  was  3.25 
per  cent. 

Steel  Wire. 

• 

The  process  of  production  of  steel  wire  is  one  of  cold 
drawing  which,  like  all  cold  work,  increases  tdtimate 
resistance  and  elastic  limit,  but  decreases  ductility. 

The  physical  properties  of  wire  will  depend  to  a  con- 
siderable extent  upon  its  diameter;  the  smaller  the  latter, 
as  a  rule,  the  greater  will  be  the  ultimate  resistance. 

TENSILE    TEST   OF    SAMPLES   OF   WIRE. 
Diami:ti:r  of  Wikl;  =  0.198  Inch. 


No.  of  Test 


Unit  stress  at  first 
measural)le  sot 
(wire  as  roccivet.1 
11).  p<.Tsq.  in.) .  .  . 

Unit  stress  at  lirst 
measurable  set 
(second  applica- 
tion of  stress  lb. 
per  scj.  in.) 

Unit  stress  at  Limit 
r>f  i)rcti)ortional- 
ity 

fwireasroivivetl) .  . 

Unit  stress  at  vieM 
I)()int  lb.  per  sci. 
in 

UIi.  nnit  stress  lb. 
per  s(|.  in 

lCl'>ii^;iii(iTi  in  8  in. 
p<-r  t  rnt 

Kfiliuiion  of  art-.  1 1 
at  frai'tnre,  per 
I  I'lit 


45,0(K) 


46,000 


72,5'x)* 


I3^».5»x> 


43.500 


Ii9.50f> 
83.5""* 


I09.(KX) 


io7,ooot 


I 


212. 3(K)       212. 2<K)    '2I5,2<K)    1210.400    i  212,000 

I 

5  5^^  4  ^»3 


At. 


44.830 


.  I 


31  4 


2"  2 


119.500 


7«,ooo» 
io9,ooot 


134.000 
212.400 

4  o^»5 


23  <> 


I 


24.7    25.2   2630 


♦  ElMM^^-lt^',n  iin-.i^uml  over  8  ins.  R.ipc  length  with  Ewing  Extcnsotncter  readins  to 
liiic-fift  y-ll'.lH]^^^n■Ith  iiuh. 

t  rHI'iiiL^.'ition  ^l(.*a^u^c(l  uvur  2. a  ii^:.  ^iL^'t-  length  with  Aiiius  Tchl  Ciuukc  rfatling  to  ont 
tcn-thouhuiidlh  inch. 
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The  quality  of  carbon-steel  wire  for  the  latest  type  of 
large  stiffened  suspension  iDridgc  is  well  exemplified  by  that 
used  in  the  construction  of  the  cal)les  of  the  Manhattan 
Suspension  Bridge  also  built  across  the  East  River  at  New 
York  City  with  a  span  1470  feet  between  centres  of  towers, 
each  of  the  two  side  spans  being  725  feet  from  centre  of 
tower  to  centre  of  shore  end  support.  This  wire,  about 
J-inch  in  diameter,  was  tested  bj'-  Mr.  Ralph  Modjeska  and 
his  report  of  1909  gives  the  above  results.  (See  Table  at 
bottom  of  p.  320.) 

The  specifications  prescribed  the  following  chemical 
requirements  for  this  cable  wire: 

Carbon,  not  to  exceed   85  of  one  per  cent. 

Manganese,  not  to  exceed 55  of  one  per  cent. 

Silicon,  not  to  exceed- 20  of  one  per  cent. 

Phosphorus,  not  to  exceed 04  of  one  per  cent. 

Sulphur,  not  to  exceed 04  of  one  per  cent. 

Copper,  not  to  exceed 02  of  one  per  cent. 

Some  special  wires  of  small  diameter  give  exceedingly 
high  resisting  capacity. 

In  the  U.  S.  Report  of  Tests  of  Metals  for  1897  will 
be  found  the  results  obtained  by  testing  piano  wire  of 
different  diameters,  as  follows: 


Wire. 

Ultimate  Resistance, 

Pounds  per 

Square  Inch. 

Final  C'ontraction. 

No.  14  (.033  in.  Diam.) 
Xo.  2^  (.0513  in.  Diam.) 

357.440  to  3«9.470 
325,110  to  337,200 

2«  to  37.9% 

42.2  to  45.1% 

• 

Steel  Castings. 

The     results    exhibited    in    Table  V    belong    to    the 
steel  castings  used  in  the  turntable  of  the  draw-span  of 


the  I4sth  Street  bridge  across  the  Harlem  River  in  New 
York  City.  The  tests  were  made  in  1901.  The  left- 
hand  cuhimn  of  the  table  shows  the  particular  (vast) 
members  of  the  turntable  from  which  the  specimens 
were  taken.  They  also  show  that,  in  steel  castings,  a 
sensibly  higher  grade  (in  the  sense  of  containing  more 
carbon  and  manrjanese)  of  steel  is  used  than  in  rolled 
shapes.  As  indicated  in  the  heading  of  the  table,  the 
material  was  acid  open-hearth  steel.  The  ultimate  tensile 
resistance  runs  from  about  67.000  jxiunds  to  nearly  76,000 
pounds  per  square  inch.  The  elastic  limit  is  also  nbsen'ed 
to  be  high,  in  consequence  of  the  rather  large  percentage 
of  manganese.  The  quality  of  metal  exhibited  by  the 
physical  results  of  the  table  is  fairly  representative  of  tliat 
ordinarily  used  in  steel  castings.  Obviously  the  ductility 
exhibited  is  less  than  that  found  in  connection  with  rolled 
shapes. 

Table  V. 
TENSILE  TESTS  OF  ACID  OPEN-HEARTH  STEEL  CASTINGS.  IMl- 


L 


Uwds  in  Pounds 
pw  Sq.  In. 

is 

ChEmical  AiuJjvu. 

CbkneU* 

"1 

1 

Blutic      Ulli- 
Limit.  t  mow. 

|5 

■H 

1 

.Mn 

p,      s. 

Si. 

Turntable  wheel. 

47.510  72.,loO 

31. 1 

39-8 

.3 

.70 

.051' .004 

-l-I 

SiLkycup. 

+9,  500  67.ioo 

30 

4 

29. 

.27 

.65 

-045, 

,36 

47.S°o  67,900 

M 

3 

46.5 

.27 

.60 

.047 

007 

,28 

"      M* 

47.500  71.100 

i^ 

40.8 

.30 

.65 

.040, 

004 

Irregnlar, 

Rack  segments. . 

49.775  7i.i'S 

31 

39.8 

.23 

.70 

.05  J 

004 

SUky  nag. 

Track  segments . 

47.500  68,100 

J» 

6 

44-S 

': 

.60 

.047! 

OOS 

.J« 

46,170,  7f,9io 

»9 

6 

.38,5 

-60 

052, 

004 

27 

"      cup. 

48.900  74,700 

.v> 

A 

41.5 

■30 

.65 

.041I 

009 

.26 

Irrcgutor. 

Tumtablewheei! 

46.1J10  7t,86o 

28 

37.6 

29 

V 

.046 

006 

.25 

SIkycup. 

4H.CHO  7',(«. 

4 

39.4 

.29 

.046' 

006 

■  25 

Rack  segments. . . 

49.775  7'. 33s 

9 

37.1 

.29 

70 

,046 

006 

■  25 

Track  segmcnls. . 

47,600.  76,o»o 

3' 

6 

3'.  7 

.30 

65 

.037 

004 

-27 

"      ang. 

Shoes 

4S,ioo  68,000 

6 

37.7 
40. 

■35 

29 

1! 

■043 
-OS 

IrregttlM. 

47.500'  68,;oo 

,1 

024 

■»7 

49,800  75.700 

39.6 

45  5 

'■" 

.036.003 

.26 

"■ 
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Rait  Steel.                                                ^M 
The  grade  of  steel  adapted  to  railroad  rails  is  much        ^H 
higher  in  the  hanleners  carlxin  and  manganese,  and  corre-        ^H 
svondingly  higher  in  physical   quantities  than  structural        ^H 
sttcl,  at  the  same  time  it  is  a  quite  different  metal  from        ^| 
tliat  adapted  to  the  finer  purposes  of  tools ;  it  is  manufac-        ^H 
turn!  by  the  Bessemer  process,     The  great  increase  in        ^M 
ttie  immediate  past  in  the  weight  and  speed  of  railroad        ^H 
l>"«iniotive3  and  trains  has  suVijected    rails   to   intensely        ^H 
severe  duties  which  can  he  performed  without  deteriora-        ^H 
tion  of  metal  only  by  steel  of  the  highest  powers  of  en-        ^M 
durance,  which  means  a  steel  of  high  ultimate  resistance,        ^H 
elastic    limit,    and    corresponding    ductility.     The    grades        ^H 
of  steel  used  for  rail  purposes  at  the  present  time  are        ^H 
well  illustrated  by  the  following  tabular  statement,  which        ^H 
shows  the  chemical  composition  of  the  rails  of  various        ^H 
frights  and  sizes  used  by  the  N.  Y.  C.  &  H.  R.  R.  R.  Co.. 
the  pounds  at  the  head  of  the  columns  indicating  the  weight 

1      "eW  YORK  CBNTRAL  &  HUDSON  RIVER  R.  R.  SPECIFICATIONS. 

6s-Lb, 

70- Lb. 

»!-Lb. 

ao-Ltj. 

.00-Lb. 

UrboB. 

0.45 

0.3S 
0.15 

1.05 
to 

t-n 
0.069 
0.06 

O.S7 

0.47 

0.57 

0.15 

to 

'-05 

to 
' -^5 
0.069 
0.06 

0-4S 
0.59 

0.50 

°'S 
to 

to 

o!^ 
0.48 

0.61 

0  55 

0.60 

o.'S 

to 

I-30 
0.069 
0.06 

0.53 

0.65 

0.65 

0.70 
0.15 

t.40 

0.60 
0.70 

S&Dllt. 

tUntuw. 

M>.nph.mis  nol  lo  exceed 

K^ili  \anag  carbon  betow  niU  U 

wjttwd 

""b  Iwviiig  caihon  above  wiL  be 

_J 

of  rail  per  yard.  The  metal  of  the  lightest  or  65-pound 
rail  corresponds  to  an  ultimate  resistance  of  85.000  to  ijo.ooo 
pounds  per  square  inch,  with  an  elastic  Umit  of  .5  to  .7  of 
that  value.  The  highest  or  100-pound, rail  corresponds  lo 
metal  having  an  ultimate  tensile  resistance  of  probably 
110,000  to  120,000  jKiunds  per  square  inch,  with  an  elas- 
tic limit  of  .6  tu  .7  of  those  anmunts.  In  tliese  chemical 
compt>sitions  it  is  pertinent  to  ol/serve  the  high  carbon 
and  manganese,  and  the  low  phosphorus  and  "sulphur. 

After  several  years'  experience  in  the  efTort  to  secure 
a  most  enduring  steel  for  a  railroad  rail  weighing  ijj 
pounds  per  yard.  Mr.  James  O.  Osgood,  Chief  Engineer 
of  the  Central  Railroad  of  N'ew  Jersey,  states  in  a  paper 
published  in  the  Official  proceedings  of  the  New  York  Rail- 
road Club  for  May  21.  1915.  that  the  following  chemical 
composition  has  >'icldcd  the  most  satisfactory  results  within 
the  experience  of  that  road,  on  which,  where  these  heavy 
rails  are  laid,  the  traffic  is  of  excessive  intensity. 

Carbon  .85  to  1.00  per  cent  or  carbon  .S  to  .95  per  cent- 
The  rails  having  the  latter  carbon  content  also  contain 
chromium  0.2  to  0.4  per  cent  and  nickel  0.2  to  0.4  per  cent. 
It  will  be  observed  that  this  rail  section,  i.e.,  135  pounds 
per  yard,  is  the  heaviest  yet  rolled  and  used  in  the  United 
States  up  to  the  date  of  Mr.  Osgood's  paper. 

Rivet  Slcel. 

The  grade  of  steel  nrdinarily  used  for  rivets  is  the 
softest,  or  lowest  in  hardeners,  employed  in  engineering 
construction ;  it  should  thus  be  correspondinglv  low  in 
phosphorus  and  carbon.  In  T.nble  I  of  this  article 
there  will  be  found  the  measures  of  ductility  and  other 
physicnl  properties  of  a  number  of  specimens  of  rivet 
steel,  which  are  fairly  rej>resentat!ve  of  that  metal,  except 
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that  the  ultimate  resistance  is  frequently  much  lower 
tlian  is  shown  there.  In  much  of  the  rivet  metal  used 
at  the  present  time  the  ultimate  tensile  resistance  may 
run  from  52,000  to  60,000  pounds  per  square  inch.  In 
such  steel  the  carbon  may  run  down  to  .06  or  .08  per  cent. 
xnth  stdphur  between  .02  and  .03  per  cent.,  and  phos- 
phorus even  lower.  The  treatment  to  which  rivet  metal 
must  be  subjected  in  the  heading  of  rivets  makes  it 
imperative  that  the  metal  possess  qualities  of  ductility 
and  toughness  to  an  imusual  degree  and  tliat  the  vari- 
ations of  temperature  in  tliC  rivet  shall  not  reduce  its 
resisting  capacity.  In  other  words,  rivet  steel  must  pos- 
sess physical  properties  enabling  it  to  resist  torturing 
treatment  to  the  highest  practicable  degree. 

Nickel  Steel, 

The  alloy,  nickel  steel,  to  which  the  allusion  has  already 
been  made  in  connection  with  the  subject  of  the  modulus 
of  elasticity  of  steel,  possesses  marked  characteristics  of 
high  ultimate  resistance  and  elastic  limit,  the  latter  usually 
ninning  from  j%  to  ?  of  the  former.  The  amount  of  nickel 
>n  the  alloy  is  usually  about  3.25  per  cent,  while  the  carbon 
content  may  frequently  be  .25  to  .30  per  cent,  although 
higher  values  of  the  nickel  content  will  be  found  in  the  table 
following,  which  shows  the  results  of  tests  of  both  full-size 
oye-bars  and  specimens  cut  from  those  bars.  That  table* 
shows  the  high  ultimate  resistance  and  elastic  Hmit  yielded 
by  this  material,  with  but  little  if  any  decrease  in  ductility. 
The  effects  of  annealing  may  be  observ^cd  to  be  practically 
the  same  as  for  carbon  steel. 

"The  results  in  this  table  were  courteously  kivoii  to  tho  author  by  Mr. 
I'lT.n-W.  Hodge,  C.  E.,  of  the  fimi  of  consultinj::  cn}j:in(XTs,  who  designed  and 
'*«>JttheSt.  Louis  Municipal  Bridge,  at  St.  !.<  iiis  Mo. 
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The  following  tabular  statements  give  the  physical 
qualities  of  nickel  steel  adapted  to  the  various  purposes 
indicated.  They  are  taken  from  results  published  in  the 
Railroad  Gazette  for  August  8th,  1902. 

NICKEL-STEEL  FORGINGS. 


Driving-wheel  axles, 

Piston-rods 

Main  crank-pins 

Front  crank-pins ^. . . 

Connecting-rods  and  guides. . . . 


Tensile 
Strength,  Lbs. 


99,310 
90,140 
93,570 
92,180 
92,040 


Elastic 
Limit.  Lbs. 


64,170 
60,090 

65.450 
64,170 
59,820 


Exten., 
Per  Cent. 


25.00 

25.50 
24.00 

24.50 
26.00 


Cont., 
Per  Cent 


53.76 
54.08 

49.37 
5i.a> 
53.01 


NICKEL-STEEL  CASTINGa 


Crosshead 

Furnace-bearer,  bearer-guide. 
Annealed: 

Carbon  steel 

Nickel  steel 

Oil-tempered: 

Carbon  steeL 

Nickel  SteeL 


84,540 
85,050 

109,500 
100,330 

129,360 
103,890 


53,980 
54.490 

51,440 
66,720 

67,230 
76,390 


18.50 
18.00 

19.50 
25.00 

17.50 
25.00 


31.10 
26.04 

36.31 
54.56 

38.53 
61.56 


SMALL  RIFLE  BARRELS— NICKEL  STEEL. 


Tensile  Strength,  Lbs.     Elastic  Limit,  Lbs 


115,100 
114,080 

114,590 
116,620 
116,120 
"4,590 


99,820 
97,780 
99,820 
96,770 
97,780 
98,800 


Ext.  in  2  Inches, 

Cont.  or  Area. 

Percent. 

Percent. 

23 

64.00 

23 

64.95 

23 

65.45 

22.50 

62.05 

23 

64.00 

24 

62.53 

Vanadium  Steel. 
The  alloy  called  vanadium  steel  contains  when  used  for 
many  purposes  some  chromium,  which  frequently  gives  it 
the  name  Chrome  Vanadium  Steel.  This  grade  of  steel 
contains  carbon  and  manganese  about  in  the  proportion  of 
ordinary   structural   steel.     Indeed   it  may   be   considered 
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ordinary  structural  steel  alloyed  with  chromium  and  vana- 
dium. The  addition  of  these  latter  materials  gives  to  the 
resulting  product  great  toughness  with  high  ultimate  resist- 
ance and  an  elastic  limit  remarkably  high  in  proportion 
to  the  ultimate  resistance.  It  is  used  largely  for  such 
special  purposes  as  locomotive  parts,  both  as  castings  and 
in  the  forged  condition.  In  either  case,  however,  it  requires 
heat  treatment.  It  is  largely  used  for  locomotive  frames, 
axles,  piston  rods,  crank  pins,  tires,  as  well  as  for  many 
parts  of  automobiles. 

Many  physical  tests  of  small  specimens  have  been  made 
giving  elastic  limits  of  about  40,000  pounds  per  square  inch 
(for  castings)  up  to  about  100,000  pounds  per  square  inch, 
the  corresponding  ultimate  tensile  resistance  being  about 
?o,ooo  pounds  i)er  square  inch  up  to  about  150,000  pounds 
per  square  inch.  These  variations  in  physical  qualities 
depend  upon  chemical  contents  of  the  alloy  and  upon  the 
condition  of  the  material  as  cast  or  rolled,  and  finally  upon 
the  heat  treatment  of  the  material. 

In  a  paper  on  *'  Vanadium  Steel  in  Locomotive  Con- 
struction "  by  George  L.  Norris,  Engineer  of  Tests  of  the 
American  Vanadium  Co.,  published  in  the  Official  Proceed- 
ings of  the  New  York  Railroad  Club,  191 5,  he  gives  the 
following  chemical  contents  as  meeting  the  requirements 
for  the  locomotive  parts  indicated. 

Cluniical  Contents  of  Chrome  Vanadium  StceL 


Castings 


Carbon .  .  . 
Manganese 
Chn»niium . 
Silio^n .... 
I'anadium . 
Phosphorus 
.Sulphur. . . 


.20  to  .30% 

.50  to  .70 

o 

.20  to  .30 

Over  .16 

Not  over  .05 

Not  over  .05 


Axles.  Piston  Rods 

Tires 

and  Crank  Pins 

.30  to  .40%* 

.50  to  .65% 

.40  to  .60 

.60  to  .80 

.75  to  1.25 

.80  to  1. 10 

Not  over  .20 

.20  to  .35 

Over  .16 

Over  .16 

Not  over  .04 

Not  over  .05 

Not  over  .04 

Not  over  .05 

♦  Preferred  .35% 


The  elastic  limit,  ultimate  resistance,  final  stretch  afld 
final  reduction  of  area  corresponding  to  the  grades  of  mate- 
rial indicated  by  the  chemical  contents  are  shown  in  the 
next  table. 

PHYSICAL  REQUIREMENTS  (After  Heat  Treatment). 


Elastic  Limit 

Ull   Resist 

Stretch  In 

Rcd«ciion 

Lb».    per   sq.    In. 

Lb,.    p*r    »q.   in. 

•  in^ 

Castings 

40,000-  30.000 

70,000-  85,000 

15% 

45% 

Axles.       Pis  tor 

Rods   and 

Crank  Pins... 

80,000-100,000 

95.ooo-la5.ooo 

Tires  56"  diam. 

110,000-135,000 

140.000-160,000 

Min.  30 

Tires   over  56' 

diam 

95.000-115.000 

130.000-140,000 

These  physical  requirements  correspond  closely  to  the 
usual  results  of  tests.  They  show  the  high  elastic  limit  of 
the  material  and  its  high  degree  of  ductility. 

Castings  must  be  carefully  annealed  by  heating  slowly 
to  about  1550°  F.  and  then  slowly  cooling.- 

The  heat  treatment  for  chrome  vanadium  driving  axles 
consists  of: 

"  (i)  annealing  the  rough  forging  by  heating  carefully 
and  cooling  slowly.  {2)  reheating,'forging,  and  quenching  in 
water  or  oil,  preferably  the  latter,  (3)  then  promptly  re- 
heating slowly  and  uniformly  to  a  temperature  sufficiently 
high  to  give  the  desired  properties,  The  forging  must  be 
held  at  this  final  or  draw-back  temperature  for  at  least  two 
hours.     The  axle  should  then  be  allowed  to  cool  slowly. 

"  The  recommended  temperature  for  annealing  is  1475- 
1525°  F.,  and  for  quenching  from  1600°  F.  to  1650°  F. 
The  final  heating  for  obtaining  the  physical  properties 
should  be  approximately  1 100"  F.  to  1 200°  F, ' ' 

The  heat  treatment  to  which  vanadium  side  rods,  piston 
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rods,  and  crank  pins  are  submitted  is  the  same  as  that 
given  above  for  driving  axles. 

In  the  manufacture  of  locomotive  tires,  the  heat  treat- 
ment is  somewhat  different  from  that  set  forth  above,  as 
it  consists  of: 

"  (i)  In  reheating  the  tires  after  rolling,  and  then 
quenching  in  oil,  (2)  then  reheating  slowly  and  uniformly 
to  a  temperature  sufficiently  high  to  obtain  the  desired 
physical  properties.  The  tire  must  be  held  at  this  final 
temperature  at  least  two  hours,  which  is  considered  the 
minimum  time  required  for  the  changes  to  be  effected 
throughout  the  tire  section.  The  tire  should  then  be  with- 
drawn from  the  furnace  and  allowed  to  cool  in  still  air. 

"  The  recommended  temperature  for  quenching  is  about 
1600°  F.  The  final  heating  for  obtaining  the  physical 
properties  specified  should  be  approximately  iioo  to 
1200°  F." 

It  is  obvious  that  material  with  such  physical  properties 
possesses  tmusual  toughness  and  resilience.  For  that  reason 
it  is  specially  adapted  to  locomotive  springs  and  other 
similar  uses.  For  such  a  purpose  the  carbon  contained  is 
relatively  high.  Mr.  Norris  in  the  paper  already  indi- 
cated gives  the  following  as  a  suitable  chemical  composition : 

Chemical  Composition, 

Per  cent. 

Carbon 0.52  to  0.60 

Manganese 0.70  to  0.90 

Chromium 0.80  to  i i.o 

Vanadium Over  o.  16 

Phosphorus Not  over  0.04 

Sulphur Not  over  0.04 

This  material  requires  heat  treatment  consisting  of: 

**  (i)  Heating  and  quenching  in  oil,  (2)  then  reheating 


332 


TENSION. 


[Ch.  \ni 


or  drawing  back,  preferably  in  a  lead  bath,  and  cooling 
slowly.  The  time  in  the  lead  bath  should  be  lo  to  15 
minutes. 

**The  recommended  temperature  for  quenching  is  from 
1575  to  1650°  F.  The  drawback  or  annealing  temperature 
should  be  approximately  from  900  to  iioo®  F." 

When  such  material  is  tempered  for  railway  springs  it 
has  the  following  physical  properties : 


**  Elastic  limit,  lbs.  per  sq.in 160,000-180,000 

Tensile  strength,  lbs.  per  sq.in. .  .    190,000-230,000 

Elongation  in  2  inches 

Reduction  of  area 


10-15% 

30-4 D  /O 


This  material  possesses  the  highest  physical  propcrti< 
of  the  steels  yet  used  for  commercial  purposes. 

Some  recent  tests,  June,  191 5,  rejXDrted  by  the  Amerios 
Vanadium  Company,  show  excellent  results  for  carboi 
vanadium  steel  both  in  the  natural  condition  of  the  spec 
mens  and  after  simple  annealing  as  well  as  after  heat  treat 
ment,  the  latter  yielding  highest  results  generally,  but  no 
for  ultimate  resistance,  the  ductility,  however,  being  dis 
tinctly  lower  in  the  natural  condition.  The  following  table 
gives  the  results  of  the  tests  as  well  as  the  chemical  analysis 
and  treatment.  The  first  six  sets  of  values  belong  to  test 
specimens  taken  from  7-inch  and  11 -inch  axles,  while  the 
last  three  belong  to  specimens  from  connecting  rods. 


TESTS   OF   CARBON-VANADIUM   STEEL 


Chem.  Analysis. 


Carbon 


C^. 


0.4770 


Manganese 


Phosphorus         Sulphur 


Vanadiani 


0.90% 


€/ 


O.OI2Vc 


0.020% 


0.157c 
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PHYSICAL  PROPERTIES 


Treatment. 


.Natural 

Annealed  1450**  F 

O.Q.  1600;  T.  1160**  F. 

.Natural 

Annealed  1450**  F 

O.Q.  1600;  T.  ii6o**F. 

Natural 

Annealed  1450®  F 

O.Q.  1600;   T.  iieo^'F 


Yield 

Point 

lbs.  per 

sq.  in. 

Elastic 

Limit 

lbs.  per 

sq.  in. 

Ultimate 
Resist. 

lbs.  per 
sq.  in. 

Stretch' 
in  2  in.i 
Per- 
cent. 

71,200 

68,000 

123,000 

16.0 

56,000 

52,000 

90,000 

24.0 

85,000 

82,000 

112,500 

22.0 

75.000 

70,000 

117,000 

16.0 

58,000 

54.000 

94,000 

22.0 

87,000 

80,000 

115,000 

20.5 

92,000 

85,000 

131,000 

17.0 

71.500 

67,000 

105,000 

235 

92.500 

86,000 

123,000 

20.5 

tion  of 
Area 
Per- 
cent. 


30.0 
50.0 

55  o 

28.5 

47  o 
52.0 

44.0 
52.0 
50.  o 


Effect  of  Low  and  High  Temperatures  on  Steel. 

There  has  been  much  difference  of  opinion  expressed 
upon  the  effect  of  low  temperature  upon  steel,  especially 
upon  steel  rails.    The  high  number  of  breakages  in  steel 
rails  during  the  winter,  particularly  in  the  early  days  of  the 
use  of  steel  for  such  a  purpose,  has  given  the  impression 
that  low  temperatures  in  the  vicinity  of  zero  degrees  F., 
or  lower,  make  steel  brittle  and  hence  subject  to  sudden 
fracture  without  warning  in  the  cold  weather  of  winter. 
This  impression  has  been  shown  to  be  without   material 
foundation  in  rails  of  the  best  quality,  but  phosphorus 
makes  iron  and  steel  '*  cold  short.*'     If,  therefore,  there 
should  be  a  sufficient  amount  of  phosphorus  present  steel 
or  iron  would  undoubtedly  become  more  liable  to  fracture 
at  low  temperatures.     In  the  early  days  of  rail  making, 
when  the  constituent  elements  were  not  so  carefully  con- 
trolled as  at  present,  it  is  highly  probable  if  not  practically 
certain  that  the  presence  of  phosphorus  accounted  for  many 
breakages  at  low  temperatures.     For  many  years,  however, 


the  effects  of  the  prejudicial  hardeners  phosphorus  an 
sulphur  have  been  well  recognized  and  they  have  been  kep 
so  low  as  to  have  no  material  effect  upon  the  finishe 
products. 

Again,  frozen  ground  in  the  winter  adds  somewhat  t 
the  rigidity  of  a  roadbed,  enhancing  to  some  extent  th 
effects  of  sliocks  or  blows  to  which  rails  are  subjected  unde 
rapidly  moving  heavy  train  loads.  Some  of  the  increase 
breakages  in  the  winter  are  probably  due  to  this  cause  an 
it  is  possible  that  a  great  majority  of  them  may  be  ai 
counted  for  in  this  way. 

On  the  whole  the  latest  experiences  do  not  seem  I 
indicate  that  with  the  excellent  quality  of  steel  now  pre 
duced  for  engineering  purposes  the  effects  of  low  tcmpen: 
turcs  are  at  all  serious,  but  that  they  may  be  ignored  wbe 
suitable  precautions  are  taken  in  the  processes  of  mant 
facture. 

The  effect  of  high  temperature,  on  the  other  hand,  is 
matter  of  some  concern  in  connection  with  building  coi 
struction,  since  the  ultimate  carrying  capacity  of  iron  c 
steel  may  be  seriously  affected  or  even  destroyed  by  tl 
high  temperatures  of  conflagrations  unless  the  supportin 
members  are  protected  against  the  eflects  of  inten: 
heat. 

Figs.  3  and  4  represent  the  results  of  investfgations  t 
Prof.  R.  C.  Carpenter,  formerly  of  Cornell  University,  wV 
made  tensile  tests  on  wrought  iron  and  steel  circular  spec 
mens  .5  inch  in  diameter.  Fig.  3  is  self-explanatory. 
shows  the  graphical  relation  between  the  temperatures 
the  specimens  and  the  ultimate  tensile  resistance  per  squa 
inch. 

The    ductihty    represented    by    the    final    elongatioi 
or  stretches  in  8  inches  at  the  corresponding  tempen 
of  rupture  are  exhibited  in  Fig.  4- 
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Prof.  Carpenter  observes  "  tJiat  all  the  curves  have 

puint  of  contraflexure   at   about    70°   P.,   and    another 

at  a  temperature    not    far    from    500°.     The    maximum 

rafenglh  is  found  at  temperatures  of  400°  to  550°.     At 


Fig.  3. 

tempentures  higher  than   this  all  the  materials   show  a 
ipifily  dwreasing  strength." 

As  a  general  result  or  consensus  of  all  results,  raclud- 
\g  the  older  and  the  later,  it  may  be  stated  that  iron 
i  steel  lose  no  sensible  portion  of  their  resisting  capac- 
under  about  500°  Fahr.,  but  that  softening  is  liable 
begin  when  the  temperature  rises  much  above  that 
it.  At  a  temj>erature  of  about  800°  Fahr.  these  metals 
y  lose  as  much  as  30  per  cent,  of  ultimate  resistance. 


336  TENSION. 

Hardening  and  Tempering. 
The  processes   of  hardening  and    tempering 
usually  applied  to  structural  steel,  but  to  tho; 
grades  of  metal  used  for  such  special  purposes 
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Fig,  4 
or  wire.  The  hardenincr  process  consists  in  hen 
steel  to  such  tempcratinv  as  may  be  desired  to  ac 
a  given  purpose  and  then  quenching  in  wate 
oil,  molten  lead,  or  other  pro]icr  bath.  Tlie  ten' 
(rom  which  the  quenching  is  ckme  n:ay  be  that  i 
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)y  an  orange  color;  it  depends  upon  the  size  or  character 
>i  grain  of  metal  desired.  In  general  terms,  the  higher 
the  content  of  carbon,  the  more  marked  will  be  the  re- 
sults of  the  hardening  processes.  Quenching  has  a  com- 
paratively small  effect  upon  low  or  medium  structural 
steel. 

Tlie  process  of  tempering  is,  in  reality,  supplementary 

to  the  process  of  hardening  in  the  manner  just  described. 

.  After  a  piece  of  steel  has  been  hardened  by  quenching 

so  that  its  temperature  is  that  of  the  air,  if  it  be  again 

heated  it  will  exhibit  different  colors  as  the  temperature 

is  increased.     The  first  noticeable  color  will  be  a  light 

delicate  straw,  then  deep  straw,  light  brown,  dark  brown, 

brownish  blue,   called  "pigeon  wing,*'  light   bluish,  light 

brilliant  blue,  dark  blue,  and  black,  after  which  the  temper 

is  completely    removed.     The    preceding    colors    are  due 

to  thin  films  of  oxide  that  form  on  the  exterior  surfaces 

of  the  pieces  as  the  temperature  increases.     When  this 

heating  is  stopped  at  any  color  and  the  steel  allowed  to 

cool,  the  metal  is  said  to  be  drawn  to  the  temper  shown 

by  the  corresponding  color. 

The  tempers  at  different  colors  for  different  processes 
are  sometimes  stated  as  follows : 

Light  straw For  lathe-tools,  files,  etc. 

Straw "       "        "         "       " 

Light  brown "  taps,  reamers,  drills,  etc 

Darker  brown "       " 

Pigeon  wing **  axes,  hatchets,  and  some  tools. 

Light  blue "  springs. 

Dark  blue **  some  springs,  occasionally. 

Tempering   or   hardening   increases    both    the    elastic 
firnit  and  ultimate  resistance,  but  decreases  the  ductility. 


Afi»ealittg. 

The  processes  of  annealing,  like  those  of  hardening 
and  tempering,  produce  more  marked  results  in  the  higher 
steels  than  in  the  lower.  Steel  has  a  sensibly  varying 
density  at  different  temperatures ;  in  other  words,  a 
given  weight  of  metal  will  occupy  sensibly  different  volumes  . 
at  different  temperatures.  Hence  if  a  piece  of  steel  be 
subjected  to  any  operation,  such  as  forging,  which  gives 
to  different  portions  concurrently  widely  varj^ing  tem- 
peratures, those  portions  will  necessarily  be  subjected 
to  considerable  intensities  of  internal  stresses,  and  if 
those  stresses  are  not  removed  tliey  may  reduce  greatly 
both  the  ultimate  resistance  and  ductility.  In  the  higher 
grades  of  steel  and  in  special  steels  it  is,  therefore,  impera- 
tive to  anneal  members  wliicli  have  been  subjected  to 
such  operations.  These  observations  are  specially  perti- 
nent to  such  high  steels  as  those  adapted  to  the  manufattuH 
of  tools  or  other  similar  purposes.  In  general  it  is  neces- 
sary in  structural  engineering  practice  to  resfirt  to  anneal- 
ing only  in  the  case  of  eye-bars,  or  other  members  which 
have  been  subjected  to  the  operations  of  forging.  The 
process  consists  simply  in  heating  the  member  to  I* 
annealed  to  about  a  cherry-red  temperature  until  the 
piece  is  heated  through,  and  then  allowing  it  to  cool  grad- 
ually to  a  normal  temperature.  At  the  cherry-red  Ileal 
the  metal  is  sufficiently  softened  to  allow  the  molecules 
to  readjust  their  relative  positions  so  as  to  remo\T  the 
internal  stresses.  After  the  operation  of  cooling  is  coflt' 
pleted  the  metal  will  be  at  least  approximately,  if  nc* 
entirely,  in  a  condition  of  no  internal  stresses,  i.e.,  if  tW 
annealing  has  been  properly  done.  Tlie  more  gradually 
and  uniformly  the  cooling  is  accomplished  the  more  ex- 
cellent will  be  the  results.     Sometimes  resort  is  made  to 
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h  special  means  to  accomplish  these  ends  as  covering 
!  memt'ers,  after  bringing  them  to  a  proper  temperature, 
1  sand,  ashes,  or  other  similar  material,  to  insure  a 
I  and  uniform  cooling. 

The  preceiling  tables  show  what  is  always  found  in 
comparison  of  results  for  the  natural  and  the  an- 
aled  metal.  The  process  of  annealing  will  diminish 
E  ultimate  resistance  of  structural  steel  in  general  from 
K)ut  4,000  to  6,000  or  8,ooQ  pounds  per  square  inch, 
the  elastic  limit  will  be  reduced  correspondingly, 
hese  effects  will  be  found  more  marked  as  the  metal  is 
lished  between  the  rolls  at  lower  temperatures.  In 
aeral,  steel  which  is  hardened  by  the  conditions  of 
mufacture,  like  that  of  comparatively  low  temperature 
I  rolling,  will  exhibit  greater  decreases  of  ultimate  resist- 
fi  and  elastic  limit  under  annealing. 
The  prticess  of  annealing  increiises  the  ductility  of 
E  steel,  since  it  softens  the  metal.  In  spite  of  the  re- 
lion  in  ultimate  resistance  and  elastic  limit,  therefore, 
K  operation  gives  a  valuable  quality  to  the  steel, 

'•$ect  oj  Manipulations  Common  to  Constructive  Processes; 
Also  Punched.  DTilled  and  Reamed  Holes. 
The  shop  treatment  of  steel  must  in  some  respects  he 
Kculiar  to  that  metal  and  different  from  that  which 
baracterizes  the  manufacture  of  wrought-iron  bridge  mcm- 
is.  While  the  processes  of  punching  and  shearing  may 
It  be  specially  injurious  to  comparatively  thin  plates  and 
bipes  of  low  steel  and  of  the  lower  carbon  grades  of 
Uld steel  (perhaps  up  to  a  limit  of  65,000  pounds  per  square 
ch)  they  are  sufficiently  injurious  to  heavier  sections  and 
» ihe  higher  grades  of  steel  to  necessitate  the  avoidance 
[ihcir  effects.  If  punches  and  dies  are  kept  in  good  sharp 
Kdition.  as  they  should  be,  the  prejudicial  effects  are 
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lessened.  The  effect  of  a  punch,  however,  under  the  best 
conditions  of  operation  is  not  to  make  a  smooth-sheared 
surface,  but  one  of  somewhat  ragged  or  serrated  characUi 
in  which  incipient  cracks  are  started  and  which  may  be 
continued  indefinitely  into  the  interior  of  the  metal  units 
some  curative  procedure  is  employed. 

It  has  been  found  by  actual  test  that  the  region  affected 
by  the  punch  or  by  the  jaw  of  the  shear  extends  but  a 
short  distance  from  the  cutting-edge  of  the  tool.  Within 
that  region,  however,  the  metal  is  much  hardened  and  the 
loss  of  ductility  and  elevation  of  elastic  limit  is  due  to  that 
hardening.  The  decreased  ultimate  resistance  is  probably 
due  to  the  violent  disturbance  of  the  molecules  and  the 
resulting  minute  fissures  in  the  metal  within  the  same 
region.  In  riveted  work,  the  prejudicial  effect  is  therefore 
removed  by  reaming  the  ])unched  hole  to  a  diameter  about 
I  inch  larger  than  made  by  the  punch.  This  removes  a, 
thin  ring  of  injured  metal  about  ^  of  an  inch  thick,  aa&'t 
it  is  found  sufficient  for  the  purpose.  I 

In  large  and  heavy  work  it  has  come  to  be  the  practkfl; 
by  the  best  shops  to  make  drilled  holes  in  wluch  cases  08' 
question  of  the  injury  of  metal  can  arise.  The  use  of  tbel 
drill  leaves  a  sharp  edge  at  each  surface  of  the  plate  whidl , 
tends  to  produce  a  shearing  effect  upon  the  eorrcsijontiicg , 
rivet  sections.  Some  specifications  require  this  to  be  o 
come  by  a  quick  application  of  a  proper  tool  lo  remove  ti 
sharp  edge. 

The  general  effects  of  the  cutting  edge  of  the  siiOt] 
are  precisely  the  same  us  those  of  the  punch,  as  the  ope* ' 
tion  in  each  case  is  a  shear.  Hence,  if  sheared  cdgei! 
are  planed  off  to  a  depth  of  one-sixteenth  to  one-eighlh' 
of  an  inch,  the  injured  metal  will  l>e  entirely  rerooved. 
The  hardening  effects  of  both  shearing  and  punching 
may  also  be  removed  by  the  process  of  annealing,  although 
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less  effectually  than  by  reaming  and  planing.  As  naturally 
RTould  be  inferred  by  experience  in  punching,  higher  steel 
ind  thicker  plates  are  more  injuriously  affected  by  shear- 
ng  than  low  steels  and  thinner  plates. 

In  consequence  of  the  irregular  edge  of  a  large  sheared 
date,  bridge  specifications  frequently  require  that  at 
east  one-quarter  of  an  inch  of  metal  shall  be  removed 
:rom  the  edge  of  such  plates  by  planing. 

Steel  seems  to  be  very  sensitive  to  the  effects  of  hammer- 
bg  or  working  at  what  is  termed  a  '*  blue  heat.''  Con- 
sequently it  is  necessary  to  heat  the  rivet  to  such  a  tem- 
perature as  will  enable  the  operation  of  heading  to  be 
cxwnpleted  before  the  rivet  cools  to  the  blue  stage.  A 
bright  red  or  yellow  heat  is  requisite  for  good  work,  and 
the  rivet  should  be  held  under  a  pressure  of  fifty  or  sixty 
tons  per  square  inch  of  the  shaft  section  until  the  metal 
has  time  to  flow  throughout  the  rivet  length  and  thus 
completely  fill  the  hole,  otherwise  the  upsetting  will  be 
complete  at  and  in  the  vicinity  of  the  rivet-heads  only. 
An  additional  advantage  in  holding  the  rivet  imder  the 
greatest  pressure  of  the  riveter  for  a  short  time  is  the 
fact  that  the  rivet  becomes  cool  enough  to  prevent  the 
separation  of  the  plates. 

The   forging  of  steel   requires   unusual   skill  and   ex- 
perience.    When  a   piece   has  been   heated   to   a  proper 
temperature  it  should  be  kept  under  work  imtil  it  has 
fallen  in   temperature   to   a   proper   point   to   secure   all 
the  advantages  of  working,   but    of    course    not   below 
red  heat.     The  forging  should  be  done  with  a  hammer 
whose  weight  is  suit^ably  proportionate  to  the  mass  to  be 
forged.     If  the  hammer  is  too  light,  the  result  will  be  a 
surface  effect  only,  with  the  interior  but  little  changed. 
Pressure  forging.with  appropriate  facilities  for  attaininggreat 
pressures,  is  probably  capable  of  producing  the  best  results. 
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The  operation  of  annealing,  partiailarly  as  applied 
to  full-size  bars,  is  one  of  great  im^xirtance  in  the  manu- 
facture of  structural  steelwork.  The  metal  is  heated  as 
uniformly  as  possible,  so  that  undue  stresses  will  not  be 
developed,  to  a  bright  cherry-red,  correspomling  probably 
to  about  iioo  or  1200  degrees  Fahr.,  and  then  allowed 
to  cool  gradually.  By  this  means  any  internal  stresses 
that  may  have  been  produced  by  the  process  of  forging, 
or  any  other  shop  manipulation,  are  eliminated.  The 
metal  is  sufficiently  softened  at  the  highest  temperature 
to  allow  the  molecules  to  adjust  themselves  to  a  condition 
of  essentially  no  stress,  and  if  the  cooling  is  gradual  the 
internal  stresses  will  not  be  re-developed. 

Change  of  Ultimate  Resistance,  Elastic  Limit  and  ModnhiS 
oj  Elasticity  by  Retesting. 

It  has  been  observed  from  the  earliest  experiences 
testing  steel  and  wrought  iron  that  if  a  piece  of  materiaL 
be  subjected  to  an  intensity  of  tensile  stress  higher  than  the 
elastic  Hmil,  thus  producing  permanent  stretch,  the  ultimate 
resistance  will  be  materially  increased,  although  the  dufr 
tility  is  generally  decreased.  Sufficient  investigation 
not  even  yet  been  undertaken  to  gage  the  full  significant 
of  such  phenomena,  but  enough  has  been  done  to  i 
some  important  results. 

It  is  yet  uncertain  whether  an  indefinitely  long  rest 
not  diminish  to  some  extent  at  least  the  enhanced  ultinutt 
resistance  of  a  piece  of  metal  stressed  beyond  the 
limit.     Professor  Bauschinger  made  some  investigations 
this  special  field  many  years  ago  which  indicate  that 
elastic  limit  is  considerably  decreased  by  immediate 
ing,  but  that  such  a  decrease  does  not  take 
I>eriod  of  at  least  twenty-four  hours  or  possibly  more 
before  retesting.     Some  tests  indicate  that  the 
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may  be  much  increased  even  by  suitable  periods  of  rest 
between  applications  of  loading. 

The  yield  point  appears  to  be  raised  materially  by  re- 
testing  and  the  same  observation  as  already  indicated  is 
equally  applicable  to  the  ultimate  resistance. 

Fracture  of  Steel, 

The  character  of  steel  fractures  has  been  incidentally 
noticed,  in  some  cases,  in  the  different  tables. 

If  the  steel  is  low,  or  if  some  of  the  higher  grades  are 

thoroughly  annealed,  the  fracture  is  fine  and  silky,  pro- 

i   vided   the    breakage    is    produced    gradually.     In    other 

cases  the  fracttire  is  partly  granular  and  partly  silky,  or 

wholly  granular. 

In  any  case  a  sudden  breakage  may  produce  a  granular 
fracture. 

The  Effects  of  Chemical  Elements  on  the  Physical  Qualities 

of  Steel. 

Anything  more  than  a  meagre  statement  of  the  influ- 
ence of  the  chemical  composition  of  steel  on  its  physical 
properties  is  obviously  out  of  place  here,  but  a  knowledge, 
however  slight  it  m.ay  be,  of  the  influence  of  certain  ele- 
ments on  those  properties  is  so  essential  to  the  engineer 
in  his  structural  work  that  attention  should  at  least  be 
called  to  it. 

Although  other  elements  exert  highly  important  influ- 
ences upon  the  resisting   qualities  of  steel,  carbon  is  un- 
doubtedly   the    most    prominent    hardener.     The    effect 
of  a  given  percentage  of  carbon,  at  least  within  certain 
rather  wide  limits,  is  to  give  greater  toughness  and  resist- 
ing qualities  to  steel  with  less  concurrent  hrittleness  than 
anv    other    contained    element.     It    is    made,    therefore, 
the  basis  of  classification  of  structural  steel,  the  low  steels 
being  low  in  carbon  and  the  high  steels  high  in  carbon. 
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The  metal  manganese  also  gives  to  steel  some  advan- 
tageous qualities.  At  the  present  time  it  seldom  entere 
steel  to  an  amount  less  than  .5  per  cent.,  nor  more  than 
about  I  per  cent.  Its  presence  seems  to  confer  the  capacity 
of  resisting  the  effects  of  high  temperatures  in  shop  pro- 
cesses. Meta!  low  in  phosphnrus  and  sulphur  uppean 
to  require  less  manganese  than  that  which  is  higher  in' 
those  impurities.  It  has  been  found  that  the  influence  oE 
manganese  upon  steel  depends  in  a  rather  extraordinaij 
manner  upon  its  amount.  If  the  content  reaches  i-S' 
or  a  per  cent,  steel  becomes  practically  worthless  00; 
account  of  its  brittleness.  but  w^lien  a  content  of  6  of  7 ; 
per  cent,  of  manganese  is  reached,  the  metal  hecomeij 
extremely  hard  and  acquires  to  a  high  degree  the  proper^ 
of  toughness  by  quenching  in  water  without  beconung 
much  harder. 

When  steel  is  alloyed  with  more  than  about  7  \ 
cent,  of  manganese.-manganese-steel  is  the  product,  which, 
in  its  natural  state,  may  have  an  ultimate  t«isile  i 
ance  .running  from  74.000  to  over  116,000  pounds  J 
square  inch.  When  quenched  in  water  the  ulliitali 
tensile  resistance  of  the  same  metal  may  run  from  abod 
90,000  pounds  per  square  inch  up  to  nearly  137,000  p 
per  square  inch.  Before  quenching  the  final  s 
ranged  from  1  to  4  or  5  per  cent.,  and  after  quenchinj 
from  4  to  44  per  cent.  The  preceding  figures  belong  t 
a  range  in  manganese  from  about  7  per  cent,  to  over  V 
per  cent,  concurrently  with  carbon  from  about  .61  pe 
cent,  up  to  1.83  per  cent.  Tliis  metal  is  an  intere 
alloy,  but  is  never  used  in  structural  engineering  work. 

Opinions    var>'   much    as  to   the  influence    of  : 
on  steel,  but  it  seems  now  to  lie  well  established  1 
that   influence   within   the  limits  ordinarily    found  ii 
minor  consequence,  or  at  least  not   prejudicial  to  eitliC 
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isistance  or  ductility.  In  structural  steel  it  usually 
anges  from  less  than  .03  to  .05  per  cent.,  while  in  rail 
teel  it  may  run  as  high  as  .3  per  cent.  In  some  excellent 
x)ol-steel  it  may  nm  even  from  .2  to  .75  per  cent. 

Sulphur  is  an  impurity  carrying  with  it  highly  preju- 
dicial efTects.  It  essentially  injures  metal  for  rolling,  as 
it  makes  tlie  steel  liable  to  crack  and  tear  at  the  usual 
temj-'cratures  found  between  the  rolls.  It  also  diminishes 
capacity  to  weld.  Its  efTects  may,  to  some  extent,  be 
overcome  by  the  presence  of  manganese  and  by  proper 
care  in  heating.  It  is,  however,  highly  prejudicial  as 
an  element  and  is  usually  kept  below  about  .04  per  cent. 

Of  all  the  objectionable  elements  found  in  steel,  phos- 
0iorus  has  the  position  of  primacy.  Although  it  is  a 
hardener  which  may  increase  the  ultimate  resistance 
to  some  extent,  it  produces  brittleness  and  diminishes 
most  materially  the  capacity  to  resist  shock,  and  it  is 
one  of  the  chief  purposes  of  the  best  methods  of  steel 
production  to  reduce  phosphorus  to  the  lowest  practicable 
limit.  Its  effects  are  sometimes  erratic,  being  occasionally 
found  in  excess  in  apparently  good  material.  In  structural 
steel  it  is  seldom  permitted  to  run  over  .08  per  cent.,  and 
in  the  basic  processes  of  manufacture  it  frequently  falls 
to  .03  or  .04  per  cent. 

The  presence  of  .1  to  .25  per  cent,  copper  appears  to 
have  no  deleterious  effect  upon  steel  and  may  even  be 
beneficial.  As  high  as  i  per  cent,  of  copper  has  been 
found  in  steel  without  serious  effects  where  sulphur  was 
bw. 

Aluminum  steel  is  an  alloy  containing  at  times  as 
ligh  as  5  to  6  per  cent,  of  aluminum.  The  effect  of  alumi- 
lum  on  ultimate  resistance  does  not  seem  to  be  prejudicial, 
or,  again,  is  it  of  any  special  advantage;  nor  does  it 
zX  seriously  upon  the  ductility  imtil  its  amount  approaches 
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about  2  per  cent,  or  more.     On  the  whole  it  does  not 
seem  to  be  a  valuable  element  for  steel. 

There  are  other  special  alloys  such  as  tunpsten  and' 
chromium  steel.  They  are  used  for  the  special  purpoECS 
of  tools  on  account  of  tlieir  hardness,  which  is  so  extreme 
that  neither  quenching  nor  tempering  is  required.  They 
do  not,  however,  enter  into  structural  use. 

Art.  59- — Copper,  Tin,  Aluminum,  and  ZinC)  and  their  Alloys — 
Alloys  of  Aluminum — Phosphor-bronze — Magnesium. 

Anything  hke  a  complete  knowledge  of  the  physical 
properties  of  the  alloys  of  copper,  tin,  aluminum,  zinc,  etc.. 
is  stil!  lacking,  although  many  investigations  have  been 
made  in  the  past  by  the  late  Prof.  R.  H.  Thurston  and 
others,  while  other  investigations  are  still  in  progress.  The 
character  of  many  of  these  alloys  changes  so  radically  far 
different  proportions  of  the  constituent  elements  and  undCf 
different  conditions  of  heat  and  other  treatment  that  the 
results  of  tests  are  as  varied  as  the  relative  amounts  of 
the  constituents  and  the  physical  conditions  which  attend 
the  tests.  Some  of  the  results  which  follow  belong  to 
earlier  work  of  Prof.  Thurston,  but  as  they  exhibit  the 
physical  qualities  as  the  corresponding  alloys  now  used  and 
as  the  later  investigations  do  not  cover  the  same  field, 
possess  real  value  and  are  retained. 

Table  I  gives  the  tensile  coefficients  of  elasticity  (J 
of  copper  and  the  alloys  indicated  as  determined  by 
Thurston. 

Table    I. 


MaUl. 

Auttaorltr. 

E.                                        Remuki.                          J 

Gun-broiize. .  . . 
Ailoy 

Tbursttin 

ti,46H.ooo    Copper.  0.90;  tin.  o.io  (oodS^H 
13,514.000    Copper.  0.80;  line,  ojo.    ^^^M 
14.a86.000    Copper.  0.625:  zinc.  0.375.  ^^H 
4.545.DO0     Composition,  below  taUe.    j^^^H 
9.091.000    Casttnctii]                              ^^^H 

TobJo'saUoy... 
Copper 

Art.  59-1 
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Tobin's  alloy,  is  a  composition  of  copper,  tin,  and 
line,  in  the  proportions  (very  nearly)  of  58.2,  2.3,  and 
39.5,  respectively.  The  value  of  E  for  this  metal,  and 
those  for  the  two  preceding  and  one  following  it,  are 
calculated  for  small  stresses  and  strains  given  by  Prof. 
Thurston  in  the  *'  Trans.  Am.  Soc.  Civ.  Engrs.,"  for  Sept., 
188 1. 

There  will  also  be  found  in  Tables  VIII,  IX,  X  and 
XI  coefficients  of  elasticity  for  aluminum-zinc,  aluminum 
magnesitim,  and  other  alloys,  and  for  magnesium,  alumi- 
num, and  zinc. 

Table  II. 

CAST   TIN. 


p- 

E. 

/>. 

E. 

1.950 
2.360 

2,5to 

1,147,000 
472.000 
172,000 

3,200 
4,000 

Broke  at  ^ 

96,400 

41,540 
^,200  lbs. 

Table  III. 

CAST   COPPER. 

p- 

E. 

p. 

E, 

800 
2.000 
4,000 
8,000 

10,000,000 
9,091,000 
9,091,000 

14,815.000 

12,000 
13,600 
16,000 
22,000 

18,750,000 

8,193,000 

2,235,000 

137,000 

Broke  at  29,200  lbs. 

The  values  of  E  (stress  over  strain)  for  different  inten- 
of  stress  (pounds  per  square  inch)  for  cast  tin,  cast 
copper,  and  Tobin's  alloy,  are  given  in  Tables  II,  III, 
and  IV. 
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"  /?"  is  the  intensity  of  stress  in  potinds  per  square  inch, 
at  which  the  ratio  E  exists. 

Each  of  tliese  metals  is  seen  to  give  a  very  irregular 
elastic  beha\dor. 

Tables  TI,  III,  and  IV  are  computed  from  data  given 
by  Prof.  Thurston  in  the  United  States  Report  (page 
425)  and  "  Trans.  Am.  Soc.  Civ.  Engrs.,"  already  cited. 

Table  IV. 

TOBIN'S  ALLOY. 


p- 

E. 

P- 

E. 

2,000 

4,545.000 

18,000 

5.455,000 

4,000 

4,545,000 

24,000 

5.94 ». 000 

6,000 

4,088,000 

30,000 

6,250.000 

8,000 

4,938,000 

40,000 

6.390,000 

10,000 

5,263,000 

50,000 

4.744,000 

14,000 

5,110,000 

60,000 

3.436.000 

Broke  at  67,600  lbs. 


Ultimate  Resistance  and  Elastic  Limit. 

Table  V  is  abstracted  from  the  results  of  the  experi- 
ments of  Prof.  Thurston  as  given  in  the  "  Report  of  tlii 
U.  S.  Board  Appointed  to  Test  Iron,  Steel,  and  othe 
Metals,*'  and  **  Trans.  Am.  Soc.  of  Civ.  Enprs.,"  Sept. 
1881.  Tlic  com])osition  of  the  various  alloys  was  a 
J2:iven  in  the  tabic,  wliich  also  contains  results  for  ]>UT 
coi)ixT,  tin,  anil  zinc.  All  the  s])ccimcns  were  of  cas 
metal. 

The  mechanical  properties  of  the  copper-tin-zinc  alio] 
have  been  veny'-  thoroughly  investigated  by  Prof.  Thurstc 
("  Trans.  Am.  Soc.  of  Civ.  Engrs.,'*  Jan.  and  Sept.,  1881 
As  results  of  his  work  he  has  foimd  that  the  ultima 
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Table  V. 


Percental  of 


XT. 


5 

2 

56 

20 

94 
49 
66 

30 

94 
8i 

30 

0 
> 

'.2 
o 
o 
o 


Tin. 


00 
00 
00 
10 
20 

30 

38 
48 

61 

71 

79 

90 
100 
Queensl'd 
100 
Banca 
100 
Bronze 

10 

00 

00 

2.3 
0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

8-75 
21.25 

23.75 

23.75 

2.3« 
50.00 

10.00 

20.00 


Zinc. 


GO 
CO 

00 
00 

GO 

CO 

00 

CO. 

CO 

CO 

GO 

CO 

CO 

CO 

CO 

CO 

20 

37.5 

39-5 
0.0 

9.42 

17.99 

28.54 
38.65 

41 .10 

50.14 

58.12 

66.23 
77  63 
88.88 
100.00 
20.25 
21.25 

31  25 
10.00 

39  48 
40.00 
30.00 
15.00 


Pounds  Stress  per 
Square  Inch  at 


Elastic 
Limit. 


11,620 
11,000 
14,400 
15,740 

5,585 
688 

2,555 
2,820 


3,500 
1,670 


2,000 
10,000 


10,000 
9,000 
16,470 
27,240 
16,890 

3,727 

1,774 
9,000 

14,450 

4.050 
18,000  (?) 

1,300 

2,196 

3.294 
30,000  (?) 

5,000  (?) 

21.780  (?) 


Ultimate 
Resistance. 


19,872 
12,760 
27,800 
26,860 
32,980 

5,585 
688 

2,555 
2,820 

1.648 

4.337 
6,450 
3,500 

2,760 

3,500 

31,000 

33,140 
48,760 
67,600 
29,200 

32,670 
30,510 
41,065 

50,450 
30,990 

3,727 

1,774 
9,000 

14,450 
5,400 

31,600 
1,300 
2,196 

3,294 
66,500 

9,300 

21,780 

3.765 


Per  Cent.,  Fina. 


Stretch. 


0.05 

0.005 

0.065 

0.037 

0.004 


0.07 
0.36 


0.36 

4.6 

32.4 
31.0 

4.0 
7.5 

31.4 
29.2 

20.7 

10.  I 

5.0 


o.  16 

0.39 

0.69 

0.36 


3- 13 
0.7 

o  15 


Contrac- 
tion. 


10. o 

8.0 

15.0 
13.5 

00.0 
00.0 
00.0 
00.0 
00.0 
00.0 
00.0 
150 

75.0 
47.0 
86.0 


40.0 

29  5 
8.0 

16.0 

43  o 
38.0 
28.0 
17.0 

11.5 


0.0 
0.0 
0.0 
0.0 


70 
0.0 
0.0 
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Table  V.— Continued. 


Percentage  of 

Potinds  Stress  per 
Square  Inch  at 

Per  Cent,  F 

Copper.  ' 

Tin. 

Zinc. 

Elastic 
Limit. 

Ultimate 
Resistance. 

Stretch. 

Co 

t 

70.00 
75.00 
80.00 
55  00 
60.00 
72.50 
77.50 
85.00 

10.00 
500 

10.00 
0.50 
2.50 
7.50 

12.5 

12.5 

20.00 
20.00 
10.00 
44.50 
37.50 

2.00 
10.00 

2.50 

24,ooo(?) 

I2,000(?) 

I2,000(?) 

22,000 

22,000 

11,000 

20,000 

1 2,000(  ?) 

33,140 
34.960 
32,830 
68,900 
57.400 
32,700 
36,000 
34,500 

0.31 

3-2 

1.6 

9.4 
4.9 
3.7 
0.7 
1.3 

2 

{ 

I 
( 

The  values  of  the  elastic  limit  in  the  lower  part  of  the  table  were 
all  well  defined. 

tensile  resistance,  in  pounds  per  square  inch,  of  "  ord 

bronze,  composed  of  copper  and  tin, as  cast  ii 

ordinary  course    of   a  brassfounder's  business,"  ma 
well  representCvi  by 

Tc  =  30,000  + 1 ,000/ ; 

"where  i  is  the  percentage  of  tin  and  not  above  i 
cent." 

"  For  brass  (copper  and  zinc)  the  tenacity  ma 
taken  as: 

7.  =  30,000 +  500::;, 

where  z  is  tlie  percentage  of  zinc  and  not  above  5 
cent.** 

He  found  that  a  large  portion  of  the  copper-ti 
alloys  is  worthless  to  tlic  engineer,  while  the  oth 
valuable  portion,  may  be  considered  to  possess  a  ten 
in  pounds  per  square  incli,  well  represented  by  com* 
the  above  formulae  as  follows: 

Tst  =  30,000  -f  T  ,000/  +  5002. 

These  formulas  are  not  intended  to  be  exact,  I 
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give  safe  results  for  ordinary  use  within  the  limits  of  the 
circumstances  on  which  they  are  based. 

Prof.  Thurston  found  the  "  strongest  of  the  bronzes'* 
to  be  composed  of: 

Copper. 55.0 

Tin. 0.5 

Snc 44.5 

100.00 

This  alloy  possessed  an  ultimate  tensile  resistance  of 
68,900  pounds  per  square  inch  of  original  section,  an 
dongation  of  47  to  51  per  cent,  and  a  final  contraction 
of  fractured  section  of  47  to  52  per  cent. 

The  first  and  sixth  alloys  of  copper,  tin,  and  zinc,  in 
Table  V,  are  called  by  Professor  Thurston  **Tobin's  alloy." 
''This  alloy,  like  the  maximum  metal,  was  capable  of 
being  forged  or  rolled  at  a  low  red  heat  or  worked  cold. 
Rolled  hot,  its  tenacity  rose  to  79,000  pounds,  and  when 
moderately  and  carefully  rolled,  to  104,000  poimds.  It 
could  be  bent  double  either  hot  or  cold,  and  was  found 
to  make  excellent  bolts  and  nuts.*' 

As  just  indicated  for  the  particular  case  of  the  Tobin 
aDoy,  the  manner  of  treating  and  working  these  alloys 
exerts  great  influence  on  the  tenacity  and  ductility. 

Professor  Thurston  states:  "brass,  containing  copper 
62  to  70,  zinc  38  to  30,  attains  a  strength  in  the  wire  mill 
)f  90,000  pounds  per  square  inch,  and  sometimes  of  100,000 
xnmds." 

All  of  Professor  Thtirston's  specimens  were  what  may 
e  called  "long"  ones,  i.e.,  they  were  turned  down  to 
diameter  of  0.798  inch  for  a  length  of  five  inches,  gi\Tng 
1  area  of  cross-section  of  0.5  square  inch. 


352 


TENSION. 


IOlVI 


Alloys  of  Aluminum. 

Prof.  R.  C.  Carpenter,  of  Cornell  University,  in  t^ 
transactions  of  the  Am.   Soc.  Mech.  Engrs.,  vol.  xix,  h 
reported  a  number  of  interesting   and  valuable   tests 
alloys  of  aluminimi,  as  well  as  tests  of  pure  magnesium. 

Table  VL 

ALLOYS  OF  GREATEST  RESISTANCE. 


Percentaere  of 

Ultimate 
Resistance, 

Lbs.  per 
Square  Inch. 

Specific 
Gravity. 

Percent. 

Aluminum. 

Copper. 

Tin. 

Pinal  Stret> 

85. 
6.25 

5- 

7.5 
87.5 
5- 

7.5 
6.25 

90. 

30,000 
63,000 
11,000 

3.02 

7-35 
6.82 

4. 

3.8 
10. 1 

The  greater  part  of  the  results  (or  the  aluminum-ti 
copper  alloys  are  given  in  Table  VII,  but  the  compositic 
of  those  giving  the  greatest  ultimate  resistances  are  e 
hibited  in  Table  VI.  It  wU  be  observed  that  the  highe 
ultimate  resistance  belongs  to  the  alloy  of  greatest  densit 
but  the  alloy  of  least  resistance  has  nearly  as  great  densitj 
The  ductility  of  none  of  these  alloys  of  greatest  ultima! 
resistance  is  specially  marked;  indeed,  the  ductility  i 
very  low  except  in  the  case  of  the  least  ultimate  resistano 

The  composition  and  corresponding  elastic  limits  an 
ultimate  resistances  of  aluminum-tin-copper  alloys  wi 
be  foimd  in  Table  VII.  Like  all  the  aluminiun  alloj 
the  specific  gravity  varies  between  wide  limits,  beir 
low  where  there  is  much  aluminum  and  high  where  the 
is  little.  The  ductility  is  low  in  all  cases  except  in  th; 
of  pure  tin  or  the  alloy  in  which  it  appears  to  the  exte 
of  90  per  cent.  There  is  in  this  table  the  usual  wide  ran 
of  physical  qualities  belonging  to  such  a  series  of  mixtun 


Art.  59.] 


COFFER,  TIN,  ALUMINUM,  ZINC,  ETC. 

Table   VII. 

ALUMINUM  ALLOYS. 


353 


Composition.  Per  Cent. 

Ultimate  Resistance, 

Final 
Stretch 
Per  Cen 
in  6 

by  Weight. 

Lbs.  per  Square  inch. 

Elastic  Limit, 

Lbs.  per 
Square  Inch. 

Specific 
Gravity. 

AL 

Tn. 

Cu. 

A, 

B. 

• 

Inehe». 

100 
90 

27,000 
40,815 

28,330 
42,038 

12,000 

13,832 

6.5 
7.6 

6.5 

5 

5 

4.0 

10 

lO 

80 

32.209 

34,200 

24,829 

6.5 

0.8 

20 

20 

60 

1,966 

2,225 

* 

5-7 

30 

30 

40 

849 

1,077 

* 

5.05 

40 

40 

20 

4,800 

5,672 

i¥ 

4.91 

100 

15,000 
15,476 

14,316 
17,070 

6,432 

8,227 

2.67 
2.82 

5.6 

90 

5 

5 

3. 

8o 

10 

10 

18,580 

21,140 

13.329 

3.09 

1.2 

6o 

20 

20 

4,416 

5.950 

* 

3.53 

.3 

40 

30 

30 

915 

1,123 

* 

4.4 

20 

40 

40 

2,221 

2,622 

* 

5.2i 

inn 

3,505 
11,582 

3,933 
10,418 

7.5 
6.77 

35.51 
10.15 

5 

90 

5 

4.823 

10 

80 

10 

5,999 

5,922 

2,988 

6.24 

I.I 

20 

60 

20 

1,198 

1,200 

♦ 

5-55 

30 

40 

30 

993 

961 

♦ 

4.96 

40 

30 

40 

3,798 

3,997 

♦ 

4.48 

A.  Results  of  first  melting.     B.  Results  of  second  melting.  • 
Test  pieces  6  in.  between  shoulders,  diam.  i  inch. 
*  Could  not  be  turned  in  the  lathe. 

The  results  in  this  table  were  obtained  by  Messrs.  Geb- 
hardt  and  Ward,  at  the  testing  laboratory  of  Sibley  Col- 
%e  of  Mechanical  Engineering,  Cornell  University,  in 
1896. 

The  physical  properties  of  aluminum-zinc  alloys,  in- 
duding  those  metals  unalloyed,  are  equally  fully  given 
in  Table  VIII,  as  well  as  the  values  of  the  coefficients  of 
elasticity.  There  is  not  as  wide  variation  of  results  in  this 
table  as  in  Table  VII,  although  there  is  a  considerable 
range  of  ultimate  resistance,  especially  if  the  results  for 
unalloyed  zinc  be  included.  It  will  be  observed  that 
this  table  also  includes  the  intensity  of  stress  found  in 
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Table   VIII. 

ALUMINUM-ZINC  ALLOYS. 


Percentage. 

Specific 
Gravity. 

• 

Ultimate 
Resist- 
ance, 
Lbs.  per 
Sq.  In. 

Transverse 

Tests. 

Maximum 

Fibre 

Stress 

Lbs.  per 

Sq,  In. 

Coefficient 

of 
Elasticity. 

Alumi- 
nxim. 

Zinc. 

RmMflBL 

lOO 
lOO 

0 

0 

10 

10 

15 

15 
20 

20 

25 
25 
30 
30 
33 

35 
40 

40 

50 

50 

75 
75 

100 

2.67 
2.67: 

2.77 

2.74 
2.918 

2.918 

2.998 

2.975 

3.15 

3.14 

3. 191 

3.24 

3.326 

3.471 
3.57 

7.19 

14,460 
16,750 
17,940 

18,100 
21,850 

22,940 

24,400 
23,950 

14,500 

14,150 
18,950 

28,091 

6,535,000 

Shrinkage  unevea 

90 
90 

85 
85 

80 

7,710,000 
9,260,000 

Shrinkage  uneven 
<«              (1 

9,110,000 

80 

34,600 

««             (1 

75 

75 

70 

70 

66} 

65 

8,210,000 

11             tt 

45,080 
43,200 
41,200 

<<             t< 

8,178,000 

Shrinkage  even. 
Poor  specimen. 

60 
60 
50 
50 

25 
25 

19,770 
19,300 
19,060 

13,175 
14,150 

2,522 

40,350 
38,100 
39,850 
25,500 

8,540,000 
8,500,000 
8,670,000 
6,680,000 

0 

7,556 

(  Elongation  of  all 
\    specimens  less  t 
(    I  per  cent. 

Note. — The  experimental  results  given  in  Table  IX  are  those  of  Me 
Hunt  and  Andrews,  obtained  at  Sibley  College  of  Mechanical  Engineei 
Cornell  University,  in  1894. 

Table    IX. 

TENSILE  TESTS  OF  MAGNESIUM— CAST  METAL. 


Number  of 
Test  Piece. 

Diameter. 

Ultimate 
Resistance, 

Lbs.  i)cr 
S<iuarc  Inch. 

Elastic  Limit, 

Lbs.  j>er 
Square  Inch. 

Pinal 

Extension, 

Percent. 

Coefficier 
EUsticit 

I 

.  433 
.4.M 
.442 
.4.^5 
.424 
.432 

23,Scx) 
22,050 
20,qCK^ 
IQ.SOO 

24,800 

22,500 

8,800 

4.2 

2,040.0 
1 .860.0 

2 

3 

d 

10,780 
8,400 
7,090 

1.8 

2.5 
3.1 
2.3 

2,060,0 
1,830,0 
1.930,0 

5 

6 
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Table  X. 
ALLOYS  OF  ALUMINUM  AND  MAGNESIUM 


t^. 

iTvl?;. 

Ultimate 

Lbi.  per 

Square  Inch. 

Elaitic  Limit, 

"SSSr,-/ 

i 

5 
30 

2.67 
2.61 

'■55  v' 
a. 29 

13.685 
15.440 

5.000 

4,900 
8.700 
13.090 
14,600 

1.690,000 
2,650,000 
3,917.000 
3,650,000 

the  extreme  fibres  of  beams  subjected  to  transverse  load- 
h%.  Although  these  values  are  not  required  at  this 
point,  it  is  more  convenient  to  insert  them  here  and  refer 
to  them  in  the  article  devoted  to  the  flexure  of  such  beams. 
The  sizes  of  the  specimens  subjected  to  transverse  load- 
ing are  not  given,  but  they  were  small. 
Table  XL 


ChuoclT  of  Alloys. 

Resistance .  Pound 

per  Sqiare  Inch. 

1 
I 

T..«,. 

Ai. 

Cu. 

Tin. 

.,„„., 

S,^ 

EU,t=c. 

Ulti- 

3 

lOD 

93 

!5-7 

% 

% 

4,000 
6,250 

12,055 
18,555 
35.075 

i.345 
9,000 



1 

»5.a50 
23.420 

20%  zinc,  1.3  man 

* 

5 
6 

i 

9 

'98 
98 
96 
96 

96.. 1 

1  inch  bare 

13.500 

•7.185 

.7..54 
18.870 
13.7^0 
.8,870 
12,300 
30,880 
26,313 

1 

4 

9,000 

.8,647 

» 

16,000 

33.045 

il%  chromium. 

19.000 

26.310 

'3 
'4 
'5 

9S 
96 
94 
91 

4 
6 

2,150 
1,750 

8,622 

9.565 
9,315 
7,170 

;.3Sa 

fi 

5= 

3S6 
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The  experimental  results  given  in  Tables  IX  and  X 
were  also  established  at  the  testing  laboratory  of  Sibley 
College  of  Mechanical  Engineering  of   Cornell  University. 
The  tests  were  made  by  Messrs.  Marks  and  Barradough, 
graduate  students  in   1893.     Table  IX  gives  results  for 
pure   magnesium,   including   the   coefficients   of   elasticity 
and  the  final  stretch,  while  Table  X  exhibits  the  results 
for  alloys   of   aluminum   and   magnesium,   the   per  cent, 
of  magnesium  being  shown   in  one  of  the   columns,  the 
remaining  per  cent,  being  aluminum.     The  ultimate  resist- 
ances given  in  Table  IX  show  that  magnesium  is  a  metal 
of  considerable  tensile  resistance,  especially  in  comparison^ 
with  its  density,  its  specific  gravity  being  but  1.74,  that 
of  aluminum  being  2.67. 

Table    XI    exhibits    the    elastic    limits    and    ultimate 

Table   XI. — Continued, 


Pinal  Stretch 

Per  Cent. 

(Tension 

Pieces). 

Final  _ 

Contraction. 

Per  Cent. 

(Tension 

Pieces). 

Hardncj« 
(Relative) 

Specific  Gra\'ity 
of  specimen. 

Gxyfficicnt  of  Elasticity. 
Lb«.  per  Square  Inch. 

Ten- 
sion. 

Trans- 
verse. 

Tension. 

Trantvcne. 

5.62 
I.OO 

.15 

iO.93 
3.08 

1.77 

3.61 

12.87 

35  •  56 

2.670 
2  .  830 
3.117 

2 .  654 
2.810 

3.055 

8,385.000 

11,115,000 

9,685,000 

8,440,ooC3^ 

8.o65,ooc^ 
8,o6o.ooc:^ 

8.49 

38 .  30 

7.12 

6.94 

6.79 

1 2 .  30 

12.42 

13. VS 

14.09 

2.710 
2. 715 
2.725 
2.756 
2.774 

2.773 
2.759 

9,780,000 

xo,iio,0fx=::^ 
I  o.ooo.ooc^^ 

19.49 

39.02 

9,505,000 

io,330,o(x— ^ 
o.6oo.ooc^^ 

362 

10.  10 

10,440,000 

io.5q5.«K=:^ 

I  O.OTO.OOC^* 

i.3» 

9.78 

9,850,000 

9.8x3,ooc:3^ 

4.00 

5.38 

5.19 
3.06 

3.87 

8.64 
6 .  86 

7.97 

5  41 
8.89 

3.71 
3-74 
3  49 
3  •  33 
3  09 

2.689 

2.739 

2.771 

2.804 
2  .  856 

5,435,000 
6,210,000 
5,035,000 
5,175.000 
6,675.000 
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resistances  of  all  the  different  alloys  shown  in  the  table,  and 
in  the  conditions  also  exhibited  by  the  table,  i.e.,  whether 
cast  or  rolled.  There  are  also  given  coefficients  of  elasticity 
for  both  tension  and  transverse  tests,  as  well  as  elastic 
limits  and  ultimate  stresses  (intensities)  in  the  extreme 
fibres  of  small  beams,  to  which  reference  wdll  be  made 
in  the  article  devoted  to  transverse  resistance. 

It  will  be  observed  that  both  the  elastic  limits  and 
the  ultimate  resistances  of  Table  XI  are  found  within 
the  range  exhibited  by  the  results  already  shown  in  the 
preceding  tables. 

If  desired,  diagrams  can  readily  be  constructed  from 
the  results  of  each  table  which  will  show  the  variations 
of  physical  quantities  corresponding  to  the  variations  of 
composition  of  the  alloys. 

In  1895  the  Fairbanks  Company  tested  at  their  New 
York  office  four  specimens  of  Tobin  bronze  manufactured 
by  the  Ansonia  Brass  and  Copper  Co.,  with  the  following 
results. 

ROLLED  TOBIN  BRONZE  PLATES— SPECIMENS  8  INCHES  LONG. 


Specimen, 

Resistance  in  Pounds  per  Sq.  Inch. 

Per  Cent.,  Final 

Inches. 

Elastic. 

Ultimate. 

Stretch. 

• 

Contraction. 

1X.185 
1X.185 
»X.25 
lX.25 

51,350 
51,350 
56,000 

56,450 

78,920 
78,810 
79,200 
79,640 

20.5 

17.5 

17.5 
16.25 

45.4 
44.33 
43.2 
40.72 

Alloys. of  Aluminum  and  Copper. 

In  1907,  Prof.  H.  C.  H.  Carpenter,  M.A.,  Ph.D.,  and 
Mr-  C.  A.  Edwards,  made  their  Eighth  Report  on  alloys 
of  aluminum  and  copper  to  the  Alloys  Research  Committee 
of  the  Institution  of  Mechanical  Engineers  of  Great  Britain. 
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This  alloy  is  known  as  **  aluminum  bronze  "  or  "  gold." 
These  investigators  made  over  a  thousand  tests  in  tension 
and  torsion  and  in  other  ways,  including  heat  treatment  for 
both  cast  and  rolled  material.  The  investigation  is  one  of  the 
most  important  ever  made  with  this  class  of  alloys.  Out 
of  the  great  number  of  tests  contained  in  the  report,  Table 
XII  has  been  selected  as  sufficiently  typical  for  the  purpose 
of  conveying  a  correct  impression  of  the  character  of  the 
work  done. 

Table  XII. 

The  percentage  of  aluminum  only  is  given  in  the  Table,  as  the  alloy  is  d 
aluminum  and  copper,  the  remaining  percentage  being  copper. 


No. 

Al. 
per  cent. 

Yield  Point 

lbs.  per  sq. 

in. 

Ult.  Resist.           ni 
lbs.  per  sq.             ^ 
in. 

astic 
alio. 

Elongatioo 

in  aiochet 

percent. 

I 

O.I 

8.512 

25.760 

33 

46 

2 

i.o6 

6,720 

30,020 

22 

52 

3 

2.1 

7,616 

30,240 

25 

53-5 

4 

2.99 

8,512 

32,480 

.26 

60 

5 

4  05 

7,840 

37.410 

.21 

83 

6 

5  07 

9.632 

40,540 

24 

75 

7 

5  76 

10,752 

39.870 

27 

67 

8 

6.73 

10,752 

41.780 

26 

•  •  ■  • 

9 

7-35 

14.784 

47.710 

31 

71 

10 

8.12 

17,248 

55.800 

31 

58 

II 

8.67 

21,952 

62,944 

35 

48 

12 

9  38 

21,728 

68,050 

32 

36.2 

13 

9  9 

25.312 

71,010 

36 

21.7 

14 

10.78 

31.584 

59.750 

48 

90 

15 

II   73 

31.360 

56,960 

55 

5 

i6 

13.02 

44.240 

44,240           .  .  .  . 

I 

n i^"T                  .  .  •  ■ 

It  will  be  observed  that  the  specimens  were  of  cast 
metal.  While  the  rolled  specimens  give  somewhat  higher 
ductility,  in  the  main  there  is  much  less  difference  than 
would  probably  have  been  anticipated.  Although  the 
elastic  ratio,  i.e.,  the  ratio  of  the  elastic  limit  over  the 
ultimate,  is  somewhat  higher  for  the  rolled  specimens,  the 
difference  on  the  whole  is  not  great,  except  in  a  compara- 
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ely  few  instances.  In  fact,  the  differences  in  results 
md  by  the  investigators  between  the  cast  and  rolled 
tal  are  much  smaller  than  might  have  been  expected. 
The  authors  of  the  report  state,  among  other  obser- 
tions; 
"  (a)  The  limit  of  industrially  serviceable  alloys  must 
placed  at  II  per  cent,  of  aluminum.  For  most  purposes 
je  limit  might  be  put  at  10  per  cent.,  beyond  which  there 
I  rapid  fall  of  ductility  with  no  rise  of  ultimate  resist- 
le.  .  .  . 

"  (6)  Between  these  limits  the  alloys  fall  into  two 
sses:  I.  those  containing  from  o  to  7.35  per  cent,  of 
Btninimi:  2.  Those  containing  from  8  to  11  per  cent,  of 
iiminmn.  Class  i  represents  material  of  apparently  low 
idd  point  and  moderate  ultimate  stress,  but  of  very  good 
Ktility.  The  introduction  and  further  addition  of  alumi- 
causes  a  gradual  increase  of  strength  but  hardly  affects 
ix  ductility.  It  is  true  that  as  regards  the  steadiness  of 
he  ductility  this  has  only  been  established  for  the  rolled 
ars.  But  the  sand  and  chill  castings  have  shown  the  same 
Idnd  of  variations  as  the  rolled  bars  in  all  the  properties 
Kmined.  .  .  . 
"  Into  Class  2  come  alloys  of  relatively  low  yield  point 
tgood  ultimate  stress.  From  8  to  10  per  cent,  of  alumi- 
m  the  ductility  is  also  good.  .  .  ." 
To  gain  an  adequate  idea  of  the  physical  properties  of 
e  various  grades  of  this  alloy  of  aluminum  and  copper 
a  full  scrutiny  of  the  entire  report. 

'"WW'S  and  Brass  Used  by  the  Board  of  Water  Supply  of 
New  York  City. 
In  the  construction  of  the  Additional  Catskill  Water 
^Pplyfor  the  city  of  New  York  by  the  Board  of  Water  Sup- 
ply a  large  amount  of  bronze  castings  and  rolled  bronze,  a.s 
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well  as  brass,  was  used  for  a  great  variety  of  large  and 
small  articles  varying  from  a  number  of  tons  in  weight  each 
to  a  few  pounds,  such  as  small  bolts.  The  specifications 
prescribed  that  "  Whenever  the  term  *  bronze  *  is  used  in 
these  Specifications  in  a  general  way  or  on  the  drawings, 
without  qualification,  it  shall  mean  manganese  or  vanadium 
bronze  or  monel  metal.  .  .  . 

**The  minimum   physical   properties   of  bronze  shaD, 
except  as  otherwise  specified,  be  as  follows: 
Castings: 

Ultimate  tensile  strength 65,000  lbs.  per  sq.in. 

Yield  point 32,000  lbs.  per  sqin. 

Elongation 25  per  cent. 

Rolled  Material: 

Ultimate  strength 72,000  lbs.  per  sq.in- 

Yield  point 36,000  lbs.  per  sq.ifl- 

Elongation 28  per  cent. 

Rolled  material,  thickness  above  one  inch: 

Ultimate  strength 70,000  lbs.  per  sq.in- 

Yield  point 35iOoo  lbs.  per  sq.in. 

Elongation 28  per  cent.'* 


The  modulus  of  elasticity  E  for  tension  and  compresaoJ* 
was  al^out  14,000,000. 

The    rc(iuircments    of    these    specifications    were  even 
exceeded  l^oth  in  resistances  and  in  ductility.    Much  trouble, 
however,  was  exjjcrienccd  l)y  the  rolled  metal  exhibiting 
cracks  and  failures  in  articles  large  and  small,  in  many  cases 
even  befc^re  put  in  place  in  the  work  and  subjected  to  duty. 
Sucli  dilTicuhies,  liowover,  were  not  exj)erienccd  in  castings. 
Invest iJ^^'ltions    intended   to   discover   the   origin   of  these 
difTiculties  have  not  yet  been  completed,  but  they  are  prob- 
ably due  to  some  feature  of  manipulation  of  material  during 
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•ocesses  of  manufacture,  including  the  treatment  of  the 
olten  metal. 

Phosphor 'Bronze, 

Phosphor-bronze  possesses  merit  not  only  as  a  structural 
oaterial  on  account  of  its  high  elastic  limit  and  ultimate 
distance,  but  also  because  it  is  a  good  anti-friction  metal. 
Its  elastic  limit  may  be  taken  from  45,000  to  55,000  pounds 
per  square  inch  and  its  ultimate  resistance  from  50,000  to 
75,000  pounds  per  square  inch,  both  values  being  given  for 
unannealed  material.  The  same  material  as  unc,nnealed 
wire  with  a  diameter  of  one-tenth  to  one-sixteenth  of  an 
inch  may  give  ultimate  resistances  var^dng  from  100,000 
to  150,000  pounds  per  square  inch,  or  if  annealed  not  more 
perhaps  than  50,000  to  60,000  per  square  inch.  In  the 
latter  case,  however,  the  final  stretch  may  run  from  30 
to  40  per  cent. 

Bauschinger's   Tests  of  Copper  and  Brass  as  to  Effects  of 

Repeated  Application  of  Stress. 

The  late  Professor  Bauschinger  made  some  investiga- 
tions regarding  the  effect  on  elastic  limit  and  yield  point 
of  repeated  application  of  loading  similar  to  those  made 
on  steel  and  wrought  iron.  The  grade  of  brass  used  in  his 
tests  was  called  **  red  brass.*' 

With  the  exception  of  one  case  of  brass  the  elastic  limit 
ind  the  yield  point  were  both  materially  elevated  by 
•epeated  application  of  loading,  whether  the  repetition  was 
nade  without  a  period  of  rest  between  two  consecutive 
pplications  or  not.  Some  repetitions  were  made  immedi- 
tely  and  some  after  periods  of  17^  to  53  hours  of  rest. 

The  effect  on  the  modulus  of  elasticity  was  small  and 
regular,  i.e.,  in  some  cases  there  was  a  small  increase  and 


in  others  a  small  decrease  and  in  some  cases  no  maierial 
change. 

Art.  60. — Cement,  Cement  Mortars,  etc. — Brick. 

The  ultimate  tensile  resistance  of  cements  and  cement 
mortars  depends  upon  many  conditions.  The  two  gital 
divisions  of  cements,  i.e.,  natural  and  Portland,  possess  very 
different  ultimate  resistances  whether  neat  or  mixed  wilh 
sand,  the  latter  being  much  the  stronger.  With  given 
proportions  of  sand  or  neat,  the  ultimate  resistances  d 
cement  mortar  or  cement  will  vary  with  the  amount  of  water, 
used  in  tempering  and  with  the  pressure  under  which  Uit 
moulds  are  filled.  Again,  the  cliaracter  of  llie  sand  used 
will  obviously  influence  largely  the  tensile  resistance  of  ihe 
mortar  produced,  and  not  only  the  degree  of  clcanlintss, 
but  the  size  of  grain  and  the  variety  of  sizes  are  elements 
which  must  be  considered.  It  has  also  been  maintained  by 
some  that  sihca-sand  will  give  better  results,  other  tilings 
being  equal,  than  other  sand.  Finally,  the  shape  of 
briquette  used  will  affect  the  results  to  some  extent.  Fig. '. 
on  page  3  70,  shows  the  form  of  briquette  recnmmended  by  the 
Committee  of  the  American  Society  of  Civil  Engineers,  ani3 
it  is  the  form  generally  used  in  American  practice.  It  ^ 
foreign  to  the  purpose  of  this  work  to  enter  into  the  consider- 
ation of  all  these  influences;  they  arc  only  mentioned  W 
enable  the  few  typical  experimental  results  which  loUo* 
to  be  interpreted  properly. 

As  the  fineness  of  grinding  is  an  important  quality  of* 
cement,  it  is  usually  noted  by  stating  the  jiercenlage  m 
weight  of  the  cement  which  either  passes  through  or  is 
retained  uj)on  a  sieve  having  a  stated  number  of  meshes 
per  linear  inch,  which  number  squared  gives  the  number 
of  meshes  per  square  inch.     The  sizes  of  the  grains  of, 


.  6o.l  CEMENT,  CEMENT  MORTARS,  ETC— BRICK.  363 

id  are  graded  in  the  same  way.  The  "  No/'  of  a  sieve 
which  reference  rtiay  be  made  in  what  follows  indicates, 
erefore,  the  number  of  meshes  per  linear  inch. 

Modulus  of  Elasticity, 

In  consequence  of  the  fact  that  cement,  mortars,  and 
mcrete  begin  to  exhibit  permanent  stretch  at  compara- 
veXy  low  tensile  stresses  there  is  a  little  uncertainty  as  to 
le  value  of  the  modulus  of  elasticity  unless  distinct  state- 
ent  is  made  of  the  intensities  of  stress  at  which  those 
dues  are  obtained,  and  whether  the  total  stretch  is 
sed  or  that  total  less  the  permanent  set.  It  is  not  possible 
)  make  such  statement  in  connection  with  all  the  values 
hich  follow,  except  that  they  have  been  reached  at  low 
itensities  of  stress  unless  otherwise  stated,  and  with 
longations  which  may  be  considered  wholly  elastic.  Al- 
hough  cement  mortars  and  concrete  do  not  exhibit  a  per- 
ectly  elastic  behavior  their  stress-strain  lines  for  intensities 
>f  stress  even  exceeding  those  used  in  practice  are  essentially 
straight  and,  on  the  whole,  exhibit  elastic  properties  at 
east  equal  to  those  of  cast  iron. 

Comparatively  few  tests  have  been  made  to  determine 
either  the  tensile  or  compressive  modulus  of  elasticity  of 
cement,  mortar  and  concrete,  although  that  quantity  is  a 
roost  important  element  in  the  theory  and  design  of  much 
concrete  work  and  reinforced  concrete  members.  Mr.  W.  H. 
Henby  of  St.  Louis,  made  a  number  of  determinations  of 
the  tensile  modulus  of  elasticity  of  Portland  cement  con- 
crete of  1-2-4,  i~2-S,  1-3-6,  and  1-4-8  mixtures  and  gave 
the  results  in  a  paper  read  before  the  Engineers  Club  of 
St.  Louis  in  1900.  He  obtained  values  varying  from  less 
tiian  2,000,000  to  8,360,000.  Other  tests,  however,  indi- 
cate that  values  above  perhaps  3,000,000  should  not  be 
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used.     While  higher  values  of  the  modulus  of  elasticity  for 
rich  mixtures  of  concrete  may  exist,  the  more  important 
considerations  of  design  usually  bear  upon  work  in  whidi   , 
concrete  must  take  serious  loading  when  less  than  thirty 
days  of  age. 

For  all  these  reasons  it  will  seldom  be  advisable  to  take 
the  modulus  of  elasticity  of  even  as  rich  a  mixture  as  i 
cement,  2  sand,  and  4  broken  stone  higher  than  about 
2,500,000,  and  it  will  be  seen  later  that  in  concrete  steel 
work  where  portions  of  a  structure  are  liable  to  be  loaded 
to  a  material  extent  within  a  comparatively  short  time 
after  removal  of  the  forms,  it  is  the  usual  practice  to  consider 
the  modulus  as  having  a  value  of  2,000,000  only.  These 
considerations  are  confirmed  by  the  results  of  tests  given 
below. 

Professor  W.  Kendrick  Hatt,  of  Purdue  University, 
in  a  paper  read  before  the  American  Section  of  the  Inter- 
national Association  for  Testing  Materials,  at  its  con- 
vention, 1902,  gave  the  following  values  for  the  tenale* 
coefficient  of  claslicitv  and  ultimate  tensile  resistances  of 
Portland  ccnient  concrete  composed  of  i  cement,  2  sand, 
and  4  broken  stone  at  the  ages  of  25,  26,  28,  and  33  days: 


Maximum 
AvcTa^.',o.  . 
Minimum. 


CfM-tricicnt  of  Elasticity, 
Lbs.  per  Sq.  in. 


2,70O,(X)O 

2,100,000 
1 ,400,000 


Ultimate  Tenal* 

Resifltancc, 
Lbs.  per  Sq.  Is* 


360 
311 
280 


It  will  be  found  in  discussing  the  compressive  moduli 
of  elasticity  that  both  moduli  probably  acquire  nearly 
their  full  value  in  about  three  months*  time.  It  wou^^ 
appear  that  moduli  do  not  increase  in  value  with  the  lap^ 
of  time  to  the  same  extent  as  the  ultimate   resistance  ^^ 
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xmipression,  although  conclusive  data  as  to  this  point  are 
aot  complete. 

Such  tests  as  have  been  made  show  that  the  modulus 
)f  elasticity  in  tension  or  compression  for  cinder  concrete 
should  not  be  taken  higher  than  about  1,250,000  for  1-2-5 
nixtures.  Some  tests  show  somewhat  lower  values  and 
)thers  values  running  over  2,000,000,  but  the  latter  results 
ire  too  high  for  cinder  concrete  as  ordinarily  made  and 
put  in  place. 

Ultimate  Resistance, 

The  ultimate  resistances  of  neat  Portland  cement  and 
mortar  made  with  the  same  cement  have  been  somewhat 
increased  within  the  past  half  dozen  years;   but,  upon  the 
whole,   those    resistances    as    exhibited   in    the    following 
tables  are  fairly  representative  of  the  best  grades  of  cement 
used  at  the  present  time  (191 5).     The  conditions  of  manu- 
facture are  now  so  well  controlled  that  a  high  7 -day  or 
28-day  test  cement  may  readily  be  produced;    but  that 
is  not  always  desirable;    the  main  purpose  in  masonry 
construction  being  rather  the  attainment  of  an  ultimate 
resistance  possibly  less  high  under  a  short-time  test  but 
which  continues  to  increase  indefinitely.     A  cement  show- 
ing a  high  ultimate  resistance  on  a  short-time  test  may  not 
continue  to  increase  its  ultimate  resistance  satisfactorily, 
or  that  resistance  may  even  recede  for  a  time. 

The  following  tabular  statement  is  of  interest  and  value 
as  indicating  the  character  of  the  cement  used  in  the  con- 
struction of  the  first  subway  for  the  Rapid  Transit  Railroad 
in  the  City  of  New  York.  It  will  be  observed  that  the 
ultimate  resistances  of  both  the  neat  cement  and  the  mix- 
ture of  I  cement,  2  sand,  are  practically  as  found  a  dozen 
years  later.  The  number  of  briquettes  broken  during  the 
years  iqoo  and  1901  was  over  18,000.     The  average    ulti- 
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mate  tensile  resistances  in  pounds  per  square  inch  found 
by  that  series  of  tests  of  both  Portland  and  natural  cements, 
as  given  in   the  report   of  the  Chief   Engineer,   are  the 
following : 

Year. 

Neiit  Cement. 

SMdi,  Cemeoli'     | 

I  Day. 

,Dayi 

3B  D.yi. 

7D»yi 

>iD>n. 

Portland: 

Average  result 

Average  r^ult .  .    ... 

1900 

1901 

339 

150 

55a 
645 
400 

172 

714 

249 

322 

276 
380 

118 
218 

4M 
52s 
300 

215 

150 

Natural: 

Average  result   

Average  result 

1900 
1901 

*  For  natuial  cement  ■  i  cement  i  und  mortni  wu  utcd. 

The  results  for  the  natural  cement  are  of  interest,  as 
that  material  has  at  present  (1915)  practically  disappeared 
from  use  in  consequence  of  the  low  prices  for  which  Portlawl 
can  be  produced. 

Table  I  exhibits  the  results  of  tests   of  briquettes  of 
different  brands  of  domestic  Portland  cement  as  made  in 
the  testing  laboratory  of  the  Bureau  of  Surveys  of  the 
Department  of  Public    Works    of   Philadelphia.    Pa.,  for 
the  year  1912.    This  table  gives  the  fineness  of  the  cement* 
in  terms  of  the  percentages  by  weight  which  were  retained 
on  sieves  with  2500,  10,000  and  40,000  meshes  per  squart 
inch;  it  also  shows  the    amount  of   water  used  for  the 
different  mixtures,  as  well  as  the  specific  gravities  of  iJw 
material.     It  will  be  observed  that  the  briquettes  were  maffc 
of  neat  cement  and  of  mortar  with  a  mixture  of  i  cement 
to  3  sand.     The  results,  therefore,  show  the  efTcct  of  the 
presence  of  sand  on  the  ultimate  tensile  resistance  of  tl»c 
matrix.     The  periods  at  which  the  briquettes  were  testgd-j 
are  the  standard  24  hours.  7  days  and  28  days.                ^H 
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Table  I. 
tesults  of  Tests  of  Portland  Cement  Made  during  191a— Phila.,  Pa. 


Plnen™ini«r 

Tensile  atrenHth  in  pauodi 
per  square  incfi. 

^1 

Ij 

•5^ 

N«t 

ij 

if 

No. 

No. 

No,        II 

^1 

£ 

Bo 

S* 

as 

z 

=& 

£ 

hri. 

dk 

■if. 

dyi. 

dyl 

, 

816 

oT 

56 

'9  7 

3- 174 

30   0 

377 

731 

797 

379 

499 

500 

S 

235 

3 

161 

19.9 

399 

701 

770 

367 

450 

,,.- 

168 

J3  2 

3 

151 

19 

8 

480 

656 

741 

348 

430 

388 

4 

20.5 

3 

130 

3 

434 

710 

741 

384 

468 

58a 

3 

17.8 

3 

6 

434 

767 

S30 

376 

450 

532 

20  9 

3 

106 

6 

308 

704 

718 

370 

436 

630 

7 

18.9 

3 

114 

23 

261 

598 

670 

334 

41a 

28 

3 

22.8 

3 

563 

673 

7Si 

366 

398 

2,026 

3 

19-4 

3 

173 

363 

752 

812 

410 

498 

1,956 

9 

[6.8 

3 

'5' 

6 

+53 

77fi 

830 

403 

467 

38 

4 

3 

138 

497 

727 

Sia 

393 

445 

43 

3 

3 

31.8 

3 

082 

23 

3 

355 

644 

674 

3*8 

439 

5U 

8 

23  2 

3 

'56 

446 

686 

735 

373 

475 

57* 

0 

3 

146 

7 

37* 

670 

733 

364 

456 

1.984 

3 

127 

'9 

9 

277 

706 

801 

3*7 

436 

5 

21.7 

3 

165 

267 

717 

746 

376 

467 

".'.'.\   1,162 

0.0  1 J  5 

3   '55 

30,0 

4^9  1  713 

759 

389 

477 

le  II  shows  the  maximum,  mean  and  minimum 
of  the  tests  of  briquettes  of  various  brands  used  by 
Lrd  of  Water  Supply  of  the  City  of  New  York  during 
During  the  past  few  years  American  Portland  cement 
n  improved  in  uniformity  of  quality  and  fineness  of 
g.  These  tests,  therefore,  show  the  latest  results 
best  practice  in  cement  production  and  use.  The 
ed  values  show  the  variations  occurring  in  systematic 
of  large  quantities  of  cements  at  7-day  and  28-day 
The  results  are  all  in  pounds  per  square  inch  and 
nged,  as  is  evident,  that  in  each  vertical  group  of 
1  each  column  the  highest  value  is  the  maximum  and 
/est,  the  minimum,  the  mean  occupyiHg  the  middle 
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lavn. 


Brand. 


Alpha 


Alsen 


Atlas 


Saylor's. 


Approx. 
Bbls. 


170,000 


324,000 


520,000 


45.000 


No. 
Briquettes. 


852 
1620 
2790 

243 


Neat 

Lbs.  per  Sq.  In. 


7  Day. 


28  Day. 


866 
700 
572 
744 
615 
453 
755 
643 
549 
815 
714 
669 


857 
716 
601 
864 

747 
650 

785 
662 

575 
883 

773 
694 


I  c.  jOtUwaStoi 
LIm.  per  Sq.  Io. 


7  Day. 


320 
285 
246 

263 
192 

147 

324 
279 

221 

265 

247 
208 


28  Day. 


458 

336 
360 

y» 

219 

414 
356 
279 

354 

3» 


The  large  quantities  of  cement  used  with  the  corre- 
sponding large  number  of  briquettes  tested  give  the  Table 
special  value  and  interest.  The  Ottawa  sand  is  the 
standard  silica  sand  of  that  name  so  extensively  used  in 
cement  mortar  testing. 

The  preceding  tabular  results  give  ultimate  tensile  re- 
sistances for  periods  no  longer  than  28  days,  but  both  neat 
cement  and  cement  mortars  go  on  acquiring  additional 
resistance  for  long  periods,  although  at  slow  rates  after  a 
period  of  28  days;  indeed,  it  may  be  stated  without  ex- 
aggeration generally  after  a  period  of  only  7  days.  Table 
III  therefore  is  used  to  show  the  increase  of  ultimate  resist- 
ance up  to  a  period  of  six  months.  The  results  of  this  tabl< 
are  taken  from  the  Annual  Report  of  the  Bureau  of  Survey: 
of  Philadelphia,  Pa.,  for  the  year  1901,  It  will  be  observer 
that  the  values  arc  not  greatly  different  from  those  give 
in  Table  I  at  a  date  10  years  later.  In  fact,  the  earlic 
values  are  a  little  higher  than  the  later,  showing  the  tei 
dency  to  secure  a  higher  degree  of  jx^rmanency  in  the  settin 
of  the  cement  rather  than  higher  ultimate  tensile  resistance 
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.     Table    III. 

AVERAGE  RESULTS  OF  PORTLAND  CEMENT  TESTS  MADE 

DURING  190L 


Birand. 


Alpha.... 
Atlas. . .  . , 
♦Castle.. 
Dexter. . . 
Giant. . . . 
Kiause's. . 
Lehigh. . . 
Phamx. . 
Reading.. . 
Saylor's.  . 

Star. 

Vnlouiite. 
Whitehall. 


Ultimate  Tensile  Resistance  in  Pounds  per  Square  Inch. 


Neat. 


24  Hrs. 

7  Days. 

38  Dys. 

3  Mos. 

3  Mos. 

4  Mos. 

357 

770 

834 

885 

813 

785 

542 

728 

790 

802 

761 

815 

235 

336 

387 

443 

363 

826 

932 

778 

424 

669 

719 

713 

745 

776 

418 

830 

864 

775 

377 

699 

747 

684 

735 

774 

345 

721 

7^3 

460 

800 

955 

775 

295 

697 

766 

756 

766 

733 

437 

721 

746 

731 

715 

727 

290 

748 

767 

707 

807 

710 

524 

713 

765 

788 

796 

775 

6  Mos. 

827 
825 


786 
760 

745 
740 


Brand. 


Alpha 

Atlas. ...  . 

♦Castle. . 

Dexter. . . 

Giant.  . . . 

Krause's. . 

lehigh. . . 
Phoraiz. . . 
Reading. . 
Saylor's.  . 

Star 

Vulcamte. 
HlutehalL 


No.  of 
Tests. 


Ultimate  Tensile  Resistance  in  Pounds  per  Sqtiare  Inch. 


I  to  3  Standard  Quartz  Sand. 


24  Hrs. 

7  Days. 

28  Dys. 

2  Mos. 

3  Mos. 

4  Mos. 

81 

252 

3H 

344 

312 

302 

104 

204 

289 

324 

321 

337 

65 

121 

176 

215 

68 

298 

336 

312 

87 

227 

309 

328 

317 

328 

74 

229 

285 

270 

76 

233 

329 

296 

310 

303 

94 

264 

343 

150 

263 

301 

338 

64 

217 

296 

319 

301 

311 

77 

219 

298 

321 

301 

2«6 

45 

226 

287 

269 

298 

280 

87 

232 

313 

295 

295 

343 

6  Mos. 

262 
308 


329 


325 


286 
330 


S70 
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During  the  construction  of  a  number  of  dams  in  the 
Croton  basin  supplying  the  water  works  of  the  City  of  New 
York,  briquettes  of  neat  cement  and  of  mortar  i  to  a  and 
I  to  3  were  tested  after  periods  beginning  with  one  week 
and  extending  up  to  five  years.  There  was  a  continuous 
increase  of  ultimate  resistance  throughout  the  entire  period, 
although  at  a  very  slow  rate  after  about  six  months.  At 
the  end  of  five  years  the  neat  Portland  cement  attained 
an  ultimate  resistance  of  840  pounds  per  square  inch  and 
the  I  to  2  mortar,  700  pounds  per  square  inch,  while 
I  to  3  mortar  reached  590  pounds  per  square  inch. 

Other  tests  of  briquettes  up  to  two  years  of  age  and 
more  confirm  the  preceding  results. 

The  recent  cement  product,  called  silica-Portland 
cement,  is  manufactured  by  grinding  together  certain 
portions  of  clean  silicious  sand  and  Portland  cement 
The  results  given  below  are  taken  from  the  tests  of  such 
silica- Portland  cement,  manufactured  by  the  Silica-Port- 
land Cement  Co.,  of  Long  Island  City,  N.  Y.  One  part, 
by  weight,  of  Aalburg  Portland  cement  was  ground  lo- 

'Table  IV.. 


VKi 

SI  Lie  A  PORTLAND  CEMENT. 

natr  T..<i«lo  RosisiBncc  in  Pounds  per  Squim  Inch. 

PrrCtnl 
ot  WaliT 

Ag.. 

Mimure. 

tJy" 

D.yt- 

D^w"™' 

"ST 

11% 

(    58 

(  >7i 
6^.65 

(«47 

(166 

i  114 

1    88 

{l-«)s.C-aq.. 

All  spectmens  one  day  in  air  and  remainder  in  water. 
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:her  with  six  parts,  by  weight,  of  clean  silicious  sand 
such  a  degree  of  fineness  that  essentially  all  of  the 
duct  passed  through  a  3 2, coo-mesh  sieve.  This  finely 
iimd  mixture  of  i  cement  to  6  sand,  by  weight,  is  called 
eat"  in  what  follows,  while  **  (1-6)  s.  c.-2  q/'  is  i  part,  by 
ight,  of  the  **neat"  silica-Portland  cement  to  2  parts,  by 
ight,  of  crushed  quartz,  or  ** standard"  sand,  all  of  which 
ises  a  No.  20  sieve  and  is  retained  on  a  No.  30  sieve.  The 
ults  were  obtained  in  the  cement-testing  laboratory  of 
5  department  of  civil  engineering  of  Columbia  University, 
e  figures  on  the  left  of  the  brackets  show  the  ntimber  of 
ts  of  which  the  ultimate  resistances  are  the  greatest, 
lan,  and  least  in  each  case. 

Five  seven-day  tests  of  the  Aalborg  Portland  cement 
ed  in  the  manufacture  of  the  siUca-Portland  cement 
ve  the  following  greatest,  mean,  and  least  ultimate 
nsile  resistances,  the  specimens  having  been  one  day  in 
r  and  six  days  in  water : 

Greatest.  Mean.  Least. 

594  lbs.  per  sq.  in.  536  lbs.  per  sq.  in.  441  lbs.  per  sq.  in. 

Four  specimens  of  the  neat  silica-Portland  cement  (1-6), 
ne  day  in  air  and  the  remainder  of  the  time  in  water, 
;ave  the  following  results : 

Age. 
f  308  lbs.  per  sq.  in 199  days. 

Neat(i-6) \^^^       ''         "      '^o    " 

I  294       '*         "      189     " 

L260       "         "      185    " 

All  the  preceding  tensile  tests  of  cement  and  cement 
"iortars,  unless  otherwise  stated,  were  made  with  the  shape 
of  briquette  shown  in  Fig.  i ,  which  was  recommended  for 
^se  m  the  report  of  the  **  Committee  on  a  Uniform  System 
for  Tests  of  Cement  "  of  the  American  Society  of  Civil 
Engineers.    That  report  was  made  in  191 2,  and  the  bri- 
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quette  recommended  has  became  the  standard  in  American 
practice  for  the  testing  of  cements  and  mortars. 


Fig.  I. 


Weight  of  Concrete. 

As  concrete  is  frequently  used  in  masses  where  weigW 
is  an  important  element,  it  is  always  desirable  to  use  an 
aggregate  of  high  specific  gravity.  Concrete  when  made  of 
cement,  sand  and  silicious  gravel  or  broken  limestone,  trap- 
rock  or  granitic  rock  in  such  mixtures  as  are  commonly 
employed,  will  weigh  from  140  to  155  potinds'per  cubic  foot 
with  the  greater  part  running  from  145  to  150  pounds  per 
cubic  foot. 

The  weight  of  cinder  concrete  will  necessarily  vary  much 
with  the  character  of  the  cinders.  It  may  usually  be  taken 
as  weighing  about  two-thirds  as  much  as  ordinary  concretfi 


Art.  60.         CEMENT,  CEMENT  MORTARS,  ETC— BRICK.  373 

niade  with  gravel  or  broken  stone,  i.e.,  from  100  to  no 
pounds  per  cubic  foot. 

Adhesion  between  Bricks  and  Cement  Mortar. 

General  Q.  A.  Gillmore  many  years  ago  investigated 
the  adhesion  of  bricks  to  the  cement  mortar  joint  between 
-hem  and  also  the  adhesion  of  fine-cut  granite  to  a  similar 
joint.  As  might  be  expected  in  connection  with  such  tests 
lis  results  varied  greatly,  the  highest  belonging  to  a  rich 
i^ement  mortar  and  the  lowest  to  the  lean  mortar  of  i 
i^ement  to  6  sand.  He  found  the  adhesion  to  vary  from 
ibout  31  potinds  per  square  inch  for  neat  cement  to  brick 
to  nearly  3.3  potinds  per  square  inch  for  a  lean  mortar  of 
I  cement  to  6  sand.  With  fine-cut  granite  the  adhesion 
for  neat  cement  was  27.5  jx^unds  per  square  inch  and  for 
cement  mortar  of  i  cement  to  4  sand  about  8  pounds  per 
square  inch.  It  is  highly  probable  that  the  actual  adhesion 
of  bricks  and  cut  stone  to  the  usual  joints  made  of  i  cement 
to  2  sand  or  i  cement  to  3  sand  would  be  materially  less 
in  a  mass  of  masonry  than  as  arranged  for  a  laboratory 
test.  Nevertheless  these  early  investigations  would  indi- 
cate that  such  joints  might  be  worth  from  8  to  12  pounds 
per  square  inch  for  bricks  and  but  little  different  for 
granite. 

Mr.  Emil  Kuichling  prepared  a  paper  in  1888  from  all 
available  sources  for  the  purpose  of  disclosing  what  all 
experimental  investigation  had  determined  up  to  that  time. 
These  results  indicated  that  neat  cement  might  give  ad- 
hesion to  bricks* or  cut  stone  varying  from  about  20  pounds 
ip  to  over  200  pounds  per  square  inch,  with  values  from 
19  pounds  up  to  146  pounds  per  square  inch  for  mortar  of 
cement  to  i  sand;  and  38  pounds  to  73  pounds  per  square 
ich  for  a  mortar  of  i  cement  to  2  sand.  Further,  accord- 
ig  to  his  table  a  mortar  of    i  cement  to  3  sand  would 


374 


TENSION. 


ich.m 


yield  adhesion  from  1 3  pounds  up  to  48  pounds  per  square 
inch  and  but  httle  less  for  a  mortar  of  i  cement  to  4  sand. 
Nearly  all  these  results,  however,  are  undoubtedly  too  high 
for  the  usual  masses  of  masonry  in  engineering  construction. 

Other  experimental  determinations  of  the  atiliesive 
resistance  of  natural  and  Portland  cement  mortars  to 
brick  and  stone  may  be  found  in  the  report  of  the  Chief  of 
Engineers,  U.  S.  A.,  for  1895.  At  the  age  of  28  days 
the  adhesive  resistance  of  neat  Portland  cement  to  the 
surface  of  sawn  limestone  was  about  270  pounds  per  square 
inch;  about  240  pounds  per  square  inch  with  a  mortar  of 
I  cement  to  i  sand;  about  225  pounds  per  square  inch 
with  a  mortar  of  i  cement  to  i  sand,  and  about  1 70  pounds 
per  square  inch  with  a  mortar  of  i  cement  to  2  sand. 

Table  V  exhibits  the  average  results  tif  three  and  six 
months'  tests  of  the  adhesion  of  Portland  and  natural 
cement  mortars  to  bricks  which  were  cemented  to  each 
other  at  right  angles  and  then  pulled  apart  normally  at  the 
ends  of  the  periods  named.  Tliese  average  results  aK 
taken  from  the  same  report  of  the  Cliief  of  Engmeers, 
U.  S.  A.,  for  1895. 

Table  V. 


Cement. 

Moittr 

Adhniin. 

«l»ch. 

Portland 

Neat 

60 

I  c,  J  a. 

60 

.. 

■       I  C.    I  s. 
1  C,  as. 

40 

Natural 

I  c.  3  s. 
Nent 

t  e.',  IS. 

SO 

4.1 
.VI 
'5 
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[re  will  also  be  found  in  that  report  average  values 
shearing  adhesion  of  plain  i-inch  round  bolts  to  neat 
id  cement  and  to  Portland  cement  mortars  of  i 
!s  age,  the  bolts  having  been  embedded  at  various 
from  2  to  10  inches  in  the  mortars.  The  shearing 
m  for  the  neat  cement  varied  from  a  maximum 
pounds  per  square  inch  for  a  depth  of  insertion  of  4 
down  to  23P  pounds  per  square  inch  for  a  depth  of 
in  of  about  8J  inches.  In  the  case  of  the  Portland 
I  mortar  of  i  cement  to  2  sand  the  shearing  adhesion 
btrni  a  maximum  of  280  pounds  j-ier  square  inch  for  a 
of  insertion  of  the  bolt  of  24  inches  down  to  250 
I  per  square  inch  for  a  depth  of  insertion  of  about 
les.  When  the  bolt  was  embedded  in  the  Portland 
t  mortar  of  i  cement  to  4  sand  the  shearing  adhesion 
I  from  a  maximum  of  about  145  pounds  per  square 
B"  a  depth  of  insertion  of  10  inches  to  a  minimum  of 
170  pounds  per  square  inch  for  a  depth  of  insertion 
tches.  These  values  of  shearing  adhesion  are  impor- 
iesults  in  the  theory  and    design  of  concrete-steel 

■  Effect  of  Freezing  Cements  and  Cement  Mortars. 
icre  have  been  many  attempts  made  to  determine  the 
,of  freezing  neat  cements  and  cement  mortars  after 
'^  been  mixed  for  use  at  various  ages  and  under 
^  conditions.  Some  valuable  data  have  been  ac- 
lated.  but  the  conditions  attending  such  investiga- 
iare  so  complicated  and  so  difficult  to  be  analyzed 
itatively  that  many  most  discordant  conclusions  have 
peached.  Diflerent  results  will  follow  if  the  freezing 
>e  immediately  after  the  mixing  of  the  cement  or 
f.  or  after  the  initial  set  has  taken  place,  or  after  the 
Icrable  hardening  which  takes  place  at  the  age  of 
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12  to  24  hours.  Probably  the  best  data  in  this  connection 
arise  from  an  engineer's  practical  experience  in  hying 
masonry  when  the  temperature  of  the  air  is  below  the 
freezing-point.  Under  such  circumstances  it  is  rardy 
the  case  that  anything  more  than  surface  freezing  lakes 
place  before  the  hardening  of  Portland  cement.  With  the 
slower  action  of  the  natural  cements  similar  conditions  i 
not  exist.  It  is  undoubtedly  prejudicial  even  with  Port- 
land cements  to  have  alternate  freezing  and  thawing  take 
place  at  comparatively  short  intervals  of  time.  On  the 
other  hand,  the  great  majority  of  laboratory'  investigations 
indicate  that  Portland  cement  -or  cement  mortars  may  be 
severely  frozen  and  remain  so  for  long  periods  of  time 
without  essential  injury.  It  is  probable  that  setting  usuattf 
proceeds  during  a  frozen  condition,  but  at  an  ex« 
slow  rate,  and  that  the  operation  of  setting  is  i 
renewed  after  thawing. 

WTiile  it  has  been  stated  in  some  quarters  that  natu 
cements  may   be    frozen   similarly   and   thawed   with 
essential  injury,  there  is  considerable  laboratory  ( 
as  well  as  that  of  practice  which  indicates  that  c 
to  be  erroneous,  especially  if  it  be  given  any  consi 
application.     There  may  be  cases  in  which  natural  c 
can  be  or  have  been  frozen  without  essential  injury, ' 
the  author's  experience  in  extended  practical  operatJM 
masonry  construction   induces   him  to  believe 
natural  cement  severely  frozen  before  being  thorc 
hardened  is  so  seriously  injured  as  to  be  pi 
stroyed.     On  the  other  hand,  his  extended  obsen 
not  only  on  his  own  work,  but  on  those  of  others,  '. 
to  believe  that,  as  a  rule,  Portland  cement  vnH  1 
sensibly  injured  under  the  conditions  of  actual  1 
construction  by  being  frozen.     It  is  customary 
large  works  to  permit  no  masonry  to  be  laid  at  a  tempi 
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ire  much  below  about  26®  Fahr.  above  zero,  but  with 
recautions  easily  attained  it  is  certain  that  concrete  and 
»ther  masonry  laid  in  Portland  cement  mortar  may  prop- 
irly  and  safely  be  put  in  place  several  degrees  below  that 
:emperature. 

It  has  also  been  stated  in  some  quarters  that  natural 
cements  and  some  Portlands  have  been  actually  improved 
by  being  frozen.  Such  conclusions  should  be  received  with 
exceeding  caution.  The  author  believes  that  there  is  no 
condusive  evidence  that  any  cement  or  cement  mortar  can 
\)e  improved  by  freezing. 

In  cold  weather  it  is  customary  on  some  works  to  use 
salt  water  for  mixing  mortars  and  concretes,  and  that 
practice  when  suitably  conducted  may  be  resorted  to  with 
safety  and  propriety.  Such  solutions  generally  run  from 
2  to  8  or  ID  per  cent,  by  weight  of  salt.  Occasionally,  also, 
soda  is  dissolved  in  water  at  the  rate  of  2  pounds  per  gal- 
lon. Before  using  this  solution  an  equal  volume  of  water 
is  added  so  that  the  final  solution  contains  about  i  potmd 
of  soda  to  a  gallon  of  water.  This  solution  expedites 
the  setting  of  the  cement  with  a  view  to  accomplishing 
a  safe  degree  of  hardening  before  the  mortar  is  frozen. 
It  is  doubtful  whether  this  practice  should  be  encouraged. 

The  Linear  Thermal  Expansion  and  Contraction  of 

Concrete  and  Stone. 

Satisfactory  investigations  regarding  the  expansion  and 
contraction  of  concrete  and  stone  are  exceedingly  few  in 
ntimber,  and  the  data  by  which  variations  in  the  dimen- 
Bons  of  large  masses  of  masonry  due  to  temperature  changes 
[can  be  computed  are  correspondingly  meagre.  Professor 
Waiiam  D.  Pence,  of  Purdue  University,  has  made  such 
inx'estigations  and  presented  the  results  in  a  valuable 
paper    read   before   the    Western    Society    of    Engineers, 
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November  20,  1901.  In  his  experimental  work  he  com- 
pared the  thermal  linear  changes  of  concrete  bars  and  bars 
of  steel  and  copper,  basing  the  coefficients  of  expansion  of 
the  concrete  and  mortar  on  the  relative  changes  of  the 
two  materials  for  the  same  range  of  temperature.  These 
experiments  were  conducted  with  great  care,  but  the 
resulting  values  might  perhaps  have  been  at  least  better 
defined  had  two  materials  been  employed  with  a  greater 
difference  in  their  rates  of  thermal  expansion  and  contrac- 
tion. Professor  Pence  employed  two  kinds  of  concrete  and 
one  bar  of  Kankakee  limestone,  seven  experiments  having 
been  performed  on  a  concrete  of  i  Portland  cement,  2  sand, 
and  4  broken  stone ;  one  on  a  concrete  of  i  Portland  cement, 
2  sand,  and  4  gravel ;  and  three  on  a  concrete  composed  of  i 
cement  and  5  of  sand  and  gravel,  making  the  mixture 
essentially  equivalent  to  the  preceding  concrete  of  i  cement, 
2  sand,  and  4  gravel.  The  maximum,  mean,  and  minimum 
coefficients  of  linear  expansion  per  degree  Fahr.  found  in 
these  tests  were  as  follows: 


Kind  n{  C<»ncrotc. 

Broken  stone,    1:2:4 

Gravel,    1:2:4 

Gravel,   I  :  5 

Kankakee  limestone 


Maximum. 

Mean. 

Minimum. 

.0000057 

.0000055 
.0000054 
.0000053 
.0000056 

.0000052 

.0000055 

.0000052 

Between  January  and  June,  1902,  Messrs.  J.  G.  Rae 
and  R.  E.  Dougherty,  graduating  students  in  Civil  Engineer- 
ing at  Columbia  University,  with  the  aid  of  Professor 
Hallock  of  the  Department  of  Physics  of  the  same  university, 
determined  with  great  care  by  the  most  accurate  dired 
measurements  the  coefficients  of  linear  thermal  expansior 
of  one  bar  of  concrete  of  i  Portland  cement,  3  sand  and  ; 
gravel,  and  one  bar  of  mortar  of  i  Portland  cement  and 
sand,  each  bar  being  4  inches  by  4  inches  in  cross-sectioi 
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compressive  and  bending  resistances  will  be  fully  set  forth 
in  the  articles  devoted  to  timber  in  compression  and  bending. 

There  are  few  results  of  investigations  which  give  satis- 
factory moduli  of  elasticity  for  timber  in  tension.  Values 
are  given  in  the  annual  **  U.  S.  Report  of  Tests  of  Metals 
and  Other  Materials/'  but  these  results  are  generally  for 
small  selected  sticks  which  are  quite  different  from  com- 
mercial sizes  of  lumber  as  generally  used.  Some  of  these 
moduli  run  up  to  nearly  3,000,000,  which  is  much  too  high  for 
any  ordinary  commercial  timber  as  used  in  structural  work. 

In  *'  Tests  of  Structural  Timbers,"  by  McGarvey  Cline, 
Director  of  Forest  Products  Laboratory,  and  A.  L.  Heim, 
Engineer  of  Forest  Products,  issued  as  Bulletin  108  of  the 
U.  S.  Department  of  Agriculture,  191 2,  a  large  number  of 
determinations  are  made  of  ultimate  resistance,  elastic  limit 
and  modulus  of  elasticity  for  commercial  sizes  of  lumber 
of  nine   different   kinds  of  generally  used   timber.     The 
moduli  of  elasticity,  however,  are  determined  from  bending 
tests,  which  makes  them  a  kind  of  composite  of  both  tension 
and  compression  values.     The  results  found,  however,  are 
among  the  best  available. 

The  following  tabular  statement  gives  the  moduli  foi 
green  and  air-seasoned  structural  sizes: 


Table   I. 


T>onR-lcaf  Pine  .  . 

DouKlas  Fir 

Slujrt-l(.'af  Pine  .  . 
Wo"=tem  Larch.  .  . 
Loblolly  Pine.  .  .  . 

Tamarack 

Western  Hemlock 

Red  Woo.l 

Norway  Pine .  .  .  . 


1.463,000 
1,517.000 
1,473,000 
1,301,000 
1,387,000 
1,220,000 
1.445.000 
1,042,000 
1,133.000 


Air-seasoned 


1,705,000 
1,549.000 
1,726.000 
1487,000 
1,487,000 
1,341.000 
1,737.000 
890,000 
1,418,000 


Wt.  per 

cu.  fl. 

oven-dry 

35 

28 

30 

28 

31 
30 

27 
22 

25 
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It  will  be  noticed  that  redwood  gives  the  lowest 
xlulus  of  elasticity  and  Norway  pine  next  above  it 
}ept  the  value  for  air-seasoned  tamarack.  Lrong-leaf 
le,  short-leaf   pine,  and    Douglas   fir    give    nearly    the 

ne  results. 

In  determinrng  the  tensile  resistance,  and,  indeed,  other 
istances  of  timber,  the  size  of  the  specimen  plays  a 
re  important  part,  probably,  than  in  any  other  class 
materials  used  by  the  engineer.  Small  specimens,  such 
are  usually  employed  in  tensile  tests,  are  inevitably  so 
2cted  as  to  eliminate  such  defects  as  de<:ay  and  decayed 
other  knots,  wind  shakes,  season  cracks,  and  other 
:eriorating  features,  so  that  the  results  exhibit  physical 
jperties  belonging  to  the  best  parts  of  full-size  sticks. 
engineering  practice,  on  the  other  hand,  large  pieces  of 
nber  must  be  used  as  furnished  in  the  timber  market. 
owever  close  the  inspection  may  be  such  pieces  in- 
iriably  include  within  their  volumes  many  spots  of  weak- 
ess  due  to  those  features  which  in  the  small  specimen  are 
arefully  excluded.  It  is  of  the  utmost  consequence, 
hercfore,  in  dealing  with  physical  data  belonging  to  timber 
» realize  that  results  determined  by  the  testing  of  small 
Jpedmens  are  almost  without  exception  materially  mis- 
leading in  consequence  of  reaching  higher  values  than  those 
which  can  possibly  belong  to  the  average  stick  used  in 
structural  work.  These  observations  must  be  carefully 
remembered  in  considering  the  experimental  data  which 
follow. 

While  there  exists  a  large  amount  of  data  on  the  tensile 
tests  of  timber  it  relates  largely  to  small  selected  sticks 
^  is  otherwise  scarcely  available  for  engineering  construc- 
tion. The  best  recent  data  are  given  by  Messrs.  Cline  and 
Heim  from  which  Table  I  was  taken.  On  page  s  7  of  that 
Bulletin  tabulated  data  of  a  large  ntunber  of  bending  tests 
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of  green  and  dry  structural  timbers  are  found,  the  failurei 
being  by  tension  in  the  fibres  subjected  to  that  kind  of ; 
stress.     Those  data  are  shown  in  Table  II.     The  moduha' 
of  rupture  is  simply  the  intensity  of  stress  in  the  mort 
remote  fibre  of  the  timber. 

Table   II. 


Species. 


Long-leaf  pine: 

Green 6,140 

Dry 5,749 

Douglas  fir: 

Green 5,983 

Dry 6,372 

Short-leaf  pine: 

Green 5,548 

Dry 6,573 

Western  larch: 

Green 4.948 


Average 
modulus 

of  rupture 

lbs.  per 

sq.  in. 


Modulus  of  rupture  in  per  cent,  of  average  . 
modulus  of  rupture.     First  failure  by  tenaacm  (per  ctit) 


Dry 

Loblolly  pine: 

Green 

Dry 

Tamarack: 

Green 

Dry 

Western  hemlock 

Green 

Dry 

Redwood : 

Green 

Dry 

Norway  pine: 

Green 

Dry 


5.856 

5.084 
6,118 

4.556 
5.498 

5.296 
6,420 

4.472 
3.891 

3.864 
6,054 


All 

tension 

failures. 


112 
121 

83 
82 

94 
117 

73 
no 

86 
120 

90 
106 

74 
108 

81 
80 

94 
134 


Large 
knots. 


82 
69 

76 
96 

166 
102 

73 
39 

71 


71 


77 


94 

136 


Failure  due  to 


Small 
knots. 


80 
78 

90 


77 
112 

86 


Irregu- 
lar grs. 


90 


92 


58 


77 

82 

100 
"5 

71 
103 

90 
114 

96 
112 


106 

55 
48 

73 


Pitch 
pockets 


90 


85 


Notbiv 


112 
121 

m 

109 
100 

m 

9S 
I3» 

9S 
100 

81 
119 

90 
87 

105 
1^9 


The  moduli  of  rupture  are  the  averages  of  all  failures 
whether  by  tension,  compression  or  shear,  but  the  figurei 
given  in  the  table  after  the  second  column  represent  tbc 
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percentages  of  the  average  "  green  "  moduli  of  rupture  at 
which  the  extreme  fibres  failed  in  tension  under  influence 
of  "large  knots,"  "small  knots,**  *' irregular  grain"  or 
"nothing  apparent"  as  indicated  at  the  head  of  each 
column.  Although  these  values  are  not  found  by  direct 
tests  of  tension,  they  may  be  accepted  as  fair  and  suitable 
ultimate  resistances  of  the  different  kinds  of  timber  in 
tension. 

Table  III. 


Kind  of  Timbei. 


TOte  oak 

^Trite  pine 

Southern  long-leaf  or  Georgia  yellow 

pine 

Ifeugfcw,  Oregon,  and  yellow  fir 

Washington  fir  or  pine  (red  fir) 

Northern  or  short -leaf  yellow  pine.  . .  . 

R«l  pine 

Norway  pine 

Canadian  (Ottowa)  white  pine 

Canadian  (Ontario)  red  pine 

Spruce  and  Eastern  fir 

Hemlock 

Cypress 

Cedar 

Chestnut 

Cafifomia  redwood. 

Cafifomia  spruce 


Ultimate  Resistance, 

Pounds  per 

Square  Inch. 


With 
Grain. 


10,000 
7,000 

12,000 

12,000 

10,000 

9,000 

9,000 

8,000 

10,000 

10,000 

8,000 

6,000 

6,000 

8,000 

9,000 

7,000 


Acn)ss 
Grain. 


2,000 
500 

600 


500 
500 


500 


Working  Stresses, 

Pounds  per 

Square  Inch. 


With 
Grain. 


1,000 
700 

1,200 

1,200 

1,000 

900 

900 

800 

1,000 

1,000 

800 

600 

600 

800 

900 

700 


Across 
Grain. 


200 
60 


50 
50 


50 


Reviewing  all  the  experimental  work  which  has  been 
done  up  to  the  present  time  (1902)  in  determining  the 
^timate  tensile  resistance  of  timber,  and  keeping  in  view 
experience  with  the  resistance  of  full-size  timber  sticks 
tt  completed  structures,  the  best  representative  series  of 
values  of  the  ultimate  and  working  tensile  intensities  of 
timbers   is    that    recommended    by    the    Committee    on 
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**  Strength  of  Bridge  and  Trestle  Timbers  "  of  the  Assa 
tion  of  Railway  Superintendents  of  Bridges  and  Btiildi 
at  the  Fifth  Annual  Convention  in  New  Orleans,  18 
That  series  is  given  in  Table  III. 

The  ultimate  resistances  of  the  table  are  much  1 
high  for  full  size  pieces,  but  the  working  stresses  may 
accepted  as  they  stand. 

It  will  be  noticed  that  the  ultimate  tensile  resistai 
of  the  various  timbers  across  the  grain,  so  far  as  they  i 
given,  are  but  small  fractions  of  the  ultimate  resistan( 
along  the  grain.  A  corresponding  large  decrease  in  resi 
ance  across  the  grain  will  also  be  found  in  connection  wi 
the  compressive  resistance  of  the  same  timbers.  T 
working  resistances  given  in  this  table  are  those  employ 
in  the  great  bulk  of  engineering  timber  structures. 


CHAPTER   VIII. 
COMPRESSION. 

Art.  62. — Preliminary. 

With  the  exception  of  material  in  the  shape  of  long 
columns,  but  few  experiments,  comparatively  speaking, 
have  been  made  upon  the  compressive  resistance  of  con- 
structive materials. 

Keces  of  material  subjected  to  compression  are  divided 
into  two  general  classes — "  short  blocks  *'  and  **  long  col- 
umns " ;  the  first  of  these,  only,  afford  phenomena  of  pure 
(Compression. 

A  "  short  block  "  is  such  a  piece  of  material  that  if  it  be 
subjected  to  compressive  load  it  will  fail  by  pure  compres- 
sion. 

On  the  other  hand,  a   long  column  (as  has  been  indi- 
cated in  Art.  35)  fails  by  combined  compression  and  bending. 
Short  blocks  only  will   be  considered  in   the  articles 
inimediately  succeeding,  while  long  colimms  will  be  sepa- 
rately considered  further  on. 

The  length  of  a  short  block  is  usually  about  three  times 
^ts  least  lateral  dimension  or  less. 

It  has  already  been  shown  in  Art.  5  that  the  greatest 
shear  in  a  short  block  subjected  to  compression  will  be 
tound  in  planes  making  an  angle  of  45°  with  the  surfaces 
^the  block  on  which  the  compressive  force  acts,  i.e.,  with 
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its  ends.  If  the  material  is  not  ductile  this  shear  wiD 
frequently  cause  wedge-shaped  portions  to  separate  frcni 
the  block.  But  the  friction  at  these  end  surfaces,  and  in 
the  surfaces  of  failure  will  pre\"ent  those  wedge  portitm* 
shearing  off  at  that  angle.  In  fact  the  friction  will  cause 
the  angle  of  separation  to  be  considerably  larger  than  45'; 
let  it  be  called  a.  Then,  in  order  that  there  may  be  perfect 
freedom  in  failure,  the  length  of  the  block  must  not  be  kst 
than  its  least  width  or  breadth  multiplied  by  2  tan  a.  h 
some  cases,  a  has  been  found  to  be  about  55°,  for  whidi 
value. 

3  tan  a  =  2  X  1.43  =  2.86. 

If  the  bearing  faces  of  the  short  block  under  compres- 
sion are  of  much  area,  for  such  a  purpose,  it  will  be  difficult 
in  many  cases,  especially  ^"ith  large  loads,  to  secure  a 
uniform  application  of  those  loads.  Tlie  resulting  ultimate 
resi-stance  for  the  entire  block  will  give  an  average  intensity 
of  pressure  which  may  be  quite  different  from  the  greatest 
intensity.  These  simple  considerations  are  particulaily 
pertinent  to  such  materials  as  blocks  of  concrete  or  « 
natural  stone,  which  may  be  12  inches  square  or  more  1* 
section. 

Again,  in  such  material  as  natural  or  artificial  stone  tlH' 
friction  between  the  head  of  the  testing  machine  and  tl* 
bearing  surface  of  the  specimen,  or  along  the  planes  nf 
greatest  ultimate  shear  will  tend  to  support  laterally  tj 
some  extent  the  material  as  it  approaches  failure,  iho* 
raising  the  apparent  ultimate  resistance  of  the  material. 
The  shorter  the  block  the  greater  will  be  this  frictional 
supporting  tendency.  This  effect  has  been  marked  what 
the  tests  specimens  have  been  cubes  varying  from  2  inchs 
on  their  edges  to  1 2  inches,  the  large  cubes  showing 
rially  greater  resisting  capacity. 


f~Wt  CK 


iltlbiiing  Ihe  failure  nf  >licrt  cyliti'.UTS  c.f  Conneclicm  brown  sandstone. 
{Ttr  foci  pact  jSfi.) 
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Art  63. — ^Wrought  Iron. 

It  is  difficult  to  fix  the  point  of  failure  of  a  short  block 
i  wrought  iron  or  other  ductile  material.  As  the  load 
ncreases  above  the  elastic  limit,  the  cross-sections  of.  the 
test  piece  increase  in  lateral  dimensions  or  "  bulge  out,*' 
so  that  increase  of  compressive  force  simply  produces  an 
increased  area  of  resistance,  while  the  material  never  truly 
iails  by  crumbling  or  shearing  off  in  wedges. 

It  is  comparatively  easy  to  determine  the  elastic  limit, 
but  at  what  degree  of  loading  the  material  may  be  said  to 
fail  after  permanent  distortion  begins  is  not  clear  unless 
some  arbitrary  limit  should  be  fixed  by  convention. 

In  an  actual  structure  obviously  failure  may  be  said 

I 

to  take  place  when  the  degree  of  distortion  is  such  that  the 
structure  fails  to  discharge  safely  its  function  as  a  load 
carrier,  but  that  degree  of  distortion  would  vary  much  in 
different  structures  or  in  different  parts,  possibly,  of  the 
same  structure. 

For  the  present  purpose  it  may  perhaps  be  assumed 
tentatively  that  a  ductile  material  fails  when  its  distortion 
under  compressive  loading  becomes  apparent  to  the  imaided 
eye. 

Modulus  of  Elasticity, 

As  wrought  iron  is  no  longer  a  structural  material,  there 
are  practically  no  recent  tests  to  determine  the  compressive 
modulus  of  elasticity,  but  earlier  investigators  made  suf- 
ficient tests  when  the  material  was  in  general  use  to  establish 
the  modulus  with  reasonable   accuracy.     Those   investi- 
gations show  that  there  is  no  essential  difference  between 
moduli  for  compression  and  tension.     Hence  the  modulus 
of  elasticity  for  wrought  iron  in  compression  may  be  taken 
at  26,cxx>,ooo.    Small  specimens  would  in  some  cases  yield 
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results  perhaps  as  high  as  28,000,000.  but  for  general  use 
the  former  or  smaller  value  is  preferable. 

Limit  of  Elasticity  and  Ultimate  Resistance. 

Investigations  for  determining  the  elastic  limit  of 
wrought  iron  in  compression  are  almost  entirely  lackiog, 
but  its  value  may  safely  be  taken  the  same  as  for  tenaoo, 
i.e.,  depending  upon  the  area  of  cross-section  and  the 
amount  of  work  put  upon  the  material  in  its  manufacture, 
from  22,000  to  perhaps  26,000  pounds  per  square  inch,  the 
former  for  large  sections  and  the  latter  for  small  sections. 
The  difficulties  met  in  the  effort  to  determine  a  well-defined 
ultimate  compressive  resistance  for  wrought  iron  have 
already  been  noticed,  but  such  compression  tests  as  were 
made  during  the  general  use  of  wrought  iron  for  structural  I 
purposes  indicate  that  what  may  be  termed  the  ultimate  , 
compressive  resistance  may  reasonably  be  taken  at  about 
the  ultimate  tensile  resistance.  The  amount  of  peimanent 
distortion  taking  place  at  that  degree  of  loading  has  not 
been  satisfactorily  detennined,  but  it  would  certainly  be 
apparent  to  the  unaided  eye  and  it  might  run  from  1  per 
cent,  to  5  per  cent,  or  possibly  more;  It  may  be  assumed, 
therefore,  that  the  ultimate  compressive  resistance  d 
wrought  iron  will  range  generally  from  45,000  to  50,000 
pounds  per  square  inch.  J 


Art.  64.^Cast  Iron. 
The  behavior  of  cast  iron  under  compression  as  found 
in  ordinary  casting  is  not  less  erratic  than  in  tension.  Wheft 
this  material  was  used  for  such  purposes  as  heavy  ordnance 
and  car  wheels  it  was  so  produced  as  to  possess  exceUeot 
physical  qualities  for  a  cast  metal,  especially  after  remeltiil( 
and  being  held  in  fusion.     Even  then,  however,  the  modvloi 
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felasUcity  was  not  much  higher  than  for  the  best  qualities 

Ordinary  castings.     It  may  be  said  generally  that  the 

Dodulus  of  elasticity  for  cast  iron  in  either  tension  or  com- 

fssion  may   be  taken    from    12,000,000    to    14,000,000. 

hese  values  are  about  half  of  the  corresponding  values  for 

Wrought  iron  and  little  less  than  half  the  corresponding 

values  for  structural  steel. 

Inasmuch  as  cast  iron  is  a  brittle  material  failing 
suddenly  at  the  limit  of  its  resisting  capacity,  either  in 
tensaon  or  compression,  it  can  scarcely  be  said  to  have  an 
dastic  limit  except  for  special  grades  of  unusual  excellence, 
and  even  with  such  material  it  is  not  well  defined. 

The  ultimate  resistance  of  cast  iron  to  compression  is 
fairly  well  defined,  but  it  varies  greatly  in  value  according 
to  its  quality.  Special  grades  for  ordnance  eind  car  wheels 
may  have  compressive  resistances  running  from  100,000 
per  square  inch  up  to  150.000  pounds  per  square  inch. 
For  many  years  when  cast-iron  columns  were  used  in  engi- 
neering practice  it  was  customary  to  consider  the  ultimate 
compressive  resistance  for  such  members  as  100,000  pounds 
per  square  inch,  but  that  value  is  far  too  high.  Although 
the  quality  of  ordinar>'  castings  is  variable,  it  is  reasonable 
to  take  the  ultimate  compressive  resistance  at  80,000  pounds 
per  square  inch  for  such  material  as  may  be  used  under 
good  and  effective  specifications  for  columns,  machine 
frames  and  similar  purposes,  although  there  arc  modem 
Cast-iron  column  tests  which  appear  to  indicate  that  even 
tKat  value  is  too  high. 

I  Art.  65.— Steel. 

^^  Table  I  of  Art.  58  contains  the  results  found  by  Prof. 
^Btidcetts  in  testing  cylindrica!  specimens  of  mild  steel  in 
^Compression.  These  specimens  were  six  inches  long  be- 
P  ^*Kn  carefully  faced  ends,  and,  as  the  table  shows,  their 
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diameter  was  about  0.75  inch.  The  coefficients  d 
elasticity  for  compression  were  found  by  measitrementt 
very  carefully  made  witli  a  micrometer  on  a  length  of  foiff 
inches.  The  elastic  limits,  liowever,  were  determined  \q 
operating  with  a  cylinder  two  inches  long,  and  were  takea 
at  those  points  where  the  material  of  the  specimens 
to  hold  up  the  scale  beam,  and  may  have  been  somewhlt 
above  that  point  where  the  ratio  between  stress  and  strain 
ceases  to  be  essentially  constant. 

The  coefficients  of  elasticity  are  foiind  to  be  qmB 
uniform,  irrespective  of  the  per  cents  of  carbon,  within 
limits  of  the  table,  and  they  are  seen  to  be  a  very  liUll 
less  than  the  coefficients  for  tension.  The  difference  i 
so  small  that  no  essential  error  will  arise  if,  for  all 
gineering  purposes,  they  are  assumed  the  same. 

A  comparison  of  the  elastic  limits  for  tension  ad 
compression  presents  some  irregularities ;  yet  with  t 
exception  of  the  high  percentages  of  carbon  in  the  last  ti 
grades  of  Bessemer  metal,  the  two  sets  of  elastic  limits 
wholes  are  not  very  different  from  each  other.  In  t 
Bessemer  steel  with  the  two  high  per  cents  of  carbon,  t 
tensile  elastic  limits  are  materially  higher  than  those  i 
compression.  The  following  very  important  concl 
results  from  this  comparison  of  the  elastic  limits  fat  thl 
mild  structural  steels:  since  these  elastic  limits  are 
sentially  equal  it  is  not  only  permissible  but  wholly 
to  increase  the  working  resistances  of  mild  steel  bridj] 
columns  over  those  for  iron  in  at  least  the  same  proportkl 
that  the  tensile  working  stress  of  the  same  steel  is  increase! 
over  that  of  iron  in  tension.  Experiments  on  a  suffidoo 
number  of  full-size  steel  columns  are  yet  lacking 
this  conclusion. 

It  appears  from  such  data  on  the  corripressive 
of  steel  as  exist  that  not  only  the  coefTicient  of 
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also,  the  limit  of  elasticity  in  compression  may  be 
m  the_  same  as  that  for  tension  for  the  same  grade  of 
This  was  practically  true  in  the  older  investiga- 
I  of  KirkaMy,  and  it  is  essentially  confirmed  in  the 
later  investigations  availahle. 
Hie  ultimate  compressive  resistance  of  steel,  like  the 
Date  tensile  resistance,  varies  with  the  content  of 
,  being  comparatively  low  with  a  small  percentage 
irbon,  and  correspondingly  large  with  a  high  percentage 
lat  element.     It  is  also  much  affected  by  tlie  operations 

Tipering  and  anneahng. 

Special  grades  of  steel  adapted  to  heat  treatment  have 

r  such  treatment  given  ultimate  compressive  resistances 

arious  values  up  to  nearly  or  quite  400,000  pounds  per 

ire  inch  and  values  ranging  from  150,000  pounds  up 

lO.ooQ  pounds  per  square  inch  are  not  uncommon  in 
records  of  the  older  testing.  Such  high  results,  however, 
pnly  obtained  with  hardened  and  tempered  metal. 
rhere  is  the  same  uncertainty  as  to  the  point  at  which 
pressive  failure  takes  place  in  ste&l  which  attaches  to 
ultimate   compressive  resistance  of  all  ductile  metals 

which  was  commented  upon  in  Art.  63 .  It  is  probably 
I,  however,  if  not  entirely  correct,  to  take  the  ultimate 
Ipressive  resistances  of  different  grades  of  steel  equal 
their  ultimate  tensile  resistances  in  the  absence  of 
ficit  determinations;  and  a  similar  observation  may 
applied  to  the  working  resistances  in  pure  compression 
B  grades  of  steel. 


Art.  66. — Copper,  Tin,  Zinc,  Lead,  and  Alloys.* 

Table  I  shows  some  coefficients  of  elasticity  (i.e.,  ratios 
jWeen  stress  and  strain),  computed  from  data  deter- 


'At  Ihis  field  of  invesligation  has  not  been  workeil  s 
'  hit  results  are  allowed  to  stand  {1915). 
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mined  by  Prof.  Thurston,  and  given  by  him  in  the  '*  Trans. 
Amer.  Soc.  of  Civ.  Engrs.,"  Sept.,  1881.  The  gun  brooft 
contained  copper,   89.97;  tin,- 10.00;  flux,  0.03.    The  cast 

copper  was  cast  very  hot. 

Table  I. 


Stress  in  Pounds 
per  Sqtaare  Inch. 

Coefficients  of  Elasticity  in  Pounds  per  Square  Inch. 

Gun  Bronse. 

Cast  Copper. 

1,620 
3,260 
6,520 
9.780 

13.040 
16,300 
19.560 
22,820 
26,080 
29.340 
32,600 
48,900 

3,622,000 
4.075,000 
6,113,000 
6,520,000 
5.433,000 
5,148,000 
3.935.000 
3,308,000 

1,073,000 
463,600 

1,254,000 
M15,000 
1,651,000 
1,795,000 
1,824,000 
1,842,000 
1,845,000 
i,735.ooo 
i,503/x)0 
1,144,000 
815,000 

332,500 

The  ratios  of  stress  over  strain  are  far  from  being  con- 
stant. Strictly  speaking,  therefore,  there  is  no  elastic 
limit  in  either  case.  In  that  of  the  gun  bronze,  however, 
it  may  be  approximately  taken  at  20,000  pounds  per  square 
inch  (Prof.  Thurston  takes  it  22,820),  and  in  that  of  thft 
copper  at  25,000  pounds.  The  test  specimens  were  two 
inches  long  and  turned  to  0.625  inch  in  diameter. 

At  38,000  pounds  per  square  inch  the  gun  bronze  speci- 
men was  shortened  about  41  per  cent,  of  its  original  lengtbi 
while  its  diameter  had  become  0.77  inch. 

The  copper  specimen  failed  at  71,700  pounds  per  square 
inch,  havin.c:  been  shortened  about  one  third  of  its  length. 

The  results  of  a  series  of  tests  by  Prof.  Thurston,  in 
connection  with  the  United  States  testing  commission,  arc 
given  in  Table  II;  they  were  abstracted  from  "Mechanical 
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Table  II. 
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"iir. 

^'Jiloo 

IZ 
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'" 

atd  Physical  Properties  of  the  Copper-tin  Alloys,"  United 
States  Report,  edited  by  Prof.  R.  H.  Thurston,  1879.  All 
the  specimens  were  0.625  ^^^^h  in  diameter  and  2  inches 
Vmg.  Scarcely  one  of  them  can  be  said  to  possess  an 
elastic  limit. 

The  series  of  alloys  presents  some  interesting  results. 
About  the  middle  third  of  the  series  are  seen  to  be  brittle 
compounds  giving  (as  a  rule)  high  ultimate  compressive 
reastances,  while  the  other  two  thirds  are  ductile,  and  give 
at  the  copper  end  high  results,  and  iow  ones  at  the  tin  end. 

It  tt-ill  be  observed  that  Prof.  Thurst<m  ti^ik  the  load  per 
square  inch  which  gave  a  shortening  of  10  per  cent,  of  the 
ordinal  length  as  the  ultimate  resistance  to  crushing  of  the 
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ductile  alloys  and  metals,  since  such  materials  cannot  1 
said  to  completely  fail  under  any  pressure,  but  spat 
laterally  and  offer  increased  resistance. 

Table  III. 


Per  Cent,  of 

Pounds  per  Square  Inch  for 

Per  Cent,  of 
Shortening. 

Uumtd 
FaibA 

Copper. 

Zinc. 

Ex. 

Ultimate 
Resistance. 

96.07 

90.56 

89.80 

76.65 

60.94 

55.15 
49.66 

47.56 

25 -77 
20.81 

14.19 
10.30 

4.35 
0.00 

3-79 
9.42 
10.06 
23.08 
38.65 
44.44 

50.14 
52.28 

73.45 
77.63 
85.10 
88.88 

94.59 
100.00 

305,500 
342,100 

29,000 

30,000 

29,500 

42,000 

75,000 

78,000 

117,400 

121,000 

110,822 

52,152 
48,892 
49,000 
48,000 
22,000 

>.o 

10. 0 
10. 0 
10. 0 
10.0 
10. 0 
10. 0 
10. 0 

5.85 

2.75 
10.8 

10. 0 

10. 0 

10. 0 

Fbtteoei 

656,500 
1,772,500 

•t 

«c 
•c 

1,345,500 
1,500,000 
4,232,800 
2,485,000 
897,000 

II 

Crushed 
t< 

II 

Fbttoad 
II 

318,500 

•1 

Table  Til  contains  the  results  of  Prof.  Thurston's  t€ 
of  the  copper-zinc  alloys  made  while  he  was  a  member 
the  United  States  Board.  The  data  are  taken  from  "J 
Doc.  23,  House  of  Representatives,  46th  Congress, 
Session."  The  specimens  were  two  inches  long  and  o.( 
inch  in  diameter  of  circular  cross-section. 

The  values  of  E^  (ratios  of  stress  over  strain)  are  cc 
puted  for  about  one  quarter  the  ultimate  resistance.  T 
ratio  is  so  very  variable  for  dilTerent  intensities  of  str 
that  these  alloys  can  scarcely  be  said  to  have  a  pro] 
** elastic  limit." 

Two  specimens  of  tobin  bronze,  each  .75  inch  in  diame 
and  I  inch  long,  tested  by  the  Fairbanks  Company  of  N 
York  City  in  189 1,  were  compressed  about  .8  per  cent 
45,000  pounds  per  square  inch,  and  a  little  over  10  per  ce 
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3,ooo  pounds  per  square  inch.     Tobin  bronze  contains 
I  per  cent,  copper,  2.3  per  cent,  tin,  and  39.5  per  cent. 


Art.  67.— Cement— Cement  Mortar — Concrete. 

The  ultimate  compressive  resistances  of  mortars  and 
a^ete  determine  the  carrying  power  of  many  engineering 
■ks,  and  it  is  of  much  importance  to  ascertain  those 
Stances  and  the  conditions  under  which  they  may  be 
de  the  greatest  possible.  Obviously,  the  carrying  power 
compression  of  both  mortars  and  concretes  will  depend 
n  a  considerable  number  of  elements  such  as  the  character 
the  cement,  the  proportions  of  mixture  of  the  sand  and 
oent  for  mortar  or  of  the  cement,  sand,  and  gravel  or 
jken  stone  for  concrete,  the  thoroughness  of  the  ad- 
Kture,  the  amount  of  water  used,  the  conditions  under 
uch  the  mortar  and  concrete  are  maintained  while  the 
ration  of  setting  is  taking  place,  the  temperature,  and 
r  various  influences. 
The  modulus  of  elasticity  of  concrete  must  necessarily 
aid  chiefly  upon  the  proportions  of  the  mixture  and  the 
E  of  the  concrete  when  tested.  It  will  also  depend  to  a 
Iterial  extent  upon  the  intensity  of  compressive  stress  at 
dch  the  strain  is  observed.  At  this  point  a  clear  under- 
nding  of  the  elastic  behavior  of  the  mortars  and  concrete 
ssary  to  a  correspondingly  clear  view  of  what  takes 
ice  in  a  concrete-steel  beam  under  loading.  In  many 
s  of  concrete  under  compression  of  varying  intensities 
careful  measurement  of  the  resulting  strains  shows  that 
Jermanent  deformation  or  compression  remains  at  least 
■  the  time  being  after  the  removal  of  the  load,  even 
t  the  latter  is  sometimes  not  more  than  100  or  200 
nnds  per  square  inch.  This  permanent  set  is  dependent 
a  the  age  of  the  material  and  usually,  perhaps  always, 
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decreases  as  age  increases.  In  many  other  cases  s.  per- 
manent set  is  observable  only  under  intensities  of  stress 
as  high  as  looo  or  1200  pounds  per  square  inch,  or  e\-en 
considerably  more.  W'hen  these  sets  occur  they  are  fre- 
quently found  far  below  what  may  probably  be  termed  the 
elastic  limit  of  the  material,  and  in  some  quarters  thev  ha\'e 
given  the  impression  that  mortar  and  concrete  have  little 
or  no  true  elastic  behavior.  This,  however,  is  an  erroneous 
view,  as  in  the  testing  of  concrete  and  mortar  cubes  equal 
increments  of  stress  intensities  quite  uniformly  give  equal 
increments  of  strain  or  deformation  o\'er  a  considerable 
range.  Although  the  upper  limit  of  this  essentially  constant 
ratio  between  stress  and  strain  is  usually  not  ver>-  clearly 
defined,  it  is  so  defined  in  a  considerable  percentage  of 
cases,  and  in  almost  all  tests  of  well-made  concrete  and 
mortar  that  limit  may  readily  be  assigned  near  enough  fof 
all  practical  purposes. 

A  Targe  amount  of  data  bearing  upon  these  points  wiD 
be  found  in  the  "  Report  of  Tests  of  Metals  and  Other  Hat^ 
rials"  at  the  Watertown  Arsenal  for  1899.  Twelve-inch 
cubes  with  a  great  varietv  of  proportions  of  constituent 
elements  ranging  from  a  few  days  up  to  six  months  in  a^ 
were  employed  in  those  investigations.  Figs,  i  and  2  ex- 
hibit gTaphically  the  results  of  twelve  of  those  tests  so  lakO 
as  to  be  fairlv  representative  of  all.  The  verticnl  ordinate* 
of  the  curves  represent  compressive  stress  intensities  up  to 
failure,  while  the  horizontal  ordinates  represent  the  total 
compressive  strains  or  deformation  under  the  correspondio^ 
stresses  also  up  to  the  point  of  failure.  These  strains  ai* 
shown  in  the  figures  one  hundred  times  their  actual  amounts* 
In  Fig.  I  the  concrete  nine  days  old  shows  only  little  reast- 
ing  power  and  a  low  coefficient  of  elasticity,  as  would  be 
expected.  In  nearly  all  the  other  cases,  on  the  other  hand, 
the  ratio  between  stress  and  strain  is  reasonably  constant 
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Dptonearly  1000  pounds  per  square  inch.  The  two  excep- 
tions are  found  in  Fig.  2,  belonging  to  1  to  3  Portland- 
ament  mortar  and  to  i,  2,  and  4  steel-cement  concrete,  the 
former  four  months  old  and  the  latter  three  months  old. 
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On  the  other  hand,  the  i,  2,  and  4  concrete  six  months  old 
in  tlie  right-hand  group  of  Fig.  i  discloses  constant  propor- 
tonality  between  stress  and  strain  up  to  2000  pounds  per 
■"liiare  inch,  and  the  same  observation  may  apply  to  a  sim- 
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ilar  concrete  represented  by  one  of  the  curves  in  ihe  left- 
hand  group  of  Fig.  a.  Again  the  i  to  i  granite-dusl  mortal 
four  months  old  represented  by  one  of  the  cur\'es  in  the 
right-hand  group  of  Fig,  2  shows  a  constant  ratio  up  tOj 
nearly  4000  pounds  per  square  inch.  Indeed,  the  whole 
group  of  curves  probably  shows  a  more  satisfactLirj'  appiwacll 
to  a  constant  ratio  between  stress  and  strain  than  do  similaf 
ciirves  for  cast  iron.  It  should  be  stated,  as  will  he  observed 
by  referring  to  the  report  cited,  that  some  of  tjie  curvs 
shown  in  Fig.  i  and  Fig.  2  belong  to  groups  for  which  small 
permanent  sets  were  observed  bel<:)W  elastic  limits,  while 
others  belong  to  those  which  show  no  such  permanent  seL 
This  observation  does  not  appear  from  the  test  records  (0 
be  applicable  to  any  particular  character  of  curves,  but 
sometimes  to  those  which  are  more  nearly  straight  and  some- 
times to  those  which  are  less  so. 

The  results  deduced  from  the  tests  of  cubes  covered  \>J 
the  1899  and  other  '"  Reports  of  Tests  of  Metals  and  Othtf 
Materials"  are  confirmed  by  the  investigations  of  such  fat- 
eign  authorities  as  M.  Consid6re,  Melan,  Brik,  and  others- 
They  show  conclusively  that  it  is  reasonable  and  safe  to 
apply  to  concrete  and  concrete-steel  beams  the  formula 
established  by  the  common  theory  of  flexure  after  intro- 
ducing into  them  empirical  quantities  established  by  experi- 
ment precisely  as  is  done  with  iron  and  steel  beams. 

Table  I  is  a  condensed  statement  of  average  values" 
the  modulus  of  elasticity  for  concrete  of  different  propcff- 
tions  of  mixture  prepared  by  Mr.  Edwin  Thacher  frt"" 
original  sources,  including  the  annual  Reports  of  Tests  of 
Metals  and  Other  Materials  carried  on  by  U.  S.  offic«s8t 
the  Watertown  Arsenal  for  a  lecture  given  by  him  at  th* 
College  of  Civil  Engineering  of  Cornell  University,  190*. 

This    table  exhibits  as  reasonable  values  for  the  g 
cient  of  elasticity  in  compression  as  can  be  det£ 
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the  present  time.  The  value  to  be  selected  for  any  particu- 
lar case  will  depend  upon  the  proportions  of  mixture  and 
upon  the  degree  of  balancing  of  tlie  sand  and  gravel  or 
broken  stone,  although  the  influence  of  the  latter  cannot 
be  definitely  stated.  It  is  not  improbable  that  a  considera- 
ble portion  at  least  of  the  variations  in  the  results  of  the 
table  are  due  to  the  varying  degrees  of  natural  balancing 
in  the  different  test  blocks.  The  value  will  also  depend 
upon  the  age  of  the  concrete.  For  all  ordinary'  engineering 
constructions  it  is  reasonable  to  take  the  cocflicient  of  com- 
pressive elasticity  at  2,500,000  to  3,000,000  pounds  per 
square  inch  for  a  concrete  mixture  of  i  cement,  2  sand,  and 
4  gravel  or  broken  stone.  This  table  shows  that  practi- 
cally the  same  value  may  be  taken  for  a  concrete  of  i  cement, 
3  sand,  and  6  gravel  or  broken  stone,  especially  if  the  mate- 
rials are  well  selected  and  balanced.  If  the  concrete  is 
mixed  in  the  proportions  of  i  cement,  6  sand,  and  13  grav«l 
or  broken  stone,  the  coefficient  of  elasticity  is  seen  to 
decrease  materially  and  should  not  be  taken  higher  than 
1,500,000  pounds  per  square  inch.  Suitable  quantities 
for  mixtures  other  than  those  named  in  the  table  can  be 
reasonably  and  safely  selected  from  those  afforded  in  it. 

These  values  show  that  the  ratio  of  the  coefficient  of 
elasticity  for  steel  over  that  for  concrete  may  range  from 
10  to   20  for  the  varying  conditions  described. 

The  more  common  practicf  is  to  make  this  ratio  15.  i'C" 
on  the  basis  of  30,000,000,  for  the  modulus  of  elasticity  for 
steel  and  3,000,000  for  concrete.  The  ratio  of  12,  however. 
is  sometimes  found  by  taking  the  same  value  as  before  tw 
the  modulus  of  steel,  but  2,500,000  for  the  modulus  of 
elasticity  for  concrete.  The  ratio  of  the  two  moduli  i* 
constantly  used  in  the  treatment  of  reinforced  concrcW 
work. 

A  further  consideration  must  be  kept  in  view  in  con- 
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nection  with  the  value  of  the  modulus  of  elasticity  for  con- 
crete, and  that  is  the  fact  alluded  to  in  previous  pages  that 
nearly  all  concrete  and  reinforced  concrete  work  must 
usually  carry  considerable  loading,  in  the  exigencies  of  con- 
stniction,  when  it  has  attained  no  greater  age  than  perhaps 
10  to  30  days,  i.e. ,  before  the  modulus  of  elasticity  (or  ultimate 
resistance)  has  attained  its  full  value.  Again,  a  large  mass 
of  concrete,  as  actually  built,  cannot  reasonably  be  expected 
to  have  as  high  a  modulus  as  12 -inch  cubes  or  other  com- 
paratively small  pieces  ipade  and  tested  in  a  laboratory. 
For  all  these  reasons  it  is  prudent  to  take  a  rather  low  value 
of  the  modulus  of  elasticity  for  the  analytic  work  of  design. 
The  following  tabulated  statement  shows  ultimate  resist- 
ances per  square  inch  of  1 2  -inch  cubes  of  concrete  obtained 
in  the  Testing  Laboratory  of  the  Department  of  Civil 
Engineering  of  Columbia  University  in  191 2  by  Mr.  James 
S.  Macgregor,  in  charge  of  the  laboratory. 

GRAVEL  CONCRETE;    i  Cement,  2iSand,  5  Gravel. 


Alsen 

Atlas... 
Atlas. . . . 
Iron  Clad 
Iron  Clad 
Lehigh... 
Lehigh... 
J^ulcanite 
vulcanite 

Alsen 

AlsenV 


Ult.  Resistance  Pounds  per  Sq.  In. 


Max. 


I.917 

I»905 
2.223 

1.789* 
1.848 

2.717 

2.278 

1,162* 

1.735 
2,322 

1,202 


Mean. 


1.773 

1.796 

2.191 

1.553* 

1.778 

2,584 

2,139 
1, 097* 

1.593 
2,088 

1.023 


Min. 


1.557 
1.706 

2,152 

I.43I* 

1.657 

2,431 
2.007 

1. 047* 

1.518 

2,006 

944 


Age  of 

all 
cubes 

42 

days 


*  Gravel  unwashed. 


The  coarse  aggregate  for  all  cubes  was  river  gravel  with 
stones  up  to  i-inch  size.  Some  of  the  gravel  contained  an 
excessive  amount  of  dirt   or   other  fine  material,  which 
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MEAN  IXTIMATK  COMPRKSSIVK  RHSISTANCES  OF  12-INCH  FORT- 

LAND-CUMENT  CONCRETE  CUBES. 


Mean  L'lti:nato  Kesistano.% 

Coefficient  of  GlMtidty  m 

Pounds  jHT  S'luarc  Inch 

Pounds  per  Sqnan  In 

Pfirtlani.1  (.omonts. 

at  Aki*. 

at  Affe. 

Brand;  (.>.inipi>siti«iii. 

7  Days. 
1, 7-^4 

I  Mn. 

3  Ml  »s    6  Mos. 

I  Mo. 

^     M^fc^^^Pe 

61I0I. 

^   I  C.  2  s.,  4l)-  St. 

a.J.^J*     2.702 

3.506 

3,500,000 
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^^fmmm^K^ 

SayKirs.  .  -    i  c,  <  ^.,  ft  b.  st. 

i.'j.-s 
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/  I  i .,  <»  *,.,!  J  h.  ht. 
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1  c-  ,  (1  s.,l  .»  b.  M. 

.SO  4 

1 ,000 

i.joi  i  1,583 
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1,136.000 

1  v.,  o  s..  J  b.  St. 

.».iw4 
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5. 000 ,000 
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Hit  J   •    5,1  >o  !   3,Mi!i  !    J.7^0 
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4,iftlJ*o 

I  c,  <»  s.iJ  b.  .St. 

5f»4    !    I.-'»N  .    1.25  7 

1.53.! 

i,(>67,ooo 

1.786,000 

i.tai^oe 
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1  C,   2  S.,  4  b.   St. 
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In  thi.^  tiiblc  i-;ti  li  iiliiii-.:iti-  n  M-tan«t>  is  a  mean  of  four  to  six  tests. 


Taulk  III. 

MEAN  I'l/riMATE  C(  )MI>RIvSSIVK  Rl^SISTAXCES  OF  12-INCH  PORT- 
KAND-CKMHNT  CoNVRI-TH  CUBES  WITH  LOAD  TAKEN  ON 
S"  HV  S".2.->  IM.ATK  ON  OSV,  FACE. 
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Each  nltnite 
resistance  is  a 
nic^an  of  thite 
tests. 
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«X)unts  for  the  low  values  of  the  starred  ultimate  resist- 
nces  per  square  inch,  as  indicated  by  the  footnote.  The 
je  of  all  the  cubes  was  42  days,  also  as  indicated  in  the 
ble.  These  results  are  unusually  valuable  in  one  respect, 
that  the  cubes  were  not  mixed  in  the  laboratory,  but  in 
e  field,  where  actual  work  was  being  done,  and  hence 
reived  no  special  care  in  the  operation. 
Tables  II  and  III  contain  the  results  taken  from  the 
J.S.  Report  of  Tests  of  Metals  and  Other  Materials  "  for 
^9.  They  exhibit  the  ultimate  compressive  resistances 
cubes  of  Portland-cement  concrete,  the  cements  being 
long  the  well-known  brands.  The  ages  of  these  cubes 
ry  from  seven  days  to  six  months.  The  data  show 
arly  the  increase  of  ultimate  resistance  with  the  ages  of 
;  cubes,  and  the  same  observation  applies  to  the  three 
limns  showing  the  coefficients  of  elasticity  at  one  month, 
"ee  months,  and  six  months.  The  compositions  of  the 
lerent  concretes  of  Table  II  are  those  quite  generally 
iployed  in  engineering  practice. 

Table  III  exhibits  the  ultimate  resistances  of  the  same 
ncretes,  but  with  the  pressure  applied  to  the  12-inch 
bes  on  areas  8  inches  by  S\  inches,  this  end  being  at- 
ined  by  the  use  of  steel  plates.  As  would  be  expected, 
le  ultimate  resistances  are  seen  to  be  considerably  greater 
lan  are  found  with  the  total  load  distributed  over  the 
itire  surface  of  a  cube. 

The  broken  stone  used  in  the  cubes,  the  results  of  whose 
^ts  are  given  in  Tables  II  and  III,  was  a  conglomerate  from 
^oxbury,  Mass.,  and  the  sand  was  coarse,  clean,  and  sharp. 
Oie  voids  of  the  broken  stone  measured  49.5  per  cent,  of 
'heir  total  voltmie. 

Table  IV,  taken  from  the  same  volume  of  the  "  U.  S. 
Report  of  Tests  of  Metal  and  Other  Materials ''as  Tables  II 
^d  III,  exhibits  the  ultimate  compressive  resistances  of 
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Table  IV. 

MEAN  ULTIMATE  COMPRESSIVE  RESISTANCES  OF  MORTAR  AND 

CONCRETE  12-INCH  CUBES. 


Brand;   Composition. 


■! 


[ 


Alpha 
Portland 


Atlas 

Portland 

Star 

Portland 

Saylors 

Portland 

Germania 

Portland 

Alpha 

Portland 

Steel  slag 


HofTman  I 

Rosendalc  f 

Norton  S 

Rosendale  i 


c. 
It 

(I 

II 

II 

II 

K 

II 

II 

II 

II 

II 

II 
II 

11 

II 
<l 
II 


I  s.,  o  b.  St. 


4" 
5" 
6" 

7" 

II 


II 


II 


II 


8. 


11 
II 
<i 


O 
O 

o 
o 
o 
o 


o 
o 
o 
o 

o 

4 


o 
() 

4 


II 
II 
II 
II 
II 
II 

II 

f  I 

II 

II 

II 

II 
II 

II 

II 

II 


Mean  Ultimate 

Resistance, 

Pounds  per 

Square  Inch 

at  Age  of 

Four  Months. 

Weight  per 

Cubic  Foot, 

Pounds. 

Coefficicfito( 

Elasticity. 

Pounds  per 

Square  Inch. 

4.371 
2,506 

1,812 

829 

484 

185 
118 

136.5 
134  2 

133-8 
120.9 

"9  5 
116. 9 

I". 5 

3.57i.oa> 

3.i25,oa> 
i,7S6,ooo 

5.570 

141. 5 

6,250,000 

5,045 

134.5 

4,167,000 

3,979 

134.7 

3,1^5.000 

4,353 

134-7 

2,500,000 

5,306 

137.3 

3.57i.a» 

1,743 
1.939  t 

126.6 
152. I  J 

i,i90,«» 

?.;,()0,ooo 

741 

127.7 

— - 

643 
277  t 

332  t 

1 

125.2 
120.7 
146.2  J 

■ 

*  Granite  dust. 


t  Age,  T,  nionlhs. 


I  Trap  rock,  broken  sione. 


Table  V. 

CHEMICAL  ANALYSKS  OV  PORTLAND  AND  STEEL-SLAG  CEMENTS- 


Cement 

Alpha.  .  . 
Star.  .  .  . 
Standard 
Alsen.  .  . 
Steel.  .  . . 


Silica. 

20 

21 

73 

22 

.S 

20 

67 

31 

.02 

Oxiilo 
of  Iron. 


Alumina 


Ma«nc.sia.  '    SV^T^l*"'      ,?.'JS 


Trinxidc. 


2.S 

25 
2.6 

2  .  I 

Trace 
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the  mortar  and  concrete  12-inch  cubes  described  therein. 

These  results  need  no  explanation,  as  they  are  similar  to 

those  which  have  already  been  given,  but  it  is  well  to  note 

that  the  last  four  lines  of  the  table  give  results  belonging  to 

two  brands  of  natural  cement.     There  are  also  shown  one 

test  of  a  steel-slag  cement  mortar  cube  and  one  of  concrete. 

Table  V  exhibits  the  chemical  analyses  of  the  Portland 

and  steel-slag  cements  named  in  Table  IV.     These  analyses 

exhibit  about  the  usual  composition  of  the  various  grades 

of  cement  to  which  they  belong. 

Table  VI. 

COMPRESSION  TESTS  OF  12-INCH  CUBES  OF  PORTLAND-CEMENT 

CINDER  CONCRETE. 


Bnnd. 


■■ 

I 

41 

I 
M 

Alplu....' 

•  •  •  • 

Atltt.... 


Composition. 


t  I  c,  X  s. 
i  X  c,  2  s. 
I  ic.  as.,  4 

!  I  C,  2  S.,  5 

I  c,  3S-.6 
!  I  c,  1  s.,  J 

[  I  c,  i  i., 
I  c.  I  s., 


i  cinder 
3      •• 


I 


S 
J 
I  c,  2  ».,  5 


Ane 
when 

It 

Tested, 

CI 

Days. 

cH 

3 

99  and  102 

103 

3 

98 

3 

98  and  1 0 1 

3 

91 

3 

90 

3 

90 

3 

90 

3 

90 

3 

Ultimate  Resistance 
in  Lbs.  per  S<].  In. 


Max.  I  Mean. 


Coefficient 

of 

Elasticity, 

Pounds. 


no. 
I  la. 

107. 

lOO. 

103 
114. 
1 10 
I  lb, 
109. 


4 
8 

9! 
3 
5 
I 

3 
Q 


a,oJ3 
1.701 

1.J44 
1.114 

854 
2.0X8 

1,715 
2, 5  Ho 


J, 00 1 
I  .<>34 
1.325 
1.084 
788 

2.834 
l.OOD 

2.4«4 

l,23S 


Least. 

».97S 
X.589 
1,295 



1.052 

749 

2.780 
1.402 

3.500,000 
1,279,000 

3.295 
1 ,300 


3.135.000 
857,000 


The  results  exhibited  in  Table  VI  are  interesting  as 
belonging  to  Portland-cement  cinder  concrete  and  they  are 
of  practical  importance  because  such  concrete  is  used  in 
many  buildings  especially  for  floors,  in  c(^nsequcnce  of  its 
weighing  much  less  than  ordinary  broken-stone  concrete. 
The  ages  of  these  cinder  concrete  cul>cs  is  seen  to  run  fn^m 
90  to  102  days,  which  is  suflicient  to  give  nearly  the  full 
ultimate  resistance  of  such  material.  It  is  seen,  however, 
that  cinder  concrete  is  materially  less  strong  or  capable  of 
^timate  compressive  resistance  than  either  broken-stone 
or  gravel  concrete  having  the  same  proix)rtions  of  mixture 
JD  Its  composition.     The   c(.)lumn   dving  the   weight   in 
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pounds  i^er  cubic  foot  shows  that  cinder  concrete  wei^ 
but  about  three  fourths  as  much  as  that  made  with  gravd 
and  broken  stone.  The  data  contained  in  this  table  vrm 
taken  from  the  **  U.  S.  Report  of  Tests  of  Metal  and  Other 
Materials'*  for  1898. 

Messrs.  Harold  Perrine,  C.E.  and  George  E.  Str^man, 
C.E.  presented  a  paper  to  the  Am.  Soc.  C.  E.  in  1915 
describing  their  extended  investigation*  in  *'  Cinder  Con- 
crete for  Floor  Construction  between  Steel  Beams."  The 
Table  VII  is  taken  from  that  paper  and  each  value  is  a 
mean  of  ten  results,  except  those  in   the  second  column 

Table   VII. 


Proportions. 
Method.  .  . 


Cement . 


Sand 


Cindeis. 


C.  S.  Cin. 

1:3:5 

Continuous 

mixer. 

C'oltrin. 

Alsen. 


C.  S.  Cin. 

1  :  I  :  S 

By  hand 

turned 

twice. 

Dragon. 


C.  S.  Cin. 
I  :  3:  5 

Batch 

mixer. 

Vulcanite. 


C.  S.  Cin. 
1:3:5 
i    Ranfome. 
Mixer. 


AUu. 


I 


Long  Island  Bank  Sand.  North  Shore. 


Anthracite. 


plant. 


10: 


407 


01 


Weight,  11  )S.  per  eu.  ft 

One  month  test: 

Ult.  Resist.,  11  )S.  ])vv  Sij.  ii 

E,  lbs.  per  .s<i.  in j      ()24,6fx) 

Two  months  test: 

Ult.  Resist.,  ll)S.  ])er  S(|.  in 
E,  lbs.  per  stj.  in 

Six  months  /<•<?/; 

Ult.  Resist.,  lbs.  per  scj.  in 
E,  lbs.  per  i>q.  in 

Ofie  year  test: 

Ult.  Resist.,  lbs.  per  s(|.  in 
E,  lbs.  i)or  sq.  in 


1,I34.(KK> 


9^?> 


Lcx-al 
hotel 
.steam 

plmt. 

100 

857,400 

662 
I  ,()3().(KK) 

7M 


97  I. (KM)         I,050.(XX) 


«I3 
956,000 


Local. 


Local  office 
building 
!       steam 
,       plant. 


107 

818 
1,230,000 

1.254 

i,740,0(X) 


109 

980 
i.492.«» 

L035 
1,428.250 


1.744  I        l'^'^ 
1,^48.000  I  1,276,000 


1.465  I        1,475 
1,200,000  ,  1.320.000 


*  Marie  in  the  te.^tin;;  laljoratnry  u\  tlie  Dept.  of  Civil  Engineering.  Col- 
umbia University  by  tl:c  ai«l  of  the  \V:n.  R.  Peters,  Jr.  memorial  research funJ- 
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om  the  right  side  of  the  Table,  which  are  means  of  nearl^^ 
at  number.  The  compressive  test  specimens  were  cinder- 
ncrete  cylinders  8  inches  in  diameter  and  16  inches  long. 
16  values  given  in  the  Table  are  representative  of  good 
uctural  cinder  concrete. 

A  large  ntunber  of  tests,  the  results  of  which  need  not 
given  here,  have  shown  that  gravel  may  advantageously 

used,  in  the  interests  of  economy,  in  the  place  of  broken 
)ne  for  concrete.  On  the  whole,  the  broken-stone  concrete 
probably  stronger  than  that  made  with  gravel,  but  the 
ference  is  not  material  for  all  ordinary  cases.  The 
ivel  should  not  be  water-worn,  but  have  sharp,  gritty 
rfaces  to  which  the  setting  cement  may  strongly  bond 
elf.  All  sizes  from  the  largest  permissible  down  to 
arse  sand  should  be  taken,  and  when  so  balanced  the 
ids  may  be  reduced  as  low  as  20  per  cent,  of  the  total 
lume   of   the    gravel  or   even    lower.     This   balancing 

the  broken  stone  or  gravel  enhances  both  economy 
id  resisting  qtialities. 

A  careftil  examination  of  all  the  Tables,  I  to  V,  shows 
.at  reasonably  well-made  broken-stone  concrete  may 
irry  a  load  of  300  to  500  pounds  per  square  inch  without 
cceeding  \  to  \,  or  possibly  ^,  of  its  ultimate  resistance, 
ie  composition  of  the  mixture  being  i  cement,  2  sand, 
nd  4  broken  stone,  or  perhaps  i  cement,  3  sand,  and  5 
►roken  stone.  It  is  possible  that  this  may  be  an  imder 
•tatement  of  the  capacity  of  the  concrete  if  the  mixture  is  as 
*'ell  balanced  as  it  should  be.  It  is  a  mistake,  as  has  been 
shown  repeatedly  by  actual  test,  to  screen  out  the  finer 
portions  of  the  broken  stone  or  to  attempt  to  secure  an 
approximately  even  sand  grain.     It   is  conducive  to  an 

• 

^creased  resistance  as  it  is  to  increased  economy  to  balance 
fte  sand,  gravel,  or  broken  stone  by  using  all  the  varying 
^^  between  the  least  and  the  greatest.     Indeed,  in  many 
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Table  VIII. 

COMPRESSIVE  RESISTANCES  OF  12''xl2''  CONCRETE  COLO 


4 

4 
6 

6 

8 
8 

lO 
lO 
12 
12 

14 

14 

6 
6 

6 
6 

6 
6 

6 
6 

12 
12 


A«e, 
Days. 


48 
48 
48 
48 
42 
42 
41 
42 
37 
39 
35 
35 


Composition. 


580 


// 


I  cement,  3  sand,  4-1V 
broken  stone,  2-i"  broken 
stone 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 
I   cement,  3  gravel,  4-1 J 
broken  stone,  2-f "  broken 
stone  * 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 
I  cement,  6  gravel,  8-1}" 
broken  stone,  4-i"  broken 
stone 

1  cement,  7  gravel,  Sj-i}" 
br'k'n  stone,  4*-i"  br'k'n 
stone 

1  cement,  5  gravel,  6§-iJ" 
br'k'n  stone,  3i-J"  br'k'n 
stone 

I  cement,  4  gravel,  5^-1  i" 
br'k'n  stone,  2§-8"  br'k'n 
stone 

I    cement,   3  gravel,   6- J 
broken  stone 


I  Silica  Portland  cement,  2 
coarse  clean  sand,  3  quartz 
gravel  (i"-2") 


( 


// 


W'ght 
in  Lbs. 

per 
Cu.Ft. 


145 
145 

144 
144 

143 

145 

145 
142 

143 

.144 
144 

145 
145 

145 
147 

143 
144 

146 
146 
146 
146 
146 
146 
149 
148 
148 
148 

1^3 
144 

141 
142 

146 
146 

146 
145 

150 
149 


148 


Ult. 

Resist,  in 

Lbs.  per 

Sq.  In. 


1,072 
917 

1,067 

1,132 

844 
1,048 

935 
900 
909 
807 

947 
980 

936 
907 

1. 185 
1,183 

980 

936 

i.i3» 
1,200 

1,108 

1,086 

1,015 

1,000 

1,400 

1,500 

858 

807 

500 
467 

427 
436 

708 

747 

900 

797 

1,250 
1,700 


2,548 


Hand  mixed 


Machine  mixed 


!  Reinforced    ' 
4-1"    cold-t 
steel  rods  € 
ded  in  the  co 
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iases  H  may  be  advisable  to  use  the  entire  product  of  the 
rusher. 
The  relation  between  the  ultimate  compressiw  resist- 
concrete  made  with  balanced  material  and  the 
Sigth  of  column  is  illustrated  by  the  results  given  in  Table 
Til,  which  has  been  collated  and  arranged  from  the  "  U,  S. 
;  of  Tests  of  Metal  and  Other  Materials"  for  1897. 
5ie  heights  of  column  range  from  2  to  14  feet.  While  there 
e  some  exceptions,  the  rule  is  general  that,  other  things 
ing  equal,  the  ultimate  resistance  decreases  as  the  length 
ir  height  of  column  increases.  On  the  whole,  the  machine- 
ced  material  appears  to  be  a  little  stronger  than  the 
uid-mixed,  but  the  difference  is  not  substantial  except  for 
10.  and  12  feet  lengths. 

Art.  68.— Bricks  and  Brick  Piers. 

The  ultimate  comiiressive  resistance  of  bricks  depends 

Rudely  upon  the  manner  in  which  they  are  tested  and  the 

ittwith  which  the  surfaces  pressed  are  filled  out  with  a 

ji,  cushion  and  made  truly  parallel  to  the  bearing 

i  of  the  testing  machine.      The  best  of  bricks  as 

1  for  the  market  do  not  have  opposite  faces  truly 

,  and    hence  when    they  are  placed  in  a  testing 

achine  for  testing  to  failure  the  pressure  will  be  con- 

tntrated  at  different  points  and  the  bricks  will  be  broken 

rtly  by  bending  before  the  full  ultimate  compressive 

astance  is  developed   unless  the   pressed   surfaces  are 

ide  true  by  some  kind  of  a  cushion.     This  cushioning  is 

equently  and  perhaps  usually  done  with  plaster  of  pans. 

Bin  the  case  of  the  tests  of  bricks  at  the  U,  S,  Arsenal, 

patertown.  Mass.,  the  results  of  which  are  given  in  Table  11. 

,  a  brick  tested  on  edge  will  give  a  let^s  ultimate 

lance  per  square  inch  than  when  tested  flat  and  the 
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resistance  on  end  per  square  inch  of  section  l^^ll  be  U 
than  that  on  edge.  When  the  brick  is  tested  flatwi: 
even  when  truly  surfaced  with  a  cushion  such  as  plaster 
paris,  it  is  a  very  short  block  and  the  frictinn  of  the  press 
surfaces  on  the  bearing  faces  of  the  testing  machine 
sufficient  to  give  the  compressed  material  substantial  li 
eral  support,  not  permitting  it  to  separate  and  crush  aw. 
readily.  It  will  be  found,  therefore,  that  when  blocks  a 
tested  flatwise  the  ultimate  resistances  per  squan?  int 
as  a  whole,  will  be  much  higher  than  when  tested  on  cd| 
This  condition  of  things  holds  to  some  extent  when  t 
bricks  are  tested  on  edge,  so  that  an  endwise  test  will  gi 
the  ultimate  compressive  resistance  per  square  inch  son 
what  less  than  that  found  when  the  brick  is  tested  on  ed] 
An  endwise  test  of  the  brick  more  truly  represents  t 
idtimate  compressive  resistance  of  the  material  than  a  U 
either  flatwise  or  on  edge. 

A  series  of  tests  of  a  variety  of  bricks  and  terra-col 
made  in  i8g6  at  the  U.  S.  Arsenal  at  Watertown.  Mai 
gave  moduli  of  elasticity  about  as  follows:  Pressed  bri< 
1,000,000  to  3,000,000  pounds  per  square  inch,  the  hardi 
varieties  giving  the  higher  values  and  the  softer  materi 
the  lower  values;  hard  buff  brick  and  terra-cotla,  4.000.C 
to  4,800,000  pounds  per  square  inch.  Some  soft-face  hri 
gave  moduli  of  elasticity  varying  from  about  400,000 
890,000  ]30unds  per  square  inch,  These  determinations 
the  modulus  were  made  wnth  intensities  of  pressure  fn 
about  1000  to  4000  or  5000  pounds  per  square  in 
Such  experimental  results  ordinarily  show  some  erratic 
abnormal  features  and  these  tests  were  no  exception 
that  rule. 

The  coefficients  of  thermal  expansion  and  contracti 
per  degree  Fahr.,  were  at  the  same  time  found  to  rar 
from  .00000205    t*^  .00000754,   the  larger  of  these  vaJi 


.  .  At  the  U.  S.  Arsei.al.  Wner- 
hiwn.  Mass.,  uik]  ^ve  an  ultimate  compiTKiive 
resutance  of  1337  Ib«,  per  sq.  in.  The  pier  ii 
"■" It  existed  after  failure. 
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being  about  25  per  cent,  higher  than  the  coefficient  for 
r  concrete. 

In  the  Proceedings  of  the  Am.  Soc.  C.  E.  for  March, 
1903,  Mr.  S.  M.  Turrill,  Assoc.  Am.  Soc.  C.  E.,  gives  the 
results  of  a  large  number  of  tests  of  common  building 
brick,  2  in.  by  4  in.  by  8  in.  in  size,  manufactured  at  Horse- 
heads,  N.  Y.  The  following  table  is  fairly  representative 
of  the  results  of  Mr.  Turriirs  tests,  made  with  great  care 
at  the  civil -engineering  laboratories  of  Cornell  University: 

TEST  OF  COMMON   BUILDING   BRICK. 


Brick  Tested. 


On  end. 
On  edge 
Flat 


No.  of  Tests. 


12 
12 
12 


Ultimate  Compressive  Resistance, 
Pounds  per  Square  Inch. 


Greatest. 


3,763 
3,913 
5,463 


Mean. 


Least. 


2,628 
2,832 
3,995 


1,234 
1,897 
2,665 


These  bricks  were  tested  in  their  natural  condition  as 
delivered  from  the  kiln  ready  for  use. 

Other  tests  were  made  of  the  same  brick  saturated  with 
water  and  after  being  reheated  in  a  suitable  oven.  This 
latter  test  was  designed  to  disclose  the  quality  of  brick 
after  having  passed  through  a  conflagration.  The  satu- 
rated bricks  tested  on  end  and  on  edge  showed  material 
loss  of  resistance  below  that  of  their  natural  condition,  but 
those  tested  flat  showed  large  gains.  The  reheated  bricks 
exhibited  large  gains  in  all  three  modes  of  testing.  These 
bricks  were  obviously  not  of  hard-burned,  high-resisting 
character. 

The  coefficient  of  elasticity  of  twelve  of  these  bricks 
ran  from  540,000  to  1,815,000  pounds  per  square  inch,  with 
a  mean  value  of  1,305,000  poimds. 
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A  large  number  of  determinations  of  the  ultimate  car 
pressive  resistances  of  bricks  were  made  among  the  earlk 
experimental  investigations  at  the  U.  S.  Arsenal  at  Wata 
town,  Mass.  These  restilts  showed  values  for  hard-bume 
bricks  varying  from  about  8,000  to  about  12,000  pounc 
per  square  inch  with  an  average  of  about  9,000  pounds  p 
square  inch  when  tested  on  edge.  What  may  be  tenne 
medium  bricks,  i.e.,  intermediate  between  hard-burni 
strongest  bricks  and  common  building  bricks,  gave  resul 
varying  from  about  4,000  to  about  8,000  pounds  per  squa 
inch,  with  an  average  value  of  about  5,500  pounds  per  squa 
inch  when  tested  on  edge. 

The  following  results  of  tests  of  three  different  kii 
of  brick  and  hollow  tile  were  obtained  by  Mr.  J.  S.  Ma 
gregor  in  the  testing  laboratory  of  the  Department  of  Ci' 
Engineering  at  Columbia  University.  The  ultimate  res 
tances  given  are  the  means  of  seven  sets  of  tests,  eight 
each  set.  Half  bricks  were  tested  flatwise.  This  mode 
testing  obviously  yields  much  higher  values  than  if  t 
bricks  were  tested  on  edge. 


Common  Hudson  River,  mouldc(l 

Stiff  Clay,  side  cut 

Harvard,  over-burnecl 


Lbs.  per  sq.  in. 


Mean. 


3.203 

2.305 
6,642 


Mis. 


2,006 
2.073 


The  hollow  tiles  were  of  two  types,  six-core  and  two-cc 
The  cross-sections  were  10  inches  by  12  inches,  8  inches 
12  inches,  8  inches  by  16  inches,  and  12  inches  by  12  incl 
The  length  or  height  of  each  set  of  tiles  was  1 2  inches  ^ 
one  exception  of  8  inches.  The  tiles  were  all  tested  v 
the  webs  (or  cores)  vertical  and  the  net  sectional  ai 
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varied  from  about  41  square  inches  to  60  square  inches. 
The  ultimate  resistances  per  square  inch  on  both  the  net 
flections  and  the  gross  sections  are  as  given  below.  There 
were  five  sets  of  ten  tests  each  and  the  results  given  are 
the  greatest,  mean  and  least  results  of  the  five  sets. 


Lbs.  per  sq.  in. 


Net  section . . 
Gross  section 


Max. 


5.718 
2,680 


Mean. 


4.598 
2,090 


Min. 


3.826 
1,710 


Brick  Piers, 

Inasmuch  as  tests  of  brick  piers  have  shown  that 
their  ultimate  compressive  resistances  run  only  from  about 
1000  to  4500  potmds  per  square  inch,  depending  upon 
the  character  of  the  mortar,  it  is  seen  that  in  such  masonry 
a  small  portion  only  of  the  compressive  resistance  of  the 
bricks  is  developed  in  piers  and  other  similar  brick-masonry 
masses. 

These  latter  results  doubtless  depend  largely  upon  the 
cementing  material.     There  is  no  question  that  the  ulti- 
mate resisting    capacity    of    brick    masonry    is    affected 
greatly    by   the   resisting   capacity    of    the    mortar,   and 
the  same   general  observation   can   be  applied   to   other 
classes  of  masonry.      There  is  more  than  this,  however, 
I  affecting,  the  canying  capacity  of  brick  and  other  grades 
r  of  masonry  as  compared  with  the  ultimate  compressive 
resistance  of  the  bricks  used  in  the  one  case  of  masonrv 
or  of  the  individual  stones  employed  in  the  other.     The 
texture  or  character  of  the   mass  of  burned  clay  com- 
posing the  brick  is  exceedingly  variable,  both  in  conse- 
quence of  the  varying  mixture  of  the  material  in  the  bricks 
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before  being  burned  and  in  consequence  of  the  var>Wi 
degree  of  burning  in  each  individual  brick.  Again,  wha 
ever  may  be  the  care  in  placing  the  bricks  in  a  testing 
machine,  including  the  cushioning  of  the  ends,  it  is  prac 
ticably  impossible  to  secure  anything  like  a  uniform  bear 
ing  upon  either  the  ends,  sides,  or  beds.  Their  irrepila 
dimensions  and  exterior  surfaces  and  the  varying  quaGt; 
of  the  materials,  even  in  the  best  of  brick,  introduce  inb 
their  resisting  capacity  elements  of  variation  which  ar 
frequently  so  great  as  to  lead  to  abnormal  results,  ^'hil 
the  mortar  used  in  forming  a  mass  of  brick  masoiir\'  ui 
doubtedly  fills  up  many  irregularities  of  surface,  void 
of  considerable  magnitude  frequently  remain  unfilla 
The  consequence  of  these  uncontrollable  elements  in 
mass  of  brick  masonry  is  always  a  material  reduction  ( 
ultimate  carrying  capacity  and  frequently  a  large  redui 
tion.  However  excellent  in  quaHty,  therefore,  the  inoi 
tar  or  binding  materia'  in  a  brick-masonry  pier  may  b 
it  is  inevitable  that  there  will  be  not  only  a  wide  range' 
ultimate  compressive  resistance,  but  in  all  cases  a  mateli 
reduction  below  that  exhibited  by  the  individual  brie 
when  tested  by  themselves. 

Profs.  Arthur  N.  Talbot  and  Duff  A.  Abrams  report* 
in  Bulletin  No.  37  (lyoS)  of  the  University  of  Illinois,  I 
results  of  a  series  of  sixteen  tests  of  brick  piers  and  t 
same  number  of  hollow  terra-cotta  block  piers.  Two  gra* 
of  brick  were  used,  a  hard-burned  shale  brick  and  a  s 
under-burned  clay  brick.  Eighteen  of  the  former  test 
on  beds  gave: 
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Sixteen  of  the  soft  bricks  similarly  tested  gave : 

• 

Lbs.  per  sq.  in. 

Max. 

Mean. 

Min. 

Hit.  ComD.  Resist 

5.670 

3.920 

2,100 

The  hollow  terra-cotta  blocks  were  about  4  inches  by 
8  inches,  4  inches  by  8§  inches  and  4  inches  by  8|  inches 
m  cross-section,  the  height  or  length  being  generally  8  inches, 
but  4  inches  in  some  cases.  These  blocks  had  three  cores, 
two  I J  inches  square  each  and  one  i^  inches  by  §  inch. 


Table   I 

AVERAGE  VALUES  FOR  BRICK  COLUMNS 


Columns. 


Average 

Ultimate. 

Load.  lb. 

Tper  sq.  in. 


Ratio  of 
Ultimate 
of  Col- 
umn to 
Ultimate 
of  Brick. 


Ratio  of 
Ultimate 
of  Col- 
umn to    I 
Ultimate 
of  "A" 


E 

Initial 

Modulus 

of 

Elasticity. 


Shale  Building  Brick. 


Num- 
ber of 
Tests. 


A-Well  laid,  1-3  portland 
cement  mortar,  67  days 

Wefl  laid,  1-3  portland  ce- 
ment mortar,  6  months. 

wefl  laid,  1-3  portland  ce- 
ment mortar,  eccen- 
tricafly  loaded,  68  days. 

"»riy  laid,  1-3  portland 
cement  mortar,  67  days 

Wefl  laid,  1-5  portlaiid  ce- 
ment mortar,  65  days. . 

neW  laid.  1-3  natural  ce- 
ment mortar,  67  days. . 

"ril  bid,  1-2  lime  mortar, 
66  days 


3365 

.31 

4 

I  .00 

3950 

.37 

I. 18 

2800 

.26 

.83 

2920 

.27 

.87 

2225 

.21    - 

.66 

1750 

.16 

.52 

1450 

.14   - 

.43 

4,780,000 


5,025,000 


4,400,000 

3,525,000 
3,250,000 

800,000 
104,000 


2 
I 


Under-burned  Clay  Brick. 


Wdl  laid,  1-3  Portland  ce- 
ment mortar,  63  days. . 


1060 


.27 


.31 


433.000 


4i6 
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The  brick  columns  were  about  12  J  inches  by  12  J  inches 
in  section  and  10  feet  long.  The  mortar  joints  were  about 
I  inches  thick.  Failure  of  these  colunms  took  place  chiefly 
by  vertical  cracks  through  joints  and  bricks.  Table  I  gives 
the  mean  results  of  these  tests. 

The  characteristics  and  dimensions  of  the  texra-cotta 
columns  or  piers  and  the  average  results  of  tests  per  square 
inch  of  gross  area  are  given  in  Table  la. 

Table   Ia. 

AVERAGE  VALUES  FOR  TERRA  COTTA  COLUMNS 


1 

Ratio 

Average 

Ultimate 

of 
Column 

B 

Number     Ultimate 

Characteristics 

of              Unit 

Initial 

of  columns. 

Columns        Load 

over 
Ultimate 
of  Block 

Moduloi 

in  ANxrage'     lb.  per 

of 

sq.  in. 

I 

(Gross 
area). 

Elasticity. 

1-3  Portland  cement  mortar.     All  well  laid  and  centrally  loaded. 


HiX«J  in. 
SJX13  i" 
13X1.^  in. 


2 

■> 


2885 
3070 

2955 


•83 
.89 
•85 


2.194,000 
2.194,000 
2,194,000 


i2\  X  i2j  in..    I    .<  ixjrtlriiid  it-nu-nt  mortar,  well  laiil  unlesH  mttoil. 


Cent  ml  load 


Eiccntric  l(>:i<l 

pf.orly  l.'ii<l.  central  load.  .  . 
Pi>()rly  lai<l,  t'crcntrie  \(ku\  .  . 
Inferior  blricks,  central  load. 
1-5  ni(»rtar,  central  l<»ad.  .  . 


I 
I 
I 
1 

2 


*  Estimateil. 


379<> 

74 

4300* 

«3* 

3470 

65 

3305 

64 

3110 

60 

3050 

59 

3350 

65 

2.76ii.ooo 

2,330,000 
3.200.000 
2,500.000 
2.300,000 
2.690.000 


The  avcTage  age  of  columns  when  tested  was  67  days. 

Thf  joints  of  the  columns  were  about  J  inch  thick  and 
the  l>locks  were  laid  on  eiitl.  Failures  were  sudden  and 
a(('omi)anied  or  caused  by  longitudinal  cracks.     In  fact. 


MMMMM. 


^■■■■n 


THK  riFVv'  YORK 

PUBUC  LJ3RART 


Til  5-''  ■  ■  •  ''•^s 


t . 


^,. 


brick  [ik-r  willi  i6.iti,  f\»iK  ) 
Uiil  in  lime  niarlar.  li  wti«  tciW<l  at  Ihe  U 
Aiwnal,  WiilFrUmfii,  Mass.,  and  g»»e  an  nllii 
compfeiiivc  rewttaiice  c.f  1133  ll»,  per  *q,  fai, 
ihc  upper  secli'iii  anil  Ooi  ll>>.  per  sq.  in,  wi 

"lie  i.-r.uk5  due  lo  fjilurc  art dN 
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the  chief  manner  of  fracture  of  both  brick  and  terra-cot  ta 
columns  or  piers  is  by  longitudinal  cracking. 

Table  II  exhibits  the  results  of  testing  piers  of  brick 
masonry  in  the  Gov't  testing  machine  at  Watertown,  Mass. 
It  is  taken  from  "  Ex.  Doc.  No.  35,  49th  Congress,  ist 
Session."  The  dimensions  of  piers  are  shown  in  the  table; 
also  the  kinds  of  mortar  used  and  the  grades  of  brick. 
The  "  common "  and  *'  face "  brick,  both  hard  burnt, 
were   from   North   Cambridge,    Mass.     The   other   bricks 


Table   II. 

CRUSHING  STRKNGTH  OF  BRICK  PIHRS. 

Heiffht 
(rffier. 

Section 

WeiK'ht 

Ulliinati' 

Xo. 

of  Pier. 

Comp(jsitii>n  of  Mortar. 

IKT 

Ri'sistaniT, 

Ft. 

Ina. 

Int. 

Cu.  Ft.. 
U.S. 

Lbs.  IK.T 
S<|.  In. 

s 

I 

4 

8X8 

I  lime,  3  saml. 

«  ^7.4 

J.^iO  V 

ar 

6 

8 

8X8 

,     ..       ^     .. 

133.5 

».J*77 

3 

1 

4 

8X8 

1  Portland  cement,  3  sand. 

».»f»..? 

<.77'' 

4 

6 

8 

8X8 

ft    1            ••                  ••            X      "      ' 

U3.5 

3,240 

.14 

•  'J 

S 

y 

8 

t 

a 

10 

0 
0 
0 

laXia 
laXia 
laXia 

I  lime,  3  sand.  . 
I     "      3     ■• 

t  n .  7 

1 ,04O'. 
1. 000 

1 . 5  I  I  • 

•c 

►  .a 

•  a 
'J 

10 

0 

laXii 

I  ••  .»  " 

1:15.0 

i.>to7 

0 

1 

0 

laXia 

I  Portland  cement,  a  »nnd. 

*.'»70 

'  .*4 

X  ^ 

10 

0 

laXia 

1         ••              '*         a      " 

1 3  3 .  a 

X  ^ 

»  S 

I 

6 

t 

8X8 
8X8 

1  lime,  3  sand, 
f     **       »     " 

M3f' 

2,440^ 

«.«;4o 

a 
a 
9 

0 
0 
9 

laXia 
laXia 
laXia 

—           14              •           " 
1           '*              1           " 
I           **              t          ** 

131 .  •; 

J .  1  s  0  > 
l.llS 

^-7 
«5> 

10 

0 

laX  la 

I           '*.         3           ** 

I  \h.o 

I  .^S7« 

^* 

10 

0 

laXia 

I  Portland  cement,  a  Rand.  ; 

131  .0 

2, CO  ( 

*§ 

a 

8 

16X16 

I         "              "a     " 

2,":  20 

^ 

10 

0 

16X16 

I         ••              "a     " 

I.XS7 

0 

9  1 

a 

0 

laXia 

1  lime,  3  saml. 

i.*7o  1  .  Rav 

S  A 

6 

0 

laXia 

I     *•       I     •■ 

t.13  *  V.  St.itr 

^m 

6 

0 

laXia 

I     •*      3     •• 

MO. 7 

i.ji.-»  L brinks 

»3« 

6 

0 

laXia 

1  lime,  3  Wind. 

IlH.  J 

I .  r<  1  "U 

6 

0 

laXia 

I     *•      3     " 

I  I  .S  .  1 

l,2llM 

7 

10 

laXia 

I     "       \     " 

I  ro .  ; 

I.I74 

• 

•  7 

10 

0 

laXia 

I     "      .\     " 

1 1 S .  0 

0^4 

.^ 

'8 

10 

0 

8Xia 

I    "     ^    " 

107  .0 

040 « 

3o 

10 

0 

laX  16 

I    *•     3    " 

I  1  .s  .  7 

7:<  ^-5 

6 

0 

laXia 

I     "      3     "    .  I  Riisendalo  ccmfnl. 

I  2C  .  fi 

I  ,f»4f>      i» 

3 1 

6 

Q 

ijXia 

1  Roscndale  ri-mcnt,  2  sanil. 

[    I  ?  ;  0 

».07i      fJ 

3a 
33 

6 

0 

'  ia\  I J 

I  lime.  »  ^nd.  2  Pi.-rtland  i-rjiicut. 

'.      I  2^.   { 

l..|ll  lA. 

6 

0 

uXia 

I  P'^rtland  cement.  2  sand. 

■    I  1 1> .  7 

I.7Q<}-I 

6 

0 

laXia 

Clear  Portland  cftnent. 

",    ijfi.d 

2..t7SJ 

*  JomU  brukeu  every  6  courses. 


t  Bricks  laid  on  e<lKe. 


:OMPRESSION. 


were  from  the  Bay  State  Brick  Co.,  of  Boston  and  Cam- 
bridge, Mass,,  and  were  medium  burnt. 

The  brick  piers  were  built  of  bricks  "  laid  on  beds  and 
joints  broken  every  course,  with  the  exception  of  two  u  bV 
12  piers,  one  of  which  had  joints  broken  every  sixth  course, 
and  one  had  bricks  laid  on  edge. 

"They  were  built  in  the  month  of  May,  i88a,"  and 
"their  apes  when  tested  ranged  from  14  to  24  months." 
They  were  all  tested  between  cast-iron  plates. 

"  Loads  were  gradually  applied  in  regular  increments, 
.  .  .  returning  at  regular  intervals  to  the  initial  load.  .  .  - 
Cracks  made  their  appearance  at  tlie  surfaces  of  the 
piers  and  were  gradually  enlarged  before  the  maximam 
loads  were  reached.  Final  failure  occurred  by  the  partial 
crushing  of  some  of  the  bricks,  and  by  the  enlargement  of 
these  cracks,  which  took  a  longitudinal  direction  and 
occurred  in  the  bricks  of  one  course  opposite  the  end  joints 
of  the  bricks  in  the  adjacent  courses.  This  manner  o( 
failure  was  common  to  all  piers. 

It  is  important  to  notice  that  the  resistance  of  the  piefs 
varies  with  the  strength  of  the  mortar  used  in  the  joints. 

Brick  piers,  8  inches  by  8  inches  in  cross-section  and 
6  feet  high,  built  of  Hudson  River  common  brick,  and 
others  of  Sykesville  face  brick  were  tested  to  destruction  io 
the  testing  laboratory  of  the  Department  of  Civil  Engineer- 
ing of  Columbia  University  in  1915  by  Mr.  J.  S.  MacgregoT, 
in  charge  of  the  laboratory,  with  the  following  results,  two 
of  the  piers  being  built  of  Hudson  River  common  brick  and 
three  of  the  Sykesville  face  brick. 
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These  piers  also  gave  the  two  foltowing  values  for  the 
fQodulus  of  elasticity  in  compression : 

Mudson  River  Common E=    748,000  lbs.  per  sq.  in. 

Sykesville  Face £  =  2,860,000  lbs.  per  sq.  in. 

The  age  of  the  columns  was  60  days.  The  ends  were 
Sxaished  with  plaster  of  paris  to  secure  square  and  imiform 
t>^arings.  The  two  moduli  were  detennined  at  intensities 
c>f  stress  less  than  250  pounds  per  square  inch. 

Mr.  Macgregor  also  obtained  the  ultimate  resistances  of 
ttwee  piers,  74  inches  high  builL  up  of  single,  approximately 
S-inch  by  12-inch  hollow  tile  giving  a  gross  horizontal  cross- 
s^ciion  of  94  square  inches  and  a  net  section  of  actual  tile 
nnaterial  of  50  square  inches. 

These  tile  piers  had  |-inch  joints  filled  with  Portland 
cr^Miient  mortar,  i  cement,  3  sand,  the  age  of  the  piers 
t>eing  60  days. 

Tlie  ultimate  compressive  resistances  per  square  inch 
^or  the  three  piers  were  as  follows : 

^ross  Section 1.236;  1,239;  and  i , 1 1 7  lbs.  per  sq.  in. 

^et  Section 3.324;  2,329;  and  2,100  lbs.  per  sq.  in. 

These  tile  piers  failed  in  the  blocks  in  most  cases,  but 
'*>  other  cases  in  the  joints.  The  failures  of  the  blocks 
showed  vertical  cracks  as  well  as  horizontal  and  some  spalling. 
The  results  of  all  the  experimental  investigations 
^^"ailibie  in  connection  with  brick  masonry  and  experit-nces 
'**  the  best  class  of  engineering  work  indicate  that  masonry 
'^d  up  of  good  hard-burnt  common  brick  may  safely 
^^tT\*  a  working  load  of  15  to  20  tons  per  square  foot  or 
*«o  to  a8o  pounds  per  square  inch.  In  the  construction 
•^f  this  class  of  masonry  where  the  duties  are  to  be  severe  it 
*»■  of  the  utmost  importance  that  the  best  class  of  Portland 
c^nieni  mortar  be  emplnyed,  as  the  carrying  capacity  of 
"Tick  masonry  depends  largely  if  not  chiefly  upon  the 
cbaractw  of  the  mortar. 
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Art  69. — ^Natural  Building  Stones. 

The  ultimate  compressive  resistance  of  nattiral  building 
stones  is  affected  greatly  by  the  condition  of  the  rock 
from  which  the  cube  or  other  test-piece  is  taken.  That 
portion  of  a  ledge  exposed  to  the  weather  may  be  much 
weakened  and,  in  fact,  even  disintegrated,  but  the  material 
at  a  short  distance  from  the  exterior  surface  may  have  the 
greatest  resistance  of  which  the  particular  kind  of  stone  is 
capable  of  yielding.  Again,  the  compressive  resistance 
of  stones  on  their  natural  beds  is  much  greater  than  when 
tested  on  edge.  In  the  tests  which  follow  the  test-pieces 
were  fairly  representative  of  such  quality  of  stones  as 
would  pass  insj^ection  in  first-class  engineering  work,  and 
it  is  to  be  assumed  that  they  were  compressed  on  their 
beds  unless  othen\'ise  stated. 

Table  I  taken  from  the  **  U.  S.  Report  of  Tests  of  Metals 
and  Other  Materials  "  for  1894,  exhibits  the  coefficients  of 
elasticity,  ultimate  compressive  resistances,  weights  per 
cubic  foot  and  coefficients  of  thermal  expansion  per  degree 
Fahr.,  as  well  as  the  ratio,  r,  between  lateral  and  direct 
strains  for  the  granites,  marbles,  limestones,  sandstones, 
and  other  stones  shown  in  the  left-hand  column.  The 
coefficients  of  elasticity  and  of  tliermal  expansion  w^ere 
determined  by  employing  blocks  of  stone  about  24  ins. 
long  and  6  ins.  by  4  ins.  in  cross-section,  the  gauged  length 
being  20  inches,  but  the  ultimate  compressive  resistances 
were  found  by  testing  4-inch,  cubes.  The  number  of  tests 
for  each  coefficient  of  elasticity  and  ultimate  resistance 
varied  from  one  to  nine  but  were  generally  two  or  three. 
The  general  run  of  values  of  ultimate  resistance  will  be 
found  to  conform  as  well  as  could  be  expected  with  results 
for  the  same  kind  of  stones  in  the  tables  which  follow. 
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It  will  be  observed  that  the  marbles  are  the  lieaviest  sIcmics, 
although  the  granites  are  not  much  lij^liter.  There  is  a 
large  difference,  however,  between  the  sandstones  and  the 
marbles  or  granites. 

Table  I. 

NATURAL  STOXES  IN  COMPRESSION  ON  BEDS. 


Stone. 


Coefficient 


Ultimate  Oirnprcssivu 


Cocfiicient 


aslicity.  ^'l-^"-  Ly%    !    si..ni.er 

,bs.   TKT I  lis        I        ^^^'»I''^"^' 

^^J-^"-       Max.       ML-an.  1    Min.    !      'I       ^''^^'■• 


r. 


Brufoid  srmnite.  Conn . .  . . 


MUfbid  gnnite.  Mass 7.^76.750 


Jt,7l3,IOO 


Ttoy  inmite,  N.  H 

MUfaxd  pink  granite.  Mass. . 
PigtoD  Hill  granite,  Mass. . . 
Cnota  martue,  Ga. 


6,118,850 
6.200,350 


.Max. 

i5.«54 
J5.73» 
28,7()S 


ML'an.  j    Min.    I 

~|    '~'    "~l 
15.707  •  15.^60  I    162 


2J.77.<      iy,2.v^ 


162.  ? 


ChoolBBe  marble.  Ga. 
Etowah  marUe,  Ga. . 


Ktnmaaw  marble,  Ga. 
Ue  marUe,  Mass. 


8,005, 2.io     20,710 
7,09J,7oc     15.512 


10427,800     I.i,4t5 


8,217.050 


11,50^  I    I  1,478       i6.S.O 


Mirble  Hill  marble,  Ga. .  . .   Q.g5c.85o 

1  I 

Tucldioe  marble,  N.  Y !i5t7f,2o<.    i<).r2.\\  1^,20;     it, '.,40^   17.S 


14.217 
10.771 


26,174      2J.5.S0  I    i<'.4-7 

i8,*)SS      1 5.75^       1^1  .0 

i<>,f'70      17.77-!       i''i ..'? 
H.4r»ri      1  1,420      170 

I 
I 
12,610      I  1,8.? 2  ,    167  ,K 

I 
14. '35.^       M,8«.S       i6g.8 

i  i 


I     .00000)08     — 

!  J* 

.00000418 

i  ■';» 

.00000.^37 

5  •  J 


I 
.00000441' 


Meant VemcmUmcstone,  Ky  I  3.278,400 

OoGtic  finmtone,  Ind | 

Xoith  River  bluestnne,  N .  Y.  s  .4 7  ^  ..^of" 

MaiMon  slate,  Maine |     

Cooper  sandstone,  OTVfft}n  . . . 

Cnoper  sandstone,  Oregrm  . . 
Kaynard  sandstone,  Mass. . . 
Ktbbe  sandstone,  Mass 

^opDcstcr  sandstone,  Mass. . 

P'>tcNnac  sandstone,  Md. . . 
^ympia  sandstone,  OreKDn . 
CJiockanut  sandstone.  Wash. 

Dvvkeifaoirs  cement 

*  Ysimnerthal     flint     Kme- 

ttoae,  Buffalo 

Red  grmnite 


li,5'»'» 


2.0 
I 

^•7 

I    I 

.    1 

OOOOOJCJ      — 

<-4 
I 
00000441  
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The  coefficients  of  elasticity  generally  range  considerably 
higher  than  those  for  concrete  in  Art.  67,  but  the  sand- 
stones form  an  exception  to  this  observation.  The  coefli- 
cients  of  thennal  expansion  vary  between  rather  wide 
limits  but  they  are  mostly  a  little  lower  only  than  those 
determined  for  concrete.  The  ctiefficient  for  the  Dyoker- 
hoff  cement  is  very  close  to  those  exhibited  for  cement 
mortar  and  concrete  in  Art.  60,  The  column  headed  r, 
giving  the  ratios  between  lateral  and  direct  strains,  conuins 
interesting  data.  From  what  has  been  shown  in  Art.  4 
it  is  apparent  that  the  total  volume  of  the  test-pieces  was 
considerably  reduced  by  the  compression  to  which  the 
cubes  were  subjected. 

The  coefficients  of  elasticity  were  determined  at  in- 
tensities of  pressure  running  from  1000  or  2000  pounds 
per  square  inch  up  to  8000  or  10,000  pounds  per  square 
inch. 

A  coefficient  would  first  be  determined  at  comparatively 
low  pressures,  as  from  1000  to  3000  pounds  per  square 
inch,  and  then  at  higher  pressures,  as  from  7000  to  9000 
or  10,000  pounds  per  square  inch.  As  a  rule,  the  co- 
efficients determined  at  the  higher  pressures  were  mate- 
rially higher  in  value  than  the  others,  the  stiffness  of  the 
stone  increasing  with  the  loads  within  the  limits  of  the  lest, 
The  values  in  the  table  are  the  means  of  those  at  the  Jo* 
and  high  pressures, 

Witli  the  i^irdjnary  working  values  of  pressures  in 
masonry,  probably  not  more  than  two  thirds  of  the 
values  of  the  coefficients  of  elasticity  given  in  the  table 
should  be  employed. 

In  the  "  U.  S.  Report  of  Tests  of  Metals  and  Other  Mate- 
rials" for  if)oo  there  may  be  found  the  results  of  compress- 
ing 4-inch  cubes  of  Tennessee  marble  and  of  granite  ff^ 
the  Mount  Waldo  Quarries  at    Frankfort,    Maine.     The 
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ultimate  compressive  resistances  of  the  4-inch  Tennessee 
marble  cubes  expressed  in  pounds  per  square  inch,  were  as 
follows: 

Maximum.  Mean.  Minimmn. 

25,478  20,329  16,309 

The  preceding  three  results  cover  twenty  tests. 

The  ultimate  resistances  in  pounds  per  square  inch 
of  the  ** Black  Granite'*  from  the  Waldo  Quarries,  as 
determined  from  four  tests  of  2 -inch  cubes,  were  as  follows: 

Maximmn.  Mean.  Minimum. 

32,63s  30^949  29,183 

Again,  in  the  same  report,  the  ultimate  resistances  in 
pounds  per  square  inch  of  four  4-inch  cubes  of  limestone 
from  Carthage,  Mo.,  are  as  follows* 

Maximum.  Mean.  Minimum. 

17,130  14,947  13.660 

The  preceding  tests  and  the  results  of  others  given  in 
Table  II  have  been  determined  by  compressing  cubes  4 
inches  and  5  inches  on  the  edge  and  it  has  been  generally 
customary  to  use  a  cube  for  a  test  piece  for  either  natural 
or  artificial  stones.  It  has  already  been  indicated,  however, 
in  Art.  62  that  such  a  short  test  piece  in  compression  must 
necessarily  give  higher  results  than  should  be  credited  to 
the  material. 

The  use  of  compressive  test  specimens  with  lengths 
two  to  two  and  one-half  times  the  diameter  is  just  begin- 
ning, but  that  use  has  not  become  sufficiently  general,  nor 
has  it  been  long  enough  the  practice,  to  make  available 
results  from  such  desirable  tests. 

Furthermore,  some  tests  have  shown  that  ultimate  com- 
pressive resistances  may  be  materially  higher  for  large  cubes 
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than  for  small  ones.  This  is  probably  due  to  the  lateral 
supporting  effect  given  to  parts  of  the  test  piece  by  the 
friction  between  the  bearing  head  of  the  machine  and  the 
face  of  the  material  under  test  with  which  it  is  in  contact. 
Preferably  no  cube  tested  for  engineering  purposes  should 
be  less  than  12  by  12  inches  in  section,  nor  should  any  test 
piece  be  shorter  than  twice  its  diameter. 

The  results  found  in  Table  II  are  taken  from  the  "  U.  S. 
Report  of  Tests  of  Metals  and  Other  Materials,"  for  1894. 
They  relate  to  the  various  kinds  of  rock  indicated  and 
were  found  by  testing  4-inch  to  5 -inch  cubes  on  their  beds. 

Table  II. 


State. 

Stone. 

Ultimate 

Compressive 

Resistaoce, 

Pounds  per 

Sqtiare  Inch. 

Minnesota 

Ortonville  granite 

20,415 
10,833 

17,780 

4,353 
9,606 

»J75 
10,114 

21,556 

19.875 

9.465 

4,834 
2,899 

(i 

Kasota  pink  limestone 

<i 

Faribault  marble 

<< 

Duluth  brownstone 

i< 

Mankato  sandstone 

«i 

Mantorville  sandstone 

<i 

Frontinac  sandstone 

(1 

Luveme  auartzite 

<i 

i(                << 

Iowa 

Rubble  rock 

<< 

Firestone 

<< 

Gvpsum.  Fort  Dodge 

The  ultimate  resistances  of  tlie  sandstones  are  relatively 
low,  while  the  higher  values  are  found  for  granites,  lime- 
stones, and  quartzites,  as  is  usual. 

In  1906  the  Carnegie  Institution  of  Washington  pub- 
lished An  Investigation  into  the  Elastic  Constants  of  Rocks, 
More  Especially  with  Reference  to  Cubic  Compressibility, 
bv  Mr.  Frank  D.  Adams  and  Dr.  Ernest  G.  Coker.  The 
experimental  part  of  this  investigation  was  made  atMcGill 
University  tmder  the  auspices  of  the  Carnegie  Institution. 
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Although  this  investigation  was  made  as  a  contribution 
more  to  physics  than  to  engineering,  the  results  obtained 
are  of  both  interest  and  value  to  engineers  and  it  is  well 
to  make  use  even  for  engineering  purposes  of  results  deter- 
mined with  so  much  care  and  such  extreme  accuracy  in 
spite  of  the  fact  that  the  specimens  used  were  only  i  inch 
square  in  section  or  i  inch  in  diameter  and  3  inches  long. 
If  E  is  the  ordinary  modulus  of  elasticity  in  compression 
G  the  modulus  of  elasticity  for  shearing,  V  the  so-called 
bulk  modulus,  i.e.,  the  reciprocal  of  the  rate  of  change  of 
unit  volume  for  imit  intensity  of  stress,  and  r  the  ratio  of 
the  rate  of  lateral  strain  of  the  specimen  divided  by  the 
rate  of  direct  strain  under  compression,  Table  III  gives 
the  results  of  these  experimental  determinations  for  those 
materials  which  American  engineers  more  commonly  use. 

Table   III. 


Specimes. 

Black  Belgian  marble 

\arrara  marble 

Vennont  marble 

Tennessee  marble. . . . 
Mootreal  limestone. . 

Baveno  granite 

j^head  granite .  .  . 
^y  Lake  granite. . . . 
westerly  granite .... 
Wncy  granite  (i)..  . 
Qttincy  granite  (2). .  . 
Stonstead  granite 

^sandstone 

Piate  glass 


B. 


1 1 ,070,000 
8,046,000 
7,592,000 
9,006,000 
9,205,000 

6,833,000 
8,295,000 
8,165,000 

7.394.500 
6,747,000 
8,247,500 
5,685,000 

2,290,000 

10,500,000 


r. 


0.2780 
0.2744 
0.2630 

0.2513 
0.2522 

o  2528 

0.2II2 

o. 1982 

0.2195 
2152 
1977 
2585 


O 

o 
o 


0.2900 

0.2273 


G. 


4.330,000 
3,154,000 
3,000,000 
3,607,000 
3.636,000 

2  724,800 
3.399,000 
3.380,000 
3.019.700 
2,781.600 

3,445  000 
2,258,700 

888,000 

4,290,000 


E. 


3(1 -ar) 


8,303,000 
5,946,000 
5,341,000 
5,967,000 
6,167,500 

4,604,000 
4,792,000 
4.517.500 
4.397.500 
3,984,000 
4.555.000 
3,940,000 

i.8i6,009 

6,448,000 
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Art.  70. — Timber. 
The  ultimate  cnmpressive  resistance,  roefticient  of  elas- 
ticity, and  other  physical  properties  of  timber  in  com- 
pression are  affected  greatly  by  the  amount  of  moisture 
in  the  timber  and  by  the  size  of  stick.  The  invest igatiom 
of  Professor  J.  B.  Johnson,  acting  for  the  Forestr,'  Divisiaa 
of  the  U.  S.  Department  of  Agriculture,  have  shown  thai 
when  the  amount  of  moisture  exceeds  about  30%  bj 
weight  of  the  timber  the  physical  properties  are  not  mudl 
affected  by  any  increased  saturation.  The  walls  of  tJ* 
wood  cells  at  that  point  seem  to  experience  their  maximuni 
softening.  Green  timber  may  be  considered  as  carrying 
about  one  third  of  its  weight  in  moisture,  and  it  seen 
matter  little  wliether  that  moisture  is  water  or  sap.  timlW 
once  dried  and  resaturated  appearing  to  suffer  the  same 
diminished  resistance  as  in  its  original  green  coiiditita 
Professor  Johnson's  tests  showed  that  the  Southern  piiW 
increased  their  ultimate  compressive  resistance  in  son* 
cases  as  much  as  75%  by  the  process  of  drying  or  seasownS 
from  33%  of  moisture  down  to  10%,,  the  general  rule  bong 
a  greatly  increased  compressive  resistance  mth  a  decrease  of 
moisture.  It  follows  from  tliese  results,  th.erefore,  that^greefl 
timber  will  be  much  weaker  in  compression  than  seasoned 
timber.  Ordinary  air  seasoning  even  under  cover  seldom 
reduces  moisture  below  about  15%  in  weight  of  the  timbef 
itself,  although  under  favorable  circumstances  of  seasoaii^ 
the  moisture  may  sometimes  drop  to  12%  of  that  wei^ 
As  a  matter  of  precision,  therefore,  or  accuracy,  theito 
mate  compressive  resistance  of  timber  should  alvrayi 
be  stated  in  connection  with  the  percentage  of  moisXart 
carried  by  the  timber.  Tliis  will  be  found  to  \x  the  case 
in  all  of  Professor  Johnson's  exiierimental  work,  to  whiA 
reference  has  already  been  made  anrl  the  results  uf  wliich 
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jre  chiefly  found  in  bulletins  Nos.  8  and  1 5  of  the  Di\dsion 
)f  Forestry  of  the  U.  S.  Department  of  Agricultiire,  the 
:ormer  being  dated  1893. 

The  earlier  tests  of  Professor  Johnson  were  made  on  a 
basis  of  15%  moisture,  but  in  his  later  work  a  basis  of  12% 
moisture  was  adopted,  and  he  states  in  Circular  No.  15 
that  in  reducing  the  moisture  from  15%  to  12%  the  corre- 
sponding increases  in  the  ultimate  compressive  Resistance 
in  pounds  per  square  inch  of  Southern  pines  are  approxi- 
mately as  follows: 


Across  Grain. 


leng-kaf  pine . 
Cuban  pine. . . . 
Loblolly  pine.  . 
Short-leaf  pine . 


180 
220 

150 
60 


While  it  is  important  as  a  matter  of  physics  to  recognize 
clearly  the  effect  of  moisture  upon  the  compressive  re- 
sistance of  timber,  it  is  of  equal  importance,  and  possibly 
of  greater  importance,  to  recognize  the  fact  that  in  engineer- 
ing practice,  except  in  specially  protected  cases,  the  timber 
used  in  structures  is  more  or  less  exposed  and  can  seldom 
or  never  be  depended  upon  to  contain  even  as  little  as  15% 
of  moisture,  and  with  some  conditions  of  weather  and  at 
some  seasons  of  the  year  it  may  contain  considerably  more. 
It  follows,  also,  that  the  condition  of  timber  as  to  moisture 
in  most  structures  will  change  materially  from  time  to  time. 
It  would  be  imwise,  therefore,  and  perhaps  dangerous  to  use 
working  compressive  resistances  based  upon  the  results  of 
tests  of  small  pieces  with  moisture  reduced  to  15%  or  12%. 

Again,  it  has  been  frequently  stated  as  a  result  of  the 
timber  investigations  by  the  Forestry  Division  of  the 
L-.  S.  Department  of  Agriculture,  that  the  ultimate  com- 


41& 


COMPRESSION. 


[Chi  VI 


pressi-\'e  resistance  of  large  sticks  may  be  taken  as  pnictial 
identical  with  that  belonging  to  small  selected  test  jriai 
the  quality  of  the  material  being  the  same  in  both  caa 
It  is  possible,  if  tlie  quality  of  material  throughout 
portions  of  every  large  stick  were  identical  with  the  qoali 
of  small  selected  specimens,  that  the  ultimate  compressi 
resistance  per  square  inch  mipht  be  the  same;  but  that 
radically  different  from  the  facts  as  they  are.  There 
probably  no  stick  of  timber  whose  condition  is  permanc 
at  any  given  time.  If  it  is  seasoning,  its  quality  is  i 
proving,  but  afjer  reaching  a  maximum  of  excellence 
begins  to  depreciate  by  decay  or  from  other  causes.  A 
large  stick  of  timber  as  used  by  the  engineer  is  ecU* 
free  from  some  jxiint  of  incipient  decay  and  it  is  ae\ 
free  from  knots,  large  or  small,  wind  shakes,  cracks  fri 
one  cause  or  another,  or  from  some  other  defective  i-* 
dition.  at  some  point.  Small  specimens  for  testing  i 
invariably  so  selected  as  to  eliminate  such  sjxtts  as  militaV 
against  a  comparatively  high  resistance.  The  inevita 
result  for  full-size  sticks  is  a  decreased  resistance  mateiis 
below  that  of  the  small  specimen.  For  all  these  reast 
therefore,  in  engineering  practice  it  would  be  a  rad 
error  to  accept  tl.e  ultimate  compressive  resistance 
square  inch  of  small  test  specimens  as  pnictically  ident 
with  that  of  lai^e  sticks.  Values  for  the  latter  class 
timber  should  be  determined  upon  pieces  as  lar^c  as  tl 
used  in  structures  and  under  the  same  conditions  in  wl 
they  are  used,  which  means  an  indefinite  amount  of  moisi 
ordinarily  sensibly  larger  than  i2';{.  or  15%. 

In  the  "  U.  S.  Report  of  Tests  of  Metals  and  O' 
Materials"  for  1896  and  1897  there  may  be  found  res 
of  compressi \'e  tests  for  coefticients  of  elasticity  for  slicl 
timber  as  shown  in  Tabic  I.  Those  slicks  were  man' 
them  large  enough  to  form  full-size  posts.     Tliey  apfiea 
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Tlir   fraclurc  of  a   piece   uf  DoucUj 
Ihc  rings  ,.f  gruwUi.    The  ultima 
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Table  I. 

TIMBER  IN  COMPRESSION. 


Bad  of  Wood. 

Coefficient  of  Elasticity, 
Pounds  per  Square  Inch. 

Remarks. 

■ 

Maximum . 

Mean. 

Minimum. 

y. 

3,461,000 
112,000 
207,000 

1,789,000 

1,890,000 
2.2^2.000 

2,358,000 

74,600 

1 58,000 

1,554.000 

1,657,000 
5. 1 7C  nno 

I, <>  15. OCX)     4 

40,000  i  </ 

I  ^4.^00     6 

Not  well  seasoned. 

ISsUfS^y 

1  •       it           <i 

SriiriK. 

I. ;  sS.ooo 

ft    •• 

J-ggJp*;*; 

1 
1.4.88.000      •'  Krom  tons  of  trees 

M 

2,049,000 

I,202,OCK) 

i,437,0(Xi 

2.  207 .OCX) 

4 '  From  butts  of  trees 

1 
()  Not  well  seasoned 

SfaHMfpiiie:* 

IMiiflK 

1.6^^.000    I -.160.^00 

SpniB:* 
BuMk. 

OU  ytflpw-pine  posts  :* 

1,623,000 

2,300,(XX) 

-  IT    -  .^f  v» 
1,531,000 

2,251,000 

I 
10=    "       " 

1 

1 

1  2  Wrv  cirv 

« 

1 

'  ~- J  — J • 

*j|PheK  resultfl  are  means  of  determinations  at  intensities  varying:  from 
50^16.5.000  pounds  per  square  inch. 

haiM^been  of  merchantable  timber  of  about  sucli  quality  as  is 

ladl  in  first-class  engineering  works.     They  had  the  usual 

sopify  of  knots  and  other  features  which,  while  not  material 

ddieetB,  prevented  the  pieces  from  being  of  selected  quality. 

Al  also  shown  in  the  table,  there  were  a  considerable 

mmiher   of   tests  in    each    case.       **  Endwise"    compres- 

siott 'jmeans    compression    parallel    to    the    fibres   of   the 

tinibferp  while  "Tangentially**  means  a  direction  tangent  to 

the  -Tings    of   growth.     That    compression    indicated    by 

"Radially"  was  in  a  radial  direction,  i.e.,  passing  through 

the  centre  of  the  tree  trunk.     The  determinations  were 

made  at  intensities  of  pressure  varying  from  one  third  to 

one  half  the  ultimate  resistance.     It  will  be  noticed  that 

in  the  values  for  long-leaf  pine  the  highest  results  belong 

to  sttcks  from  the  butts  of  trees,  while  those  from  the  tops 
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give  materially  less  values.  It  will  also  be  observed  lliat 
the  values  for  the  very  dry  yellow-pine  posts  in  the  last 
line  of  the  table  are  high,  showing  the  increased  stiffness 
due  to  the  absence  of  moisture.  The  coefficients  of  elas- 
ticity in  the  last  five  lines  of  the  table  were  computed 
from  the  resilience  of  the  compressed  columns  by  means 
of  a  formula  similar  to  eq.  (2)  of  Art.  44, 

The  values  of  the  elastic  limit,  ultimate  resistance  and 
modulus  of  elasticity  in  compression  along  the  fibres  as 
well  as  the  elastic  limit  in  compression  across  the  fibres  of 
nine  of  the  prominent  structtiral  timbers  of  the  Urated 
States,  both  for  large  or  structural  sizes  and  small  speci- 
mens, as  shown  in  Table  II,  are  taken  from  Tests  of  Struc- 
tural Timbers,  Forest  Service-Bulletin  108.  U.  S.  Depart- 
ment of  Agriculture,  by  Messrs.  McGarvey  Cline  and  A.  L 
Heim,  1912,  and  exhibit  some  of  the  latest  experimental 
investigations  in  the  elasticity  and  resistance  of  timber. 
The  large  or  structural  sizes  had  cross-sections  up  to  lO 
inches  by  16  inches  and  the  small  sizes  down  to  2  inches 
by  3  inches.  The  resistances  parallel  to  the  fibres,  ie.oD 
end,  were  determined  for  pieces  whose  lengths  were  ihrt* 
to  four  times  the  cross  dimensions. 

The  authors  of  the  paper  properly  observe  that  the 
"  Results  of  tests  made  only  on  small  thoroughly  seasoned 
specimens  free  from  defects  " — "  may  be  from  one  and  one- 
half  to  two  times  as  high  as  stresses  developed  in  large 
timbers  and  joists."  This  is  an  important  conclusion  and 
a  number  of  results  in  Table  II  confirm  the  obser\'ations 
of  the  authors. 

It  is  essential  to  observe  the  small  resisting  capacity 
of  the  various  timbers  when  compressed  across  the  grain, 
the  resistance  in  the  latter  condition  being  but  a  small 
fraction  of  that  along  the  grain. 

Tablelllcontainstheresultsof  tests  by  Colonel  Laidky, 
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COMPRESSION. 

Table  III. 


i^^.' 


Cornpnaied 


B-|  = 


OKB.M1  pine 

Orcflcm  mKple -  -  r 

Ottbo"  ipruce.    

ClbTomi.  laurel 

""""ican  white  mahogany 

can  mahoganir 

■e  maple 

Red'binh. ..','. !!!!!"!! 

Red  birch 

Whitevf««i 

WhilrwiKMl 

While  pint 

White  pine 

While  oaW. 

White  oak 

Ash 

Aih. 

OrcBon  pine 

MciS^n  while  maili^ny 
Uexu'an  cttlor 

mTiu'pii'Ii"  .'....,*:;:.  1 

White  iniw 

Whitew.««l 

Whitew-Kl 

Black  walnut 

Black  walnut. 

Black  walnut 

W-hite  oak 

?Xw  i.in<^.' ;::::;::::: 

nUle  walmit 

BU.-k  walnut 

Black  walnut 

Black  walnut... 

ic  walnut! !!!"!!!;' 

"^lini' 

m\nic}i.'.'y.'.'.','.'.'.'. 
.w  blfth 
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U.S.A.,  '*Ex.  Doc.  No.  12,  47th  Congress,  2d  Session/* 
A  few  other  tests  of  short  blocks  from  the  same  source  will 
be  found  in  the  article  on  "Timber  Columns.*'  Unless 
otherwise  stated,  all  the  specimens  were  thoroughly  sea- 
soned. 

In  this  table  the  *' length'*  of  all  those  pieces  which 
were  compressed  in  a  direction  perpendicular  to  the  grain 
might,  with  greater  propriety,  be  called  the  thickness,  since 
it  is  measured  across  the  grain. 

In  the  tests  (24-60)  the  compressing  force  was  dis- 
tributed over  only  a  portion  of  the  face  of  the  block  on 
which  it  was  applied;  thus  the  compressed  area  was  sup- 
ported, on  the  face  of  application,  by  material  about  it 
carrj^ng  no  pressure.  In  some  cases  this  rectangular  com- 
pressed area  extended  across  the  block  in  one  direction, 
but  not  in  the  other.  In  all  such  instances  the  ultimate 
resistance  was  a  little  less  than  in  those  in  which  the  area 
of  compression  was  supported  on  all  its  sides. 

The  "ultimate  resistance**  was  taken  to  be  that  pressure 
which  caused  an  indentation  of  0.05  inch. 

Xos.  (44-5  5 )  show  the  effect  of  varying  thickness  of  bk)cks. 
Within  the  limits  of  the  experiments,  the  ultimate  resistance 
is  seen  to  decrease  somewhat  as  the  thickness  increases. 

The  best  series  of  values  of  tlie  ultimate  compressive  re- 
sistance of  timbers  as  actually  used  in  large  pieces  and  for 
engineering  structures  that  can  be  written  at  the  present 
time  is  that  given  in  Table  IV. 

That  table  shows  values  for  railway  bridges  and  trestles 
adopted  by  the  American  Railway  Engineering  Associa- 
tion. 

As  in  the  case  of  tension,the  compressive  resistances  across 
the  grain  are  but  small  fractions  of  those  with  the  grain. 
Values  are  given  for  columns  under  15  diameters  in  length 
for  the  reason  that  such  columns  fail  essentially  by  com- 
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pression  and  without  the  bending  which  charactei 
columns.     The  table  is  one  of  great  practical  value 

Table  IV. 

TIMBER  IN  COMPRESSION. 


Kind  of  Timber. 


Douglas  fir.  . 
Longleaf  pine . 
Shortleaf  pine 
White  pine .  . 

Spruce 

>forway  pine 
Tamarack .  . . . 
Western   Hem 

lock 

Redwood. .  . 
Bald  cypress, 
Red  cedar.  . 
White  oak. .  , 


Unit  Stresses  in  Lbs.  per  Sq.  In. 


Perpendicular  to 
the  Grain. 


Elastic 
Limit. 


630 
520 

290 


440 
400 

340 
470 
920 


Working 
Stress. 


310 
260 
170 

150 
180 

150 
220 

220 

170 
230 
450 


Parallel  to 
the  Grain. 


Mean 
Ult. 


3.600 

3.800 

3.400 

3.000 

3.200 

2,600* 

3.200* 

3.500 
3.300 
3.900 
2,800 
3.500 


Working 
Stress. 


1,200 
1,300 
1, 100 
1,000 
1,100 
800 
1,000 

1,200 
900 

1,100 
900 

1,300 


Working  5 
for  Colu 


Length 
Under 
15  Xd. 


900 

975 
825 
750 
825 
600 

750 

900 

675 
825 
675 
975 


Lengtl 


1, 20c 
1. 30c 
I. IOC 
I,OOC 
I,IOG 
8OC 
I.OOC 

1.200 
900 

1, 100 
900 

1.30c 


Unit  stresses  are  for  green  timber  and  are  to  be  used  withot 
the  live  load  stresses  for  impact.  Values  noted  *  are  parti 
timlxjrs. 

In  the  formulas  given  for  columns,  /  =  length  of  column,  in 
d  =  least  side  or  diameter,  in  inches. 


CHAPTER   IX. 
RIVETED  JOINTS  AND  PIN  CXDNNECTION. 

Art.  71. — Riveted  Joints. 

Although  riveted  joints  possess  certain  characteristics 
under  all  circumstances,  yet  those  adapted  to  boiler  and 
similar  work  differ  to  some  extent  from  those  found  in  the 
best  riveted  trusses.  The  former  must  be  steam-  and  water- 
tight, while  such  considerations  do  not  influence  the  design 
of  the  latter,  consequently  far  greater  pitch  may  be  found 
in  riveted-truss  work  than  in  boilers.  Again,  the  peculiar 
requirements  of  bridge  and  roof  work  frequently  demand 
a  greater  overlap  at  joints  and  different  distribution  of 
rivets  than  would  be  permissible  in  boilers. 

Kinds  of  Joints. 

Some  of  the  principal  kinds  of  joints  are  shown  in  Figs,  i 
to  6.  Fig.  I  is  a  *' lap-joint**  single-riveted;  Fig.  2  is  a 
'* lap-joint"  double-riveted;  Fig.  3  is  a  ** butt-joint"  with 
^single  butt-strap  and  single-riveted;  whi'e  Figs.  4,  5,  and 
9  are'* butt-joints"  with  double  butt-straps,  Fig.  4  being 
single-riveted,  while  the  others  are  double-riveted.  Fig.  5 
shows  zigzag  riveting,  and  Fig.  6  chain  riveting.  All  these 
joints  are  designed  to  resist  tension  and  to  convey  stress 
bom  one  single  thickness  of  plate  to  another.     Two  or 
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I  three  other  joints  peculiar  to  bridge  and   roof  work  will 
I  huitafter  be  shown. 

In  the  cases  of  bridges  and  roofs  these  "butt-straps" 
I  are  usually  called  "cover -plates." 


Art  72.— Distribution  of  Stress  in  Riveted  Joints. 

Bending  of  the  Plates. 
In  order  that  rivets,  butt-straps  or  cover-plates  and 
jffifferent  parts  of  the  main  plates  may  take  their  proper 
stresses,  an  accurate  adjustment  of  these  different  parts  to 
the  external  forces  or  loads  must  be  attained ;  but  all  shop 
worl;  is  necessarily  more  or  less  imperfect  and  the  varying 
(tresses  at  different  parts  of  the  joint  produce  at  least 
flastic  deformations  so  that  the  requisite  conditions  for  a 
ttoper  distribution  of  stresses  as  computed  cannot  be  main- 
lined. The  precise  amount  of  stress,  therefore,  carried 
y  each  rivet,  cover-plate  or  other  part  of  the  joint  in- 
cluding the  main  plates  cannot  be  computed.  By  means 
f  reasonable  assumptions,  however,  and  by  the  introduc- 
I  of  factors  or  coefficients  determined  by  the  actual 
Sling  of  riveted  joints,  simple  and  sufficiently  accurate 
tnulx  for  all  engineering  purposes  may  be  estabhshed. 
The  shafts  of  the  rivets  of  any  joint  compress  or 
r  against  the  walls  of  the  rivet  holes  in  the  transference 
f  loading  from  one  main  plate  to  the  other.  This  con- 
ation will  necessarily  subject  the  metal  on  either  side  of 
-.  hole  and  adjacent  to  it  to  a  higher  degree  of  tension 
*-han  the  metal  midway  between  two  neighboring  holes. 
T^is  makes  the  average  intensity  of  stress  over  the  minimum 
**ciion  of  either  the  main  plate  or  the  cover-plate  materi- 
*31y  less  than  the  maximum  intensity  at  or  near  the  wall 
^^f  the  rivet  hole.  On  the  other  hand,  the  removal  of  the 
^^P&tal  for  the  rivet  holes  makes  that  part  of  the  plates 


438  RIVETED  JOINTS  AND  PIN  CONNECTION.         [O:  IX. 

between  two  consecutive  holes  at  right-angles  to  the  direc- 
tion of  loading  a  "  short  "  specimen  with  a  higher  ultimaW 
resistance  than  a  long  specimen. 

Again  let  Fig.  8.  like  Fig.  2  of  the  preceding  article,  f 
represent  a  longitudinal  section  of  a  double  riveted  la[H 
joint,  the  thicknesses  of  the  two  plates  being  /  and  ('.  Thft 
two  opposite  loads  P  would  produce  a  bending  moment 
about  an  axis  at  right-angles  to  the  plane  of  section  a( 

P .     Usually  the  two  thicknesses  of  plate  are  the  same 

making  (  the  lever  arm  of  the  couple.  This  moment  causes! 
bending  in  the  plates  in  the  vicinity  of  A  and  B  of  equall 
amount  and  the  bending  intensities  of  stresses  may  be  com-l 
puted  in  the  usual  manner  if  the  joints  were  not  distorted' 
so  as  to  change  the  lever  arm  of  the  couple.  As  the  load 
is  increased,  however,  the  joint  tends  to  take  the  shape' 
shown  in  Fig.  g,  the  two  plates  tending  to  pull  into  U»l' 
same  straight  line,  making  it  impossible  to  compute  accu" 
rately  the  bending  moment.  It  is  sufficient,  however,  W 
recognize  this  condition  of  flexure  in  the  joint.  | 

This  eccentric  action  of  the  load  P  produces  also  thel 
same  bending  moment  in  the  rivets  of  the  joint,  in  the 
aggregate,  as  that  impressed  upon  the  plates.  The  assutnai 
bending  moment  carried  by  each  rivet  will  be  the  motncnl 

p  -_  or  Pt  divided  by  the  number  of  rivets  in  the  joint- , 

This  bending  moment  is  seldom  or  never  computed  for! 
rivets  but  it  is  always  computed  in  the  design  of  pins  rf' 
a  pin-connected  truss  bridge. 

For  all  these  reasons  and  others  shortly  to  be  con^dered 
it  is  obvious  that  if  a  riveted  joint  of  any  type  be  tested  V> 
destruction,  it  is  essentially  impossible  to  compute  aocn- 
rately  what  the  intensity  of  stress  will  be  in  any  pait-d 
it  at  any  stage  of  loading.     Such  tests,  however,  yidd  mosi 
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valuable  empirical  quantities  to  be  used  in  formuliE  to  be 
established  and  without  which  it  would  be  essentially 
impossible  to  design  a  riveted  joint  in  a  rational  manner. 

Although  these  considerations  are  based  upon  the  charac- 
teristics of  a  double-riveted  lap-joint,  they  apply  to  all 
riveted  joints  of  any  type  whatever.  If  the  butt-joint  with 
double  cover-plates  shown  in  Fig.  5  of  the  preceding 
article  be  considered,  it  will  be  clear  at  once  that  if  a  line 
be  drawn  centrally  through  the  section  of  the  two  main 
plate*;,  each  half  of  the  actual  joint  will  be  divided  into 
two  equal  double-riveted  lap-joints  in  each  of  which  the 
plates  will  be  subjected  at  least  approximately  to  the  same 
condition  of  stress  as  that  found  in  connection  with  Fig.  9 
and  the  bending  of  the  rivets  will  be  precisely  the  same. 
There  will  be,  however,  no  bending  of  the  main  plates. 

The  special  form  of  joint  shown  in  Fig.  7,  which  has 
Come  to  be  much  used,  will  also  have  its  parts  subjected 
lo  the  same  general  condition  of  stresses  including  the  bend- 
Wg  of  rivets  and  main  plates. 

It  is  clear  that  the  bending  of  the  plates  illustrated  in 
J.  9  will  increase  with  their  thickness. 


Nei  Section  oj  Plates 

I  The  net  section  of  any  main  plate  or  cover-plate  in  a 
Wted  joint  is  the  gross  section  along  any  transverse  line 
f  rivets  less  the  metal  taken  out  by  the  rivet  holes.  In 
[.  a  of  the  preceding  article,  the  net  section  of  either  main 
B  wilt  be  its  gross  section  less  three  rivet  holes.  The 
1  p  of  the  rivets  in  any  transverse  line  of  rivet  holes 
Bariveted  joint  is  the  distance  between  the  centres  of  two 
CDoswutive  rivets  as  shown  in  Fig,  7.  In  the  centre  line 
of  nvtis  in  that  figure,  the  pitch  is  one-half  that  in  the  outer 
^aue.    The  net  section  of  any  plate,  therefore,  per  rivet  will 
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be  {p—d)t,  d  being  the  diameter  of  the  rivet  hole  an 
the  thickness  of  the  plate.  If  n  is  the  number  of  riv 
in  one  main  plate  and  if  q  is  the  number  of  rows  of  riv 

in  it,  then  the  number  of  rivets  in  each  row  will  be  -  and 

Q 
total  net  section  along  any  transverse  row  of  rivets  i 

be  -  {p  -d)t. 
q 

Bending  of  the  Rivets. 

It  has  already  been  seen  that  the  rivets  of  any  rive 

joint  are  subjected  to  bending.     It  is  assimied  that 

t+t' 
total   bending  moment,    M  =P or  M  —Pt  is  divic 

uniformly  among  all  the  rivets  of  the  joint.  Hence  ' 
bending  moment  to  which  a  single  rivet  is  subjected  is 

M    kAd 


n        8 


in  which  A  is  the  area  of  cross  section  of  one  ri^ 
and  k  the  greatest  intensity  of  tension  or  compression 
the  extreme  fibre  due  to  bending.  By  introducing  in  • 
(i)  the  values  of  M  already  used,  eqs.  (2)  and  (3)  at  01 
result. 

(t+n 


k=4Tt(p-d) 


Iit=t', 


nAd 


nAd 


This  equation  is  approximate  because  it  is  virtu 
assumed  that  the  pressure  on  the  rivet  is  uniformly 
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tributed  along  its  axis.*  This  is  a  considerable  deviation 
from  the  truth,  particularly  as  failure  is  approached.  The 
true  bending  moment  is  much  less  than  that  given  by 
eq.  (i)  after  the  rivet  has  deflected  a  little. 

When  the  joint  takes  the  position  shown  in  Fig.  9,  it 
is  dear  that  the  rivet  is  also  subject  to  some  direct  tension. 

The  Bearing  Capacity  of  Rivets, 

There  is  a  very  high  intensity  of  pressure  between  the 
ihaft  of  the  rivet  and  the  wall  of  the  hole.  This  intensity 
is  not  imiform  over  the  surface  of  contact,  but  has  its 
greatest  value  at,  or  in  the  vicinity  of,  the  extremities  of 
that  diameter  lying  in  the  direction  of  the  stress  exerted 
in  the  plate.  At  and  near  failure  this  intensity  may  be 
equal  to  the  crushing  resistance  of  the  material  over  a  con- 
siderable portion  of  the  surface  of  contact. 

The  intricate  character  of  the  conditions  involved  ren- 
ders it  quite  impossible  to  determine  the  law  of  the  dis- 
tribution of  this  pressure.  The  bending  of  tlie  rivets  under 
stress  tends  to  a  concentration  of  the  pressure  near  the 
surface  of  contact  of  the  joined  plates,  while  the  unavoid- 
ably varying  **fit"  of  the  rivet  in  its  hole,  even  in  the  best 
of  work,  throws  the  pressure  towards  the  front  portion  of 
the  surface  of  the  rivet  shaft.  The  intensity  thus  varies 
both  along  the  axis  and  around  the  circumference  of  the 
rivet. 

If  any  arbitrary  law  is  assumed,  the  greatest  intensity 
of  pressure  is  easily  determined.  Such  laws,  however,  are 
mere  hyf)otheses  and  possess  no  real  value.  All  that  can 
be  done  is  to  determine,   by  experiment,  the  mean  safe 

*  In  accordance  with  this  assumption,  strictly  speaking,  }/  (thickness  of 
Biain  plate)  should  be  taken  instead  of  /  in  the  suni"(/4-0  in  the  above 
lonnuls  for  bending,  when  applied  to  the  double  butt-joint,  Figs.  5  and  6. 
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working  intensity  on  the  diametral  plane  of  the  rivet  whicli 
is  equivalent  to  a  fluid  pressure  of  the  same  intensity  against 
its  shaft. 

Thus,  if  /  is  this  mean  (empirically  determined)  intensity. 
d  the  diameter  fif  the  rivet,  and  i  the  thickness  of  the  ptatCt 
the  total  pressure  carried  by  one  rivet  pressing  against  on« 
plate  is 

R-i'ii (♦; 


Bending  oj  Plate  Metal  in  Front  oj  Rivets, 
In  addition  to  the  bending  of  the  plates  of  a  riveted  joia^ 
about  an  axis  parallel  to  the  plates  and  at  right  angles  t€ 
the  direction  of  loading,  there  is  further  bending  of  tlw 
metal  immediately  in  front  of  a  rivet  about  an  axis  paraJId 
to  the  axis  of  the  rivet.  If  a  rivet,  such  as  A.  Fig.  7.  bi 
considered,  the  metal  on  that  side  of  the  hole  nearest  to 
the  line  BC  will  be  in  the  condition  approximately  of  a  beaflU 
fixed  at  each  end  of  the  diameter  of  the  hole  parallel  to  BCA 
the  bearing  load  Jdt  being  the  load  resting  upon  it  asm 
assumed  to  be  uniformly  distributed  over  the  span  d. 
Manifestly  the  depth  of  this  beam  is  not  uniform,  but  it 

is  assumed  to  have  a  depth  h — .  Pig.  7,  throughout  t!» 
span  d.  If  ( is  the  thickness  of  the  plate,  p  the  pitch  of  thl 
rivets  and  T  the  mean  intensity  of  tension  between  tlM 
rivet  holes,  the  load  on  this  beam  will  be  {p—d)Ti  and 
moment  of  inertia  of  the  cross-section  will  be 
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In  Art,  30  the  moments  at  the  centre  and  end  of  a  span 
filed  at  each  end  and  uniformly  loaded  were  shown  to  be 

f  the  load  into  the  span  for  the  end  moments  and  ^ 
tf  the  bad  into  the  span  for  the  centre  moment. 

Hence,  by  the  usual  formuliE, 


.:     *-o.s8V(i)-d)d+o.5<i  .     .     . 


(S) 


Shearing  of  Rivets. 

The  shearing  of  the  rivets  in  a  riveted  joint  takes  place 
I  the  plane  of  the  surface  of  contact  between  any  two 
bles  tending  to  move  in  opposite  directions.  In  Fig.  8 
le  plane  of  shear  would  be  the  surface  of  contact  between 
K  main  plates  A  and  B,  and  in  Fig.  7  on  both  sides  of  the 

1  plate,  F,  i.e.,  between  the  main  plates  £  and  F  and 
the  surface  of  contact  between  the  main  plate  F  and  the 
nt  cover-plate  D.  It  is  assumed  that  the  total  shear  is 
tfided  uniformly  between  all  the  shear  sections  of  the 
Ftts  so  that  if  n  were  the  total  number  of  rivets  carrying 
E  load  P  and  if  d  be  the  diameter  of  the  rivet  while  5  is 
6  intensity  of  shearing  stress  in  the  normal  sections  of 
B  rivets,  there  would  result  for  single  shear  the  expression 
■=fl.7854£f''S.  The  rivets  shown  in  Fig.  8  and  Figs,  i,  2, 
1  3  of  the  preceding  article  are  in  single  shear.     If  eacli 

;  must  be  sheared  at  two  norma!  sections  in  order 
Bt  the  joint  may  fail  (by  shear),  as  in  Figs.  4,  5,  and  6 
■the  preceding  article,  the  rivets  are  said  to  be  in  double 
In  the  latter  case  in  the  preceding  expression  2« 
tst  be  written  for  n  for  all  rivets  in  double  shear.     In 
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Fig,  7  the  two  lower  rows  of  rivets  are  in  double  shear  a 
the  upper  row  in  single  shear. 

In  Fig.  8  and  in  Figs.  5  and  6  of  the  preceding  arti( 
each  row  of  rivets  is  assumed  to  take  half  the  total  1( 
carried  by  the  joint.  That  condition,  if  the  cover-plates 
Figs.  5  and  6  are  of  half  the  thickness  of  the  main  plat 
makes  the  intensity  of  stress  the  same  in  the  main  pi. 
and  in  the  two  covers  between  the  two  rows  of  rivets 
either  side  of  the  joint.  If,  however,  the  thickness  of  1 
cover-plate  is  greater  than  one-half  the  thickness  of  the  m 
plate,  as  is  always  the  case  in  such  joints,  then  if  each  r 
of  rivets  carries  half  the  load,  the  intensity  of  stress  in  the  t 
covers  between  each  two  rows  of  rivets  will  be  less  than 
the  main  plate  causing  the  rate  of  stretch  in  the  latter  to 
greater  than  in  the  former.  This  condition  would  tht 
more  than  half  the  load,  as  shear,  on  the  outer  row  of  rivi 
In  other  words,  the  tendency  will  be  to  make  the  stre 
of  the  plates  within  the  joint  added  to  the  distortion  ( 
to  bending  and  shearing  of  the  rivets  equal  to  each  ot 
between  each  pair  of  rows  of  rivets  parallel  to  the  jc 
line  between  the  main  plates.  If  again  there  are  three 
more  rows  of  rivets  on  either  side  of  an  abutting  joi 
there  will  be  a  corresponding  tendency  to  overload 
outer  rows  of  rivets  and  relieve  those  nearest  the  cer 
or  abutting  line  of  the  joint.  There  are  further  conditi' 
in  addition  to  those  already  discussed,  militating  agai 
perfect  uniformity  in  the  strass  conditions  of  the  compl 
joint.  It  is  impossible,  however,  to  make  allowance 
these  complicated  and  more  or  less  obscure  stress  c 
ditions  in  the  operations  of  design  or  development 
formulae.  Hence,  as  already  indicated,  the  usual  assui 
tions  of  uniformity  in  the  three  principal  methods  of  fail 
of  riveted  joints  are  made  leaving  the  working  stresses 
be  determined  by  the  results  of  tests  of  actual  joi 
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I  Art  73.— Diameter  and  Pitch  of  Rivets  and  Overlap  of  Plate. 
Distance  between  Rows  of  Riveting. 

Diameter  of  Rivets, 

The  diameter  of  rivet  may  at  least  approximately  be 
expressed  in  terms  of  the  thickness  of  the  plate  which  it 
pierces.  There  are  various  arbitrary  or  conventional 
nks  based  upon  this  method  of  determining  the  rivet 
[diameter.  If  the  unit  is  the  inch,  the  diameter  d  may  be 
as  ranging  between  the  two  following  values 

ordinary  thicknesses  of  plate : 

'     d  =  .7St  +.375, 
(f  =  .875/  +  .37S 

wldch  i  is  the  thickness  of  the  plate.     Unwin  gives  the 
)wing  expression  for  the  diameter  of  somewhat  different 
\fann  from  that  which  precedes: 

d  =  i.2VT (2) 

Neither  of  the  preceding  expressions  can  be  applied 
far  all  thicknesses  of  plates.  If  the  thickness  is  great, 
those  expressions  make  the  diameter  of  the  rivet  too  large, 
the  diameter  rarely  exceeding  i  inch  even  for  the  heaviest 
plates.  The  application  of  eq.  (i)  to  different  thicknesses 
of  plates  will  give  the  following  diameters  of  rivets  ex- 
pressed by  the  nearest  tV  in. : 


:} 


(I) 


i  in. 


A  in. 


1 

i 

i 

i 

i 

H 

f 

lA 

i 

14 

I 

ii^ 
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In  structural  work  for  ordinary  thicknesses  of  me 
the  prevaihng  diameters  of  rivets  are  \  in.  and  j  in.  I 
light  work,  such  as  sidewalk  railings  or  light  highw 
construction,  rivets  as  small  as  i  in.  or  \  in.  in  diame 
are  used.  On  the  other  hand,  i  to  i|-inch  rivete 
employed  for  specially  heavy  sections. 


yel^ 


Pitch  of  Rivets, 
It  is  possible  to  determine  the  pitch  of  rivets  apprca 
mately  by  an  equation  expressing  equality  between  ti 
tensile  resistance  of  the  net  section  between  two  adjace 
rivets  and  the  shearing  or  bearing  capacity  of  a  single  rivt 
but  it  is  scarcely  practicable  to  proceed  in  that  mano 
as  a  rule.  Again,  the  pitch  will  vary  to  some  extent  wit 
the  number  of  lines  of  riveting  on  either  side  of  the  joB 
In  single-riveting  the  pitch  must  be  less  than  in  doufali 
or  other  multiple-riveting.  In  boiler  or  other  simili 
riveting,  also,  the  pitch  must  be  usually  less  than  in  stna 
tural  work,  as  questions  of  steam-  and  water-tightness  ( 
other  similar  considerations  are  involved  in  the  fona 
class  of  joints.  Finally,  the  pitch  will  also  obnoud 
depend  largely  upon  the  thickness  of  plates.  In  singl 
riveting  for  comparati\'ely  thin  plates  the  following  rd 
tion  may  be  taken,  p  being  the  pitch  in  inches:  ^, 

/>  =  1-75  in.  to  2.2$  in.    .     .     .     .^H 

For  comparatively  thick  plates  in  single-riveting  the  folk 

ing  relation  may  holi: 

p  =  2.375  in.  to  3  in 

In  double-riveting,  p  and  /  still  being  the  pitch  and  tbi 
ness  respectively,  the  following  relation  may  be  taken 
comparatively  thin  plates. 
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/>  =  2.6875  in.  to  3.25  in (5) 

igjain,  for  comparatively  thick  plates  in  double-riveting, 

/^  =3-375  in.  to  3.75  in.   .     .     .    :    .     (6) 

The  values  given  by  eqs.  (3)  to  (6)  are  for  boiler  or 
ither  similar  work. 

In  structural  work  the  pitch  of  rivets  is  seldom  less  than 
sbout  three  times  the  diameter  of  the  rivet,  and  it  is  fre- 
quently specified  not  to  exceed  sixteen  times  the  thickness 
oC  the  thinnest  plate  pierced  by  the  rivet. 

Overlap  of  Plate. 

The  overlap  of  a  plate,  h  in  Fig.  2,  Art.  71,  in  a  riveted 
Sotnt  is  the  distance  from  the  edge  of  the  plate  to  the  centre 
^Sne  of  the  nearest  row  of  rivets.     This  distance,  like  other 
dements  of  riveted  joints,   will  depend  somewhat  upon 
the  thickness  of  the  plate  as  well  as  the  diameter  of  rivet 
«nd  other  similar  considerations.     It  is  a  common  practice 
to  make  the  overlap  not  less  than  about  1.5c/,  d  being  the 
tfameter  of  the  rivet.     Occasionally  in  riveted  joints  it 
kmade  a  little  less,  but  1.5  times  the  diameter  of  the  rivet 
•  about  as  small  as  the  overlap  should  be  made.     Some- 
times i  in.  is  added  to  the  preceding  value  of  the  overlap. 
The  width  of  overlap  (h)  may  also  be  determined  in 
terms  of  d  by  the  aid  of  eq.  (11)  of  Art.  72.     Since  the  load 
on  the  rivet  is  represented  by  {p—d)Tt,  p  must  be  taken 
in  terms  of  d  for  a  single-riveted  joint,  in  which  p  =  2^d  to 
2}(i.    As  a  margin  of  safety,  and  as  it  will  at  the  same 
time  simplify  the  resulting  expression,  let  p  =^d. 

Eq.  (s)  of  Art.   72  then  gives,  in  confirmation  of  the 
preceding  rule,  h  =  i.3id* (7) 

•In  consequence  of  the  direct  tension  in  the  metal  on  cithtT  side  of  the 
rhret  this  value  of  h  should  be  increased,  i.e.,  to  perhaps  1.5^. 
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Experience  has  shown  that  this  rule  gives  ample  strength, 
and  is  about  right  for  calking  in  boiler  joints. 

It  is  to  be  remembered  that  the  preceding  conventional 
rules  for  the  diameter  of  rivet,  pitch,  and  overlap  of  plate 
are  necessarily  to  a  large  extent  conventional  or  approxi- 
mate, and  in  special  cases  they  cannot  be  applied  with 
mathematical  exactness.  As  practical  rules,  however, 
they  are  sufficiently  close  to  give  good  general  ideas  of 
those  features  of  riveted  joints. 

Distance  between  Rows  of  Riveting. 

The  distance  between  the  rows  of  riveting  is  not  susceptible 
of  accurate  expression  by  formulae,  although  the  considera- 
tions involved  in  the  establishment  of  eq.  (ii)  of  Art.  72 
would  lead  to  an  approximate  value.  It  is  evident,  how- 
ever, that  this  distance  should  never  be  as  small  as  k 
Apparently,  in  more  than  double-riveted  joints,  this  dis- 
tance should  increase  as  the  centre  line  of  the  joint  is 
receded  from,  in  consequence  of  the  bending  action  of  the 
rivet.  There  are  other  reasons,  however,  besides  that  of 
inconvenience,  why  such  a  practice  is  not  advisable. 

/;/  cluu'u  n'vcii'jii:^  tJic  distance  bcticccn  the  centre  lines  of 
the  toil's  of  rivets  may  be  taken  equal  to  the  pitch  in  a  5/«f/«'- 
rivctcd  joint,  or,  as  a  tncaji,  at  2.5  the  diameter  of  a  rivet. 

In  ::ii^::ai^  rivctiiJi^  i^^^^-  S)  ^^^i^  distance  may  be  taken  at 
tliree  quarters  its  value  for  chain  riveting. 

Art.  74. — Lap-joints,  and  Butt-joints  with  Single  Butt-strap  W 

Steel  Plates. 

A  l)Ull-j()int  with  sin^^le  butt-strap,  similar  to  thatshovsi^ 
in  I^'i^^  3,  Art.  71,  is  really  composed  of  two  lap-joints  i'^ 
contact,  since  each   half   of  the  Imtt-strap  or  cover-pbt^ 
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ith   its  underlying  main  plate  forms  a  lap-joint.      It  is 
nnecessary,  therefore,  to  give  it  separate  treatment. 

From  these  considerations  it  is  clear  that  the  thickness 
f  the  butt-strap  or  cover-plate  should  be  at  least  equal  to 
tiat  of  the  main  plate ;  it  is  usually  a  little  greater. 
Let   /  ==  thickness  of  plates ; 
d  =  diameter  of  rivets ; 
/>=pitch  of  rivets   (i.e.,   distance  between  centres 

in  the  same  row) ; 
T  =mean  intensity  of  tension  in  net  section  of  plates 

between  rivets; 
T'  =  mean  intensity  of  tension  in  main  plates ; 
/  =  mean  intensity  of  pressure  on  diametral  plane 

of  rivet; 
S  =  mean  intensitv  of  shear  in  rivets; 
n=  number  of  rivets  in  one  main  plate; 
q  =  number  of  rows  in  one  main  plate; 
h  =lap  as  shown  in  Fig.  2,  Art.  71. 
If  all  the  dimensions  are  in  inches,  then  7,  7',  /,  and  5 
are  in  pounds  per  square  inch. 

The  starting-point  in  the  design  of  a  joint  is  the  thickness 
i  of  the  plate.  The  rivet  diameter  may  then  be  expressed 
in  terms  of  /,  and  the  pitch  in  terms  of  the  diameter.  Such 
rules,  like  those  given  in  Art.  72,  may  be  useful  within 
a  certain  range  of  application,  but  they  cannot  be  depended 
upon  in  all   cases. 

The  thickness  t  of  boiler-plate  depends  upon  the  internal 
pressure,  and  is  to  be  determined  in  accordance  with  the 
principles  laid  down  in  Art.  39,  after  having  made  allowance 
for  the  metal  punched  out  at  the  holes  to  find  the  net 
section. 

In  truss  work  the  thickness  depends  upon  the  amount 
of  stress  to  be  carried,  and  the  same  allowance  is  to  be 
made  for  rivet-holes  in  finding  the  net  section. 
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The  relation  existing  between  T  and  T'  is  shown  by  tB: 
following  equations: 

or 

T     p-d  d 

In  order  that  the  joint  may  be  equally  strong  in  refer- 
ence to  all  methods  of  failure,  the  following  series  of  equali- 
ties must  hold: 

~tpT  =--t(p-d)T  ^nfdt^o.jSs^nd^S. 

.-.  tpr  =^t(p-d)T  =qfdt^o.78s4qd^S.      .     .    (2) 

It  is  probably  impossible  to  cause  these  equalities  to 
exist  in  any  actual  joint,  but  none  of  the  intensities  T,  T, 
/,  or  5  should  exceed  a  safe  working  value. 

The  method  of  failure  by  tearing  through  the  gross 
section  of  the  main  plate  is  practically  impossible  under 
ordinary  circumstances,  and  it  is  neglected  in  designing 
riveted  joints.  This  neglect  is  expressed  by  dropping 
the  first  member  of  eq.  (2)  and  thus  reaching  eq.  (3) : 

t{p-d)T=^qfdt=^o.7Ss4qd^S .(3) 

This  equation  shows  that  the  usual  design  of  a  riveted 
joint  must  provide  against  failure  in  three  principal  ways: 

1.  Tearing  through  the  net  section  of  the  plate. 

2.  Compression  of  the  metal  where  the  rivets  bear  against 

the  plate. 

3.  Shearing  of  the  rivets. 

Although    these   are   the   three   principal   methods  of 
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failure  of  riveted  joints,  whatever  may  be  their  type  or 
form,  the  proper  design  of  such  joints  should  be  so  per- 
formed as  to  afford  provision  also  against  the  secondary 
stresses  caused  by  rivet  bending,  bending  of  the  plates,  and 
other  indirect  influences  discusssd  in  preceding  articles. 
This  latter  end  is  attained  by  determining  the  empirical 
intensities  T,  /,  and  5  of  eq.  (3)  by  testing  to  failure  actual 
riveted  joints  in  which  those  secondary  stresses  exist.  •  In 
that  manner  the  design  against  the  three  principal  methods 
of  failure,  described  above,  will  also  afford  provision  against 
the  secondary  or  indirect  stresses  of  rivet  and  plate  bend- 
ing or  other  similar  conditions.     The  determination  of  the 
intensities  7,  /,  and  5  by  tests  of  actual  riveted  joints  will 
be  fully  shown  in  the  following  articles. 

It  may  be  stated  here,  however,  that  an  approximate 
relation  between  the  ultimate  intensities  of  resistance  to 
shear  and  tension  for  steel  has  been  used  in  engineering 
practice  in  accordance  with  which 

It  will  be  found  hereafter  that  /  may  be  taken  at  least 
1.25  r.  If  these  values  be  substituted  in  the  third  and 
fourth  members  of  eq.  (3)  in  which  g  =  2,  there  will  result 

(i  =  2/(nearly) (5) 

This  value  of  d  is  too  large  for  thick  plates. 

The  rivet  diameter,  therefore,  for  steel  plates  may  be  said 
to  vary  from  2t  for  thin  plates  to  1.6/  for  thick  ones,  with 
a  maximum  diameter  of  i  J  to  i  J  inches.  The  distance 
between  the  centre  lines  of  the  rows  of  rivets  may  be  taken 
at  2.5^  to  3d  for  chain  riveting  and  three  fourths  of  that 
distance  for  zigzag  riveting. 

The  best  designed  singie-riveted  lap-joints  give  from 
55  to  64  per  cent,  the  strength  of  the  solid  plates. 
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Well-designed  double  -  riveted  lap-joints  should  give 
Irom  6s  to  75  per  cent,  the  resistance  of  the  solid 
plate. 

Equally  well-constructed  treble-  and  quadruple-riveted 
joints  should  have  an  efficiency  of  70  to  80  per  cent,  of  the 
solid  plate. 

It  is  therefore  seen  that  there  is  little  economy  in  more 
than  double-riveting  ordinary  joints. 

Art.  75, — Steel  Butt-joints  with  Double  Cover-plates. 

Butt-joints  with  double  butt-straps  or  covers  differ  in 
two  respects,  and  advantageously,  from  lap-joints  and  butt- 
joints  with  a  single  cover;  i.e.,  in  the  former  the  rivets  arc 
in  double  shear  and  the  main  plates  are  subjected  to  no 
bending.  The  cover-plates,  however,  are  subjected  to 
greater  flexure  than  the  plates  of  a  lap-joint,  for  there  is 
no  opportunity  to  decrease  the  leverage  by  stretching.  As 
'  the  covers  form  only  a  small  portion  of  the  total  material, 
these,  with  economy,  may  be  made  sufficiently  thick  to 
resist  this  tcndencv  to  failure. 

Let  /'  ----  thickness  of  each  cover-plate ;  and  let  the  re- 
maining notation  be  the  same  as  in  Art.  74.  The  intensity 
of  compression  between  the  walls  of  the  holes  in  the  cover- 
plates  and  the  rivets,  and  the  tension  in  the  former,  will 
be  ignored  on  account  of  the  excess  in  thickness  of  the  t\^'o 
cover-])lates  combined  over  that  of  the  main  plate.  This 
excess  in  thicknt'ss  is  re([uire(l  on  account  of  the  bending 
in  the  covers  noticed  above. 

lUc  ihicL'Jicss  oj  each  cover  should  he  jrom  I  to  I  the  thick- 
ness of  the  }}iaiu  plates,  or  /'  -  .625  to  .875/. 

The  combined  thickness  of  the  covers  will  thus  Ik?  from 
1.25  to  1.75  that  of  the  main  })latcs. 
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The  four  principal  methods  of  rupture  in  the  main  plate 
will  then  lead  to  the  following  equations,  corresponding  to 
q.  (2),  Art.  74: 


%pr  ^'t{p-d)T^nfdt  =  i.57o8nrf'5. 

/.  ipr  =^t(p-d)T  =  qfdt^i.S7o8qd^S.      .     .     (i) 

As  in  Art.  74,   and  for  the  reasons  there  given,  the  first 
member  of  eq.  (i)  may  be  omitted,  thus  giving 


t{p-d)T  =-qfdt  =  1 .57  oSqd^S (2) 

Tests  of  steel  butt-joints  with  double  cover-plates  as 
well  as  other  tests  in  bearing  and  tension  in  net  section  of 
plates  make  it  reasonable  to  take  /=  1.257,  with  T  having 
values  from  55,000  to  60,000  pounds  per  square  inch  for 
thick  plates  to  perhaps  65,000  to  70,000  pounds  per  square 
inch  for  thin  plates. 

With  this  value  of  /,  and  g  =  2,  the  first  and  second 

members  of  eq.  (2)  give  for  double-riveted  butt-joints  with 

two  covers; 

P^S'Sd (3) 

If  the  same  value  of  /  be  preserved,  there  will  result  for 
single-riveted  butt-joints  with  two  covers 

P  =  ^'Sd (4) 

If,  as  in  the  preceding  article,  there  be  taken  5  =  .757 
and  /  =  1.257,  the  second  and  third  members  of  eq.  (2) 
give 

d-=T,o6t (5) 

This  value  of  the  rivet  diameter  is  too  small  for  thin  plates, 
'^t  about  right  for  thick  plates. 
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Double-riveted  butt-joints  designed  in  accordance  with 
the  foregoing  deductions  should  give  a  resistance  ranging 
from  65  to  75  per  cent,  of  that  of  the  solid  plate. 

Single-riveted  joints  will  give  an  efficiency  somewhat 
less;  perhaps  from  60  to  65  per  cent. 

It  is  to  be  supposed,  in  applying  the  rules  just  established, 
that  all  steel  plates  are  drilled  or  punched  and  reamed. 

As  in  the  preceding  cases,  the  distance  between  ths 
centre  Unes  of  the  rows  of  rivets  may  be  taken  at  a. 5  to  3^ 
for  chain  riveting,  and  three  quarters  that  distance  iot. 


Art.  76. — Tests  of  Full-size  Riveted  Joints. 

There  have  not  been  many  tests  of  full-size  ri\'et 
joints  of  either  iron  or  steel,  and  those  which  have  1 
made  seldom  include  such  heavy  steel  plates  as  are  n<H 
frequently  employed  both  in  boiler  work  and  for  struct 
purposes.  The  most  valuable  tests  avai'able  and  with  tl 
greatest  range  in  size  of  r  vet  and  thickness  of  plate  i 
those  which  have  been  made  at  the  U.  S.  .\rsenal,  WatO 
town,  Mass.  The  results  shown  in  Table  I  were  1 
from  "Senate  Ex.  Doc.  No.  i,  47th  Congress,  2d  Session.'i 
while  those  in  Table  11  are  taken  from  "Senate  Ex.  Dot; 
No.  5.  48th  Congress,  ist  Session."  The  results  shown  to 
Table  III  are  from  the  same  source  and  are  gi\'en  in  thB 
"  U.  S.  Report  of  Tests  of  Metals  and  Other  Materials" 
for  1896.  The  character  of  plates,  rivets,  and  holes  U 
shown  in  the  tables,  and  the  intensities  of  tension  in  tin 
net  sections  of  plates,  compression  or  bearing  on  diametriJ 
surface,  and  shearing  on  rivets  are  those  which  existed  M 
the  instant  of  failure.  The  bnl.I-face  figures  show  ^ 
kind  of  f.-iihire.  and  when  such  figures  are  found,  for  tbi 
same  test,  in  two  or  three  columns,  thev  show  that  tin 
same  two  or  three  lands  of  failure  took  place  simultaneous 


f£J           TESTS  OF  FULL-SIZE  RIVETED  JOINTS.                   455                  J 

Table  I.                                                       M 

\                RIVETED  JOINTS-IRON  AND  STEEL.                                        ■ 
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Table  IL 
riveted  joints-iron  and  steel. 
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It  is  important  to  notice  that  in  general  the  highest  ulti- 
mate resistances  of  tension  and  compression  or  bearing  are 
found  with  the  thin  plates,  and  that  those  quanlitiM 
diminish  appreciably  as  the  thickness  of  plate  increases, 
both  for  iron  and  steel.  This  law  is  not  so  well  defined  in 
reference  to  the  diameter  of  rivet,  if  indeed  these  tests  shifli 
it  at  all,  except  for  steel. 
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The  length  of  these  test  joints  varied  from  9.75  to  13 
inches  for  Tables  I  and  U.  and  from  10  to  27  inches  for 
Table  III. 

.Although  the  results  of  these  tables  are  somewhat 
irregular,  they  confirm  the  general  accuracy  of  the  relations 
(stahlished  l^etween  the  values  of  T,  f,  and  5  in  the  pre- 
ceiing  articles,  as  well  as  other  general  rules  and  conclu- 
ns  for  boiler  work. 

Some  efficiencies  are  lower  than  those  given  for  similar 
joints  in  Art.  94,  but  such  instances  can,  by  the  aid  of  the 
lies,  be  traced  either  to  indifferent  design  or  a  phenome- 
[y  low  value  of  some  one  of  the  three  resistances.  In 
leral  the  results  compare  well  with  those  given  in  that 

pitches  of  rivets  are  seen  to  be  adapted  to  boiler 
ig  much  less  than  are  ordinarily  used  in  bridge 
yet  the  corresponding  resistances  show  what  may 
^limately  be  done  and  expected  when  unusual  condi- 
is  demand  a  departure  from  ordinary  rules. 
Before  deducing  working  intensities  for  bridge  con- 
Iruction  from  the  preceding  results  it  is  to  be  first  ex- 
Uined  that  those  results  are  as  given  in  the  government 
(Sports,  and  that  the  net  section  used  is  the  gross  section 
Dtlhe  plate,  less  the  actual  metal  removed  by  the  punch  nr 
Inll,  with  no  allowance  for  deterioration  by  the  former  in  the 
imediate  vicinity  of  the  hole.  Again,  in  Tables  I  and  TI 
e  diametral  bearing  surface  and  the  shearing  area  of  the 
frt  are  taken  to  be  those  of  the  drill,  or  a  mean  between 
fte  punch  and  die  in  case  of  punched  holes.  In  bridge 
•orlc,  in  determining  the  net  section,  metal  is  deducted 
a  diameter  equal  to  that  of  the  cold  rivet  before  driving 
ius  one  eighth  of  an  inch;  and  the  shearing  and  bearing 
!  computed  for  the  section  and  diameter  of  the  cold  rivet 
fore  driving. 
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Table  III. 
TESTS  OF  STEEHUVETED  JOINTS;  J-INCH  PLATES. 
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With  these  explanations  in  view,  the  preceding  tests 
justify  the  following  working  stresses  for  the  plate-girdci 
floor-beams  and  stringers  of  railway  bridges  with  machine- 
driven  rivets. 


Rivet  shearing \ 

Rivet  bearing | 

Tension  in  net  section  of  plate 


7,500  bs.  per  sq.  in.  for  iron. 
10,000  "  "  "  "  "  steel 
14,000  lbs.  per  sq.  in.  forir""- 
18,000  "  "  "  "  "  steel. 
(  8,000  lbs.  per  sq.  in.  for  in'" 
'  10,000    "      "     "     "    "    stei' 

;!■ 


Tlie  bearing  resistances  are  taken  rather  low.  especial 
for  steel,  for  the  reason  that  thick  plates  are  frequcnti 
used   in    bridge   construction,    and   the    ultimate  beann 
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resistance  for  them  is  appreciably  less  than  for  the  thin 
plates  used  in  most  of  the  preceding  tests. 

The  preceding  working  stresses  are  based  on  steel  for 
rivets  giving  from  56,000  to  64,000  pounds  per  square  inch 
tensile  resistance,  while  the  steel  for  plates,  in  test  speci- 
mens, should  offer  from  58,000  to  66,000  potmds  per  square 
inch  ultimate  tensile  resistance. 

In  the  government  report  from  which  Table  I  is  ab- 
stracted, can  be  found  a  large  number  of  tests  made  for 
the  purpose  of  determining  the  proper  minimtim  distance 
from  the  centres  of  rivet-holes  to  the  edge  of  plates.  As 
a  result  of  those  tests  anri  other  experience  on  the  same 
subject,  it  may  be  stated  that  the  least  distance  from  the 
centre  of  a  rivet-hole  to  the  edge  of  a  plate  may  be  taken 
at  one  and  one  half  the  diameter  of  the  hole  for  steel  and 
one  and  five  eighths  the  diameter  of  the  hole  for  iron,  in 
cases  where  it  is  important  to  secure  the  maximum  resist- 
ance of  the  joint. 

Efficiencies. 

The  values  of  the  quantity  which  has  been  termed  the 
'efficiency''  of  the  joint,  i.e.,  the  ratio  of  the  resistance  of  a 
given  width  of  joint  over  that  of  an  equal  width  of  solid 
plate,  in  the  preceding  investigations,  are  those  actually 
determined  by  experiments  with  the  joints  themselves. 
They  may,  therefore,  be  relied  upon.  Some  values  which 
have  for  many  years  been  considered  as  standard,  but 
^'hich  in  reality  are  of  a  somewhat  arbitrary  nature,  and 
at  best  belonging  to  a  limited  class  of  joints,  have  been 
disregarded. 
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The  tests  of  full-stze  wrought-iron  and  steel-ri' 
joints  exhibited  in  Art.  76  show,  as  a  rule,  that  thin  j 
give  materiaily  higher  efficiencies  than  thick  plates. 
though  there  are  irregularities,  single-riveted  lap-jninu 
yield  efficiencies  running  from  50  to  74  per  cent,  for 
plates,  but  dropping  to  50  to  54  per  cent,  for  £-inc^ 
and  materially  lower  for  J-inch  plates.  On  tfan 
the  double-riveted  lap-joints  show  somewhat  higfl 
ciencies  than  the  single-riveted,  but  not  quite  the 
relative  differences  between  j-inch  and  |-inch  plate 
values  being  found  more  generally  between  about  6 
80  per  cent. 

The  single-riveted  butt-joints  of  Table  II,  Ai 
give  efficiencies  ranging  from  about  52  to  72  per  cent 

Some  unusually  high  efficiencies  are  found  in  Tal 
of  the  same  article  for  butt-joints,  i.e..  about  78  to  < 
cent.  Tiiose  high  values  are  due  to  the  special  des 
the  joints,  and  they  cannot  ordinarily  be  attained  in 
tice,  but  they  show  that  well-considered  designs  ttill 
greatly  increased  efficiencies. 

In  general,  efficiencies  running  from  65  to  70  p 
may  be  considered  excellent  for  the  usual  con<til 
practice. 

Art.  77. — Tests  of  Joints  for  the  American  Railway  Eq 
and  Maintenance  of  Way  Association  and  for  the 
Consulting  Engineers  of  the  Quebec  Bridge. 

In  "  Proceedings  of  the  American  Railway  Engiti 
and  Maintenance  of  Way  Association."  Vol.  6.  1905 
are  given  the  results  of  a  series  of  tests  of  carbon-ste« 
joints  and  a  duplication  of  that  series  of  tests  in  b 
and  chrome-nickel  steel  made  for  the  Board  of  ( 
Engineers  of  the  Quebec  Bridge  by  Profs.  Arthur  t 
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and  Herbert  P.  Moore  of  the  University  of  Illinois,  also  f  tilly 
described  in  Btilletin  No.  49  (191 1)  of  that  institution. 
There  were  144  joints  tested  in  the  latter  two  series. 
Purthermore,  there  were  tested  in  alternate  tension  and 
compression  16  other  nickel-steel  joints  and  the  same 
number  of  chrome-nickel  steel  joints. 

All  the  main  plates  of  these  joints  were  6.5  inch^  or 
7-5  inches  wide  with  thicknesses  from  f  inch  to  J  inch 
except  the  32  joints  subjected  to  compression,  for  which 
the  plates  were  2  inches  thick.      There  were  24  lap  joints, 
the  same  number  of  butt-joints  with  double  covers  or  butt- 
straps  and  an  equal  nimiber  each  of  the  same    type  of 
joint  with  one  filler  and  two  fillers  on  each  side  of  both 
main  plates.     The  remaining  joints  for  tension  loads  only 
(yjxj-inch  main  plates),  with  the  exception  of  two  sets  of 
eight  each,  were  also  made  with  one  or  two  fillers,  but  the 
latter  extended  beyond  the  end  of  the  cover  far  enough  to 
take  one  rivet. 

All  rivets  were  |-inch  in  diameter,  and  those  driven  by 
a  hydro-pneumatic  riveter  were  called  '*  shop  "  rivets  while 
those  driven  by  a  hand-pneumatic  riveter  were  designated 


'  Table   I. 

CHEMICAL  COMPOSITION   OF   RIVET  AND   PLATE   MATERIAL 


Nickel-steel 
Riveted  Joints. 

Chrome-nickel-steel 
Riveted  Joints. 
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Table   II. 

PHYSICAL  PROPERTIES  OF  RIVET  AND   PLATE  MATERIAL 

All  stresses  in  pounds  per  square  inch. 


Item. 


Number  of  specimens 
tested  

Elastic  limit 

Stress  at  yield  point .  .  . 

Stress  at  ultimate .... 

Elongation  in  2  inches, 
per  cent 

Reduction  of  area,  per 
cent 

Modulus  of  elasticity. . 


Nickel-Steel. 


Rivet 
Material. 


45.000 
68,500 


33  5 
63  4 


Plate 
Material. 


9 
40,200 

51.700 

89,700 

25  o 

55-8 
29,950,000 


Chrome-Nickd-StceL 


Rivet 
Material. 


38,400 
59.000 


35  2 
63.3 


PUte 
Material 


8 
27,200 
36,300 
63.900 

31-7 

59-9 
30,750.000 


as  * 'field  ''  rivets.  The  difference  in  resistance  of  the  shop 
and  field  rivets  was  not  material. 

Tables  I  and  II  show  the  chemical  composition  and  the 
physical  properties  of  the  nickel  and  chrome-nickel  steek 
used. 

The  following  statement  shows  in  a  condensed  form 
the  results  of  the  tests. 

Tahle    III. 

Niikcl-Stotl  Joints 

Lbs.  per  Sq.  In. 

Av.  Ult.  shoar  s1k)[;  and  fidd  rivets 52,440    to    60,140 

Max.  tension  in  plates 16,850    to   50,800 

Chrome- Xickel-Steel  Joints 

Lbs.  per  Sq.  In. 

Av.  Ult.  shear  in  rivels 48,190     to    5^.^50 

Max  tension  in  plates 16,170     to    49.500 

Car])()n  Steel  (Main,  of  Way  Assoc.  Tests) 

Lbs,  per  Sq.  In* 

Av.  shear  stress    44.940    to   5^0^ 

Max.  tensif>n  in  plates    15,190    to    48,400 
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The  shearing  of  the  rivets  caused  the  f ailtires  of  all  the 
°ickel-steel  and  chrome-nickel  steel  joints. 

The  "carbon  steel ''  used  in  the  American  Railway  Engi- 
neering and  Maintenance  of  Way  Association  tests  was  low 
'^^c  open  hearth  material  conforming  to  the  specifications 
^^  that  Association.      Some  of  these  joints  failed  by  the 
)^elding  of  the  plates  but  the  greater  part  of  them  failed 
'^y  the  shearing  of  the  rivets  and  the  results  are  all  given 
^  terms  of  the  maximum  shearing  stress  in  the  rivets  at 
the  instant  of  failure. 

The   lower  values    in    the    ultimate    and    final    shear 
stresses  in  these  series  of  tests  belong  to  the  longer  rivets, 
i.e.  to  the  joints  in  which  fillers  were  used.     This  was  to 
t>e  expected  in  consequence  of  the  increased  bending  in 
tliose  rivets.     Indeed,  these  tests  indicate  that  with  ordi- 
nary thicknesses  of  plates  the  carrying  capacity  of  the 
rivets  begins  to  be  seriously  affected  when  the  * '  grip ' '  of 
the  rivets,  i.e.  the  aggregate  thickness  of  plates  pierced  by 
them,  exceeds  about  four  diameters.     It  should  be  stated, 
however,  that  this  depends  much  upon  the  design  of  the 
joint. 

Friction  of  Riveted  Joints. 

Careful  observations  were  made  by  Profs.  Talbot  and 

Moore  as  well  as  in  the  tests  of  joints  for  the  American 

^^ilway  Engineering  and  Maintenance  of  Way  Association 

^^  determine  the  friction  of  riveted  joints  which  experienced 

^^gineers  have  long  known  to  exist.     These  observations 

^^dicate  that  a  material  slipping  of  the  plates  took  place  in 

^rne  of  these  joints  when  the  shearing  stress  in  the  rivets 

^'B5  not  greater  than  about  6,000  pounds  per  square  inch. 

^'^  other  cases  this  slipping  took  place  when  the  rivet  shear 

^'as  as  high  as   15,000  pounds  per  square  inch.     It  was 

observed,  as  might  be  anticipated,  that  the  quality  of  the 
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material  of  the  joints  had  little  effect  upon  the  degree  of 
stress  at  which  slipping  began.     The  results  were  about 
the  same  for  the  low  carbon  steel  joints  as  for  the  chrome- 
nickel  steel  joints.     As  might  be  expected  in  a  well-pro- 
portioned joint,  the  friction  between  the  plates  depends 
upon  the  force  with  which  they  are  held  in  contact  by  the 
rivets.     The  motion  of  the  plates  is  obviously  due  to  the 
fact  that  the  shaft  of  the  rivet  in  cooling  contracts  more 
than  the  comparatively  cool  plate  around  it  leaving  a  small 
annular  space  between  the  rivet  and  the  wall  of  the  hole. 
As  the  load  on  the  joint  increases  a  degree  of  direct  stress 
of  tension  (or  of  compression  in  joints  under  compression) 
is  reached  at  which  the  plates  slip  on  each  other  bringing 
the  rivet  shafts  successively,  or  more  or  less  simultaneously^ 
in  contact  with  the  bearing  side  of  the  hole. 

After  the  load  increases  still  more,  a  higher  stage  oC 
stress  is  reached  at  which  the  yield  point  of  the  joint  is 
found  when  relatively  rapid  distortion  takes  place.  As  an 
average  the  yield  point  of  the  nickel  steel  joints  was  found 
at  an  intensity  of  shearing  stress  in  the  rivets  of  about 
35,000  pounds  per  square  inch  and  not  much  different  from 
that  for  the  chrome-nickel  steel  joints.  Material  bending 
of  the  rivets  appears  to  be  an  influential  element  in  the 
increased  deformation  at  the  yield  point  of  a  joint  and  it 
is  reasonable  to  suppose  that,  other  things  being  the  same, 
the  longer  the  rivets  the  lower  will  be  the  degree  of  stress 
at  which  the  yield  point  is  found,  although  it  is  doubtful 
whether  the  rivets  are  long  enough  in  the  well-designed 
riveted  joints  of  good  engineering  practice  to  show  much 
effect  upon  the  yield  point.  Profs.  Talbot  and  Moore 
state  that  "  The  ratio  of  the  yield  point  of  riveted  joints 
to  ultimate  shearing  strength  in  these  tests  was  about  the 
same  as  the  ratio  of  the  yield  point  of  the  plate  material  in-, 
tension  to  the  ultimate  tensile  strength  of  the  plate  material."" 
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The  results  obtained  from  the  joints  tested  in  alternate 
nsion  and  compression  were  not  markedly  different  from 
obtained  in  tension.  The  yield  point  seems  to  be 
^htly  lowered  after  a  few  alternations  of  tensile  and  com- 
ressive  loads.  If  these  alternations  took  place  rapidly, 
wbtless  the  joints  would  show  much  diminution  of  re- 
ing  capacity  but  the  actual  alternations  were  few  in 
unber  and  not  rapidly  made. 

These  tests  show  that  the  friction  between  plates  of  a 
Eted  joint  cannot  properly  be  considered  as  enhancing 
!  resisting  capacity.  Furthermore,  this  slipping  has  a 
rcct  bearing  upon  the  computations  of  secondary  stresses 
trusses  with  riveted  connections.  The  corresponding 
[omiation  may  militate  materially  against  the  accuracy 
.reliability  of  such  computations. 

Art.  78. — Riveted-tniss  Joints. 

The  circumstances  in  which  riveted  joints  are  used  in 
iss  work  render  permissible  many  special  forms  which 


= f — f i 

.0'"^ 

w^ww^ww^w 

^n^' 

:^o_""n^  \ 

f^o°° 
b°oo 
\\Ooo 

B^          I 

find  no  place  in  boiler-riveting.  If  joints  are  found 
fider  the  same  circumstances,  as  far  as  the  transference 
stress  is  concerned,  precisely  the  same  forms  would  be 
Kd,  except  that  calking  is,  of  course,  only  required  in 
'iler  work. 
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Fig.  I  shows  a  common  form  of  chord  consll 
riveted-truss  work, with  the  relative  proi>orlinns  eia 

The  lower  portion  of  the  figure  shows  u  I 
a  section  of  the  chord  in  which  the  cover-  fe^^^ 
or  spHce-pIatc  is  shaded.  The  joint  is  '^  l 
supposed  to  be  in  tension.  \^3 

In  this  form  of  joint  the  splice-plate  (I 

material  is  reduced  to  a  minimum.     These  4 

are,  in  reality,  two  lap-joints  CD  and  DE  fl 

with  the  two  plates  C  and  £  to  be  spliced,  Q 

In  each  lap-joint  there  should  be  sufficient  } 

rivets  determined  by  the  methods  of  Art.  74,  ij 
plate  AB  should  be  long  enough  to  give  the  reqiJj 
AC  to  the  left  of  C.  with  the  same  length  from  Bi 
vertically  over  E.  ) 

In  most  cases  one  or  two  plates  only  should  I 
at  the  sarne  point. 

The  joint  in  the  vertical  plate  should  be  fat 
FG\  i.e.,  it  should  be  a  double-cover  butt-j< 
principles  already  established  in  a  preceding  1 
regard  to  the  thickness  of  covers  and  diajnetef 
should  be  observed  here. 

The  two  or  more  full  rows  of  rivets  on  either 
joint  may  as  well  be  chain-riveted  with  a  pitch 
diameters.  Other  rivets  should  then  be  stagger 
the  group  of  rivet  centres  on  each  side  is  brought 
as  shown  in  the  upper  part  of  Fig.  i.  In  tliis  a 
available  section  of  a  width  of  plate  equal  to  ti 
cover  becomes  approximately  equal  to  the  toti 
material  from  one  rivet-hole.  Hence  the  efficic) 
jouit  becomes  correspondingly  increased. 

If  the  joint  is  in  compression  the  precedin( 
tions  hold  without  change,  except  that  all  covi 
have  the  same  tliickness  as  the  plates  covensl. 


J 
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Even  if  the  joints  C,  D,  E,  and  H  are  of  planed  edges, 
little  or  no  reliance  should  be  placed  upon  their  bearing  on 
each  other,  since  the  operation  of  riveting  will  draw  them 
apart  more  or  less,  however  well  the  work  may  be  done. 

Unless  great  caution  is  observed  and  excellence  of  design 
secured,  there  will  frequently  be  excessive  bending  in  the 
riveted  joints  of  truss  work,  on  account  of  the  great  variety 
of  connections  required. 

Diagonal  Joints. 

Diagonal  riveted  joints  have  from  time  to  time  been 
proposed,  the  line  of  the  joint  making  an  angle  of  perhaps  . 
45°  to  the  line  of  action  of  the  loading.  Such  joints 
when  properly  designed  have  high  efficiencies  for  the  reason 
that  a  normal  section  of  the  joint  taken  anywhere  within 
its  extreme  limits  will  lie  wholly  within  the  main  plates 
except  at  the  point  where  the  oblique  joint  line  cuts  it.  In 
designing  such  a  joint,  however,  the  rows  of  rivets  should  be 
placed  parallel  to  the  joint  line  and  extend  across  the  entire 
main  plates,  or  some  other  arrangement  may  be  employed 
which  will  make  the  centre  of  gravity  of  the  group  of  rivets 
on  the  two  sides  of  the  joint  lie  in  the  centre  line  of  the 
iiam  plates  or  other  connected  members.  If  this  con- 
iition  is  not  attained,  there  will  be  eccentricity  of  the 
aggregate  resistance  of  the  rivets  on  either  side  of  the  joint 
ine  resulting  in  serious  bending  about  an  axis  perpendicular 
0  the  main  plates.  The  added  cost  of  this  type  of  joint 
nd  the  inconvenience  of  its  use  in  many  cases  prohibits 
:s  general  employment  as  a  detail  in  riveted  structural 
ork. 

Riveted  Joints  in  Angles. 

It  has  been  foimd  by  tests  of  full-size  angles  that  if  a 
\reted  joint  be  formed  by  riveting  one  leg  only,  the  ulti- 
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mate  tensile  resistance  per  square  inch  of  the  net  angle 
section  may  be  but  75  per  cent,  of  the  ultimate  tensile 
resistance  of  test  specimens  cut  from  the  same  angle.  On 
the  other  hand,  if  both  legs  are  riveted  the  ultimate  tensile 
resistance  per  square  inch  of  the  net  section  may  eaaly 
be  90  per  cent,  of  the  ultimate  resistance  of  test  specimeoj 
cut  from  the  same  angle.  These  results  show  that  botli 
legs  of  angles  should  always  be  riveted  at  joints. 

Hand  and  Machine  Riveting. 
The  development  of  the  pneumatic  and  other  power 
riveters  for  both  shop  and  field  purposes  has  practic: 
'  eliminated  hand  riveting  from  all  structural  work  except] 
in  rare  cases.  When  hand  riveting  was  done  its  inferioril 
to  power  riveting  was  recognized  by  specifying  that 
least  one-third  more  rivets  should  be  used  when  they 
driven  by  hand. 

Art.  79.— Welded  Joints. 
Welded  joints,  as  a  rule,  have  never  been  pemiitted  inl 
first  class  structural  work.  Fairly  good  joints  of  that  type,  I 
however,  were  made  where  necessary  in  wrought  iron,  but  I 
it  is  difficult,  if  not  essentially  impossible,  to  make  a  satisfac-  f 
tory  weld  in  structural  steel  by  ordinary  procedure.  In  c 
where  welding  of  steel  is  done,  some  method  is  necessary  ! 
in  which  the  metal  at  the  weld  is  brought  into  a  state  of  i 
fusion  for  a  material  depth.  The  thermit  and  other  proc- 
esses accomplish  satisfactory  welded  joints  in  both  steel 
castings  and  rolled  bars  for  many  purposes  although  thcj' 
are  not  used  in  structural  work. 

Art.  80. — Pin  Connections. 
A  pin  connection  consists  of  two  sets  of  eye-bars  or  links, 
through  the  heads  at  one  end  of  each  of  which  a  single  pin 
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masses.     Fig.  i  shows  a  pin  connection;   A,  A,  B,  B,  are 
ye-bars  or  links,  and  P  is  the  pin. 


E 


B 


-L. arr 


B 


Fig.  I. 


The  head  of  the  eye-bar  (one  is  shown  in  elevation  in 
^g.  2)  requires  the  greatest  care  in  its  formation.  It  is 
mperfect  unless  it  be  so  proportioned  that  when  the  eye-bar 
is  tested  to  failure,  fracture  will  be  as  likely  to  take  place 
m  the  body  of  the  bar  as  in  the  head ;  in  other  words,  unless 
its  efficiency  is  unity. 

In  Fig.  2  the  head  of  the  eye-bar,  or  link,  is  supposed 


Fig.  2. 


o  be  of  the  same  thickness  as  that  of  the  body  of  the  bar 
vrhose  width  is  w. 

If  t  is  the  thickness  of  the  bar  so  that  wt  is  the  area  of 
ts  normal  section,  then  t  is  generally  included  between  the 
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limits  of  Jif  and  ^w  for  ordinary  sizes  of  eye-bars.  TlifSt 
limits,  however,  are  exceeded  both  for  the  smaller  sizes  used 
and  the  larger  sizes.  A  bar  for  which  7V=^  inches,  may 
have  a  thickness  of  i^  inches,  while  the  maximum  thickness 
of  a  bar  i6  inches  wide  may  be  no  more  than  2  indies. 
Similarly  the  minimum  thickness  of  a  3-inch  wide  bar  may 
be  I  inch  while  the  least  thickness  of  a  16-mch  wide  bar 
may  be  taken  at  1 1  inches  or  t  =  Jif . 

In  the  early  days  of  eye-bar  manufacture  earnest  efforts 
were  made  to  analyze  the  complicated  condition  of  stresses 
in  the  eye-bar  head  so  as  to  give  it  a  rational  outline,  and 
an  approximate  treatment  of  the  problem  may  be  found  in 
the  "  Trans.  Am.  Soc.  of  Civ.  Engrs."  Vol.  VI.  1S77,  the 
results  of  which  agree  essentially  with  those  of  experi-|, 
ment.  j 

After  much  experimenting,  including  the  thickening  ll| 
the  head,  it  has  for  many  years  been  the  practice  to  make 
the  heads  of  eye-bars  circular  in  outline  as  shown  in  Figs. 
1  and  2.  In  Fig.  2  the  front  part  of  the  head  .\'DM  is  a 
semicircle  and  it  is  extended  on  both  sides  to  the  left  of 
NM  so  as  to  be  tangent  to  the  circular  curves  of  the  ned£ 
drawn  with  the  radius  equal  to  the  width  d  of  the  entire 
head.  The  latter  curves  are  also  tangent  to  the  body  of  the 
bar  as  shown  at  H. 

The  head  is  formed  by  heating  the  end  of  the  bar  to  a 
white  heal,  then  upsetting  it  in  a  properly-formed  die  as 
closely  as  possible  to  the  finished  shape.  A  little  finishing 
work  is  then  usually  done  under  a  power  hammer  or  bet»'e^ 
rolls.     The  head  is  seldom  thicker  than  the  body  of  the  bar- 

The  normal  section  of  the  head  taken  through  the  centre 
of  the  pinhole  is  usually  from  35  per  cent,  to  40  jjer  cent 
in  excess  of  the  section  of  the  bar.  All  steel  eye-bars  ai* 
thoroughly  annealed  after  the  completion  of  manufactuf 
so  as  to  remove  all  internal  stresses  in  the  head  and  any 
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undue  hardness  that  may  have  been  acquired  during  that 
process. 

The  diameter  of  the  pin  should  never  be  less  than  about 
80  per  cent,  of  the  width  w  of  the  bar,  and  it  may  be  from 
*  ij  to  25  times  that  width,  the  greater  of  those  factors  be- 
longing to  bars  of  small  width  and  the  smaller  to  bars  of 
the  greatest  width  used. 

In  pin  connections  the  pin  is  subjected  to  heavy  bend- 
ing for  which  it  is  carefully  designed  as  well  as  for  the  shear 
in  its  normal  section  and  for  the  bearing  or  compression 
I  between  it  and  the  pin  hole.  The  pin  and  the  pin  hole 
are  accurately  machine  finished,  the  diameter  of  the  latter 
being  from  perhaps  j^js  inch  (for  the  smallest  pins)  to  ^ 
inch  (for  the  largest  pins)  greater  than  the  former. 

If  M  is  the  bending  moment   to  which  the  pin  is  sub- 
f  jected,  k  the  greatest  intensity  of   bending   stress  devel- 
oped, and  A  the  area  of  the  normal  section  of  the  pin,  eq. 
(4)  of  Art.  90  gives 

M=fe-^  =o.i^gP  (nearly),     .     .     .     .     (i) 

o 

or 

......  (2) 

Values  of  k,  for  circular  sections,   may  be   found  in 
Art.  90. 
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CHAPTER    X. 

LONG  COLUMNS. 

Art.  8i.— Preliminai;  Matter. 

There  is  a  class  of  members  in  structures  subjected  to 
compressive  stress  which  do  not  fail  entirely  by  compression. 
The  axes  of  these  pieces  coincide,  as  nearly  as  possible,  with 
the  line  of  action  of  the  resultant  of  the  external  forces, 
yet  their  lengths  are  so  great  compared  with  their  lateral 
dimensions  that  they  deflect  laterally,  and  failure  finally 
takes  place  by  combined  compression  and  bending.  Such 
pieces  are  called  "  long  columns,"  and  the  application  to 
them,  of  the  common  theory  of  flexure,  has  been  made 
Art.  35- 

Two  different  formuke  were  first  established  for  use  in 
estimating  the  resistance  of  long  columns :  they  are  InKmn 
as  "Gordon's  Formula"  and  "  Hodgkinson's  Formuh. 
Neither  Gordon  nor  Hodgkinson,  however,  gave  the  original 
demonstration  of  either  fonnula. 

The  form  known  as  Gordon's  formula  was  originallv  dem- 
onstrated and  established  by  Thomas  Tredgold  ("Strength 
of  Cast  Iron  and  other  Metals,"  etc.).  for  rectangular  and 
round  columns,  while  that  known  as  Hodgkinson's  formull 
<  (demonstrated  in  Art.  35)  was  first  given  by  Euler. 

In  1840.  however,  Eaton  Hodgkinson.  F.R.S.,  published 
the  results  of  some  most  valuable  experiments  made 


AitWJ  PRELIMINARY  MATTER.  475 

^BDlself  on  cast  and  wrought-iron  columns  (Experimental 
SiScarches  on  the  Strength  of  Pillars  of  Cast  Iron,  and 
other  Materials;  Phil.  Trans,  of  the  Royal  Society,  Part  II, 
1840),  and  from  these  experiments  he  determined  empirical 
coefficients  applicable  to  Euler's  formula,  on  which  account 
it  has  since  been  called  Hodgkinson's  formula. 

Prof.  Lewis  Gordon  deduced  from  the  same  experiments 
iome  empirical  coefficients  for  Tredgold's  fonnula,  since 
which  time  Gordon's  formula  has  been  known. 

The  latter  has  been  quite  generally  used,  but  it  has 
lately  been  largely  displaced  by  the  straight-line  formula 
to  be  given  later.     Hodgkinson's  coefficients  and  formula 
m  now  been  abandoned. 

Before  taking  up  the  subject  of  long  columns  it  is 
isarable  to  establish  some  important  properties  of  the 
BDments  of  inertia  of  surfaces  used  in  the  analytic  treat- 
ment of  long  columns  and  in  some  problems  of  flexure. 
It  will  also  be  both  convenient  and  important  to  de- 
termine the  conditions  which  ex- 
ist with  an  isotropic  character  of 
section  in  respect  to  the  moment 
of  inertia. 

In  Fig.  1  let  BC  be  any  figure 
whose  area  is  A ,  and  whose  cen- 
tre of  gravity  is  at  O.  In  the 
plane  of  that  figure  let  any  arbi- 
trary system  of  rectangular  co- 
ordinates X',  y  be  chosen  and  let  XY  be  any  other 
system  having  the  same  origin ;  also,  let  x',  y'  and  x,  y  be 
Uie  coordinates  of  the  element  D  of  the  surface  A  in  the 
two  systems.    There  will  then  result 

x  =  yf  cos  a  +  y  sin  a, 
y=y  cos  a  —  xfsm.  a. 
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The  moments  of  inertia  of  the  surface  about  the  axes  y  and 
X  will  then  be 

j  xHA  =cos2  a\  x'HA  +2  sin  a  cos  a]  x'y'dA  + 

sm^ajy'HA,      .     .     .     .     (i) 

J  y^dA  =  cos^  a]  y'HA  —  2  sin  a  cos  a\  x'y'dA  + 

sm^afx'^dA (2) 

If  x  and  y  are  to  be  so  chosen  that  they  are  principal 

axes,  then  must  JxydA  =0,  or 

o  =  JxydA  =  sin  a  cos  aJy'^dA  +  (cos'  a  —  sin*  ojfx^ydA 

r  '  I 

—  sin  a  cos  aj  x^^dA ;       (3)    ] 
2fx'ydA 


/.  tan  2  a 


fx"dA-fy'dA 


Hence,  since  tan  2a  =  tan  (180  + 2cr),  there  will  always 
be  two  principal  axes  90°  apart. 

Now,  if  (x'y'dA  =0,  while  no  other  condition  is  imposed. 

tan  2a -o.     This  makes  a=o  or  90°;    i.e.,  X'Y'  are  the 

principal  axes. 

If,  however,   fj  x'y'dA  =0,  while  a  is  neither  o  nor  r;o",    ! 
eq.  (3)  becomes  I 

fyMA--Jxf^dA^o\ 
or 

tan  2a  =-,  i.e.,  indeterminate, 
o 
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This  shows  that  any  axis  is  a  principal  axis;  also  that 

fx^dA  =  fy^dA  -  fx^'dA  =  fy'dA. 

Hence  the  surface  is  completely  isotropic  in  reference  to 
its  moment  of  inertia,  or  its  moment  of  inertia  is  the  same 
abotU  every  axis  lying  in  it  and  passing  through  its  centre  0} 
gravity. 

It  has  been  seen  that  this  condition  exists  where  there 
are  two  different  rectangular  systems,  for  which 

fxydA  =  fx'ydA  =  o ; 

but  the  first  of  these  holds  true  if  either  ^  or  y  is  an  axis  of 
symmetry,  and  the  latter  if  either  ri:'  or  j/  is  an  axis  of  sym- 
metry. 

Hence,  if  the  surface  has  two  axes  of  symmetry  not  at  right 
angles  to  each  other,  its  mmnent  of  inertia  is  the  same  about  all 
axes  passing  through  its  centre  of  gravity  and  lying  in  it. 

Eqs.  (3)  and  the  two  preceding  it  also  show  that  the 
same  condition  obtains  if  the  moments  of  inertia  about  Jour 
axes  at  right  angles  to  each  other,  in  pairs,  are  equal. 

In  the  case  of  such  a  surface,  therefore,  it  will  only  be 
necessary  to  compute  the  moment  of  inertia  about  such  an 
axis  as  will  make  the  simplest  operation. 

Principal  Moments  of  Inertia. 

If  the  moments  of  inertia  /'  about  the  axis  of  V"  and 
I"  about  the  axis  of  A''  be  expressed  in  terms  of  the  prin- 
cipal moments  /i  about  the  axis  of  V  and  I2  about  the 
axis  of  X,  eqs.  (i)  and  (2)  will  give  by  simply  changing  the 
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primes  from  the  second  to  the  first  members  of  the  eqiia- 
tions ; 

Jx'MA  =  J'  =  Ji  cos  2a  4-/2  sin2  a.  .     .     .     (4) 

fy^dA  =  J"  =  J2  cos2  a+Ii  sin2  a.  .     .     .     (s) 

If  the  principal  moments  of  inertia  Ji  and  1 2  are  known 
eqs.  (4)  and  (5)  show  that  the  moments  J'  and  /"  about 
any  axes  making  the  angle  a  with  the  principal  axes  may 
at  once  be  computed. 

Adding  eqs.  (4)  and  (5) ; 

/'  +/"  =/i  +I2  =  J  (Polar  moment)..     .     .     (6) 

Hence  the  sum  of  the  two  moments  of  inertia  about  any 
two  axes  at  right  angles  to  each  other  is  constant  and  equal 
to  the  polar  moment  of  inertia. 

If  the  second  members  of  eqs.  (4)  and  (5)  be  divided  by 
the  area  A  of  the  cross  section,  and  if  the  radii  of  gyration 
be  represented  by  r\  r",  ri  and  r2; 

r"2=f22  cos^  a+ri^  sin^  a C^^ 

Each  of  eqs.  (7)  and  (8)  is  the  equation  of  an  ellipse  ii^ 
which  f  1  is  the  semi-axis  in  the  direction  of  the  coordin^i^t^ 
axis  X  and  r2  is  the  semi-axis  of  the  ellipse  in  the  direct 
of  the  coordinate  axis  F,  while  r'  and  r  "are  two 
diameters  OD'  and  OD,  all  as  shown  in  Fig.  2. 

If  eqs.  (7)  and  (8)  be  added,  eq.  (9)  will  result; 

r'2+r"2=ri2-ff22 C9) 

This  equation  is  the  expression  of  one  characteristics   ^^ 
the  ellipse,  viz.,  the  sum  of  the  squares  of  any  two  conjuj 
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semi-diameters  is  equal  to  the  sum  of  the  squares  of  the 
two  semi-axes.  The  two  radii  of  gyration  therefore  about 
any  two  inertia  axes  at  right  angles  to  each  other,  except 


Fig.  2. 


^"C  principal  axes,  are    semi-conjugate  diameters  of  the 
elKpse. 

Eqs.  (7)  and  (8)  are  precisely  the  same  in  character  as 
^-  (3)  of  Art.  9  and  the  ellipse  of  Fig.  2  is  constructed  pre- 
^sely  as  was  the  ellipse  of  stress.  The  two  principal  radii 
^^  gyration  ri  and  r2  are  represented  by  the  semi-axes  OA 
^d  OB,  while  the  semi-conjugate  diameters  OD'  and  OD 
present  the  radii  of  gyration  r'  and  r"  taken  about  any 
^^o  axes  at  right  angles  to  each  other,  represented  by  ON 
^d  0N\     The  construction  lines  of  Fig.  2  show  how  the 
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ellipse  is  constructed  from  eqs.  (7)  and  (8) 
was  the  ellipse  of  stress  in  Art.  9. 

If  it  is  desired  to  find  the  radius  of  gyration  about  any 

axis,    as  the   semi-diameter  OQ,   the  construction  of  the 

dlipse  shows  that  it  is  only  necessary  to  describe  the  two 

circles  with  radii  ri  and  r2,  as  shown  tn  the  figure,  then 

erect  ON  perpendicular  to  OQ  and  draw  the  horizontal  and 

vertical  lines  respectively  from  N  and  A'  to  their  intersection 

L  J3  on  the  ellipse.     The  semi-diameter  OD  will  be  the  radius 

■  of  gyration  desired  and  its  direction  on  the  figure  of  the 

r  cross-section  to  which  it  belongs  will  obviously  be  ON.  i.e.. 

at  right  angles  to  OQ. 

It  is  a  well-known  property  of  the  ellipse  thai  the 
square  of  the  perpendicular  p  drawn  from  the  center  W 
the  tangent  to  the  curve,  if  the  inclination  of  that  pa* 
pendicular  to  the  semi-axis  is  a,  is; 

p2  =r,2  cos^  a+ra^  sin^  a.  ...  (w) 
This  value  of  p'^  is  precisely  the  same  as  r''  in  eq.  (7)  'I 
and  it  shows  that  the  radius  of  gyration  OR=OD  about  | 
any  semi-diameter  OQ  considered  as  an  inertia  axis  is  equal  | 
to  the  normal  distance  between  that  semi-diameter  and  the 
parallel  tangent  RL'.  This  simple  result  finds  an  import-  , 
ant  application  in  the  problem  of  the  flexure  of  a  beam  of  1 
unsymmetrical  cross-section. 

This  same  normal  distance  between  a  semi-diamelCT 
of  the  ellipse  and  the  parallel  tangent  RL'  is  also  equal  to 
-^,  the  semi-major  axis  of  the  ellipse  being  representtd 
by  r\  and  the  semi-minor  axis  by  r-i,  while  t'  represents 
the  semi-diameter. 

The  preceding  equations  indicate  the  principal  proper- 
ties of  every  form  of  cross-section  which  may  affect  the  value 
of  the  moment  of  inertia  about  any  axis  whatever  passing 
through  its  centre  of  gravity. 


J 
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Art.  82. — Gordon's  Formula  for  Long  Columns. 

Since  flexure  takes  place  in  a  long  cuhimn  subjected  to 
thrust  in  the  direction  of  its  length,  the  greatest  intensity 
stress    in    a    nonnal    section    of    the    column  may  be 
;idered  as  composed  of  two  parts, 
le  a  uniform  compression    over    the 
hole  section  the  total  of  which  is  equal 
to    the    load   on    the  column,  and  ths 
other  the  usual  uniformly  varying  stress 
due  to  flexure  the  total  of  which  is  zero 
and  the  intensity  of  which  is  also  zero 
along  the- neutral  axis   of    the  section, 
Fig.  I,  which  is  supposed   to  represent 
a  longitudinal  axial  section  of  a  column. 
shows  completely  this  composite  stress. 
The  line  /g  is  the  trace  of  the  normal 
section    and  gd  =  c}  =  p'  is  the  uniform 
intensity  of  compression  due  to  the  com- 
pressive load  P.     The  bending  moment  pn,.  1, 
IS  represented  by  the  stresses  of  flexure 

^•Uying  uniformly  in  intensity  from  f"  on  the  right-hand  side 
^i  the  section  to  cj  on  the  left  side,  O  being  at  the  neutral 
^^.  The  compressive  stresses  are  indicated  by  —  and 
"'s  tensUe  stresses  by  +.  The  resultant  of  these  two  com- 
'site  stresses  is  a  uniformly  varying  stress  with  the  great- 
compressive  intensity  p'+p"  on  one  side  of  the  section 
'*i  the  small  compressive  intensity  ec  on  the  left  side. 
'  He  bending  tension  neutralizes  exactly  the  same  amount 
*  uniform  compression,  making  the  resultant  intensity 
homily  var>*ing.  There  is  no  resultant  tensile  stress  in 
section,  but  it  is  obvious  that  there  would  be  if  the 
ading  moment  were  sufficiently  large.  In  that  case  fe 
jld  be  larger  than  Jc.     This  condition,  however,  seldom 
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occurs  in  actual  structural  columns  and  never  unless  ihey  y 
are  slender  and  too  heavily  loaded. 

The  condition  of  stress  as  described  above  is  that  ordi-  I 
narily  assumed  for  columns,  but  the  actual  condition  d  I 
stress  is  frequently,  if  not  almost  invariably,  much  more  I 
complicated.  The  details  and  the  different  main  parts  of  I 
columns  do  not  act  «'ith  perfect  concurrence  nor  are  the  I 
processes  of  manufacture  even  in  the  most  careful  shops  J 
such  as  to  leave  the  finished  members  without  inler 
stresses,  nor  are  they  perfectly  straight.  In  fact  the  b 
of  columns  may  be  a  little  convex  in  one  direction  i 
part  of  their  length  and  concave  in  the  same  direction  atl 
another  part.  It  is  imperative,  however,  to  have  somej 
reasonably  simple  rational  analysis  on  which  formulfe  a 
be  based  leaving  the  erratic  stress  conditions  which  ar 
obscure  and  uncertain  to  be  reached  by  analysis  t 
covered  by  empirical  coefficients  determined  by  tests' 
actual  full-size  columns  and  the  stress  assumptions  illus-^ 
trated  in  Fig.  i  fulfill  this  requisite  at  least  reasonably. 

In  order  to  determine  the  two  parts  of  the  resultant 
stresses  shown  in  Fig.  i,  let  5  represent  the  area  of  the  ' 
normal  section;  /,  its  moment  of  inertia  about  a  neutral 
axis  normal  to  the  plane  in  which  flexure  takes  place;  r,  ' 
its  radius  of  gyration  in  reference  to  the  same  axis;  P,  the 
magnitude  of  the  imposed  thrust;  /,  the  greatest  intensity 
of  stress  allowable  in  the  column,  and  J.  the  deflection 
corresponding  to  /.  Let  p'  be  that  part  of  /  caused  by  the 
direct  effect  of  P,  and  p"  that  part  due  to  flexure  alone. 
Then,  if  h  is  the  greatest  normal  distance  of  any  elen>eni 
of  the  column  from  the  axis  about  which  the  moment  of 
inertia  is  taken,  by  the  "  common  theory  of  flexure." 
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If  the  column  ends  are  round,  (/  =  i ;  but  if  the  ends 
are  fixed,  the  value  of  c/  will  depend  upon  the  degree  of 

fixedness. 


Also. 


^.|;     ...  ^^^-.,.|(,^£:^).        .      (,, 


Hence 


Eq.  (3)  may  be  considered  one  form  of  Gordon's  formula. 

In  order  to  make  eq.  (3)  workable  in  actual  computa- 
tions, it  is  necessary  to  express  the  deflection  J  in  terms 
of  known  dimensions  of  the  column.  By  referring  back 
to  eq.  (6a)  in  Art.  27  the  desired  expression  for  the  deflec- 
tion may  be  found  and  by  its  aid,  introducing  the  notation 
)f  this  article,  eq.  (4)  may  be  at  once  written ; 

It  is  seen,  therefore,  that  the  quantity  a,  depends  upon 
oth  />"  and  E,  but  it  is  ordinarily  considered  constant. 
Since  I=Sr^,  eqs.  (i)  and  (7)  give 


/'-o,-7 — OsF''    •*• /=^+^=s('"'"'*f5/• 


(s) 


Eq.  (8)  shows  that  a^d  —a. 
Hence 

P--^^ (6) 

I  +0-1 
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The  integration  by  which  eq.  (4)  is  obtained,  being 
taken  between  limits,  causes  everything  to  disappear 
which  depends  uprin  the  condition  of  the  ends 
of  the  column.  Consequently  eq.  (6)  applies 
to  all  columns,  whether  the  ends  are  rounded 
or  fixed.  Let  the  latter  condition  be  assumed, 
and  let  it  be  represented  in  the  adjoining  figure. 
Since  the  column  must  be  bent  symmetrically, 
there  must  be  at  Icjst  two  points  of  contraflexure. 
Tvfo  such  points  only  may  be  supposed,  since 
such  a  supposition  makes  the  distance  between 
any  two  adjacent  points  the  greatest  possible 
and  induces  the  most  unfavorable  condition 
of  bending  for  the  column. 

If  B  and  C  are  the  points  of  contraflexure  supposed 
then  BC  will  be  equal  to  a  lialf  of  AD.  for  each  half  i>f  Bl 
must  be  in  the  same  condition,  so  far  as  flexure  is  conceniec 
as  either  AB  or  CD.  Also  the  bending  moment  at  Ih 
section  midway  between  B  and  C  must  be  equal  to  thi 
at  A  or  D.  Consequently  the  hinge-  or  round-end  coluni 
BC  must  possess  the  same  resistance  as  the  fixed-  or  flal 
end  column  AD.     In  eq.  (6),  therefore,  let  l  =  2BC  =  2li^ 


I 


Eq.  (7)  is,  consequently,  the  formula  for  free-  or  round 
end  columns  with  length  /[. 

The  flat-  or  fixed-end  column  AD  is  also  of  the  sain 
resistance  as  the  column  AC.  with  one  end  flat  and  on 
end  round.  Hence  in  eq.  (6)  let  there  be  put  /  =  jj4C=K 
and  there  will  result,  nearly. 


f' 
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P ^ (8") 

Eq,  (8)  is,  then,  the  formula  for  a  column  with  one  end 
flat  and  the  other  round.  A  slight  element  of  approxima- 
tion will  ordinarily  enter  eq.  (8)  on  account  of  the  fact  that 
C  is  not  found  in  the  tangent  at  A  just  as  eqs.  (6)  and  (7) 
are  based  on  the  supposition  that  .4  and  D  lie  exactly  in  the 
line  of  action  of  the  imposed  load. 

Eqs.  {7)  and  (8)  have  been  ,and  are  now  generally 
accepted  as  representing  the  resistances  of  columns  with  the 
end  conditions  to  which  they  are  intended  to  apply.  As  a 
itter  of  fact,  however,  tests  of  full-size  members  have 
demonstrated  that  those  conditions  are  not  realized  in  the 
actual  use  of  columns.  Tliey  have  further  shown  that 
KsentiaUy  but  one  condition  of  column  ends  need  be 
.,  and  that  is  the  actual  pin-end  condition,  as 
realized  in  pin-connected  structures.  In  that  condition 
the  end  of  the  column  is  not  free  to  turn.  The  compression 
between  the  pin  and  the  metal  bearing  against  it  caused 
by  the  load  carried  by  the  column  creates  a  considerable 
surface  of  contact  over  a  substantial  portion  of  which  the 
intensity  of  pressure  is  high.  This  produces  a  condition  of 
great  frictional  resistance  to  any  motion  between  the  pin  and 
the  end  of  the  column,  but  not  sufficient  probably  to  induce 
aiijced-end  condition.  It  has  been  found  by  test  that  flat- 
end  columns,  as  a  rule,  give  less  ultimate  resisting  capacity 
than  pin-end  columns  of  the  same  length  and  same  radius 
of  gyration  of  cross-section.  This  is  doubtless  due  to  the 
practical  impossibility  to  secure  a  central  application  of 
"Oading  when  flat  ends  are  employed,  the  resulting  eccen- 
tririty  reducing  the  ultimate  carrying  capacity  of  the 
""embers.     WTiile,  thi-refore,  the  classes  of  columns  repre- 
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sented  by  eqs.  {7)  and  (8)  are  still  recognized,  it  would 
be  more  rational  and  more  in  accordance  with  experience 
to  use  only  the  general  form  of  eq.  (6)  with  a  detennined 
from  actual  pin-end  tests. 

Although  the  quantities  /  and  a.  in  eqs.  (6),  (7),  and  (8) 
are  usually  considered  constant,  they  are  strictly  variable. 
Eq.  (4)  shows  that  a  is  a  function  of  p"  -^-E.  It  is  by  no 
means  certain  that  p"  is  the  same  for  different  forms  oi 
cross-section,  or  even  for  different  sections  of  the  same 
form.  While  the  modulus  of  elasticity  E  varies  slightly  it 
may  properly  be  taken  as  constant. 

Again,  the  greatest  intensity  of  stress,  /,  which  can 
exist  in  the  column  varies  not  only  with  different  grades  of 
material,  but  there  is  some  reason  to  believe  that  il  must 
also  be  considered  as  varying  with  the  length  of  the  column. 
The  law  governing  this  last  kind  of  variation,  for  many 
sections,  still  needs  empirical  determination.  It  is  dear, 
therefore,  that  both  /  and  a  must  be  considered  empirical 
variables. 

Since  /  and  a  are  to  be  considered  variable  quantities, 

P 
let  y  take  the  place  of  /  and  x  that  of  a;    also,  let  P"-? 

represent  the  mean  intensity  of  stress.  Eq.  (6)  then  takes 
the  form 


i-\-cx 


(5) 


in  which  c  =  P  -r-  r^.  | 

In  eq,  (g)  there  are  two  unknown  quantities,  y  and  *.  I 
consequently  two  equations  are  required  for  their  det«-   1 
mination.     If  two  columns  of  different  ultimate  resistances 
per  unit  of  section,  and  with  different  values  of  c,  are  broken 
in  a  testing  machine,  and  the  two  set.-;  of  data  thus  estab- 
lished separately  inserted  in  eq.    (9),  two  equations  will 
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which  will  be  sufficient  to  give  y  and  x.  Those  two 
)ns  may  be  written  as  follows: 

y^p\i+c'x), (10) 

y=^p''{i+c''x) (11) 

5  simple  elimination  of  y  gives 

c  p  —c  p 

ler  eq.  (10)  or  (11)  will  then  give  y. 
selecting  experimental  results  for  insertion  in  eq. 
are  should  be  taken  to  make  the  differences  p"  —p' 
-c"  as  large  numerically  as  possible,  in  order  that 
•ors  of  experiment  may  form  the  smallest  possible 
:ion  of  the  first. 

consequence  of  the  more  or  less  erratic  results  of 
f  full-sized  columns,  if  two  or  more  pairs  of  values 
d  a  be  found  as  indicated  above,  they  will  not  agree 
ch  other  and  some  of  them  may  differ  largely.  Con- 
tly  the  procedures  illustrated  by  eqs.  (10),  (11)  and 
e  not  sufficient  for  a  satisfactory  determination  of 
antities  desired.  The  method  of  probabilities  has 
nployed,  but  it  also  is  unsatisfactory  because  of  the 
lumber  of  tests  available  if  for  no  other  reason. 

ual  process  is  to  plot  the  results  of  tests  using  -  for 

ontal  coordinate  and  the  mean  load  per  square  inch 
5-section  of  column  for  the  vertical  ordinate.  The 
of  a  series  of  tests  will  in  this  manner  be  represented 
ally  by  a  more  or  less  extended  group  of  points 

ing  upon  the  range  of  -.     A  curved  or  straight  line, 
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as  the  case  may  be,  is  then  drawn  through  such  a  plot 
group  of  points  so  as  to  give  it  a  mean  position  among  thi 
The  quantities  /  and  a  are  then  so  determined  by  trial 
to  produce  a  curve  lying  as  close  as  possible  to  the  exp 
mental  curve  and  the  resulting  equation  will  then 
Gordon's  formula  for  that  particular  set  of  tests  or  typ 
columns.  This  operation  is  fulJy  illustrated  and  will 
further  considered  in  the  next  article  in  connection  v 
a  series  of  tests  of  Phoenix  columns  and  columns  of  ol 
shapes. 

The  accompanying  diagrams  represent  some  cros 
tions  of  columns  which  have  been  much  used. 


B»tMll  Uttlce 


There  are  a  large  number  of  other  sections  whidl;* 
also  been  employed  either  for  wrought  iron  or  st(?el  colun 
For  large  columns  it  is  occasionally  necessary  to  build 
cross-sections  consisting  of  a  number  of  webs  and  an( 
all  so  secured  to  each  other  as  to  act  as  a  unit.  The  Quf 
Bridge  section  is  such  a  one. 
.  Occasionally  a  so-called  "  swelled  "  column, 
considerably  enlarged  cross-section  at  and  in  the  i 
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Btf  the  centre  of  the  column  length.  Che  outline  of  section 
■radually  but  not  uniformly  decreasing  froin  the  centre 
Bowards  the  ends,  is  required.  A  foimuJa  for  such  a 
■JOlumn  similar  to  Gordon's  formula  may  be  written  for  a 
■varying  moment  of  inertia,  but  it  is  too  complicated  to  be 
Bf  practical  use.  In  the  case  of  such  columns  the  judgment 
Bf  ihe  engineer  must  be  used  in  applying  a  column  formula, 
But  it  will  generally  be  sufficient  to  take  the  radius  of 
gyration  at  the  middle  section  of  such  a  member  in  com- 
puting the  ratio  -. 

The  preceding  formuljeand  the  considerations  on  which 
they  are  based  imply  without  qualification  that  all  parts 
of  a  column  must  be  so  rigidly  bound  together  that  each 
such  member  will  act  as  a  perfect  unit  under  loading  and 
they  include  the  condition  that  the  cross-section  of  the 
column  is  maintained  in  its  proper  shape  and  proportions 
without  materia!  distortion  up  to  actual  faikye  of  the  tested 
columns.  It  is  imperative,  therefore,  in  the  design  of  these 
niembers  that  the  details,  including  rivets,  lattice  bars, 
batten  plates  and  other  spacing  details,  shall  be  sufficient 
"1  number  and  dimensions  to  maintain  the  column  as  a 
wnit  up  to  its  full  carrying  capacity.  A  failure  to  meet 
^ese  conditions  may  greatly  and  perhaps  fatally  reduce 
the  carrying  capacity  of  the  column  and  result  in  disaster, 
^  in  the  case  of  the  first  Quebec  Bridge,  caused  by  the 
*'eak  latticing  of  a  compression  member.     If  a  column  more 

less  weak  in  its  spacing  or  other  details  is  tested  to  its 
late  resistance,  it  wilt  yield  in  some  of  its  weak  details 
td  of  failing  as  a  whole,  i.e..  as  a  unit. 

The  general   principles  which  govern   the  resistance  of 

It  columns  may.  then,  be  summed  up  as  follows. 

The  malt-rial  should  be  disposed  as  jar  as  possible  Jroifi. 

nnUtal  axis  oj  the  cross-section,  thereby  increasing  r;    ..^m 
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There  should  be  nd  initial  internal  stress; 

The  individual  parts  of  the  column  sliould  be  muludl; 
supporting; 

The  individual  parts  of  the  column  should  be  so  jirm/; 
secured  to  each  other  that  no  relative  motion  can  take  place,  it 
order  that  the  column  may  fail  as  a  whole,  thus  mainlainitit 
the  original  value  of  r. 

These  considerations,  it  is  to  be  borne  in  mind,  affect  the 
resistance  of  the  column  only;  it  may  be  advisable  to 
sacrifice  some  elements  of  resistance,  in  order  to  attain 
accessibility  to  the  interior  of  the  compression  member,  for 
the  purpose  of  painting.  This  point  may  be  a  very  im- 
portant one,  and  should  never  be  neglected  in  designini 
compression  members. 


Art.  83.— Tests  of  Wrought  Iron  Phoenix  Columns,  Steel  An^« 
and  Other  Steel  Columns. 

During  the  period  of  use  of  wrought  iron  as  a  simc 
tural  material  many  full-size  wrought-iron  columns  wefl 
tested  to  failure  giving  data  on  which  to  base  long  columi 
formulse,  but  as  yet  few  steel  columns  of  full  size  hav 
been  tested  to  failure  and  the  data  on  which  to  base  propc 
long  column  formulae,  either  for  ordinary  structural  carboi 
steel  or  for  nickel  steel,  are  correspondingly  meagre.  A 
this  time  (191 5)  full-size  steel  columns  are  in  process  0 
testing  at  the  National  Bureau  of  Standards,  Washington 
D,  C,  and  when  they  are  completed,  the  desired  data  wil 
be  much  increased. 

In  view  of  this  condition  of  experimental  work  on  sttt 
coliimns  it  seems  best  to  give  the  results  of  tests  of  a 
extended  series  of  wrought  iron  Phoenix  columns  made  wit 
much  care  at  the  U.  S.  Arsenal  at  Watertown,  Mass.  i 
order  to  illustrate  fully  the  method  of  graphical  treatmei 
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si  such  results  in  the  process  of  seekmg  proper  column           ^M 
fonmike.     The  complete  account  of  this  series  of  tests  is           ^M 
pven  in  the  Transactions  of  the  American  Society  of  Civil           ^M 
Engineers  for   1882  and  the  numerical  data  relating  both            ^M 
Id  the  dimensions  of  the  columns  and  to  the  results  of  the            ^M 
tests  are  given  in  Table  I.     It  will  be  noticed  that  the  ratio           ^M 

Table  I.                                                     ^| 

I  Uwh. 

Are»- 

F*. 

l*r. 

p*,i. 

E.L. 

Exp. 

Pi. 

p: 

P". 

F«t. 
■> 

1  Ula* 

II  .8? 

ii 

18   JOO 
tS.JOO 

s'94 

8.0* 

It 

4.000 

*.oq6 

"b 

lib 

'nft 

Lb.. 

18.890 
jbIsoo 

l8,DSO 

Lbi. 

36.8ST 

Lbs- 

JS.'430 

jfi.Soo 

ilii 

ftg.600 

Lbs. 
34.488 
J4.4a8 

J«!l44 

as 
1;:;:! 

.IT, Boo 
J  7, 800 

iK 

.Lbi. 
40.J60 

46!]0O 
46,300 

4>.i6e 

length  over  radius  of  gyration  ranges  from  less  than  3  up            ^M 
1  iij  which  more  than  includes  the  values  of  that  ratio            ^M 
1  practically  all  steel  structural  work.     The  ends  of  the            ^M 
imms  were  flat,   a  condition   which   usually   introduces             H 
me  erratic  results,  but  apparently  the  care  with  which            H 
B  columns    were    tested    eliminated  this    defect.     The            ^M 
boenix  column  is  a  particularly  advantageous  section  for            ^M 
ting  as  its  different  parts  are  effectively  self-supporting             ^M 
d  furthermore  it  has  a  section  whose  radius  of  gyration             ^M 
the  same  in  all  directions  as  the  latter  has  two  or  more            ^M 
es  of  symmetry  not  at  right  angles  to  each  other.                          ^M 

"            1 
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lax. 


particularly   in  connection   with  eq.    (6)   of  the  preceding 
article. 

The  five  columns  in  the  right-hand  half  of  the  Ti 
are  pounds  per  square  inch  for  the  different  purposes 
by  the  headings  of  the  columns,  i.e.  E.  L.  represents 
compressive    stress   in    the    column    at    the  elastic  li 
while   the  column  headed  Exp.  indicates  the  com] 
load  per  square  inch  of  section  at  which  it  failed  in  t 
testing  machine.     The  headings,  pi,  p'  and  p"  are  compul 
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values  from  eqs.  (i),  (2),  and  (3)  to  be  explained  immedi- 
ately. 

The  numerical  values  in  the  column  headed  Exp- 
accurately  plotted  in  the  diagram.  Fig.  i,  by  laying  off  the 

ratios  -  from  O  to  the  left  as  horizontal  ordinates  and  erect* 
ing  at  their  extremities  the  corrcsix)nding  ultimate  reast* 
ances  given  in  that  column  as  vertical  ordinates  with  the 
scale  as  shown  in  Fig.  1.  It  should  be  observed  th»! 
in  the  majority  of  cases  in  Table  I,  there  are  two  experi- 
mental results  for  each  value  of  and  each  vertical  ordtoate 
in  Fig.  I  represents  the  mean  of  these  two  results. 
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he  full-ctirved  line  marked  '*  Watertown  Exp.  Curve  " 
n  drawn  so  as  to  represent  as  accurately  as  possible 
.ctual  experimental  results  which,  as  shown  in  the 
,  include  a  few  tests  other  than  those  made  at  Water- 
This   experimental   curve   rises   rapidly   for   small 

3  of  -,  i.e.,  for  what  are  actually  short  blocks.     At 

r 

ft  end  of  the  curve  where  -  equals  140,  the  slope  of  the 

r 

is  but  little  more  than  for  intermediate  values  of  that 


ter  a  ntmiber  of  trials  it  was  found  that  the  value  of 
given  in  eq.  (i),  agrees  quite  closely  with  the  experi- 

d  curve  for  all  values  between  -  =  28  and  -  =  112,  and 

r  r 

suits  computed  from  it  are  shown  in  the  coltmm  headed 

the  Table 


/     .  2r 
400001  I  -| 


) 


f-  ,\  p « 

50000  r^ 

I  (i)  is  Gordon's  formula  for  this  particular  set  of 
dx  coltmins  except  that  the  value  of  /  (the  numerator 
;  second  member)  is  seen  to  vary  slightly  with  the 

-.     In    actual    engineering    practice,    however,    the 

•ator  shown  in  eq.  (i)  was  displaced  by  the  numerical 
42,000,  as  a  constant  numerator  of  the  second  member 
i  a  simpler  application  of  the  formula  and  it  was 
3ntly  accurate  for  all  practical  purposes, 
ismuch  as  all  long  columns  used  in  structural  work  are 

within  the  limits  of -=30  and -  =  120  (usually  for 

r  r 
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bridge  truss  members,  loo)  Gordon's  formula  is  never  used 

outside  of  practically  these  limits. 

It  may  be  observed  that  the  experimental  curve  is  j 
nearly  a  straight  line  from  a  point  just  alxjve  b  to  the 
extreme  left  of  the   diagram.     For   that   portion  of  the  ■ 
curve,  therefore,  the  following  formula  applies  very  clos 

/  , 


fj'  =  39,640-46-.* 


The  results  of  this  formula  are  given  in  the  coli 
headed  "  p'."  The  table,  in  connection  with  the  di: 
shows  that  this  formula  may  be  used  with  accuracy 
values  of  l-i-r  lying  between  30  and  140,  and  further 
periments  may  possibly  show  that  it  is  applicable  al 
the  latter  limit. 

For  values  of  l-r-r  less  than  30,  the  following  U 
will  be  found  to  give  results  approximating  very  closely  to' 
the  experimental  curve : 


=  64,700—4,600- 


4 


(3) 


The  results  of  the  application  of  this  formula  are  given 
in  the  column  headed  "  p"." 

It  will  be  observed  in  Table  I  that  the  ultimate  resist- 
ance per  square  inch  of  the  Phoenix  columns  tested  for 


•  This  equation  known  as  the  stmight-line  fommla  for  long  colunua 
fiist  proposed  in  a  paper  by  the  author  before  the  Annual  Convention  oS  the 
American  Society  of  Civil  Engineers  in  1881,  It  was  estubtished  at  th*t 
time  concurrently,  but  independently,  by  the  author  and  Prcrf.  M.insfMiI 
Merriman,  The  formula  is  sometimes  called  the  Johnson  Straight  Line 
Fomiula.  but  Mr.  Johnson's  paper,  in  which  he  discussed  the  sti^tit-bu 
formula,  was  not  given  to  the  American  Society  of  Civil  Enginc«n  imt3 
1885,  four  years  after  the  papers  by  the  author  and  Professor  Merriima  had 
been  published. 
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ratios  of  -  between  about  40  and  112  ranges  from  about 

34,000  to  about  38,000  pounds,  which  is  somewhat  above 
the  yield  point  of  the  material  but  far  below  the  ultimate 
compressive  resistance  per  square  inch  as  fotmd  for  short 
blocks. 

In  built-up  sections  of  columns  in  which  the  component 
parts  are  less  well  supported  than  in  the  Phoenix  section, 
the  ultimate  column  resistance  per  square  inch  will  be  but 
little  if  any  above  the  yield  point  of  the  material  and  with 

high  values  of  -  the  ultimate  resistance  may  not  rise  above 

the  elastic  limit.     This  is  a  most  important  feature  of  long 
column  resistance  and  it  shows  the  effect  of  bending  or 

flexure  which  increases  as  -  becomes  greater. 

r 

Many  tests  of  full-size  pin-end  wrought-iron  coltunns 

have  shown  that,  when  well  designed  with  lattice  bars  and 

other  spacing  details  of  sufficient  capacity,  the  ultimate 

resistance  of  such  coliunns  may  be  represented  by  eqs.  (4) 

and  (4a) ; 


_      39>ooo 
I 


Or; 


30,000  r^ 


/?  =  42,500 -140- (4a) 

T 


Although  either  equation  is  for  columns  with  pin  ends, 
it  may  be  used  generally  for  such  end  conditions  as  are 
usually  fotmd  in  structures  like  bridges  or  buildings.  The 
flat  end  condition  has  already  been  indicated  as  giving  in 
general  somewhat  erratic  results,  but  with  no  advantage 
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over  pin  ends  for  ordinary  circumstances  or  for  such  ratios 
of  -  as  are  commonly  employed. 

For  working  stresses  in  wrought-iron  colimins  eqs.  (s) 
or  (s<^)  may  be  used.  They  are  derived  from  eqs.  (4)  or 
(4a)  by  dividing  the  second  members  of  those  equations 
by  a  so-called  '*  safety  factor  '*  of  about  3.5; 

^__      11,000  ,  . 

^= 72-' (S) 


Or; 


30,000  r^ 


p  =  12,000— 40- (5a) 

T 


Steel  Columns. 

The  paucity  of  tests  of  suitably-designed  full-size  steel 
columns,  either  with  pin  ends  or  other  end  conditions,  has 
already  been  obser\^ed.     Some  scattered  tests  of  such  mem- 
bers have  fortunately  been  made  while  others  have  been 
made  upon  members  so  designed  as  to  bring  out  in  ex- 
aggerated form  certain  features  of  actions  of  stresses  in 
various  parts  of  the  columns  without,  however,  reaching 
data  available  for  the  best  designs  for  general  engineering 
practice. 

Among  the  most  valuable  of  these  data  are  some  results 
of  old  tests  by  the  late  Mr.  James  Christie  and  described 
in  the  Transactions  of  the  American  Society  of  Civil  Engi- 
neers for  1884.     Mr.  Christie  tested  mild  and  high  sted 

angle  struts  with  ratios  of  -  running  from  20  up  to  300. 

The  mild  steel  contained  from  .11  to  .15  per  cent,  carbon, 
while  the  high  steel  contained  .36  per  cent.  The  ultimate 
tensile  resistance  of  the  mild  steel  ran  from  60,000  to  66,000 
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pounds  per  square  inch  with  24  to  26  per  cent,   stretch  in 
8  inches.    The  high  steel  had  an  ultimate  tensile  resistance 
of  about  100,000  poiuids  per  square  inch  and    a  stretch 
of  about  16  per  cent,  in  8  inches. 

Table  II  gives  the  results  of  these  steel  angle  tests  and 


Table   II. 

FLAT-END  STEEL  ANGLE  STRUTS. 


Ultimate  Resistance,  Pounds 

Ultimate  Resistance.  Pounds 

_l 

per  Square  Inch. 

/ 

r 

per  Square  Inch. 

r 

Mild  Steel. 

Hi^h  Steel. 

Mild  Steel. 

High  Steel. 

20 

72,000 

100,000 

170 

21,000 

26,000 

30 

51.000 

74,000 

180 

19,500 

23,800 

40 

46,000 

65,000 

190 

18,000 

21,800 

50 

43,000 

61,000 

200 

16,500 

20,000 

60 

41,000 

58,000 

210 

15,200 

18,400 

70 

39.000 

56,000 

220 

14,000 

16.900 

80 

38,000 

54.000 

230 

13,000 

15.400 

90 

36.500 

51,000 

240 

12,000 

14,000 

100 

35.000 

47,000 

250 

11,100 

12,800 

no 

33.500 

43,500 

260 

10,300 

11,800 

120 

31.500 

40,000 

270 

9,600 

11,000 

,      W 

29,000 

36,500 

280 

9,000 

10.200 

140 

27,006 

33,500 

290 

8,400 

9,500 

»50 

25.000 

30,800 

300 

7,900 

9.000 

i5o 

23,000 

28,300 

Pig.  2  shows  the  curves  formed  by  plotting  in  the  usual 
manner  the  ultimate  resistances  found  in  Table  II.     The 

I    ratios  -  are  laid  off  as  horizontal  ordinates  and  the  corre- 

r 

spending  ultimate  resistances  as  vertical  ordinates.  These 
^^urves  are  highly  interesting  as  exhibiting  the  various 
stages  of  resistance  offered  by  columns  in  compression  as 

the  lengths  increase  from  small  values  of  -  up  to  large  values 
of  that  quantity.     The  ultimate  resistances  decrease  rapidly 
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column  ratio  -  increases  from  20  to  40,  then  up 

.e  of  at  least  140  the  curves  differ  but  little  from 
lines.     Above  the  latter,  the  curvature  becomes 


but  not  sharp  and  the  two  lines  converge  so  that 
wcomes  equal  to  300  the  difference  between  the  two 
-es  is  but  little  over  1000  pounds  per  square  inch. 
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This  convergence  is  one  element  of  confirmation  of  Euler's' 
Formula  as  the  carrying  capacity  for  such  high  values  d 

-  depends  chiefly  upon  the  modulus  of  elasticity.  Willi 
still  higher  ratios  the  two  curves  would  probably  coincide 
as  both  grades  of  steel  have  the  same  modulus. 

The  difference  between  the  working  parts  of  the  tire 
curves  shown  in  Fig.  2  is  reproduced  on  a  much  larger  scale 


for  -  in  Fig,  3.  Between  -  =30  and  -  =  140,  the  two  full 
straight  lines  may  be  drawn  as  shown.  As  the  pointl 
represent  accurately  the  numerical  values  of  Table  II.  il 
is  seen  that  the  straight  lines  represent  the  ultimate  resist 
ances  of  the  angle  struts  with  sufficient  closeness  for  • 


/ 


./. 


practical  purposes  between  -  =35  and 

The  straight  line  for  the  mild-steel  angles  is  represenle 

by  eq.  (6) ; 

^  =  53,000-186  - (1 

Similarly  the  straight  line  for  the  high-steel  angles 
represented  by  eq.  (7); 

p  =  79.000 -325  - 


(7) 


The  curved  broken  lines  represent  approximately  the,! 
unit  ultimate  resistances  for  -  less  than  about  40, 

second  members  of  eqs.  (6)  and  (7)  be  divided  by  a  so-c 
"  safety  factor  "  of  about  3,  eqs.  (8)  and  (9)  will  reprc 
working  stresses; 

For  high  steel       p  =  35,000  —  100  -.      ... 


For  mild  steel 


/ 


;,ooo-53  - 
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A  mirnber  of  "  model  "  carbon  steel  columns  of  large 
bensions  have  been  tested  within  two  or  three  years  in 
!  large  testing  machine  of  the  Phoenix  Bridge  Company 
Phoenixville.  Pa.,  together  with  two  such  nickel  steel 
tmins,  under  the  supervision  of  Mr.  James  E.  Howard, 
but  "three  of  those  tests  having  been  made  for  the  pur- 
B  of  affording  data  for  the  design  of  the  new  Quebec 
flge  across  the  St.  Lawrence  River.  The  results  of  these 
ts,  as  given  in  the  Transactions  of  the  American  Society 
Civil  Engineers  for  igii  and  in  the  Engineering  Record 

1914  are  shown  on  Fig,  3.  The  average  of  three  tests 
built  up  carbon  steel  columns,  30  inches  by  20  inches 


M 


i  n,   4.  f-io.  5.  FlC.  6. 

outline,  as  indicated  by  Fig.  4,  are  shown  at  d,  the  value 

being  47and  the  average  ultimate  resistance  of  the 

tests  (varying  but  little  from  each  other)  being  30,000 
Bids  per  square  inch. 

The  results  shown  at  e,  f  and  g  are  also  for  carbon 
si  columns  with  built-up  sections  shown  in  the  diagram 
page  488,  the  cross-sectional  area  being  70.65  square 
hes.     The  length  of  these  columns  was  18  feet  9  inches 

the  ratio  -  was  38. 

Again  a  and  b  represent  results  for  carbon-steel  columns 

ig  —  equal  to  78  and  58  and  with  cross-sectional  areas 

;  square  inches  distributed  as  shown  in  Fig,  5, 
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Finally,  the  point  n  represents  the  result  for  two  ni« 
steel  columns  having  an  area  of  cross-section  of  34.63  sqt 

inches  and  -  =52,  the  section  being  shown  in  Fig.  6. 

The  number  of  tests  of  the  carbon-steel  columns  is 
sufficient  to  form  a  proper  basis  for  a  straight  line  1 
column  formula,  but  the  broken  line  drawn  through  a 
c  and  below  e  may,  as  a  tentative  matter,  be  represei 
byeq.  (10); 

p  =  44,000  —  1 50  -.    . 


4 


! 


All  these  built-up  carbon-steel  columns  were  of  t 
steel,  but  their  ultimate  resistances  are  distinctly  lower  t 
the  results  for  Mr.  Christie's  mild-steel  angles.  Full- 
tests,  however,  have  shown  that  the  built-up  column,  un 
designed  with  great  care  so  as  to  act  solidly  as  a  unit, 
not  offer  ultimate  resistances  as  high  as  might  be  expec 
from  the  quality  of  the  steel  of  which  they  are  compos« 

On  the  same  basis  used  for  eqs.  (7)  and  (9),  the  tenta 
working  stress  for  built-up  mild  carbon-steel  columns  1 
be; 

p  =  14,000  —  50  -.    . 

The  average  for  the  two  nickel-steel  columns,  showi 
«,  Fig.  3  is  about  50,000  pounds  per  square  inch  i 
than  one-third  greater  than  the  corresponding  resulta 
for  the  mild  carbon  steel  at  c. 

In  all  these  column  tests  the  elastic  limit!  or  th^ 

point  of  the  member  as  a  whole  appears  to  be  the  control 

feature,  i.e.,  the  ultimate  resistance  is  not  above  the  y 

point  of  the  column  and  if  the  ratio  -  is  comparatively  U 
it  will  not  be  above  the  limit  of  elasticity  of  the  columi 
a  whole.     It  must  be  remembered  also  that  both  thejl 
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Imrit  and  the  yield  point  of  built-up  columns  will  be 
materially  lower  than  the  corresponding  points  of  a  single 
liece  of  the  same  metal. 

These  tests  appear  to  indicate  that  the  ultimate  resistances 
i  nickel-steel  colunrms  exceed  those  of  mild  carbon-steel 
riumns  in  about  the  same  proportion  that  the  elastic  limit 
i  nickel  steel  exceeds  the  elastic  limit  of  the  carbon-steel. 
Observations  in  these  tests  of  full-size  columns  made 
i  Phoenixville  by  Mr.  Howard  indicate  that  steel  coltmins 
lay  be  considered  to  have  a  true  modulus  of  elasticity  of 
t  29,000,000  or  perhaps  29,500,000  for  intensities  of 
g  not  greater  than  ordinarily  allowed  working  stresses, 
from  8,000  to  12,000  pounds  per  square  inch.  While 
are  not  sufficient  data  to  determine  precisely  such 
ical  elements  of  steel  column  resistance,  there  seems 
be  a  relative  motion  of  the  component  parts  of  a  built-up 
iber  under  test,  which  does  not  permit  the  existence 
rf  a  true  modulus  of  elasticity  when  loadings  exceed  about 
12,000  to  15,000  pounds  per  square  inch.  Obviously  the 
ftore  nearly  a  column  acts  as  a  perfect  unit,  the  better 
defined  will  be  its  elastic  properties. 

Much  more  data  derived  from  experimental  work  with 
fall-size  steel  columns  are  imperatively  necessary  in  order 
to  reach  definite  conclusions  regarding  actions  of  stresses 
in  the  various  parts  of  such  members  as  well  as  for  the 
development  of  such  important  details  as  latticing,  battens, 
tod  other  riveted  details. 

Typical  Formulas  Now  in  Use. 

As  a  result  of  the  present  conditions  of  experimental 
knowledge  of  built  columns,  as  well  as  of  those  that  are 
Dot  built  up,  there  is  a  great  variety  of  column  formulae 
used  by  engineers,  both  of  the  Gordon  and  straight-line 
type.     The  straight-line  formula,  however,  is  largely  dis- 
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placing  the  Gordon  fonnula.  The  General  Specificati 
for  Steel  Railway  Bridges  recommended  by  the  Ameri 
Railway  Engineering  Association  as  applied  to  the  d« 
of  cross-sections  of  steet  columns  is; 

p  =  16,000  — 70- ( 

The  New  York  Central  Lines  are  using  the  same  form 
in  the  design  of  their  bridge  work,  as  are  engineering 
ganizations  of  other  railway  companies.     Under  the 
of   this   formula   a   greater   compressive   load   than   14,1 
pounds  per  square  inch  is  not  permitted. 

The  American  Bridge  Company  Specifications  for  Si 
Structures  1913,  uses  the  following  formula  in  its  design  wa 

p  =  19,000  — 100  - (, 

A  provision  for  impact  is  made  and  13,000  pounds] 
sq.  in.  is  the  maximum  allowed  under  the  use  of  eq.  (13] 
A  form  of  Gordon's  formula  still  appearing  in  eogiiX 
ing  practice  is 

>,          12.500  , 

P= -I p ( 

36,000  r 

This  formula  is  really  an  old  wrought-iron  coJw 
formula  and  should  not  be  used  without  reducing  the  36,* 
in  the  denominator  to  30,000, 

The  New  York  Building  Law  gives  for  a  steel  colunB 

/'  =  I5, 200-58  - I 

The  formula  used  by  the  City  of  Philadel[rfua  for 
buildings  is  of  the  Gordon  type  as  follows: 


TESTS  OF  VARIOUS  STEEL  COLUMNS.  S°S 

hher  formulfe  could  be  cited  but  enough  is  shown  to 
sate  the  pronounced  lack  of  uniformity  in  this  practice. 
Kone  of  the  preceding  formula;  should  be  used  for  - 
ft  than  30  nor  more  than  about  120. 

I  every  case  where  a  column  formula  is  used,  it  would 

much  more  convenient  to  employ  a  diagram  with  the 

i  accurately  drawn  to  represent  the  desired  formulae. 

^  actual  results,  without  computations,  could  be  read 

ttXy  from  such  long  column  curves. 

Details  of  Columns. 

hn  addition  to  the  data  already  given  in  another  portion 

;  article,  the  tests  cited  in  this  chapter  show  that 

^unsupported  width  of  no  plate  in  a  comjiression  member 

Hid  exceed  30  to  35  times  its  thickness.     These  tests  have 

ally  been  made  with  plates  or  metal  J  to  ^  inch  in  thick- 

,  and  it  is  altogether  probable  that  the  above  r^tio 

of  width  over  thickness  would  be  increased  with  greater 

jteJcnesses. 

1  built  columns,  however,  the  transverse  distance  between 
B  lines  of  rivets  securing  plates  to  angles  or  channels,  etc., 
i  not  exceed  35  times  the  plate  thickness.     If  this  width 
«ded,  longitudinal  buckling  of  the  plate  takes  place, 
Ithe  column  ceases  to  fail  as  a  whole,  but  yields  in  detail. 
"he  same  tests  show  that  the  thickness  of  the  leg  of  an 
t  to  which  latticing  is  riveted  should  not  be  less  than  I  of 
^length  of  that  leg  or  side,  if  the  column  is  purely  and 
ply  a  compression  member.     The  above  limit  may  be 
1  somewhat  in  stiff  ties  and  compression  members 
[ned  to  carry  transverse  loads. 

fTJw  panel  points  of  latticing  should  not  be  separated  by  a 
r  distance  than  60  limes  the  thickness  of  the  angle  leg  to 
i  the  liUticiug  is  riveted,  if  the  column  is  wholly  a  com- 
mon member. 
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The  rivet  pitch  should  never  exceed  i6  times  the 'thickness 
of  the  outside  thinnest  metal  pierced  by  tite  rivet,  and  if  the  plates^ 
are  very  thick  it  should  never  nearly  equal  that  value. 

Art.  84. — Complete  Design  of  Pin-end  Steel  Columns. 

In  actual  design  it  is  necessary  not  only  to  make  appK* 
cation  of  the  preceding  formulae  for  ultimate  resistance  oCj 
columns,  but  also  to  proportion  a  considerable  number  of] 
details  as  matters  largely  of  judgment  and  experience.  If] 
the  column,  like  the  section  shown  as  the  latticed  cl 
or  latticed  upper  chord  in  the  preceding  article,  has.  ti 
open  sides  as  in  the  former  or  one  open  side  as  in  the  latl 
latticed,  i.e.,  has  small  bars  of  iron  running  diagoi 
across  those  open  sides  in  order  to  hold  the  parts  of  tl 
column  in  their  proper  relative  positions,  those  lattit 
bars  var}'^  in  size  with  the  size  of  column.  While  the  dime 
sions  var>''  somewhat  among  engineers,  the  following  tabk,^ 
which  has  been  largely  used,  illustrates  effectively  sizes 
that  may  properly  be  employed. 
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These  bars  or  lattices  may  be  used  in  single  system,  in 

rhich  case  each  one  should  make  an  angle  of  about  60°  with 

[the  centre  line  of  the  side  of  the  column  on  which  thev  are 

If  they  are  used  in  double  system  each  pair  of 

will  intersect  at  their  mid-points,  and  in  this  case  the 

may  make  angles  of  45°  with  the  centre  line  of  the  side 

the  column  on  which  they  are  employed.     In  the  case 

double  latticing  the  intersecting  pairs  of  bars  are  riveted 

their  intersections.     Lattice  bars  are  held  at  their  ends 

one  rivet  or  by  two  rivets  according  to  the  size  of  the 

lumn,  as  shown  in  the  next  table. 

Figs.   I,  2,  and  3  illustrate  different  modes  of  riveting 

ends  of  lattice  bars.     The  size  and  number  of  rivets 
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Fig   I. 


Fig.  2. 


Fig.  3. 


will  obviously  depend  upon  the  size  of  the  lattice  bars 
employed  and  to  some  extent  upon  the  manner  in  which 
their  ends  are  held. 

The  following  table  has  been  used  in  actual  structural 
practice  and  exhibits  good  practice  in  the  design  of  single 
latticing.  It  is  based  on  the  supposition  that  the  lattice 
bars  are  flats.     In  very  large  columns  or  in  some  exposed 
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situations  it  is  necessary  to  use  steel  angles  for  latticing, 
the  ends  of  which  must  be  secured  by  rivets  proportionate 
in  number  and  diameter  to  the  size  of  angle. 


Sise  of  Lattice. 

Rivets:   Number 
and  Size. 

Number  of  Rivets 
at  Lattice  Point. 

Limitincr  Length  o£ 

Lattice  Centre  to  Centn 

of  Inner  Rivets. 

iJXAandl 

I..-!" 
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2X 
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16      * 
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_ ,  , 
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,■   • 
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20      ' 
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9      ' 
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22      * 
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2.  . 

J 

4 

15      ' 

t 
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32      ' 
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+1 

I    "    2 

29      • 

3X 

2.  . 

1 

4 

21      • 
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2.  .  . 
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II       * 

% 
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I.  .  . 
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I  or  2 

28      ' 
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4XA 

2.  . 
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4 
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2...i 

4 

15      " 

At  each  end  of  the  open  or  latticed  sides  of  the  column 
are  placed  batten  plates  which  limit  the  latticing.  The 
width  of  these  batten  plates  is  determined  evidently  by  the 
width  of  the  column,  but  the  lengths  vary  somewhat  under 
different  specifications.  A  good  and  convenient  rule  is 
to  make  the  length  of  a  batten  plate  at  least  equal  to 
its  width.  The  thickness  of  a  batten  plate  will  depend 
upon  the  size  of  column ;  it  is  seldom  made  less  than  |  in. 
and  usually  not  more  than  f  in.  for  large  columns.  The 
size  of  rivet  will  also  depend  upon  the  size  of  columns. 
Rivets  less  than  |  in.  in  diameter  are  seldom  used  in  railroad 
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Ie  and  rarely  more  than  i  in.,  the  prevailing  diameter 

€  f  in- 

Dne  of  the  most  important  details  of  a  colimin  is  the 
or  extension  of  one  side  at  the  end.  The  two  jaws 
tain  the  pin  holes  through  which  are  transferred  to  the 
the  total  load  carried  by  the  column.  These  jaws  or 
■nsions  are  formed  so  as  to  fit  in  between  the  parts  o£ 
Tsecting  members,  usually  the  upper  or  lower  chords 
eye-bare.  It  is,  therefore,  imperative  to  make  them 
thin  as  the  bearing  upon  the  pins  and  the  carrying 
acity  of  the  jaws  themselves  acting  as  short  columns 
permit.     Figs.  4,  5,  6,  and  7  exhibit  some  types  of 
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Fig.  4. 

e  post  jaws  as  they  commonly  occur.  As  the  figures 
V,  they  are  formed  by  cutting  away  the  flanges  of  the 
les  or  channels  forming  parts  of  the  posts  and  riveting 
the  pin  or  thickening  plates  required  to  strengthen 
detail.  The  jaws  form  short  columns  whose  lengths 
lid  be  taken  from  the  centre  of  the  pin  hole  to  the  last 
re  Ene  of  rivets  in  the  body  of  the  column  back  of  the 
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cut  in  the  angle  or  in  the  flange  of  the  channel, 
length  indicated  by  /  is  shown  in  each  of  the  figures. 
There  have  been  but  few  tests  made  to  determini 


Fin.  7. 

rcsistinjj  capncities  nf  this  iviriiciilar  detail,  but  those  t 
have  lipfii  made  furm  thf  basis  of  the  fv.Uowing  fiT 
for  medium  stc-fl  columns.     Obviously  there  will  us 
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ut  least  two  jaws  at  the  end  of  each  column.  The  width 
'of  the  side  of  the  coliunn  will  be  represented  by  6,  as  shown 

Figs.  4  and  6,  and  t  will  represent  the  total  thickness  of 
fmetal  whose  width  is  6,  also  as  indicated  in  the  same  figures. 
K  P  represents  the  total  load  on  one  jaw  of  the  post,  usually 
one  half  the  total  load  carried  by  the  post  or  column, 
the  average  working  intensity  of  pressure  on  the  section  of 
[metal  bt  may  be  written 

P                     I  ,  . 

^  =  9000-340^ (i) 

The  thickness  t  of  metal  is  usually  the  quantity  desired, 
id  eq.  (i)  gives 

90006     26 

In  these  equations  P  should  be  taken  in  pounds,  with 
bf  /,  and  /  in  inches. 

Eq.  (2)  has  been  used  to  a  considerable  extent  in  the 
design  of  steel  railroad  bridges,  and  it  is  probably  as  reason- 
able and  safe  a  value  of  the  thickness  t  as  can  be  written 
with  the  experimental  data  and  experience  now  available. 
It  is  applicable  to  steel  with  ultimate  tensile  resistance 
running  from  60,000  to  68,000  pounds  per  square  inch. 
For  higher  steel  or  for  highway  bridges,  or  for  other  struc- 
tures where  less  margin  of  safety  may  be  justifiable,  the 
value  of  t  may  be  made  correspondingly  less  than  that 
given  in  eq.  (2). 

Prob.  I.  It  is  required  to  design  a  mild -steel  pin-end 
column  45  feet  long  between  centres  of  pins  to  carry  a  load 
of  s53fOO<^  poimds.  The  column  formula  to  be  used  is 
essentially  that  given  as  eq.  (11)  of  Art.  83 : 

/?  =  16,000 -70- (3) 
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This  equation  gives  the  greatest  mean  intensity  allowed 
'"-n  the  column,  so  that  p  multiplied  by  the  area  of  cross- 
section    to    be    determined    must   be 
y  equal  or  nearly   equal    to    232,000. 


^ 


..J 


The  least  diameter  or  width  of  a 

built  column  should  not  exceed  about 

~^  one  thirty-fifth  of  its  length,  except 

k  where  posts  or  columns  are  used  as 
lateral  members,  when  the  length  may 
reach  as  much  as  40  times  the  least 
diameter  or  width  of  cross-section. 
In  this  case  the  column  is  to  be  built  of  two  plates  and 
four  angles,  as  shown  in  Fig.  8,  and  the  width  of  plate 
FG  must,  therefore,  not  be  less  than  about  16  inches.  A 
width  of  18  inches  will  make  a  well-proportioned  colunift 
and  that  dimension  will  be  assumed.  Tlie  separation  of 
the  plates  is  preferably  made  such  that  the  moment  of' 
inertia  of  the  section  about  the  axis  AB  will  be  a  little  larmier 
than  the  moment  about  the  axis  CD.  The  pin  will  pierce 
the  two  plates  so  that  its  axis  will  be  parallel  to  CD.  Under 
these  conditions,  if  the  column  is  designed  so  as  to  be  strong 
enough  with  the  moment  of  inertia  of  section  taken  about 
CD,  it  will  be  still  stronger  in  reference  to  the  axis  AB,  and 
no  further  attention  need  he  given  to  possible  failure  about 
the  latter  axis. 

If  columns  of  this  type  are  proportioned  in  the  general 
manner  indicated,  the  radius  of  gyration  of  the  secttOQ 
about  the  axis  CD  will  he  approximately  .35  of  the  n-idth. 
In  this  case  that  trial  radius  will,  therefore,  equal  6.3 
inches.  Hence,  inserting  the  values  of  /  =  540  inches  and 
r  =6.3  inches  in  eq.  (3),  there  will  result  p  =  10,000  pounds 
per  square  inch.  The  total  area  of  section  required,  there- 
fore, will  be  closely  353.000  -7-10,000=35.3  sq.  ins.  The 
distribution  of  this  metal  Iwrtween  the  plat«s  and  angles  is 
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largely  a  matter  of  judgment.     Let  there  be  assumed 

Two    i8"Xi"  plates -=22 . 5  sq.  ins. 

Four  3l"X3j"X  ii-pound  angles -=13 


<<     <« 


Total =35 . 5  sq.  ins. 

This  is  a  tentative  composition  of  section  which  must  be 
tested  by  eq.  (3)  to  determine  whether  it  is  as  nearly 
accurate  as  it  should  be.  In  order  to  do  this,  the  moments 
of  inertia  of  the  section,  as  indicated,  must  be  taken  about 
the  two  axes  AB  and  CD. 

Moment  of  Inertia  about  CD: 

Two    i8"Xt'^  plates =2X8XH'=  607.50 

Four   3i''X  3i"X  i  i-lb  angles  about  own  axis «=     ia  .  20 

Four  3l"X3j"Xii-lb.angles  about  CD  =4X3.25X (7.99)' «  829.92 

Moment  of  inertia — 1451 .62 

Moment  of  Inertia  about  AB: 
Two    i8"X|"  plates  about  own  axis 2X — ^^^  ■=         .74 

Two    i8''X8"  plates  about  >IB 2X  ii.25X(6.o6)»=  758.70 

Four  3j"X  3i"X  1 1 -lb.  angles  about  own  axis =     14 .  20 

Four  3j"X3j"X  n-lb.angles  about/IB =4X3-25X (7.38)' «=  708,38 

Moment  of  inertia =  1482 .02 

These  computations  show,  first,  that  the  moment  of 
inertia  about  AB  is  3,  little  larger  than  that  about  CD, 
which  is  as  it  should  be.  They  also  show  that  the  radius  of 
gjrration  r  is  6.39  inches.  The  approximate  rule  gives  r  = 
6.3  inches.  These  two  values  are  sufficiently  near  to  accept 
the  former.  The  trial  composition  of  section  may,  there- 
fore, be  considered  satisfactory  and  final.  The  thickness 
of  the  side  plates,  .625  inch,  is  sufficient  to  insure  no  buckling 
in  the  imsupported  width  between  rivets.  Similarly  the 
length  of  leg  of  the  3i-inch  angles  is  also  far  within  safe  or 
proper  limits.  All  features  of  the  cross-section  are,  there- 
fore, so  arranged  as  to  meet  all  the  requirements  of  suitable 
resistance  in  detail. 
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The  details  of  the  ends  of  the  columns  where  they  are 
formed  into  jaws,  as  shown  by  Figs.  9  and  10,  still  remain 


\ 


batten  plate 


—  20" 


(I 


!o 

10 

I 

10 

<o 

i 

1^ 


y 


I 
I 
I 
I 
I 
t 


t 
.i. 


J) 


Fig.  9. 


Fig.  la 


to  be  designed.  The  diameter  of  pin  will  be  taken  at  7 
inches,  as  shown  in  Fig.  9.  The  permissible  intensities 
of  shearing  and  of  the  bearing  on  the  walls  of  rivet  and  pin 
holes  will  be  taken  as  follows: 

Shearing  on  rivets  =  9000  pounds  per  sq.  in. 
Bearing  on  rivets  and  pins  =  16,000  pounds  per  sq.  in. 

The  total  thickness  of  metal  in  the  two  post  jaw^  will, 
therefore,  be 

Thickness  of  metal  =     r,   . =2.1  inches. 

7  X  1 0000 

The  thickness  of  metal  in  each  jaw  must  therefore  be 
at  least  i  x\  inches.  Inasmuch  as  the  thickness  of  side 
plates  of  the  column  is  f  inch,  the  pin  plates  to  be  riveted  to 
the  side  plates  must  be  at  least  iV  inch  thick  to  supply  the 
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proper  bearing  surface  for  the  pin ;  but  that  thickness  must 
be  decided  by  the  formula  for  the  jaws,  eq.  (2).  In  that 
jquation,  P=  116,000  pounds,  while  6  =  18  inches  and  /, 
rom  Fig.  9,  is  9  inches.     Making  these  substitutions  in  eq. 

2). 

/  =  i.i3  inches. 

n  order  to  meet  the  requirements  of  the  post-jaw  for- 
lula,  therefore,  the  pin  plate  must  be  at  least  ^  inch 
hick.  It  is  essential  however  to  make  these  details 
pecially  stiff  and  strong  and  the  thickness  will,  therefore, 
e  taken  at  ^%  inch,  as  shown  in  Fig.  9. 

The  number  of  rivets  required  above  the  pin  hole 
'ould  ordinarily  be  computed  for  the  thickness  of  plate 
jquired  for  bearing  on  the  pin,  i.e.,  with  the  thickness  of 
in  plate  of  I'^e  inch.  Assuming  that  thickness  for  this 
urpose,  the  rivets  being  taken  J  inch  in  diameter,  the 
earing  value  of  a  single  rivet  will  be 

IXtVX  16,000  =  6125  lbs.    . 

The  single  shear  of  one  |-inch  rivet  at  9000  pounds  per 
juare  inch  has  a  value  of  5412  pounds  which  is  less  than 
le  bearing  value;  the  shear  will,  therefore,  decide  the 
umber  of  rivets  required.  The  bearing  value  of  the  f -inch 
de  plate  on  the  pin  is  7x1x16,000  =  70,000  pounds. 
[ence  the  number  of  rivets  required  in  the  pin  plate  on 
ich  side  of  the  column  will  be 

1 16000  — 70000        .         .     ,     , 

' =  nme  nvets  (nearly). 

5412  ^^ 

These  nine  rivets  must  be  found  above  the  pin.  That 
umber,  however,  is  far  too  small  for  the  pin  plate  acting 
s  a  part  of  the  jaw,  and  it  will  be  judicious  to  make  the 
Dtal  ntimber  of  rivets  above  the  pin  12,  as  shown  in  Fig.  9. 
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The  jaw  plates  will  extend  5  inches  beyond  the  pin,  as 
shown.  The  two  batten  plates  above  which  the  latticing 
begins  will  each  be  taken  ^  inch  thick,  and  they  will  be 
placed  as  shown  in  both  Figs.  9  and  10. 

It  is  assumed  that  the  ends  of  the  column  are  to  fit 
into  or  between  other  members  of  the  truss,  so  as  to  require 
cutting  away  the  legs  of  the  steel  angles,  as  shown,  as  this 
is  a  common  requirement. 

The  length  of  a  batten  plate  should  not  be  less  tha.^^ 
its  width.  In  the  present  instance  the  width  of  batten  will 
be  19.75  inches;  the  length  will,  therefore,  be  taken  ^^ 
20  inches. 

As  indicated  in  the  tabular  statement  at  the  beginniim^ 
of  this  article,  the  lattice  bars,  fully  shown  in  Fig.  10,  wi^^ 
be  2^X1  inches,  and  the  latticing  will  be  taken  as  double  * 
although  this  is  not  always  done  for  the  size  of  column  i 
this  particular  instance.     The  lattice  bars  will  be  rivet 
at  their  intersections  also  as  shown  in  Fig.  10.     The  lengtl^ 
of  lattice  bar  between  rivets  will  be  about  11  inches,  a^ 
the  angle  made  by  each  lattice  bar  with  the  side  of  the- 
column  will  be  about  45  degrees.     A  single  |-inch  rivet, 
therefore,  at  the  end  of  each  bar  will  be  sufficient,  as  shown 
by  the  second  table  of  this  article.     At  each  panel  point 
of  latticing  a  single  |-inch  rivet  will  hold  the  ends  of  both 
lattice  bars. 

The  complete  bill  of  material  for  the  entire  column  will 
be  as  follows: 

Four   3i''X  3i"X  i  i-lb.  angles,  46.42  ft.  long.  .  185. 7X  n  —2,043  ^bs. 

Two     i8"Xi"  plates,  46.42  ft.  long 93X38. 25 -3,557 

Four    27"X  I  i"XtV' plates 9X21-=     189 

Four   2o"X2o"XV'  battens 6JX34«    227 

240 lin.  ft.  of  2i"X}"  latticing 240X3.19—    766 

1060  J"  rivets 10.6X54=    572 


«< 
« 

«c 
«< 


Total  weight  of  one  column —  7.354  lb8» 


Prob.  2.  Let  it  be  required  to  design  a  mild -steel 
imn  with  pin  ends,  36  feet  long  between  centres  of  pins, 

cany  a  load  of  225,500  pounds.     It   is  supposed    that 

!  column  is  a  member  of  a  railroad  bridge,  so  that  the 
given  includes  a  full  allowance  for  impact.     Gordon's 

mula  as  formerly  employetl  in  the  American  Bridge  Com- 

ny's  specification  will  be  ustd : 

17000 
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In  this  formula  p  is  the  greatest  mean  intensity  of 
rking  pressure  allowed  on  the  section  of  the  column,  /  the 

i^h  between  centres  of  pins  in  inches, 

the  radius  of  gj'ration   of  the  T 

hunn  section  in  inches.     As  the  length     *" 
the  column  is  but  36  ft.  =432  inches     \ 

fo   rolled     15-inch    channels    latticed     7' 
ly  be  taken  as  the  principal  parts,  as     | 

own  in  Fig.  11.     By  turning  to  the 

iAes  in  any  steel  handbook,  it  will  be  " 

iind  that  the  radius  of  gyration  of  a 
-inch  channel  about  the  axis  AB  varies  from  about  5.6 
:!ies  to  nearly  5.2  inches.     Tiie  larger  of  the  two  values 

ill  be   tentatively    employed.      Substituting  ^  =  432    and 

■S-6  in  the  above  formula  for  p. 

p  ^11,000  pounds  per  sq.  in. 

fence  the  total  area  required  is 

22 s 500 

- — ^  -     =  20.S  sq.  ms. 
11000  "^     ^ 

The_table  of  steel  channels  in  any  handbook  shows 
it  the  combined  area  of  two  15-inch  35-pound  channels 
'0.58  sq.  in.,  and  they  will  be  accepted  as  correct.     The 
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same  table  gives  the  radius  of  gyration  r  about  the  axis 
AB,  Fig.  II,  as  5.57  inches,  which  is  essentially  equal  lothe 
trial  value  5.6  inches. 

As  shown  in  Prohr.  i ,  it  is  desirable  to  have  the  momait 
of  inertia  of  the  section  about  AB.  Fig.  11,  a  little  less  than 
that  about  CD,  the  former  (AB)  being  parallel  to  theans 
of  the  pin.  Let  the  separation  of  the  channels  be  nude 
10  inches  in  the  clear.  By  using  the  values  of  the  table, 
the  moments  of  inertia  about  the  two  axes  may  be  writUQ: 
About  Axis  AB: 
Moment  of  inertia  — 3J0X1  — 640. 


Hence 


Moment  of  two  chaniu 

CD  and  through  c 

aXio-igX^Tg'---  .- 


'».58" 


r-5,57  ins. 


Aboi;t  Axis  CD: 

each  about  axis  paiallel  to 

of  gravity iXS.^S"  ti-f 

-Ofti 

tia mjAta 


K^ 

- 

• -IT"— |i 

> 
i 

a 

i 

i) 

Fig.  ij.  Fio.  13. 

These  results  are  all   satisfactory  and  show  tJi»t  W 
revision  of  the  section  as  given  in  Fig.  1 1  is  needed. 
The  end  details  and  latticing  shown  in  Figs.  12  aad'J 


I 


•      Til  C;  s   f  .  '  ■..;.,  rii- 
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remain    to   be   considered.     The   following   data   will   be 
required : 

Thickness  of  channel  web "•  -43  inch. 

Allowed  shearing  on  rivets  and  pins =  io,coo  lbs.  per  sq.  in. 

Allowed  bearing  on  rivets  and  pins. b=  2o,coo  lbs.  per  sq.  in. 

Diameter  of  rivets =  J  inch. 

Diameter  of  pin =6  inches. 

Value  of  one  J -inch  rivet  in  single  shear «» 6,013  lbs. 

Bearing  of  pin  on  channel  web =6X  . 43  X  20,000 

■=5 1,600  lbs. 

Bearing  to  be  carriedby  pin  plate  — ^^^^^  —  51,600^6 1,1 50  lbs. 

Thickness  of  pin  plate ^-ttt^^—  -51  inch. 

6X20000     ^ 

Bearing  value  of  one  {-inch  rivet  on  }-inch  plate » 

JX IX  20,000-=  8,750  Iba 

Hence  one  pin  plate  needs  -r-— =ten  {-inch  rivets. 

It  is  assumed  that  the  ends  of  the  column  must  be 
formed  into  the  jaws  shown  in  Figs.  12  and  13.  As  indi- 
cated in  Fig.  12  the  mean  or  effective  length  of  the  jaw  is 
12  inches.  The  load  carried  by  one  jaw  is  112,750  pounds; 
hence  the  thickness  of  that  jaw  is  by  eq.  (2) 

112750       12 

i  =  -5 — 1 =  I tV  inch  (neariy). 

8000X15     27       ^*  ^         ^^ 

The  thickness  of  the  jaw  or  pin  plate  to  be  riveted  to 
the  jaw  must  therefore  be  iiV— .43=tI  inch.  In  order 
that  these  plates  may  be  firmly  made  a  solid  extension  of 
the  post  or  column  they  should  be  riveted  to  the  webs  of 
the  channels  with  the  rivets  shown  in  Fig.  1 2 .  The  proper 
design  of  the  jaw,  therefore,  requires  a  much  longer  and 
thicker  plate  and  more  rivets  than  the  simple  consideration 
of  the  pin  and  rivet  bearing  and  shearing. 

The  width  of  channel  flange  is  3.43  inches,  hence  the 
total  width  of  column  over  these  flanges,  as  shown  in  Fig. 
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13,  is  16J  inches.  Each  batten  plate  is  therefore  taken  as 
17  inches  by  18  inches. 

The  length  of  each  lattice  bar  of  the  single,  3o-(iegree 
latticing  will  be  about  16  inches  between  centres  of  hvels 
at  their  ends.  Lattice  bars  24  inches  by  f  inch  in  section 
will,  therefore,  be  used. 

The  complete  bill  of  material  for  one  column  will  then  be 

Two  15"  3S-lb.  channels  37i  ft.  long iXaiXs?!-'.*™!^ 

Four         i3"Xjo"XH"  plates 10X41.44     -   *'S  " 

Four         1 7" XI 8" xi"  plates 6X18.9        -    '7J  " 

Forty-six  iJ"X  i"X  19"  bars. 71X   3-  '9     -    "JO  " 

Two  hundred  and  twenty-five  J"  rivets '1X54  —    i«  " 

Total  weighl  otone  column, —  3,5416* 

Art.  85. — Cast-iron  Columns. 
Cast  iron  was  the  earUest  form  in  which  the  metal 
iron  was  used  for  columns,  and  it  is  natural,  therefore, 
that  the  first  long-column  formulas  for  cast  iron  should  have 
been  among  the  earliest  for  that  class  of  members.  The 
first  experimenter  was  Eton  Hodgldnson,  who  published 
the  results  of  his  tests  on  small  cast-iron  columns,  the 
greatest  length  of  which  was  but  60.5  inches,  in  the  ■■  Philo- 
sophical Transactions  of  the  Royal  Society  of  London  iot 
1840."  He  not  only  recognized  the  round-  and  dxed-end 
conditions,  but  he  also  made  the  distinction  between  long 
columns  and  short  blocks,  the  length  of  the  latter  being 
from  4  to  5  times  the  diameter  or  least  cross-section  dimffl- 
sion.  If  d  be  the  diameter  of  the  column  in  inches  and/ 
the  length  in  feet,  and  in  the  case  of  hollow  round  columDS 
if  D  be  the  exterior  diameter  in  inches  and  d  the  inteiio'' 
diameter  in  the  same  unit,  while  P  is  the  total  or  ultimate 
load  in  pounds  on  the  colimin,  Hodgkinson  established 
the  following  formulae  for  long  cast-iron  columns; 

P " 33,379  jr,'  '•  (for  rounded  ends).      .     .    .    (1) 
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P-98,922-777;-;  (for  fixed  ends) (2) 

For  hollow  cylindrical  columns  of  cast  iron 

P^ig.iao- — -jir; ;  (for  rounded  ends).     .  (3) 

P  =99,320 — —j^ — ;  (for  fixed  ends).     .    .  (4) 

The  working  or  maximum  load  allowed  in  any  design 
i  cast-iron  columns  would  be  foimd  by  taking  one  fifth  to 

eighth  of  the  values  given  in  eqs,  (i)  to  (4)  inclusive. 
t  will  be  observed  that  Hodgkinson's  forniulEe  expressed 
B  the  preceding  equations  are  simply  Euler's  formuUe 
'en  in  eqs.  (6)  and  (q)  of  Art.  ,^5.  with  the  introduction 
if  an  empirical  coefficient  and  with  the  indices  of  d  and  / 
hanged  to  harmonize  with  the  experimental  results. 

As  Hodgkinson's  experiments  were  made  on  very 
mall  columns  of  different  metal  from  that  used  in  cast- 
(on  columns  of  the  present  day,  his  formulae  cannot  safely 
K  used  for  practical  purposes  at  the  present  time. 

A  correct  formula  for  cast-iron  columns  must  be  based 
50D  tests  of  full-size  columns  cast  with  the  metal  ordi- 
Brily  employed  in  structural  practice.  Such  tests  have 
made  at  the  U.  S.  Arsenal  at  Watertown,  Mass.,  and 
irillbe  found  reported  in  H.  R.  Ex.  Doc.  No.  45,  50th  Con- 
ad  Session,  and  in  H.  R.  Ex.  Doc.  N'o.  16,  50th 
fengress,  ist  Session.  A  valuable  series  of  tests  was  also 
Bade  at  PhoenixviUe.  Pa.,  at  the  works  of  the  Phcenix 
iiiilge  Co. ,  under  the  auspices  of  the  Department  of 
Juildings  of  New  York  City  in  1896-97.  Although  the 
BitJre  series,  including  both  the  tests  at  Watertown  and 
Phtenlwille,  do  not  cover  the  variety  of  sectional  forms 
Bid  range  of  ratio  of  length  to  diameter  that  could  be 
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desired,  the  results  are  sufficiently  extended  to  show  closely 
what  may  be  considered  the  proper  ultimate  values  for 
hollow  round  cast-iron  columns  of  full  size. 


Di 
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Table  I  shows  the  results  of  all  these  tests,  while  the 
Plate  exhibits  the  same  results  graphically.  The  tests 
Nos.  I  to  10  inclusive  were  made  at  Phoenixville  in  De- 
cember,   1897,  and  Nos.  11  to  14  inclusive  in  1896;    the 


former  group  under  the  immediate  direction  of  Mr.  W, 
Ewing,  and  the  latter  under  the  immediate  direction 
of  Mr.  Gus  C.  Henning.  The  results  shown  for  tests  15  W 
18  inclusive  were  taken  from  H,  R.  Ex.  Doc.  No.  45,  joth 
Congress,  ad  Session,  but  those  for  Nos.  19  to  29  incluave 
are  either  taken  or  digested  from  H.  R.  Ex.  Doc.  No.  16, 
Soth  Congress,  ist  Session,  being  portions  of  reports  of 
tests  of  metals  and  other  materials  at  the  United  Slates 
Arsenal,  Watertown,  Mass. 

As  Table  I  shows,  the  columns  Nos.  19  to  29  inclusiw 
were  slightly  conical,  although  probably  not  enough  so  to 
affect  appreciably  their  resistances.  The  areas  of  seclion 
in  square  inches  for  these  columns  were  taken  at  mid- 
distance  between  their  ends.  As  the  area  of  section  varied 
considerably  in  some  columns  that  operation  may  be  a 
source  of  a  little  error  in  determining  the  ultimate  resist- 
ance per  square  inch  from  the  result  of  the  tests,  but  if  the 
error  exists  at  all  it  must  be  very  small.  The  mid-exteroil 
diameter  was  also  taken  for  these  columns  in  determiiung 
the  ratio  of  the  length  over  the  diameter  shown  in  the 
Table  and  in  the  Plate. 

As  will  be  observed  both  in  the  Table  and  in  the  Plstti 
the  ultimate  resistances  per  square  inch  determined  by 
the  tests  are  quite  variable,  even  for  the  same  ratio  of 
length  over  diameter.  Indeed,  in  a  numlier  of  cases  ihw 
are  quite  erratic.  In  Nos.  1  to  6,  for  which  the  ratio  of 
length  over  diameter  was  12.7,  the  ultimate  resistances 
vary  from  a  Httle  over  24.000  lbs.  per  square  inch  to  0^*61 
40,000  lbs.  per  square  inch  with  no  -failure  at  the  latter 
value.  Again,  the  ultimate  resistance  per  square  inch 
for  No.  35.  which  shows  a  ratio  of  length  over  diameter  rf 
less  than  io,  is  nearly  47,000  lbs.  per  square  inch,  which  is 
excessively  high  as  compared  with  other  ultimate  resist- 
ances with  the  same  or  less  ratio  of  length  over  diameter. 
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hese  erratic  results  are  not  surprising  in  view  of  the 

dinary  character  of  the  metal.     It  should  be  remembered 

lat  the  failures  of  these  columns  are  frequently  recorded 

irith  such  "remarks"  as  the  following:    "Foundry  dirt  or 

^oney-comb    between    inner   and    outer    surfaces,"    "bad 

wts."  "cinder  pockets    and  blow  holes  near  middle  of 

relunin."   "fla^vs  and   foundry  dirt   at   point  of  break." 

Tin  other  words,  it  was  no  uncommon  feature  to  obser\-e  that 

^defects,  flaws,  or  blow  holes  or  thin  metal  had  determined 

the  place  of  failure.    There    is  considerable  uncertainty  in 

latting  the  results  of  tests  affected  by  these  abnormal  con- 

dilions,  but  a  more  or  less  satisfactory  law  for  the  generality 

)f  cases  may  be  determined  from  a  graphical  representation 

f  the  results,  as  shown  on  Plate  I.     On  that  Plate  the 

utiinate  resistances  in  pounds  per  square  inch,  as  shown 

n  Table  I,  have  been  platted  as  vertical  ordinates,  while 

the  ratios  of  length  over  diameter  given  in  the  same  Table 

are  represented  by  the  horizontal  abscissas,  all  as  clearly 

_  shown.     The  full  straight  line  drawn  in  about  a  mean 

•sition  among  the  results  of  the  tests  probably  represents 

X  as  any  that  can  be  found  a  reasonable  law  of  variation 

rf  ultimate  resistance  with  the  ratio  of  length  over  diameter. 

t  is  evident  that  within  the  range  of  these  experiments  a 

raight  line  will  represent  the  ultimate  resistances  fully 

'  Weil  as  any  curve,  if  not  better,  although  the  results  for 

'■  lengths  of  thirty-four   times  the   diameter  begin  to 

idicate  a  little  curvature.     The  formula  which  represents 

'*is  straight  line,  i.e.,  which  gives  the  ultimate  resistance 

r  square  inch,  is  as  follows : 

p  =  3o,50o-i6oj (5) 

It  is  to  be  borne  in  mind  that  these  columns  were  round 
•td  hollow,  and  that  they  were  tested  with  flat  ends  in  all 
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cases.  The  ordinary  formula,  based  upon  Hodgkinson' 
tests,  and  frequently  used  in  cast-iron  column  construelior 
is  as  follows; 


P  =  - 


80000 
400  (i* 


1 


The  curve  corresponding  to  this  particular  form  < 
Tredgold's  formula  is  also  shown  on  the  Plate.  It  will  I 
seen  that  at  the  ratio  of  length  over  diameter  of  10  to  1 
(not  an  uncommon  ratio)  the  ultimate,  as  given  by  ih 
formula,  is  just  about  double  that  shown  by  actual  test.  ! 
other  words,  if  a  safety  factor  of  5  were  required,  asistheca 
in  some  building  laws,  the  actual  safety  factor  would  be  h 
2  J.  The  curve  represented  by  eq.  (0)  is  seen  to  cross  the  tn 
curve  at  a  ratio  of  length  over  diameter  of  about  ag. 
glance  at  the  Plate  will  show  how  erroneous  and  dangenn 
is  the  use  of  the  usual  formula  for  hollow  round  cast-irt 
columns;  indeed,  that  formula  is  grossly  wrong,  both  as' 
the  law  of  variation  and  the  values  of  ultimate  resistanc 

In  view  of  the  working  resistances,  which  have  bo 
used  in  the  design  of  cast-iron  columns,  it  is  no  less  interea 
ing  than  important  to  compare  the  ultimate  resistances  p 
square  inch  of  mild-steel  columns,  as  determined  by  acM 
tests,  with  the  ultimate  resistances  of  cast-irnn  colig 
as  shown  by  the  tests  under  consideration.  The  1 
line  of  short  dashes  represents  the  formula 


-180-  ■ 


t  cast-irnn  colum 
ration.  The  t^ 
mula  ^1 


determined  by  actual  tests  of  mild-steel  angles  made' 
Mr.  James  Christie  at  the   Peneoyd   Bridge  Works,  i 
given  in  Art.  60.     This  line  or  formula  shows  thcd 
ultimate  resistances  per  square  inch  of  mild-steel  ( 
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are  from  40  to  50%  greater  than  the  corresponding  quanti- 
ties for  cast-iron,  the  same  ratio  of  length  over  diameter 
being  taken  in  each  comparison. 

When  the  erratic  and  unreliable  character  of  cast-iron 
columns  is  considered,  it  is  no  material  exaggeration  to 
state  that  these  tests  show  that  the  working  resistance 
per  square  inch  may  be  taken  twice  as  great  for  mild-steel 
columns  as  for  cast-iron;  indeed,  this  may  be  put  as  a 
reasonably  accurate  statement. 

The  series  of  tests  of  cast-iron  columns  represented  in 
the  Plate  constitute  a  revelation  of  a  not  very  assuring 
character  in  reference  to  cast-iron  columns  now  standing, 
and  which  may  be  loaded  approximately  up  to  specification 
ainotmts.  They  further  show  that  if  cast-iron,  columns 
are  designed  with  anything  like  a  reasonable  and  real  margin 
of  safety  the  amount  of  metal  required  dissipates  any 
supposed  economy  over  columns  of  mild  steel. 

If  the  average  working  stress  per  square  inch  is  one 
fourth  of  the  ultimate  resistance,  eq.  (5)  gives 

/ 
/?  =  7600  — 40-7 (8) 

If  the  working  stress  is  to  be  taken  at  one  fifth  the 
^timate,  eq.  (5)  gives 

p  =  6ioo-32^ (9) 

In  these  equations  p  is  the  average  working  intensity 
^^  pressure  in  pounds  per  square  inch.  The  length  /  and  the 
Exterior  diameter  d  must  be  taken  both  in  the  same  unit, 
^^dinarily  the  inch. 

These  formulae  may  be  used  between  the  limits  of  3  =  10 

a 

^d  -  «=3S  or  even  40.     They  may  also  be  applied  to  hollow 
a 
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rectangular  columns  with  reasonably  close  approximation,  i 
d  being  taken  as  the  smaller  exterior  side  of  the  rectangulffi' 
cross-section. 

Art,  86. — Timber  Columns. 

The  greater  part  of  available  tests  of  full-size 
columns  have  been  made  prior  to  1900,  and  their  readl 
have  not  been  obtained  either  by  the  aid  of  improved  a|^ 
ances  in  testing  now  employed,  or  in  all  respects  under  th 
care  given  in  later  testing  work  to  secure  accurac)-  or  t 
avoid  misinterpretation  of  the  more  or  less  obscure  confl 
tions  which  attend  the  testing  of  full-size  timber  members- 

The  ratio  of  the  length  divided  by  the  radius  of  gyratio 
is  much  less  in  timber  columns  than  those  of  iron  or  swJ 
Furthermore,  as  sections  taken  at  right  angles  to  the  as* 
of  timber  columns  are  almost  always  rectangular,  it  is  pO 
missible  to  use  the  ratio  of  the  length  over  the  least 
rather  than  the  length  over  the  least  radius  of  gyral 
gaining  thereby  a  httle  simplicity  in  the  use  of  coli 
formulie. 

Timber  columns  are  subject  to  the  same  vicissitudes  d 
knots,  wind-shakes,  season  cracks  and  decay  as  other  timbtf 
members.  Indeed  most  failures  of  full-size  timber  mem- 
bers are  induced  by  some  local  defect  such  as  a  knot,  dth* 
decayed  or  sound.  Unless  in  a  thoroughly  protected  place, 
timber  columns  are  in  a  condition  of  almost  constant 
and  in  the  long  run  for  the  worse. 

The  degree  of  seasoning  is  an  element  of  material  ^(Ct 
in  the  resistance  of  timber  columns.  The  greater  thi 
amount  of  moisture  in  timber,  the  less  will  be  its  capacity 
for  compressive  resistance,  other  conditions  remaining  un- 
changed. As  in  all  other  full-size  timber  tests,  the  con- 
dition of  moisture  should  be  known  and  stated  in  connection 
with  the  results  of  timber  column  tests.     It  makes  little 
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r  no  difference  whether  the  moisture  is  the  original  sap  or 
the  result  of  a  damp  atmosphere  or  immersion  in  water. 
Among  the  earliest  tests  were  those  of  Professor  Lanza, 
B»ho  investigated  timber  mill  colmnns,  mostly  of  circular 
ction  and  some  of  them  after  standing  in  use  in  com- 
lUeted  buildings  for  various  periods  from  one  year  to  twenty- 
five  years.     These  columns  varied  in  length  from  about  2 
14  feet,  the  great  majority  of  them  being  from  11  to  14 
The  diameters  varied  generally  from  about  5  inches 
b  about  1 1  inches.     A  few  were  square.     Neither  the  shape 
Icr  the  dimensions  of  cross-sections    appeared    to    affect 
laterially  the  results  of  tests.     The  principal  results  of 
e  tests  are  given  in  the  tabulated  statement  below: 


Min 

Lb8.  prr  Sq,  In. 

Lb.,  per  Sq.  In, 

Lbi,  i»r  Sq.  In. 

Vellow  pine,  partially  seasoned 

\  i-llf.iw  (line,  air  seasoned . 

4,488 

5.950 

4.563 

3,477 

U  [lite  ivoi-d,  partially  seasonet 

3,786 

3.070 

1.964 

6,029 

4.4JO 

4.450 

3-' 75 

U, 

The  ends  of  these  columns  were  usually  flat,  sometimes 

■th  a  so-called  "  pintle  "  or,  in  a  few  cases,  one  end  round. 

;  results  show  the  usual  erratic  features  of  full-size 

inber  tests,  some  of  which  doubtless  are  due  to  undiscovered 

:nesses  at  some  point.     Prof.  Lanza  stated  that  "  The 

diate  location  of  the  fracture  was  generally  determined 

'  knots."    Some  of  the  columns  were  tapered  and  the 

tiction  of  the  section  at  the  ends  of  such  columns  usually 

>ated  the  failure  at  those  reduced  ends. 

The  greatest  ratio  of  length  to  radius  of  gj-ration  in 

B  columns  was  about  86,  but  the  actual  results  did  not 

T  that  there  was  any  discoverable  relation  between  the 
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ratio  of  the  length  over  the  radius  of  gyration  and  the 
ultimate   column    resistance.     The   latter    was   influenwd 
little  or  none  by  the  length  of  the  columns. 

Tables  I  and  II  show  the  results  of  the  early  tests  of 
Col.  Laidley,  Engineer  Corps,  U.  S.  A.,  made  many  years 
ago   and   reported   in    "  Ex.    Doc.  12,  47th  Congress,  ist 
Session."     They  show  the  large  increase  in  ultimate  resist- 
ance per  square  inch  with  short  lengths.     Indeed  some  d 
the  pieces  were  short  blocks.     These  results  indicate  the 
care  that  should  be  taken  in  discriminating  between  the 
ultimate  compressive  resistances  of  short  timber  blocks  and 
long  columns.     The  results  in  Table   I   for   those  pieces 
seasoned  twenty  years  are  too  high,  while  those  for  pieces 
Nos.  16,  17,  and  18  are  low,  in  consequence  of  the  material 

Table  I. 
YELLOW  PINE. 

No. 

^.;.- 

Form  ol  Section. 

Secliiin  Dimnmuns, 
tnch«. 

"...^1 

3 
4 

I 

7 
8 
9 

13 
>4 

;j 

<7 
18 

119 
119 

16 

8 
3 
6 
6 

3 

3 
3 
'4 

•i 

l!iO 
180 

4 
95 
90 

Circular. 

Square. 

Rectangular. 

it..:diain. 
11      Xti 
11     Xit 
.0.4X10,4 

8X8 

4X4 

1.5X    I.S 
3     X   3 
3     X  3 
1.5X   1..5 
i.sx  1.5 
1.5X   i-S 

4.6X  46 
4.6X  4.6 

S.3X   5  3 

16  X  13.65 
16. ix  r.o 

17  X  S.;s 

Ll». 
6,676 
6,1  JO 
6.S5* 
7.9J6 
8,165 
7,3'M 
.5.533 
B.644 
8.1.H 
H.389 
8,30il 
6.3S5 
9,g47 
10. 1  JO 
J.Bio 
3.070 

3,180 

1 

14,  and  [5  were  pine  of  very  slow  gruwlh. 
17.  and  18  were  very  gieen  and  wet. 
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Table  II. 

SPRUCE  THOROUGHLY  SEASONED. 


No. 

Length, 
Inches. 

Form  of  Section. 

Section  Dimensions. 
Inches. 

Ultimate  Resistance 
per  Sq.  In. 

Lbs. 

1 

24 

Rectangular. 

5.4X5.4 

4,946 

2 

24 

5 

4X5 

4 

4,811 

3 

36 

5 

4X5 

4 

4,874 

4 

36 

5 

4X5 

4 

4,500 

5 

6o 

5- 

4X6 

4 

4,451 

6 

6o 

5. 

4X6. 

4 

4,943 

7 

120 

5 

4X5 

4 

3,967 

8 

I20 

5. 

4X5. 

4 

4,908 

9 

6o 

5 

4X5. 

4 

5,275 

lO 

30 

5 

4X5 

4 

5,372 

II 

15 

5 

4X5 

4 

5,754 

12 

iai.2 

Circular. 

12. 

4  diam. 

4.681 

^^^g  green  and  wet.  The  tests  pieces  in  Tables  I  and  II 
^ere  generally  fine  straight-grained  timber  of  better  quality 
^han  ordinarily  used  in  engineering  practice. 

This  condition  accounts  largely  for  Col.  Laidley's  results, 
being  materially  higher  than  Prof.  Lanza's  for  the  same 
Wnd  of  timber. 


Formula  of  C.  Shaler  Smith. 

Although  these  formulae  were  deduced  from  tests  made 
^any  years  ago,  they  have  been  so  extensively  used  over 
^ch  a  long  period  that  they  may  properly  be  considered 
^^ong  the  classics  of  engineering  literature  of  this  kind. 
Hence  they  are  given  here,  although  not  now  used  so 
^dely  as  formerly. 

The  tests  of  full-size  sticks  on  which  the  formulae  are 
based  were  grouped  by  Mr.  Smith  as  indicated  and  the 
^n-esponding  formulae  are  as  given  below. 
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**  ist.  Green,  half-seasoned  sticks  answering  to  1 
specification  *good,  merchantable  lumber.' 

**  2d.  Selected  sticks  reasonably  straight  and  air-s 
soned  \inder  cover  for  two  years  and  over. 

**3d.  Average  sticks  cut  from  lumber  which  had  b 
in  open-air  service  for  four  years  and  over." 

If  /  =  length  of  coltmin  in  inches, 

d  =  least  side  of  column  section  in  inches, 
and  p  =  Ult.  Comp.  resistance  in  lbs.  per  sq.  in. ; 

then  the  formulae  f oimd  for  these  three  groups  were : 

For  No.  I :  p= — ^^^^. 

1  + 


For  No.  2 :  p 


2$od^ 
8200 

300  a' 


^ooo 
For  No.  3:p=         ^   ^,. 

But  in  order  to  provide  against  ordinary  deteriorat 
while  in  use,  as  well  as  the  devices  of  unscrupulous  build 
Mr.  Smith  recommends  the  formula  for  group  No.  3  as 
proper  one  for  general  application.     He  also  recommen 

that   the   factor  of  safety  be  ^-  until    25   diameters 

reached,  and  five  thenceforward  up  to  60  diamet 
This  last  limit  he  regards  as  the  extreme  for  g( 
practice. 


bt«6.| 
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Tests  of  White  Pine  and  YeUow  Pine  Full-size  Sticks  with 
Flat  Ends. 

In  consequence  of  the  usual  manner  of  simply  abutting 

end  of  timber  columns  against  their  supports,  all  such 
iembers  are  practically  always  assumed  to  have  flat  ends, 
Bt  this  expression  does  not  mean  accurately  squared  "  flat 
Kk."  Tables  III  and  IV  have  been  formed  by  digesting 
le  results  of  tests  of  nearly  or  quite  full-size  white  and 
illow  pine  timber  columns  made  at  the  U.  S.  Arsenal  at 
felertown.  Mass,,  and  reported  in  "  Ex.  Doc.  No.  i,  47th 
pngress,  ad  Session,"  constituting  one  of  the  best  series 
limber  column  tests  yet  made  in  this  country. 

Each  result  in  both  Tables  is  usually  a  mean  of  from 
)  to  four  tests,  although  a  few  belong  to  one  test  only, 

timber,  both  of  yellow  and  white  pine,  was  ordinary 
erchantable  material,  with  about  the  usual  defects,  knots, 
C.  and  failure  frequently  took  place  at  the  latter ;  it  was  all 
tfl  seasoned,  and  all  columns  were  tested  with  flat  ends. 

Table  III. 
YELLOW-PINE  COLUMNS  WITH  FLAT  ENDS. 


I 


Ultimate 

gltimj^ 

■■rb. 

Siieof  SUck. 

7" 

"iZ'kt 

Length. 

""t^^^^^- 

_l. 

•iv*R^ 

"ns 

"l"r 

!iiu. 

Ft.  In>. 

0 

8.25X16,15 

II. 7 

3,445 

15     0 

5.0X1 » 

35.6 

3,76< 

SS  X    S-5 

4,738 

33     4 

7.7  X   9-7 

36,4 

3.304 

« 

7-7  X   9-7 

s6.7 

4,384 

17      6 

5-5X    S-5 

3».' 

3.242 

'  a 

6.6  X  15.6 

37.0 

3,593 

15     0 

4-5X:i.6 

41 

1.46* 

6 

S-5   X    5.5 

37.. 1 

5.077 

36     8 

7-4X   9-4 

43 

2.893 

;   0 

s.g  X"o 

30.8 

■  3,546 

15     0 

4-0X11,4 

44 

3.06s 

10   0 

-.6  X   96 

}A9(' 

5.4X    5.4 

44.3 

2.867 

15    0 

5.7  Xii-7 

31   9 

1.106 

2i      6 

5-5  X   5-5 

50 

«,o6! 

a  0 

5.6  X15.6 

33-1 

3.6.?6 

'5     0 

5.5X   5-S 

55 

1.856 

!^     0      5-5  X   5-5 

33,8 

3.961 

17     6 

5.3X   5-3 

6j,3 

1.709 
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Flat-end  yellow-pine  columns  were  observed  to  begin  lo 
fail  with  deflection  at  a  length  of  about  a  ad,  d  being  the 
width  or  least  dimension  of  the  normal  cross-section.  M 
columns  were  of  rectangular  section,  and  /  in  the  following 
table  is  the  length.  Table  IH,  therefore,  includes  no  short 
column,  i.e.,  one  which  failed  by  compression  alone  with 
no  deflection. 

About  sixteen  of  the  latter  were  tested  with  the  follow- 
ing results: 

-5,677  lbs  per  sq.  in. 

=  4,44' 

-3.430 

Each  of  the  preceding  tests  was  made  on  a  single  rectan- 
gular stick.  A  number  of  tests,  however,  were  made  oo 
compound  columns  formed  by  bolting  together  from  two 
to  three  rectangular  sticks,  with  bolts  and  packing  or 
separating  blocks  at  the  two  ends  and  at  the  centre.  The 
bolts  were  parallel  to  the  smaller  sectional  dimenaons  rf 
the  component  sticks.  As  was  to  be  expected,  those 
compound  columns  possessed  essentially  the  same  ultimate 
resistance  per  square  inch  as  each  component  stick  con- 
sidered as  a  column  by  itself,  as  the  following  results  show. 
/  is  the  length  of  the  column  and  d  the  smallest  dimensioQ 
or  width  of  one  member  of  the  composite  column.  AB 
had  flat  ends. 


36 '8 -jmean  -,,..ii    ■ 


Table  IV  gives  the  results  for  white-pine  colunms.  and 
corresponds  with  Table  III,  in  that  it  shows  only  the  failures 
with  deflection,  which  was  observed  to  begin  with  those 
columns  at  a  length  of  3  ad.     /  and  d  possess  the  same 
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Table  IV. 

WHITE-PINE  COLUMNS  WITH  FLAT  ENDS. 


Ft.  Izis. 
15     o 


20 
»5 


3 
o 

3 

4 
o 


• 

Ultimate 
Compres- 

1 

Size  of  Stick, 

/ 

sive  Re- 

.         T                    A  f_ 

Inches. 

1' 

sistance, 

Lbs.  per 

Sq. In. 

Length. 

Ft.  Ins. 

5.6X15.6 

32 

1.874 

17      6 

7.4X    9.3 

32.4 

2,448 

26     8 

5.6X11.5 

32.7 

2,432 

20     0 

5-4X    5.4 

33 

2,744 

22     6 

7.7X    9.6 

36.4 

2,072 

25     0 

4.5X11.6 

40 

1,672 

27     6 

Size  of  Stick. 

/ 

Inches. 

d- 

5.4X5.4 

40 

7.5X9.3 

42.7 

5.3X5.3 

45 

5.2X5.2 

52 

5.3X5.3 

57 

5.4X5.4 

62 

Ultimate 
Compres- 
sive Re- 
sistance, 
Lbs.  per 
Sq.  in. 


I.841 
2,113 
1,455 
1. 501 
952 
1.081 


signification   as  in  Table  III,  the    column  l^d  showing 
the  ratios  between  the  lengths  and  least  widths. 

Thirty  coliimns  with  lengths  less  than  326/  were  tested 
to  destruction.  These  sticks  failed  generally  at  knots  by 
direct  compression  and  without  deflection.  The  results 
of  these  thirty  tests  were  as  follows: 


Short  white-pine  columns ; 
/-s-rf  below  32 


maximum  -=3,700  lbs.  per  sq.  in. 
mean         =2,414 
minimum  =1,687 


II 


41 


II 


II 


II 


II 


All  the  preceding  white-pine  columns  were  single  sticks, 
but  a  large  number  of  built  posts  composed  of  two  to  four 
white-pine  sticks  bolted  together,  with  spacing  blocks  at  the 
two  ends  and  at  the  centre,  were  also  tested  with  the  results 
shown  below.  /  -^  rf  is  the  ratio  of  length  over  least  width  of 
a  single  stick  of  the  set  forming  the  composite  column. 


l-i-d.         Number  of  Tests. 


32.1 15 


maximum  =  2,273  Ihs.  per  sq 
=  I  ,q8o 


minimum 

maximum 

36 9 ^  mean 

minimum 


40. 


(  maxir 

<  mean 
(  minin 

(  maxi 

<  mear 
f  mini] 

! 


maximum 

,6 -{  mean 

minimum 


1, 66 1 

2,255 

1,099 
1,804 

2,021 
1,830 

1,419 


If 
11 

II 
II 
II 

II 
II 
II 


in. 
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A  comparison  of  these  results  with  those  given  in  Table 
IV  shows  that  these  composite  or  built  columns  were  the 
same  in  strength  per  square  inch  with  the  single  sticio 
of  which  they  were  composed,  the  latter  being  considerec 
single  columns. 

All  the  white-pine  composite  iiilu;ii]i.-.  wltc  tested  Hiti 

-:   .::fa;::::'"=l 


=i=;??r 


flat  ends  and  were  built  up  with  the  greatest  widths  a 
individual  sticks  adjacent  to  each  other. 

The  results  in  Tables  III  and  IV  are  shown  graphical!; 
in  Plate  F.  One  ordinate  gives  the  values  of  /  -^d,  and  th 
other  the  ultimate  resistance  in  pounds  per  sq.  in. 

The  full  curved  lines  running  into  horizontal  tangents  s 
the  left  represent  about  mean  lines  through  the  point 
indicating  the  actual  column  tests. 

The  broken  lines  represent  the  following  empirical  fo 
mula; ;  in  which  p  is  either  the  ultimate  resistance  or  wad 
ing  stress  in  pounds  per  sq.  in. 
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For  yellow  pine     .     .     .     p^s8oo—jo{l-i-d) 
**    white       **       ...     /7  =  38oo-47(/-5-d) 

For  wooden  railway  structures  there  may  be  used: 

For  yellow  pine     .     .     .     p  =  75o  —  g{l-i-d) 
••    white       **      .     .     .     p  =  soo-6{Ud) 

For  temporary  structures,  such  as  bridge  false  works 
nrrying  no  traffic: 

For  yellow  pine     .     .     .     p  =  i$oo—i9>{l-i-d) 
**    white       **      .     .     .     />  =  iooo— i2(/-5-d) 

The  preceding  jormulcB  are  to  be  used  only  between  the 

mUs  0/  J  =  20  and  -:=  60  Jor  yellow  pine  and  -;=30  and 
ad  a 

i»6o  far  white  pine. 

For  short  coltunns  below  -  =  20  and  -5=30  there  are  to 

a  a 

^  used  for  yellow  and  white  pine  respectively : 

ultimate.        Railway  Bridges.  sSSc^r'S' 

Yellow  pine ^=4400 550 1 100  lbs.  per  sq.  in. 

White     **    ^=2400 300 600 


II     II       <  I 


All  the  preceding  values  are  applicable  to  good  average 
lumber  for  the  engineering  purposes  indicated. 

Table  V  exhibits  a  number  of  results  of  the  tests  of 
short  timber  columns  taken  from  the  **  U.  S.  Reports  of 
Tests  of  Metals  and  Other  Materials"  for  1894,  1896,  1897, 
and  1900.  It  will  be  observed  that  the  ratios  of  length  over 
thickness,  i.e.,  minimum  dimension  of  cross-section,  are 
ess  than  22,  and  with  two  exceptions  much  less.  These 
olumns  do  not,  therefore,  come  within  the  range  of  appli- 
ation  of  such  formulae  as  those  given  on  the  preceding 
lage  for  yellow  pine  and  white  pine. 
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LONG  COLUMNS. 

Table  V. 
SHORT  TIMBER  COLUMNS. 


^" 

ntin. 

cCuin 

re^vc 

s 

•B 

^1 

Timber. 

L*T«'h 

Bre'dih 

Thick 

^^^1 

M« 

Mean 

Min. 

^B 

Long-ka(pine,., 
8hort-le.t  pin;.". 

Long-lMfpine*., 

i 

It 

\ 

S 

•1 

4.0no 
7.»U 

Hi? 

JI4S1 
J. 000 

'.S 

'.ill 

i.,6i 

\ 

Butt     »cIkV 
Top*_j9^B 

Doujftaifi*. 

White  DBli.'^"'!! 

,'ol 

'* 

^1 

The  long-leaf  and  short-leaf  pine  tests  show  that  columns 
taken  from  the  butts  of  trees  are  stronger  than  those 
taken  either  from  the  middle  or  the  tops,  the  top  sticks. 
as  a  rule,  having  the  least  ultimate  resistance  jier  square 
inch  of  all.  The  white-pine  and  red-oak  sticks  yield  interesl- 
ing  results  on  account  of  their  age.  as  they  were  taken  from 
some  wooden  trusses  of  the  Old  South  Church.  Boston, 
Mass..  a  building  constructed  in  1729.  The  timber  n-as  so 
housed  as  to  be  completely  protected  and  kept  \"er>-  dry. 
The  results  show  no  loss  of  resistance  as  compared  »Tth 
tests  of  the  same  kind  of  timber  at  the  present  time. 

The  effect  of  immersion  in  water  on  the  resistance  of 
timber  is  illustrated  by  tests  made  at  the  Watertown 
Arsenal.  A  post  similar  to  one  of  the  old  long-leaf  pine 
columns.  12  of  which  were  tested  in  a  seasoned  conditioa 
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ving  the  average  shown  in  the  Table  of  6093  pounds  per 
[uare  inch,  was  submerged  in  water  for  a  period  of  130 
lys  and  then  tested  with  the  result  of  failing  at  3800 
Jiinds  per  square  inch. 

The  values  given  in  Table  V  correspond  closely  to  the 
isults  shown  for  yellow  pine  and  white  pine  on  .pages 
54  and  535,  so  far  as  they  may  properly  be  compared. 


CHAPTER  XL 

SHEARING  AND  TORSION. 

Art.  87. — Modtilus  of  Elasticity. 

It  has  already  been  shown  in  some  of  the  Articl 
the  first  part  of  this  book  that  the  stresses  of  shearing 
torsion  are  identical,  both  being  shears;  hence  the  mo< 
of  elasticity  is  the  same  for  both. 

As  it  is  much  more  convenient  to  make  accurate  6 
minations  of  the  modulus  of  elasticity  in  torsion  thi 
direct  shearing,  the  former  method  has  been  eniploy< 
practically  all  cases.  A  number  of  such  moduli  for 
varieties  of  steel  are  given  in  Art,  38.  Those  values 
that  the  modulus  changes  but  little  for  the  diflferent  var: 
of  steel  indicated. 

The  aggregate  of  torsion  tests  so  far  as  they  have 
made  indicate  that  the  two  moduli  of  elasticity,  6"  for  t 
and  E  for  direct  stresses  of  tension  and  compression, 
the  approximate  relation : 

6' =  (.4  to  .45)is. 

Prof.  Bauschinger  published  in  "  Der  Civilingenie 
Heft  2,  1881,  the  results  of  some  of  his  tests  of  cast 
cylinders  or  prisms  which  are  still  valuable  on  accx)ui 
the  accuracy  with  which  he  made  his  determinai 
The  prisms  were  about  40  inches  long,  and  were  subjc 
to  torsion,  while  the  twisting  of  two  sections  about  20  ir 
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S4I 


The  formula  by  which  G  is  computed,  when  the  torsional 
Dent  and  angle  a  are  given,  is  t!ie  following; 


in  reference  to  each  other,  was  carefully  observed. 

results  for  four  different  cross-sections  will  be  given — 

'circular,  square,  elliptical  (the  greater  axis  was  twice  the 

I,  and  rectangular  (the  greater  side  was  twice  the  less). 

:h  case  the  area  of  cross-section  was  about  7.75  square 

i.     The    angle   a   is   the    angle    of    torsion — i.e.,    the 

twisted  or  turned  through  by  a    longitudinal  fibre 

length  is  unity  and  which  is  at  unit's  distance  from 

axis  of  the  bar. 


.007  degree. . 

.07 

009 


Reclangulai 


,  .7,466,0c 
.-6.157,0c 
..7.437.0c 
.  .6.I38.0C 

.  ■  7,039.0c 
■  .  5.987,0c 
,6,996,00 


1  lbs.  per  3q.  in. 


Ci) 


rhich  M  is  the  twisting  moment,  ,4  the  area  of  the  cross- 
ion,  /p  the  polar  moment  of  inertia  of  that  cross-section, 
c  a  coefficient  which  has  the  following  value? 
47:*  =  39.48  for  circle  and  elhpse, 
42.70  "   square, 
42.00  "  rectangle, 
hown  in  Appendix   I 

Bauschinger's  experiments  show  that  the  coefficient  of 
iring  elasticity  for  cast  iron  may  be  taken  from  6.000,000 
,000,000  pounds  per  square  inch ;  also  that  it  varies  for 
ffcnt  ratios  between  stress  and  strain. 
(t  has  been  shown  in  Art.  6,  that  if  E  is  the  coefficient 
isticity  for  direct  stress,  and  r  the  ratio  between  direct 
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and  lateral  strains,  for  tension  and  compression,  that  G 
may  have  the  following  value: 

Prof.  Bauschinger,  in  the  experiments  just  mentionedy 
measured  the  direct  strain  for  a  length  of  about  4  inches^ 
and  the  accompanying  lateral  strain  along  the  greater  axis 
of  the  elliptical  and  rectangular  cross-sections,  and  thus 
determined  the  ratio  r  between  the  direct  and  lateral  strains 
per  tmit  in  each  direction.     The  following  were  the  results: 

Compression. 
Section.  r.  G. 

Circtilar 0.22 6,54x,ocx>lbs.  per  sq.  in 

Elliptical 0.23 6,541,000    "      " 

Square 0.24 6,442,000    "      "         " 

Rectangular o.  24 6,499,000    "      "        " 

Tension. 

Circular o.  23 6,570,000  lbs.  per  sq.  in. 

Elliptical 0.21 6,811,000 

Square 0.26 6,399,000 

Rectangular 0.22 6,527,000 


II  «<  It 
II  fi  i< 
II      <i         II 


The  values  of  E  are  not  reproduced,  but  they  can  be 
calculated  indirectly  from  cq.  (2)  if  desired. 

It  is  seen  that  the  values  of  G",  as  determined  by  the 
different  methods,  agree  in  a  very  satisfactory  manner, 
and  thus  fumish  experimental  confirmation  of  the  funda- 
mental equations  of  the  mathematical  theory  of  elasticity 
in  solid  bodies. 

The  fact  that  (7  is  essentially  the  same  for  all  sections  is 
also  strongly  confirmatory  of  the  theory  of  torsion  in 
particular. 

These  experiments  show  that,  for  cast  iron,  the  lateral 
strains  arc  a  little  less  than  one  quarter  of  the  direct  strains. 
If  r  were  one  quarter,  then  G  =  IE,  or  E  =  jC. 


ULTIMATE  RESISTANCE. 


Art.  88. — nitiniate  Resistance. 


It  has  seemed  more  convenient  to  give  some  values  of 
imate  and  working  resistances  for  the  materials  iron  and 
which  are  much  more  commonly  used  than  any  others 
'resist  torsion  in  Arts.  37  and  38,  where  the  complete 
llyses  of  the  formulEe  for  the  common  theory  of  torsion 
given.  Those  articles  should,  therefore,  be  consulted 
such  formulje  and  analytic  operations  as  are  involved 
je  design  of  shafting  to  resist  torsion.  The  experimental 
les  set  forth  in  the  following  articles  may  be  employed 
the  formulEE  of  the  common  theory  of  torsion  for  any  de- 
practical  operation  in  the  design  of  torsion  members. 
Before  considering  the  ultimate  shearing  resistance  of 
cial  materials  it  will  be  well  to  notice  the  two  different 
thods  in  which  a  piece  may  be  ruptured  by  shearing. 
If  the  dimensions  of  the  piece  in  which  the  shearing  force 
stress  acts  are  very  small,  i.e.,  if  the  piece  is  very  thin, 
!  case  is  said  to  be  that  of  "simultaneous"  shearing.  If 
!  piece  is  thick,  so  that  those  portions  near  the  jaws  of 
!  shear  begin  to  be  separated  before  those  at  some  dis- 
:e  from  it,  the  case  is  said  to  be  that  of  "shearing  in 
tail."  In  the  latter  case  failure  extends  gradually,  and 
the  former  takes  place  simultaneously  over  the  surface 
separation.  Other  things  being  the  same,  the  latter 
(shearing  in  detail),  will  give  the  least  ultimate  shearing 
istance  per  unit  of  the  whole  surface. 
In  reality  no  plate  used  by  the  engineer  is  so  thin  that 
shearing  is  absolutely  simultaneous,  though  in  many 
BS  it  may  be  essentially  so. 

Wrought  Iron. 
There  may  be  found  in  the  Articles  on  Riveted  Joints 
experimental  determinations  of  the  ultimate  shearing 
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resistance  of  wrought  iron  which,  under  the  conditions 
such  joints,  may  range  from  about  34,000  to  about  43,0 
pounds  per  square  inch.  It  has  been  observed  in  t 
consideration  of  riveted  joints  that  the  ultimate  resistan 
to  shear  of  rivets  will  generally  be  less  with  thick  plat 
than  with  thin,  because  the  bending  stresses  of  tensi 
and  compression  will  generally  be  greater  for  thick  pla 
than  for  those  that  are  thinner.  If  the  riveted  joint  is 
designed  that  the  bending  stresses  are  not  greater  for  thi 
plates  than  for  thin  ones,  the  effects  of  bending  will  nee 
sarily  disappear. 

Such  tests  as  have  been  made  on  direct  shearing  resi 
ance  show  that  generally  it  may  safely  be  taken  at  3S,c 
to  40,000  pounds  per  square  inch,  or  if  5  is  the  ultinic 
shear  per  square  inch  and  T  the  ultimate  tensile  resistar 
of  wrought  iron  per  square  inch,  there  may  be  taken  2 
proximately 

5  =  .8r. 

Cast  Iron, 

There  are  few  tests  available  for  the  determination 
the  ultimate  shearing  resistance  of  cast  iron.  For  the  or 
nary  grades,  such  as  cast-iron  water  pipes  and  similar  s 
gray-iron  castings,  the  ultimate  shearing  resistance  1 
sometimes  been  taken  equal  to  the  ultimate  tensile  res* 
ance,  i.e.,  15,000  to  18,000  pounds  per  square  inch,  1 
this  is  probably  too  high  except  for  the  special  stron 
grades  of  material. 

For  general  purposes  it  is  probably  safe  to  take  the  u 
mate  shearing  resistance  of  cast  iron  about  three-quart 
of  its  ultimate  tensile  resistance.  It  should  only  be  u 
for  shearing,  however,  at  a  low  working  stress,  depend 
obviously  on  the  purpose  for  which  its  use  is  contemplat 
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Steel, 

The  results  of  Prof.  Ricketts'  shearing  tests  on  both  open- 
sarth  and  Bessemer  steel  rounds  with  different  grades  of 
irbon  are  given  in  Table  I  of  Art.  43.  The  elastic  limit 
the  point  at  which  the  metal  first  fails  to  sustain  the  scale 
Bam.  The  double-shear  resistance  in  one  case  exceeds  the 
kngle  by  over  six  per  cent.  According  to  these  tests,  the 
Itimate  shearing  resistance  of  mild  steel  may  be  taken 
It  three  quarters  of  its  ultimate  tensile  resistance.  Each 
ihear  result  is  a  mean  of  three  tests. 

The  rivet  steel  was  low,  containing  but  .09  per  cent,  of  car- 
While  the  specimens  of  Bessemer  steel  were  a  little 
Ugher  in  carbon,  ranging  from  .  1 1  to .  1 7  per  cent. ,  except  the 
Bst  six,  they  were  also  of  low  or  medium  steel.  It  should 
K  carefully  noted  that  the  results  in  that  table  show  that 
the  ultimate  shearing  resistances  for  the  low  or  medium 
steels  nmning  from  44,600  pounds  per  square  inch  up  to 
53,260  pounds  per  square  inch  are  closely  three  fourths 
the  corresponding  ultimate  tensile  resistances.  On  the 
other  hand,  the  six  specimens  of  high  steel  give  ultimate 
shearing  resistances  but  little  over  two  thirds  of  the  corre- 
sponding ultimate  tensile  resistances.  This  is  a  feature  of 
the  relation  between  the  ultimate  shearing  and  ultimate 
tensile  resistances  of  different  grades  of  steel  which  is 
commonly  exhibited  in  tests.  The  high  steel  appears  to 
yield  an  ultimate  shearing  resistance  of  sensibly  less  per- 
^tage  of  the  tensile  ultimate  than  low  steel. 

In  the  Arts.  74  and  76  on  riveted  joints  there  will  be 
^Ound  a  number  of  values  of  ultimate  resistance  for  steel 
Wets  in  shear.  They  constitute  important  determinations 
of  the  ultimate  shearing  resistance  of  steel  rivets  imder  con- 
ditions in  which  they  are  frequently  used. 
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Copper,  Tin,  Zinc,  and  Their  Alloys. 


The  following  values  of  the_  ultimate  resistance  to  torsive 
shear  7",,,  were  determined  by  Prof.  R.  H.  Thurston  iti  his 
early  experimental  work  on  the  bronzes.  Although  these 
determinations  were  made  on  test  specimens  only  .625  inch 
in  diameter  and  with  a  torsion  length  of  i  inch,  they  con- 
stitute practically  the  only  fairly  complete  shear  and  torsion 
data  on  the  copper-tin  and  copper-zinc  alloys. 

Tabi-e  I. 


c™ 

.,.,„. 

u.^t™« 

^^."Trt 

UltunueTOM* 

An<lt 

Cu, 

Sn. 

Putindi, 

Owtw 

JS,9'0 

35 

"SJ.O 

IB,4'0 

40 

5»toiH 

3.196 

45 

557 -<" 

3.J97 

33 

691.0 

90 

43.943 

4> 

114s 

80 

47,671 

61 

163 

70 

30 

4,407 

1  S 

6j 

38 

1.770 

100 

5J 

48 

CSd 

39 

61 

5,88. 

17 

19 

71 

5,^57 

100 

l.» 

90 

5,76' 

63 

13'. i 

90 

15.037 

49 

57. » 

90 

.0 

31.851 

S7 

7*6 

Tm  is  in  pounds  per  Kiunre  inch, 

Table  I  relates  to  alloys  of  copper  and  tin,  and  Tabic  II 
to  alloys  of  copper  and  zinc. 

None  but  specimens  with  circular  sections  were  tesltd. 

An  examination  of  the  results  given  in  Tables  I  and  U 
show  that  the  resisting  capacities  of  each  series  of  alloys 
vary  greatly  with  the  varying  elements  constituting  the 
alloy.  Indeed,  the  shearing  resistances  of  .these  alloys  in 
txjrsion  are  seen  to  vary  as  widely  as  their  tensile  reastances. 
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Table  II. 


S47 


Percentage  of 

Ultimate  Torsive 

Elastic  Limit, 

Ultimate  Torsion 

Shear,  T„ 

Per  Cent  of  Tj^. 

Angle. 

Copper. 

Zinc. 

Pounds. 

Degrees. 

90.56 

9.42 

35,100 

17.2 

458.0 

81.90 

17.99 

4i»575 

27.5 

345.0 

71.20 

28.54 

41,000 

24.0 

269.0 

60.94 

38.65 

48,520 

29  4 

202.0 

55.15 

44.44 

52,320 

32-7 

109.0 

49.66 

50.14 

43,154 

36.0 

38.0 

41.30 

58.12 

4.588 

100.0 

1.8 

32.94 

66.23 

7,241 

100. 0 

1.2 

20.81 

77.63 

16.374 

100. 0 

0.8 

10.30 

88.88 

22,500 

85.6 

7.1 

0.00 

100.00 

9,186 

38.1 

141.5 

Although  the  values  of  Tm  are  the  ultimate  intensities 
of  torsive  shear,  they  may  be  accepted  as  ultimate  resist- 
ances for  direct  shear  for  the  same  alloys. 

Timber. 

The  shearing  resistance  of  timber  is  least  along  planes 
parallel  to  the  fibres  and  greatest  when  the  shearing  force 
acts  in  planes  at  right  angles  to  the  fibres.     Again,  the 
shearing  resistance  parallel  to  the  fibres  is  somewhat  differ- 
ent in  short  blocks  from  that  found  in  full-size  beams  sub- 
jected to  flexure.     In  the  latter  case  it  has  been  shown  in 
Art.   15    that   the   greatest   intensity   of    shearing    stre  s 
parallel  to  the  fibres  will  take  place  in  the  neutral  surface. 
It  has  been  found  that  for  relatively  short  spans  timber 
beams  in  flexure  will  fail  by  shear  along  the  neutral  surface. 
Hence  the  ultimate  resistance  to  shear  along  that  surface 
has  much  practical  value  and  it  has  been  determined  in 
tests  of  many  full-size  beams.     Among  the  latter  those  made 
by  Prof.  Arthur  N.  Talbot  at  the  University  of  Illinois  and 
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described  in  the  University  of  Illinois   Bulletin  No.  15, 
December.  1909,  are  of  unusual  value.     The  full-size  beams 
were  13.5  feet  to  about  14.5  feet  span  and  with  cross-sectioM 
of  7  inches  by  13  inches,  7  inches  by  14  inches  and  7  inches 
by  16  inches.     Other  smaller  beams  were,  however,  used 
The  beams  were  of  sound  merchantable  lumber  and  of  about 
the  quality  used  in  good  engineering  work.     The  follomng 
table  gives  the  results  of  these  tests,  showing  the  number 
of  pieces  tested  to  failure  with  the  highest,  average  and  lowest 
ultimate  shear  per  square  inch  along  the  fibres  in  or  near 
the  neutral  surface. 

Table  III. 

ULTIMATE    RESISTANCES    ARE    GIVEN    IN    POUNDS  PER 

SQUARE  INCH 

TiTObfr. 

No.  of 

Ultii>>.teSh«riatSu<>     | 

Hi«hen. 

Aviri«. 

U«* 

35 
4 
6 
S 

tl 

497 
505 
410 
391 
388 
383 
401 

m 

Untreated  shortleaf  pine 

Creosoled  loblolly  pine 

Untreated  loblolly  pine 

Old  Douglas  fir 

The  values  given  in  Tabic  III  are  somewhat  smallw 
than  those  which  Prof.  Talbot  found  for  short  blocks.    The 
ultimate  shearing  stress  along  the  fibres  of  the  neutnd 
axis  of  the  full-size  beams  ranged  from  75  per  cent,  up  W 
loi  per  cent,  of  the  corresponding  results  for  short  blocks 
of  the  same  kind  of  timber.     The  new  Douglas  fir  gave  ihe 
highest  of  these  percentages  and  untreated   longleaf  [dae 
together  with  creosoted  loblolly  pine  gave  the  smallest. 

The  American  Railway  Engineering  and  Maintenance  o( 
Way  Association  has  recommended  ultimate  and  working 
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;  for  shear  along  the  grain  and  in  the  neutral  surface 
ms  as  given  in  Table  IV  of  Art.  90. 

Natural  Stones. 

le  ultimate  shearing  resistance  of  stones  has  not  as 
practical  value  as  the  ultimate  compressive  or  the 
ite  bending  resistance,  yet  there  are  occasional 
ural  conditions  under  which  it  is  necessary  to  ascer- 
^hat  shearing  capacity  may  be  relied  upon.  Valuable 
or  this  purpose  are  shown  in  Table  IV  taken  from  the 
i.  Report  of  Tests  of  Metals  and  Other  Materials"  for 
and  1899.  The  sheared  surfaces  were  about  6  inches 
inches  in  area.  Generally  one  such  surface  was 
id,  but  occasionally  two. 

Table  IV. 

SHEARING  RESISTANCE  OF  NATURAL  STONES. 


Stone. 


ord  granite,  Conn 

Granite,  Mass 

•anite,  N.  H 

pink  granite,  Mass.  .  . . 
Hill  granite,  Mass.     .  . . 

narble,  Ga 

ee  marble,  Ga .  . . 

1  marble,  Ga 

aw  marble,  Ga 

Hill  marble,  Ga 

loe  marble,  N.  Y 

Vernon  limestone,  Ky.  . 

sandstone,  Oregon 

d  sandstone.  Mass 

andstone,  Mass 

ter  sandstone,  Mass.  .  . . 
nut  sandstone.  Wash.  .  . 
frthal  limestone,  Buffalo 


Ultimate  Shearing  Resistance,  Lbs. 
per  Square  Inch. 


Maximum. 


1,925 
2,872 

2,231 
2,047 


1,501 

1,554 
2,016 

1,287 
1,308 

1,383 
2,518 


Mean. 


1.834 

2,554 
2,219 

1.825 

1.549 

1,369 

1.237 
1,411 

1.242 
1,332 
1,490 

1.705 
1.831 
1,204 

1,150 
1.243 

1.352 
2,127 


Minimum. 


1,742 
2,236 

2,197 
1,052 


1,163 
1,426 

1,389 

1,120 

992 

I,X02 

1,735 
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All  the  results  except  the  last  are  taken  from  the  Report 
for  i8q4.  Where  but  one  value  appears  in  the  table  one 
test  only  was  made.  In  the  other  cases  two  tests  tiwe 
made  and  the  mean  values  are  means  of  the  two  shonti  in 
the  columns  containing  the  greatest  and  least,  Itwillbe 
observed  that  the  ultimate  shearing  resistance  is  scarcely 
more  than  ten  per  cent,  of  the  ultimate  compresave  re- 
sistance of  the  various  stones  tested. 

The  greatest  permissible  working  stresses  for  natuiBl 
stones  in  shear,  in  design  work,  will  necessarily  depend 
on  the  duty  to  be  performed.  In  view  of  the  variable  char- 
acter of  even  the  best  of  natural  stones  as  delivered  reaJy 
for  use,  one  eighth  to  one  tenth  of  the  ultimate  is  as  much  as 
should  be  taken  in  ordinary  cases,  and  materially  less  than  that 
under  some  conditions. 

Bricks. 

The  shearing  resistance  of  bricks,  like  that  of  natural 
stones,  is  seldom  employed,  but  it  is  sometimes  needed- 
The  ultimate  resistances  of  bricks  in  shearing  shown  io 
Table  V  are  taken  from  the  "  U.  S.  Report  of  Tests  of 
Metals  and  Other  Materials  "  for  1894. 
Table  V. 
BRICKS  IN  SHEARING. 


Hydraulic  Press  Bricl:  Co.,  St.  I-ouis,  No.  6 

"  II         II        II  II  ■'    5" 

"  "         "        "     Chicago,  red ... 

Northern  Hydraulic  Press  Brick  Co.,  Minneapolis,  dark  red.  . 
tCastem  "  "         "        "   Philadelphia,  no .  . 

■'  390- - 

Philadelphia  and  Boston  Face  Brick  Co.,  Boston,  gray. . 
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lese  shearing  tests  the  sheared  surfaces  were  each 

.25  by  4  inches  in  dimensions, 
ultimate    shearing   resistances  in  Table  V  range 
10  to  20  per  cent,  of  the  ultimate  compressive  resist- 

'  the  same  materials  shown  in  Art.  68. 

king  shearing  stresses  for  design  operations  should 

taken  more  than  one  eighth  to  one  tenth  of  the 

3  values  found  in  Table  V, 


CHAPTER  XII. 

BENDING  OR  FLEXURE. 

Art.  89. — Modulus  of  Elasticity. 

The  modulus  of  elasticity  as  determined  by  experiments 
in  flexure  can  scarcely  be  considered  other  than  a  con- 
ventional quantity.  If  the  span  of  a  beam  were  very  long 
compared  with  the  depth  of  the  beam  and  if  the  moduli 
of  elasticity  for  tension  and  compression  were  equal  to  each 
other,  and  if  all  the  hypotheses  involved  in  the  common 
theory  of  flexure  were  true,  then  the  modulus  of  elasticity 
for  flexure  would  be  a  real  quantity  and  essentially  the  same, 
at  least,  as  that  for  either  tension  or  compression. 

These  conditions,  however,  do  not  exist  in  bent  beams 
and  the  quantity  ordinarily  called  the  modulus  of  elas- 
ticity in  flexure  possesses  value  chiefly  as  an  empirical 
factor  which  enables  deflection,  independently  of  shear,  to 
be  estimated  with  sufficient  accuracy  for  all  usual  purposes. 

The  formula)  to  be  employed  in  the  determination  of 
the  modulus  of  elasticity  for  flexure  have  already  been 
established  in  connection  with  the  common  theory  of  flexure 
and  their  use  will  be  shown  in  succeeding  articles. 

Art.  90. — Formulae  for  Rupture. 

The  formula)  of  the  common  theory  of  flexure,  available 
for  practical  use,  are  true  only  within  the  limits  of  elas- 
ticity. In  the  testing  of  beams  to  failure  they  are  employed 
precisely  as  if  the  elastic  properties  of  the  material  were 
maintained  up  to  the  degree  of  loading  which  causes  failure. 

552 


Art.  90.1  FORMULjE  FOR  RUPTURE.  553 

While  this,  strictly  speaking,  is  irrational,  it  is  the  only 
satisfactory  procedure  available.  By  placing  the  anal3rtic 
expression  for  the  moment  of  the  internal  stresses  in  the 
nortnal  section  of  a  bent  beam  equal  to  the  moment  of  the 
external  loading  causing  failure,  the  resulting  equation  may 
be  solved  so  as  to  give  the  apparent  ultimate  intensity  of 
stress  k  in  the  extreme  fibres  of  the  beam.  The  so- 
called  intensity  of  fibre  stress  found  in  this  manner  is  an 
empirical  quantity  which  may  be  introduced  into  the  for- 
muke  of  the  common  theory  of  flexure  and  so  make  them 
applicable  to  the  operations  of  engineering  practice  in  con- 
nection with  loaded  beams  of  any  shape  of  cross-section. 

If  k  and  k^  are  the  greatest  intensities  of  stress  in  the 
section  of  rupture  and  at  the  instant  of  rupture;  y  the 
variable  normal  distance  of  any  fibre  from  the  neutral  sur- 
face; yi  and  y'  the  greatest  values  of  y;  6  the  variable 
width  of  the  section  (normal  to  y);  and  M  the  resisting 
moment  at  the  instant  of  rupture;  then  the  general  for- 
mula for  rupture  by  bending,  as  given  by  eq.  (i)  of  Art. 
36,  is 

M^-^r^y^bdy+f^Cy^bdy,      ...     .     (i) 

This  equation  is  in  reality  based  on  the  supposition  that 
the  modtili  of  elasticity  for  tension  and  compression  are  not 
equal.  It  is  rare,  however,  that  such  a  supposition  is  made. 
It  is  practically  the  invariable  rule  to  assume  the  moduli 
of  elasticity  for  tension  and  compression  to  have  equal 
values  and  such  an  assumption  is  fortunately  sufficiently 
accurate  for  all  ordinary  purposes. 

If  the  tensile  and  compressive  moduli  of  elasticity  are 

k     k' 
the  same  —  =—,  and  eq.  (i)  becomes 

yi   y 

M=^ (2) 
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This  is  the  usual  equation  of  flexure  employed  so  fre- 
quently in  connection  with  the  design  of  bent  beams  or  the 
investigation  of  their  carrying  capacity,  /  being  the  moment 
of  inertia  of  the  normal  section  of  the  beam  di  the  distance 
of  the  most  remote  fibre  from  the  neutral  axis  of  the  section 
and  M  the  moment  of  the  external  forces  or  loading  about 
the  neutral  axis  of  the  section  in  question.  In  the  prac- 
.  tical  use  of  this  formula  it  is  only  necessary  to  introduce  the 
proper  values  of  /  and  di  for  the  shape  of  a  section  involved. 

Art.  91.— Beams  with  Rectangular  and  Circular  Sectums. 

These  are  the  simplest  forms  of  sections  for  bent  beams 
employed  in  engineering  work.  Timber  beams  are  with  few 
exceptions  of  rectangular  section  and  so  are  many  rein- 
forced concrete  beams,  although  tn  such  a  case  the  section 
is  composite,  i.e.,  composed  of  two  materials,  and  it  will 
receive  separate  treatment  in  a  later  article.  The  solid 
circular  section  belongs  to  pins  in  pin-connected  truss 
bridges  whose  design  always  involves  their  consideration 
as  a  loaded  beam  of  very  short  span. 

The  following  are  the  values  of  /  and  rf,  for  rectangular 
and  circular  sections.  Ii  being  the  side  of  the  rectangle  nonnal 
and  b  that  parallel  to  the  neutral  axis,  while  r  is  the  radius 
of  the  circular  section  and  A  the  area  in  each  case : 


Rectangula} 


hit'    Ah' 


(0 


(w) 


rf,-f. 
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If  the  beams  are  supported  at  each  end  and  loaded  by  a 
^^eight  W  at  the  centre  of  the  span  (or  distance  between 
suppKDrts) ,  which  may  be  represented  by  /,  then  the  moment 
at  the  centre  of  the  beam  becomes 

SPx=M=— (2) 

4 

There  will  then  result  from  eq.  (2),  Art.  89: 
Far  rectangular  sections : 

,,     Wl    kbh^    kAh  ,  , 

400 

F€rr  circular  sections : 

,^     Wl    Trkr^     kAr  f  V 

M  =- —  = = (4) 

4  4  4 

The  quantity  k  is  called  the  modulus  of  rupture  for 
bending^  and  if  experiments  have  been  made,  so  that  W 
is  known,  eq.  (3)  gives 

and  eq.  (4) 

k.mm     („ 

Ar     wr^  ^  ^ 

If  the  rectangular  section  is  square,  bh^  =b^  =h^. 

Steel. 

If  the  beam  is  simply  supported  at  each  end  and  carries 
a  load  W  at  the  centre,  while  E  is  the  coefficient  of  elasticity 
and  w  the  deflection  at  the  centre,  eq.  (28)  of  Art.  28  gives 

WP  ,  . 
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If,  in  any  given  experiment,  w  is  measured,  E  may  then 
be  fotmd  by  the  following  form  of  eq.  (7) : 


F      "'''  (i) 


If  the  section  is  rectangular 

These  equations  enable  the  coefficient  of  elasticity  E  to 
be  computed  readily  from  experimental  observations.  It 
is  only  necessary  to  measure  accurately  the  deflection  w 
produced  by  the  load  or  weight  11'  and  then  introduce  all  the 
known  quantities  in  eq.  (8)  or  eq.  (9). 

A  bar  of  wrouglit  iron  3  inches  deep  and  i  inch  wde 
was  placed  on  supports  48  inches  apart  and  loaded  wth  a 
weight  of  400  pounds  at  mid-span.  The  measured  de- 
flection was  .0138  inch.     Hence 

j^  400  X4«'^X  48X48 

h,  = =  29,730,000. 

4X1  X3X3X3  X.0138 

Other  applications  may  be  made  in  precisely  the 
same  way. 

High  Extreme  Fibre  Stress  in  Short  Solid  Beams, 

During  the  period  when  wrought  iron  was  used  for 
structural  purposes,  especially  for  wrought-iron  pins  with 
diameters  up  to  9  or  10  inches,  it  was  observed  that  if  the 
ultimate  extreme  fibre  intensity  k  was  computed  by  eq.  (5^ 
or  (6)  with  data  obtained  by  actual  test,  the  result  would 
be  excessively  high,  i.e.,  far  beyond  the  ultimate  resistance 
to  tension.     These  pins,  however,  on  which  are  packed  the 
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rchord  eye-bars  of  an  ordinary  truss  bridge,  have  very 
[  spans,  indeed  the  span  is  usually  much  less  than  the 
eter  of  the  pin  and  sometimes  less  than  one  quarter 
le  diameter  of  the  pin.     It  should  be  remembered  in 
connection  that  the  common  theory  of  flexure  is  im- 
Jy  if  not  explicitly  based  upon  the  condition  that  the 
h  of  span  of  the  bent  beam  must  be  long  compared  with 
iepth  of  the  beam.     In  fact  the  span  should  be  many 
s  that  depth,  and  the  longer  it  is  the  more  nearly 
ict  becomes  the  common  theory  of  flexure.     These  ob- 
itions  are  equally  true  whether  the  cross-section  of  the 
1  is  circular  or  rectangular  or  has  any  other  shape. 
"he  following  Table  shows  the  results  of  tests  of  a  series 
ort  wrought -iron  beams  of  circular  section  made  by  the 
or  when  wrought-iron  pins  were  used  in  bridge  con- 
ilion.  but  which  illustrate   markedly  the  intensities  of 
Bne  fibre  stress  found  with  short  spans.     It  will  be 
rved  that  the  spans  were  8  inches  and  la  inches  only 

ICULAR  BEAMS  or  '■  BURDEN'S  BEST"  WROUGHT  IRON. 

S3nd. 

Srian. 

,.'. 

1 

Ela=,i.. 

Uhi..a«. 

Elastic. 

Ultimate. 

1        .... 

1-25 
1.35 
1-25 

0.75 
0-75 
0.75 
0.75 

8 

3 
S 
8 
8 
8 

Lbs. 
4,400 

1,700 

700 
700 

10,500 

3,000 
4,800 

1,900 

i!90o 

Lbs, 
46.950 
■15,900 
54,760 
51.150 
55-000 
57-000 
55.000 

S'.950 
57,000 

47.100 
58.370 

Lb., 
93.900 
109,500 

93,870 
114.700 
91,700 

9i[6oo 
107,000 
91.6B0 
97.800 
74.050 
8s,3>o 
74.050 
85.310 

"- 

^^^^ 
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while  the  diameters  of  the  circular  beam  sections  varied 
from  1.25  inches  down  to  .75  inch. 

W  is  the  centre  load  and  the  extreme  fibre  intensity  k 
is  computed  by  eq.  (6).  The  ultimate  intensity  k  was 
assumed  to  be  reached  when  the  deflection  at  the  centre  of 
span  amounted  to  about  the  diameter  of  the  circular  section 
of  the  beam.  This  particular  feature  of  the  tests  is  a  matter 
of  judgment,  but  k  wouM  differ  little  whether  it  be  taken 
at  a  centre  deflection  equal  to  the  diameter  of  the  circular 
section  or  one  half  that  diameter  or  even  less. 

It  will  be  noticed  that  the  ultimate  values  of  ife  are  all 
much  larger  for  the  8-inch  span  than  for  the  12 -inch,  and 
that  all  the  ultimate  values  increase  materially  with  the 
depth  of  the  beam,  rising  to  107,000  to  114,700  pounds 
per  square  inch  for  diameters  (i.e.,  depths  of  beams)  of  i 
inch  and  i  J  inch.  It  will  also  be  observed  that  the  elastic 
limits  are  greatly  increased.  The  ultimate  tensile  resist- 
ance of  the  iron  used  in  these  tests  was  about  55,000 
poimds  per  square  inch  and  the  elastic  limit  a  little  more 
than  half  that  value. 

Steel. 

Investigation  by  actual  test  has  shown  that  short  steel 
beams  with  circular  or  rectangular  section  will  exhibit  the 
same  elevation  of  ultimate  intensity  of  fibre  stress  k  as 
found  for  wrought  iron  in  the  preceding  section.  This  is 
well  illustrated  by  the  following  tabular  statement  of  results 
of  tests  of  Bessemer  steel  beams  with  circular  cross-section, 
also  made  by  the  author  in  the  early  days  of  the  use  of  steel 
for  bridge  building. 

The  Table  is  self-explanatory  in  view  of  the  explanations 
made  for  short  wrought-iron  beams  of  circular  section.  The 
ultimate  tensile  resistance  of  the  mild  Bessemer  steel  used 
in  these  tests  was  about  65,000  to  70,000  pounds  per  square 
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The  explanation  of  this  phenomenally  high  resislance  w 
the  tension  of  flexure  (and  also  the  compression)  is  found, 
as  already  indicated,  in  the  fact  that  the  common  theory 
of  flexure  is  not  correctly  applicable  to  such  excessively 
short  beams.  No  such  high  intensity  of  tensile  (or  com- 
pressive) stress  actually  exists  in  the  metal  as  computed  by 
eqs.  (s)  and  (6).  When  the  span  becomes  very  short,  not 
more  than  perhaps  three  or  four  times  the  depth  of  tk 
beam,  lines  of  stress  run  from  the  point  of  application  of 
the  load  at  the  centre  of  the  span  direct  to  both  supports, 
transverse  shear  being  the  vertical  components  of  the 
stresses  acting  along  these  lines.  All  such  or  similar  sinss 
action  reduces  the  actual  flexure  and  makes  the  bending 
stresses  of  tension  and  compression  correspondingly  less: 
but  as  the  flexure  formulse,  eqs.  (5)  or  (6),  contain  no 
recognition  of  this  condition,  the  apparent  fibre  stresses 
computed  by  their  use  are  far  above  the  actual. 

Numerous  other  similar  short  solid  beam  tests  have 
confirmed  the  results  given  in  the  preceding  two  Tables. 

Cast  Iron. 

Although  cast  iron  is  rarely  ever  used  to  resist  flexure 
except  in  window  and  door  lintels  or  other  similar  members 
whose  duties  are  light,  tests  of  short  cast-iron  beams  have 
shown  the  same  phenomena  of  greatly  elevated  ultimate 
resistance  as  found  for  the  more  ductile  metals.  The 
apparent  ultimate  intensity  k  in  the  extreme  fibres  of  short 
cast-iron  beams  of  circular  or  square  section  may  be  taken 
50  per  cent,  above  the  ultimate  tensile  resistance  of  ^ 
same  metal  under  ordinary  tensile  tests. 


Alloys  0/  Aluminum. 
Table  VIII  of  Art.  59.  in  the  fifth  column  from  t 
side,  exhibits  values  of  the  ultimate  stress  in  the  ( 
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bres  of  small  beams  of  varying  proportions  of  aluminum- 
nc  alloys.  As  might  be  anticipated,  beams  of  either  of 
lose  metals  showed  comparatively  low  resistance,  but 
ith  aluminum  varying  from  80  down  to  50  per  cent,  and 
nc  from  20  up  to  50  per  cent,  the  resistance  was  excel- 
nt,  the  maximum  being  found  with  ^4/  75  and  zinc  25. 

Table  XI  of  Art.  59  exhibits  the  ultimate  fibre  stresses 
I  small  beams  of  the  alloys  of  aluminum  with  copper,  zinc, 
langanese  and  chromium.  The  rolled  bars  of  i4/  96  and 
M  4  give  excellent  results ;  as  does  the  cast  bar  of  i4  /  75.7, 
«  3,  zinc  20  and  Man  1.3.  The  remaining  values  of  the 
ansverse  resistances  in  the  table  are  self-explanatory. 

Copper,  TtHy  Zinc,  and  their  Alloys, 

In  the  following  table  are  given  the  data  and  the  results 
[the  experiments  of  Prof.  R.  H.  Thurston,  as  contained  in 
is  various  papers,  to  which  reference  has  already  been 
lade.  The  distance  between  the  points  of  support  was 
venty-two  inches,  while  the  bars  were  about  one  inch 
luare  in  section,  and  of  cast  metal. 

The  modulus  of  rupture,  k,  is  found  by  eq.  (5),  in 
hich,  however,  in  many  of  these  cases,  W  is  the  weight 
pplied  at  the  centre,  added  to  half  the  weight  of  the  bar. 
'hen  k  is  large  and  the  specimens  small,  this  correction 
>r  the  weight  of  the  bar  is  unnecessary ;  otherwise  it  is  ad- 
isable  to  introduce  it. 

The  coefficient  of  elasticity,  E,  is  found  by  eq.  (9),  in 
hich  \V  is  the  centre  load  added  to  five  eighths  of  the 
eight  of  the  bar. 

The  manner  in  which  both  these  corrections  arise  is  com- 
letely  shown  in  Case  2  of  Art.  28. 

E,  for  any  particular  bar,  has  a  varying  value  for  dif- 
rent  degrees  of  stress  and  strain.     Those  given  in  the  table 
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ich.xn. 

SQUARE  BARS. 

P.rc.„t^. 

k. 

urn™?"' 

nJiStn. 

Cu, 

Sn. 

Zn. 

loo 

0-00 

0.00 

19,850 

s'So 

9,om>» 

lOO 

0 

00 

0 

00 

25.9J0 

jto^ 

14 

"'38 

j  lofipm 

lOO 

o 

00 

0 

00 

ai.JSi 

346 

2 ',11 

13.9»*."» 

29,848 

140 

Bern. 

IO,Wi» 

90 

49,400 

400 

Bent. 

I4.01J.I]} 

90 

56,375 

41 

3  36 

80 

56.71s 

657 

492 

'iJO*,»" 

70 

30 

1J,076 

062 

iS.Jii.7#> 

61.7 

38 

3 

),76> 

032 

^if-yip 

48 

5» 

3,600 

00 

019 

ilfi!S.ip 

39 

60 

8 

8.400 

■ 

060 

ih^fii-Ufi 

18 

7 

71 

3 

8,067 

583 

9,9»'.*S* 

9 

7 

90 

3 

5.30s 

25 

Bent.  . 

7,«iflM 

00 

00 

3.740 

273 

Bent. 

6.:3»Ai» 

4,559 

267 

Bent. 

5.6i5,SW 

80 

21.193 

3-27 

ix.axfa 

6j 

50 

37 

50 

43.216 

3   '3 

U,ooo,«" 

S8 

30 

39 

48 

95.6iO 

1  99 

ii,t«^a» 

55 

50 

44 

7^308 

92 

32 

7 

68 

11.784 

0.30 

Bent. 

i.vB4J.:» 

81 

93 

16 

98 

■'3.'97 

41 

Bern. 

I4,4*5.'J' 

T 

3R 

54 

24,468 

51 

Bent. 

l4.0JiJI' 

63 

44 

36 

3& 

43.il  6 

53 

Bern. 

I4,10l-J» 

58 

49 

00 

63,304 

48 

Bent. 

n,8sw« 

54 

86 

44 

78 

47.955 

39 

Bent. 

ia.ti6fifi 

43 

36 

00 

S6 

.7.691 

0.0982 

ij.^iWW 

36 

b2 

61 

78 

4.893 

0.024s 

M.ii',7M 

»9 

■7 

'fi.579 

0.0449 

■4.;»8.'T» 

81 

77 

63 

22,971 

0  T254 

M.4ft9,*i» 

30 

88 

88 

41.347 

73 

0  5456 

iLBog^?" 

7,539 

57 

0  1244 

6.<)»t.M 

70 

90 

68 

50,541 

0.4010 

14,400.000 

56 

88 

2, 

35 

39 

J,753 

0  0146 

t4.Soo.<» 

45 

'3 

75 

31 

15 

6,5-2 

T,aDo.«tf 

66 

'5 

^3 

75 

8,344 

0  0161 

.:,«WW' 

50 

40 

",535 

Bent. 

■   9,000,'W 

58 

39 

48 

95,6)3 

io.6oo,(« 

60 

00 

30 

24,700 

01167 

H.<e»a» 

6S 

'5 

11.932 

0  0«I4 

n.ooofn 

70 

3fi.5»o 

0   1837 

.5.0«WM 

P 

S 

S5,3SS 

Bent. 

n.«A«» 

60 

67.117 

Dent 

is.m«» 

55 

5 

44 

so 

7».308 

Bent. 

I..OO0.0B* 

60 

50 

37 

50 

69,508 

I,VW,«"      1 

^3 

53 

7 

50 

51.839 

Bent. 

ii.o(«oa>    ■ 

v 

50 

61.705 

0  705 

ij.sw»  ; 

85 

50 

5 

61,405 

B-nt. 

ti.m«S.  1 

•The* 

baniw 

■ 

ere  about  ha 

If  the  length 

rftheolhen 
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lay  be  considered  average  values  within  the  elastic 
mit. 

As  usual,  *^ elastic  over  ultimate^'  is  the  ratio  of  k  at  the 
astic  limit  over  its  ultimiate  value. 

An  examination  of  the  ultimate  tensile  and  compressive 
^stances  of  these  same  alloys,  as  given  in  preceding  pages, 
lows  that  the.  ratio  of  k  over  either  of  those  resistances  is 
ery  variable.  It  is  usually  found  between  them,  but  occa- 
onally  it  exceeds  both. 

Timber  Beams. 

As  timber  beams  are  always  rectangular  in  section,  eq. 
\l)  only  will  be  needed.  Retaining  the  notation  of  that 
equation,  if  the  beam  carries  a  single  weight  W  at  the  centre 
)f  the  span  /, 

2  kAh 

If  the  total  load  W  is  uniformly  distributed  over  the 
jpan, 

TT//     A  kAh  f 

^=3T" (''^ 

As  k  is  supposed  to  be  expressed  in  poimds  per  square 
nch,  all  dimensions  in  eqs.  (10)  and  (11)  must  be  expressed 
n  inches. 

In  the  use  of  timber  beams  it  is  usually  convenient  to 
ake  the  span  /  in  feet,  and  the  breadth  (fc)  and  depth 
A)  in  inches.  Placing  12/  for  /,  therefore,  in  eqs.  (10) 
iid  (11), 

V..*^;    and     H"..*^f.  ....     („) 
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in  which  formulae  /  must  be  taken  in  feet  and  A  and  h  in 
inches. 

k 
If  B  be  put  for  —  eq.  1 2  becomes 

W  =  B^;     and     W'^2B^.    .    .    .    (13)  \ 

Hence  when  W  and  W  have  been  determined  by  ex- 
periment, 

For  single  load  W  at  centre 

„   wi      ,    wi    iswi     IWi  Iwi    ,  . 

For  total  load  W  uniformly  distributed 

„   w'l      ,    w'l    gw'i    iwn     fwn  ,  , 

I 

If  the  beam  has  a  section  one  inch  square  and  is  one  foot 

11''  , 

long,   B  =  W=--    .     B,   therefore,   may  be  considered  w^ 

unit  of  transverse  rupture  \  it  is  sometimes  called  the  cocjfici^'^ 
for  centre-breaking  loads. 

If  the  depth  h  of  the  beam  is  given  and  the  breadth  is 
desired,  eq.  (14)  gives 


Eq.  15  also  gives 


In  general,  whatever  may  be  the  distribution  of  the  load- 
ing, if  the  bending  movement  is  M  (in  inch-pounds),  ^• 
(3)  gives 
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* -VjBi -  =  ■«>/ -Si :  •  •   ■   ■   ™ 

.       M       6M 

'-^M'-W <'9' 

The  general  observations  which  have  already  been  made 

connection  with  the  ultimate  resistances  of  timber  in 
Ension  and  compression  are  equally  applicable  to  the  flex- 
ire  or  bending  of  timber  beams.  The  ultimate  resistance 
i  the  timber  as  exhibited  by  the  intensity  of  stress  in  the 
Ktreme  fibre  can  safely  be  taken  only  when  determined 
rem  tests  of  full-size  beams  as  actually  used  in  engineering 
tnictures.  Such  resistances  or  moduli  when  determined 
torn  small  pieces  selected  for  the  purpose  of  test  are  liable 
0 be  largely  in  error  for  the  reasons  given  in  detail  in  Art.  6i. 
a  fact  Messrs.  Cline  and  Heim  state  in  Bulletin  io8, 
Tests  of  Structural  Timbers,"  U.  S.  Department  of  Agri- 
ulture,  that  values  obtained  from  testing  small  thoroughly 
Casoned  selected  specimens  "may  be  from  one  and  one 
lalf  to  two  times  as  high  as  stresses  developed  in  large 
tobers  and  joists,"  and  that  statement  is  rather  under  than 
*er,  as  many  tests  have  shown.  Furthermore,  it  is  essen- 
b1  to  know  at  least  approximately  the  degree  of  seasoning 
*  which  the  timber  has  been  subjected.  Ordinary  air 
Basoning  will  seldom  reduce  the  moisture  in  full-size  timber 
Jcams  to  less  than  15  per  cent,  to  20  per  cent.     Inasmuch 

timbe'-  in  open  engineering  structures,  like  bridges,  will 
't  all  times  be  exposed  to  rainfalls  often  heavy,  working 
tresses  used  in  the  design  of  such  structures  should  be 
B'escribed  for  wet  or  green  condition.  If  the  structure  is 
P  be  protected  from  atmospheric  moisture,  values  belong- 
Dg  to  seasoned  timber  may  properly  be  employed. 

Table  II  of  Art.  6t  gives  the  modulus  of  rupture  for 
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full-size  beams  tested  to  failure  on  a  span  of  15  feet  by  con- 
centrated loading  at  two  points  one  third  of  the  span  from 
each  end  (Messrs.  Cline  and  Heim,  U.  S.  Dept.  Agri- 
culture). These  results  include  failures  by  tension  and 
compression  of  fibres  as  well  as  failures  due  to  shear  along 
the  neutral  surface  of  the  beams.  Both  green  and  air- 
seasoned  timbers  were  tested  with  the  sections  given  in  ihe 
Article  cited. 

Table  I  gives  the  results  of  the  same  series  of  tests  under 
a  proposed  grading  by  which  all  beams  tested  were  di\*ided 
into  Grade  I  and  Grade  II,  the  higher  resistances  being 
found  in  the  former. 

Table  I. 

AVERAGE  RESISTANCE  VALUES  OF   DIFFERENT  SPECIES  BY 

PROPOSED  GRADES 


&I«i«. 

Number  of  Tens. 

Modulus  a( 

■I  BluUc 

SQ^r«  Ch. 

Avetwe  Hodolui 
■>{  EliuUaIr  O" 
SqUU.  iKh. 

Total, 

Gr»de 

0,^ 

Orade 

Grwle 

G™,e 

V 

^r  t^ 

Sbortlegi  pine. .' 

It 
It 

16 

49 

Lbs. 

i.Z 

5,840 

iS 

siis 

Lbi. 
S.S64 

JS 

4!  401 

I 

431 

Lb*.      1      Uh. 
l,3ns.ooo    i,l)ll,«M 

The  intensities  of  stresses  in  extreme  6bres  are  averages 
for  each  kind  of  timber  at  rupture  and  at  elastic  limit.  It 
is  to  be  understood,  however,  that  the  elastic  limit  is  approx"- 
mate  only  as  it  is  not  a  well-defined  point  in  timber 
The  moduli  of  elasticity  are  fully  as  high  as  should  be  taken, 
if,  indeed,  they  are  not  a  little  too  high  for  ordinary  { 
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The  table  does  not  include  results  for  white  pine  and 
ruce,  but  the  resisting  and  elastic  qualities  of  those  two 
bbers  are  so  near  to  the  corresponding  qualities  of  Norway 
that  they  may  be  assumed  to  be  the  same  under  ordi- 
iry  conditions. 

Table  II  gives  a  summary  of  the  results  of  tests  of  fuU- 

!  beams  made  by  Prof,  Arthur  N.  Talbot  and  described 
rtim  in  Bulletin  No.  41  (igog)  of  the  University  of  Illinois, 
he  cross -sections  of  these  beams  varied  from  7  inches  by 
1  inches  to  8  inches  by  16  inches  and  the  spans  were  13.5 
et  and  14.5  feet.  The  loads  were  applied  equally  at  two 
lints,  each  one  third  of  the  span  from  each  end. 

The  series  into  which  the  program  of  results  is  divided 
ire  used  as  a  matter  of  convenience  only  and  have  no  sig- 
Icance  as  to  quality  of  material  or  as  to  physical  features 

the  results. 

It  will  be  observed  that  small  beams  and  shear  blocks 
ffe  also  tested  and  that  the  results  for  these  smaller  pieces 
on  the  whole  materially  larger  than  for  the  full-size 
ams  and  nearly  or  quite  twice  as  large  in  some  cases. 

The  extreme  fibre  stress  was  computed  by  means  of 
|.  (5),  in  which  W  is  the  total  load  at  the  two  points  of 
5>Iication  at  failure  and  /  is  two-thirds  of  the  actual  length 

span  in  the  tests,  which  makes  the  bending  moment 
f=JH7.     If  this  external  bending  moment  is  placed  equal 

the  -j—.  the  intensity  of  stress  k  will  take  the  value,  as 

dicated  by  eq.  {5): 

In  this  equation  h  is  the  depth  of  the  beam  and  b  its 
adth,  as  already  explained  in  connection  with  eqs.  (i) 
d  (la).     W  is  obviously  the  load  given  by  the  reading 
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the  scale  beam  of  the  testing  machine.  If  W\  is  one  of 
be  two  equal  loads  applied  to  the  beam  at  each  one  third 
(Hnt  of  the  span,  2W1  must  be  written  for  W. 

The  ultimate  intensity  of  shear  shown  in  Table  II,  which 
both  the  intensity  of  shear  in  the  neutral  surface  and  on 
normal  section  of  the  beam  at  the  same  point,  is  found  by 
bply  taking  one  and  one  half  the  end  reaction  divided 

the  cross-section  bh  of  the  beam.  As  the  total  transverse 
lear  is  greatest  at  the  end  of  the  span,  the  greatest  inten- 
iy  of  shear  on  the  neutral  surface  will  be  found  at  that 
trint  at  or  near  which  failure  by  shear  will  begin  unless 
iduced  elsewhere  by  a  season  crack,  wind-shake,  decay 
e  other  weakness  of  the  material.     Obviously  there 

neither  transverse  nor  longitudinal  shear  between  the 
points,  equally  loaded,  as  they  are  symmetrically  located 
lith  reference  to  the  centre  of  the  span. 

Table  III  shows  the  moduli  of  elasticity  computed  by 
kifessor  Talbot  from  the  data  secured  by  his  beam  tests. 
lie  modulus  is  found  by  observing  the  centre  deflection  of 
beam  when  loaded  within  its  elastic  limit  and  then 
Berting  the  observed  value  of  the  deflection  and  the  cor- 
i^xmding  observed  load  in  a  formula  similar  to  eq.  (7). 
Iq.  (7)  itself  is  not  applicable  for  the  reason  that  these 


[Mne,  untreated 
^ne,  creosoted , 
ly  iMne,  untreated. 
.    ly  ^ne,  creosoted , 

Douglas  fir 

Douglas  fir 


1,386,00 
1,25 1  ■<" 
1,780.00 


1,025.00 

1,585.00 

887,00 
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beams  were  not  loaded  at  the  centre  of  span.     The  formuli 
for  the  centre  deflection,  however,  is  readily  derived  by 
an  analysis  similar  to  that  used  in  Art.  28.     That  operation 
will  give 

„,=3W       or    E^'^ir 

The  preceding  experimental  values  for  timber  are  aiiuO| 
the    latest    determinations  and  are  representative  of  ^ 
best  engineering  practice,  especially  as  they  are  based  Of 
tests  of  full-size  timbers  of  as  good  quality  as  can  probaW( 
be  secured  in  the  open  market. 

The  American  Railway  Engineering  Association,  afta 
careful  scrutiny  of  all  tests  of  timber  made  up  to  lort 
recommended  the  values  given  in  Table  IV  for  use  tn  fl» 

Table   IV. 
UNIT  STRESSES  IN  POUNDS  PER  SQUARE  INCH 

Timber. 

Shurios.                      ^ 

'•'isl"- 

Hoduliu 

ihe  Gnia. 

^^1 

\Jh" 

Working 
St««. 

M.„. 

u"" 

Wofldng 

•tr 

'iS 

Douglas  fir 

Longleaf  pine .... 

Shortleaf  iMne 

White  pine 

4.400 
4.800 

4;6oo 

S.800 
5.000 
4,800 

SJOO 

900 

'soo 
900 

900 

CJOO 

ftoo 

I.IOO 

1,510,000 

l.blO.DOO 

1.480,000 
1,130,000 
1,310,000 
1.190,000 

'Si 

1.150.000 

SOD.OOO 

r.  150,000 

690 
720 
710 
400 
600 
590' 

670 
630 

300 
500 

840 

180 
170 

150 
«30 

170 
160 
80 

9IO 

170 
300 

180 

160 
»70 

no 
m 

MO 

m 

tfomay  fine 

Tamarack ,  . 

Western  hemlock . 
Redwood 

Red  ce^ 

White  oak 

Unit  stresses  are  for  green  timber  and  are  to  be  used  wilhoot  incm** 
the  live  load  stresses  for  impact.    Values  noted  •  are  for  partiaUr  aiMT 
timbers. 
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design  and  construction  of  timber  railway  structures  for 

ihe  modulus  of  elasticity  in  flexure,  the  ultimate  resistance 

and  working  stress  in  extreme  fibres  of  bent  beams,  and 

amilar  quantities  for  ordinarj'  shearing  parallel  to  the  grain 

and  for  longitudinal  shearing  along  the  fibres  in  the  neutral 

nrface  of  beams. 

The  intensities  0/  working  stresses  given  in  this  Table 

for  railway  structures.     It  may  be  justifiable  to  use 

lewhat  higher  values  in  other  structures  where  the  mov- 

loads  are  more  steady  or  where  perhaps  it  may  be  proper 

consider  all  loading  as  practically  quiescent  or  dead  load. 

is  always  to  be  remembered,  however,  that  timber  struc- 

!S  are  usually  highly  combustible   and    hence    that  it 

frequently  be  advisable   to   provide   some   surplus   of 

;ional  area  to  prolong  the  carrying  capacity  of  timber 

anbers  after  the  beginning  of  a  fire. 


Failure  of  Timber  Beams  by  Shearing  Along  the  Neutral 
Surface. 

In  the  preceding  treatment  of  timber  beams,  it  has  been 
Ssumed  that  when  broken  under  test  the  extreme  fibres 
fail,  either  in  tension  or  compression.  As  a  matter  of 
;,  failure  of  such  beams  usually  takes  place  at  some  weak 
pot,  as  a  knot,  point  of  incipient  or  active  decay,  or  at  some 
jher  point  where  abnormal  weakness  is  developed.  This 
ter  observation  holds  true  whether  the  failure  of  the  beam 
place  by  tension  or  compression  in  the  extreme  fibres 
by  shearing  in  the  neutral  surface. 

In  Art.  IS  it  was  shown  that  the  greatest  intensity  of 
Hier  transverse  or  longitudinal  sliear  in  any  normal  sec- 
jtii  of  a  beam  takes  place  at  the  neutral  surface,  and  hence 
the  tendency  of  the  fibres  there  is  to  separate  by  longi- 
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The  average  values  of  the  ultimate  shear  in  the  neutral 
uriace  detennined  by  Messrs.  Cline  and  Heim  in  their 
'Tests  of  Structural  Timbers,"  already  cited,  are  given  in 
Table  V  for  nine  varieties  of  structural  timbers,  both  green 
and  air-seasoned.  These  results  belong  to  the  same  full- 
s  the  values  given  in  Table  I  of  this  Article. 


Told 
NumbfT 
of  T«M. 

Pitil  Failure  by  Shenr. 
Per  cent.  afTntil  and 

Shear  P^^IIpwing  Other 

Per  cenl"Qt  Tol.1  and 
Average  pei  So-  In. 

Gncn. 

Dry. 

Giwn. 

Dry. 

Creen, 

Dry. 

% 

Lbs. 

% 

Lb. 

% 

Lhs. 

% 

Lbi- 

Longleafpine 

Douglas  fir 

Sbortleaf  [rine 

ffeatem  larch 

SS;r,--:;:. 

17 

48 
Gz 

S 

49 

i 

S3 

44 
la 
10 

54 

2 

'I 

7 
10 
5 
7 
6 

335 
261 

302 

232 

46 

il 

33 
2J 

372 

364 
340 
434 
299 
.J07 

^78 

33 
6 

i 

6 

374 
295 
3^7 
314 
356 

281 
318 
366 

49 

S 

16 

68 
17 

394 

418 
370 

Wrstem  hemlock.. 

438 
250 

Non.>ypine 

It  will  be  observed  in  all  of  these  tests  that  there  is 
much  variation  in  the  intensities  of  the  different  stresses 
found  and  especially  in  these  ultimate  intensities  of  shear 
in  the  neutral  surfaces  of  full-size  beams.  As  has  already 
been  indicated  this  is  due  to  the  presence  of  a  variety  of 
weakening  defects  to  which  timber  is  subject.  This  sig- 
nifies that  low  working  stresses  should  be  used. 

It  has  been  found  in  many  cases,  and  possibly  in  nearly 
all,  that  wind-shakes,  season  cracks,  and  other  influences 
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which  induce  at  least  partial  separation  of  the  fibres  at  the 
neutral  surface,  are  the  sources  of  incipient  failure  by  shear- 
ing in  the  neutral  surface. 

In  designing  timber  beams  this  liability  to  shear  along 
the  neutral  surface  should  always  be  carefully  tested  by 
computations.  Relatively  short  beams  are  particularfy 
liable  to  fail  in  this  manner,  and  the  greater  part  of  the 
timber  beams  used  in  engineering  work  are  of  this 
class. 

It  is  a  very  simple  analytical  matter  to  establish  sudi 
a  relation  between  the  methods  of  failure  by  longitudinal 
shearing  and  rupture  of  the  fibres  as  to  indicate  more  ot 
less  approximately  the  limit  beyond  which  one  mode  d 
failure  is  more  liable  to  occur  than  the  other,  but  empirical 
values  for  both  these  ultimate  resistances  have  been  seen 
to  be  so  variable  as  to  make  it  more  advisable  to  compute 
the  carrying  capacity  of  the  beam  by  both  methods,  especi- 
ally as  each  is  a  simple  procedure. 


Influence  of  Time  on  the  Strains  of  Timber  Beams. 

It  has  been  found  by  actual  observation  that  if  a  timber 
beam  is  loaded  to  no  greater  extent  than  one  fourth  of  iu 
ultimate  load,  the  resulting  deflection  will  continue  to  in- 
crease under  continued  loading  for  a  long  period  of  time. 
Sufficient  investigations  have  not  yet  been  made  to  express 
these  results  quantitatively  with  much  accuracy.  Enou^ 
has  been  ascertained,  however,  to  show  that  the  influence 
of  time  is  m<:ist  important  in  determining  the  defiectit-n  of 
timber  beams  under  loads  applied  for  a  considerable  period 
of  time,  and  that  when  the  loading  becomes  a  large  portion 
of  the  ultimate,  i.e.,  perhaps  75  per  cent.,  the  beam  may 
fail  if  the  application  be  sufficiently  continued.     Indeed, 
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»me  experiments  indicate  that  failure  may  possibly  take 
place  at  .6  or  .7  of  the  ultimate  of  a  single  application,  if 
that  amount  be  imposed  a  sufficient  length  of  time. 

It  should  be  understood,  therefore,  that  in  using  the  co- 
efficients of  elasticity  given  in  this  article  for  the  purpose 
0!  computing  deflections,  such  computations  may  be  applic- 
.able  only  when  the  loads  are  applied  for  short  periods  of 
time. 

Concrete  Beams, 

When  a  concrete  or  a  natural  stone  beam  is  subjected  to 
transverse  loading  it  fails  by  tearing  apart  on  the  tension 
side.  The  failure  of  the  beams,  therefore,  indicates  to  some 
extent  the  ultimate  tensile  resistance  of  the  material.  Ob- 
viously, in  the  case  of  concrete  beams  the  ultimate  carrying 
capacity  will  depend  upon  a  number  of  elements,  such  as 
the  kind  and  quality  of  cement,  sand  and  broken  stone  used, 
and  the  proportions  of  the  mixture.  Table  VI  contains 
results  of  tests  of  a  considerable  number  of  concrete  beams 
6  ins.  by  6  ins.  in  cross-section  and  six  months  of  age.  For 
three  months  these  beams  were  frequently  wetted  though 
kept  in  air.  During  the  remaining  three  months  they  were 
kept  in  air  without  wetting.  The  length  of  span  for  some 
of  these  beams  was  42  ins.  and  18  ins.  for  the  remainder. 
Within  the  limits  of  the  tests  this  difference  in  span  appeared 
to  make  no  essential  difference  in  the  ultimate  intensities 
of  stress  in  the  extreme  fibres.  With  the  cross-sections  of 
the  beams,  i.e.,  6  ins.  wide  and  6  ins.  deep,  the  ratio  of  span 
length  divided  by  the  depth  was  either  7  or  3,  making  the 
beams  very  short.  The  different  columns  of  the  table  show 
the  character  of  the  ingredients  of  the  concrete  as  well  as 
the  greatest,  mean,  and  least  values  of  the  intensities  of  ex- 
treme fibre  stress  K,     As  would  be  anticipated,  the  values 
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Table  VI. 

CONCRETE  BEAMS  SIX  MONTHS  OLD. 


la 


B'klyn  Bridge  Rosendale 


4  < 
«  < 

t  t 
I  I 


Atlas  Portland, 
II  It 


I « 
If 
« I 


I  • 
« « 

I I 
1 1 


Silica  Portland. 


1 1 
1 1 
f  f 

<  f 

<  f 


1 1 
«i 
1 1 

I  f 

I I 


Alsen  Portland . 
II  II 


1 1 


If 


<  I 


f  I 


B'klyn  Bridge  Rosendale 

11        ( <  <  < 

Atlas  Portland 

II  <  ( 

Silica  Portland 

II  4    1 

Alsen  Portland   


Concrete. 


s.br. 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 

-2-4 

-3-5 

2-4 

■3-5 

-2-4 

-3-5 

-2-4 

-3-5 

-2-4 

-3-5 

-2-4 

-3-5 

-2-4 

-3-5 

-2-4 

-3-5 

-2-4 

-3-5 

-2-4 

-3-5 

-2-4 

-3-5 

-2-4 

-3-5 

-2-4 

-.^-5 


Size  of 

Stone  in 

Inches. 


0-2J 

1 1 

1 1 
o-x 

I  I 

o-2i 

c  « 

I I 

O-I 

I  f 

O-2J 
« I 

l-2i 

«  f 

O-I 

I I 

0-2} 

I  I 
I-2i 

I  < 

0-1 
I  I 

Gravel. 

1 1 

1 1 
1 1 
1 1 
1 1 
1 1 
1 1 


No.  of 
Tesu. 


5 

4 

3 
6 

3 
6 

6 

6 

6 

6 

6 

5 
6 

6 

6 

6 

5 
6 

6 

6 

6 

6 

6 

6 

I 

6 

6 

6 

6 

5 
6 


Ultimate  Str 
Extreme  Fil 
Lis.  per  Sq 


Max. 


140 
128 

153 
X40 

>?4 
1.8 

647 
516 
510 

458 
560 

516 

385 

329 

554 
297 

423 
329 
560 
491 

574 
460 

654 

541 
192 

554 

417 

379 

279 
460 

373 


Mean 


>03 
80 
128 
136 
125 
126 

526 

449 
452 
402 

503 
420 

349 

283 

424 
268 

377 
272 

472 
404 

493 
419 

566 
484 
17> 
157 
481 

352 
344 
245 
382 

3M 


indicates  cement;   '' s.**  indicates  sand;   "br/*  indicates  broken 
or  gravel.     An  excellent  limestone  was  used  for  broken  stone. 

for  the  Portland  cement  beams  are  much  higher  than ' 
for  the  Rosendale  cement.  The  table  exhibits  the  ' 
variations  in  the  results  for  such  material,  but  on  the  \ 
those  for  gravel  are  seen  to  be  somewhat  less  than  thos 
broken  stone,  the  proportions  of  mixture  being  the 
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ar  the  two  materials.  Even  with  Portland  cement,  and 
rith  as  rich  a  mixture  as  1-2-4,  the  results  show  that 
Bforking  values  of  the  greatest  intensity  in  extreme  fibres 
ihould  not  exceed  40  to  60  pfmnds  per  square  inch. 

The  investigations  from  which  the  results  in  Table  VI 
We  been  taken  were  conducted  by  Messrs.  George  C. 
Saunders  and  Herbert  D.  Brown,  graduating  students  in  the 
class  of  Civil  Engineering  of  Columbia  University  in  1898. 

The  results  of  tests  of  twelve  Giant  Portland  cement 
concrete  beams  with  30-  and  68-inch  spans  arc  given  in 
the  ■'  U.  S.  Report  of  Tests  of  Metals  and  Other  Materials  " 
for  1900,  and  they  arc  shown  in  Table  VII. 

Table   VII. 

TRANSVERSE  TESTS  OF  GIANT  PORTLAND-CEMENT 

CONCRETE  BEAMS. 

Compcwtion :  i  c,  3  s,,    5  br.  si. 


Ite. 

Brodth. 
.      Inch«. 

Dcp<h. 
Inches. 

No.  of 
T«tt. 

a-SK'Sife 

Extreme 
URK  Inch. 

U«x. 

Mean. 

Min. 

h 

6 
6  and  4 
6  and  4 

6 
6 
6 

7 

564 

454 

471 
493 
415 

348 
367 

The  age  of  these  beams  was  made  up  of  2  days  in  air, 
3  months  in  water,  and  then  1  one  month  in  air.  making  a 
total  of  3  months  and  2  days,  The  broken  stone  included 
an  sizes  passing  a  2i-inch  ring,  and  retained  on  a  sieve  with 
i-inch  meshes.  In  these  tests  the  ratio  of  length  over  depth 
Was  5,  except  in  the  first  where  it  was  11.  There  seems  to 
be  little  difference  in  the  values  of  b  for  the  two  ratios,  but 
Ihe  number  is  much  too  small  to  yield  any  law  of  variation. 

The  values  of  the  ultimate  extreme  fibre  stresses  k, 
shown  in  Table  VIII,  are  the  results  of  testing  to  failure 
short  Portland  cement  concrete  beams  by  Mr.  H.  Von  Schon, ' 
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Chief  Engineer  of  the  Michigan  Lake  Superior  Power  Com- 
pany, at  Sault  Ste.  Marie,  Mich.,  and  they  are  taken  from 
his  paper  in  the  **  Transactions  of  the  American  Society  of 
Civil  Engineers''  for  December  1899.  The  beams  were  6 
inches  by  6  inches  in  cross-section,  with  a  span  of  18  inches. 
The  ratio  of  length  over  depth,  therefore,  was  3. 

Table   VIII. 

PORTLAND-CEMENT  CONCRETE  BEAMS,  6  INS.  BY  6  IN&  SECTION, 

18  INS.  SPAN. 


Ultimate  Fibre  Stress.  K, 

Pounds  per  Square  Inch. 

Cement. 

Broken  Stone. 

Mixture. 

No.  of 
Tests. 

^^W  a  »  A  V  AAV* 

Max. 

Mean. 

Min. 

E 

Sandstone 

A 

2 

178 

176 

174 

1  < 

B 

2 

225 

217 

209 

<  1 

c 

2 

288 

280 

272 

1 1 

D 

2 

329 

325 

32« 

i  t 

E 

2 

108 

102 

97 

Boulder  stone 

A 

2 

354 

326 

298 

1  ( 

B 

2 

358 

328 

?99 

II 

C 

2 

390 

373 

356 

1  ( 

D 

2 

420 

410 

400 

<  < 

E 

2 

350 

330 

K 

R 

Sandstone 

A 

2 

181 

169 

i5« 

1  ( 

B 

2 

183 

175 

167 

<  < 

C 

2 

266 

262 

258 

1 1 

D 

2 

328 

308 

288 

( f 

E 

2 

195 

182 

169 

Boulder  stone 

A 

2 

390 

347 

204 

<  1 

B 

2 

423 

406 

390 

1  ( 

C 

2 

410 

392 

374 

1  ( 

D 

2 

411 

393 

375 

1 1 

E 

2 

332 

• 

322 

3»'' 

Mixture  A . 

B.. 

C. 

D. 

E. 


I  < 

I I 
1 1 
1 1 


I  < 


cement,  2.4  sand,  5.3  broken  stone. 
2.4    '*      4.8 
2.4    '*      4.4 

2.4    '*      4 

0.3  lime,  3.1  sand,  5.3  broken  stone. 


1 1 
1 1 
1 1 


<  i 
I  • 
I  • 


The  beams  were  left  from  two  to  eight  days  in  th?i^ 
forms  or  moulds  after  being  made,  and  then  tested  at  the 
age  of  60  days  in  air. 
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The  chief  elements  in  the  composition  of  the  Portland 
ments  indicated  by  E  and  R  in  the  Table  were  as  follows : 

Cement  E.  Cement  R. 

lime 62 .  38  63 .  55 

SiHca .' 23.08  21.70 

Alumina 5.69  8.76 

Magnesia 1.21  2.96 

Iron  oxide 5 .  35  1.27 

Potash  and  soda 1.66  1.12 

The  sand  used  in  Mr.  Von  Schon^s  tests  was  from  St. 
iry's  River,  the  broken  sandstone  was  the  native  Pots- 
m  variety,  while  the  broken  boulder  stone  was  granitic 

character.  All  broken  stone  would,  pass  through  a  i^- 
:h  ring  and  be  retained  on  a  i-inch  ring;  the  material 
IS,  therefore,  little  balanced. 

In  the  constructions  executed  imder  the  supervision  of 
e  Boston  Transit  Commission,  large  amounts  of  concrete 
ire  needed,  and  in  the  report  of  the  Commission  for  the 
5ar  ending  June  30,  1902,  there  are  exhibited  a  large  num- 
xr  of  tests  of  Portland-cement  concrete  beams  6  inches 
( 6  inches  in  cross-section  with  30-inch  spans.     The  ratio 

length  of  span  over  depth  of  beam  in  this  case  is,  there- 
•re,  5.  Table  IX  gives  the  greatest,  average,  and  least 
suits  of  these  tests  with  the  number  of  beams  broken. 

Table   IX. 

ORTLAND-CEMENT  CONCRETE  BEAMS,  6  INS.  BY  6  INS.  SECTION. 

30  INS.  SPAN. 


• 

Composition  by 
Volume. 

Hours  in 

Compressed 

Air. 

Air  Pressure, 

Lbs.  per 

Sq.  In. 

No.  of 
Tests. 

Ultimate  Fibre  Stress,  A, 
Lbs.  per  Sq.ln. 

*nient. 

Stone 

DlMt* 

Broken 
Stone.* 

Max. 

Mean. 

Min. 

I 
I 
I 
I 

1.7 

1.9 

2 

2 

2.75 
2.6 

2.4 
2.4 

24 

24 
48 

28-30  days 

7-12 
12-18 
18-25 
20-25 

12 
50 

100 

999 

924 
904 

900 

851 
850 

731 
728 

677 

590 
622 

523 

*  Approximate  voltimes. 
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The  concrete  was  machine  mixed  and  Vulcanite-Poft- 
land  cement  was  used.  The  stone  dust,  to  which  reference 
is  made  in  the  table,  was  finely  crushed  stone  varying  frwa 
impalpable  powder  up  to  J  inch  diameter,  the  broken  siooe, 
on  the  other  hand,  being  of  ordinary  size.  It  will  be  noticed 
that  these  beams  were  kept  a  part  of  the  time  in  compressed 
air  at  pressures  varying  from  7  to  25  pounds,  presumably 
for  the  reason  that  some  of  the  material  was  to  be  used  under 
such  conditions. 

Table  X  contains  results  of  a  number  of  tests  of  con- 
crete beams  6  inches  by  6  inches  in  cross-section  and  with 
30-inch  spans,  made  for  the  purpose  of  comparing  the  re- 
sistances of  concretes  made  with  stone  dust  and  sand, 
This  table  is  also  taken  from  the  Report  of  the  Boswn 
Transit  Commission  for  the  year  ending  June  30,  1901. 

Table   X. 


CiMnpontion  by  Vol 

mat  (Appr 

.■™.., 

<(i^ 

Pounds  prrSqi»«I«* 

OmNnt. 

S»Bd. 

Stone 
Dun- 

Sloni" 

Mw.           M»n 

Mii 

i 

.9 

1.6 
.9 

■9 
-9 

a-4 

3-7 

3 

3.7 

4 
4 

947 

846 

S5 

S48 
78* 

;» 

This  concrete  was  also  made  with  Vulcanite-PortbrJ 
cement  and  the  mixing  was  done  by  hand.  The  b.'anis 
were  kept  in  air  for  the  first  24  hours  and  then  ig  days  in 
damp  earth. 

The  results  both  as  to  coefficient  of  elasticity  and  ex- 
treme fibre  stress,  given  in  Table  XI,  were  determined 
at  the  mechanical  laboratory  of  the  Department  of  Ci'i'il 
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Engineering  of  Columbia  University  in  1902  by  Mr.  Myron  S. 
Falk*  They  have  special  value  from  the  age  of  the  beams, 
which  was  about  seven  years.  These  beams  were  originally 
made  under  the  supervision  of  Mr.  A.  Black,  Instructor  in 
Civil  Engineering,  Columbia  University,  for  the  purpose  of 
determining  thermal  linear  expansion.  They  were  kept 
Well  moistened  for  several  months  after  being  made,  but 
subsequently  until  tested  they  were  kept  imder  cover  with- 
out maistening.  The  gravel  used  was  rounded,  varying  in 
size  from  J  to  2^  inches. 


Table  XI. 

^OllTLAND-CEMENT  MORTAR  AND  CONCRETE   BEAMS  BROKEN 

BY  CENTRE  WEIGHT. 


A 

a' 
b' 

D 

^' 
D, 


Section  of  Bar 

Age, 

Span  in 

in  Inches. 

Yevs. 

Inches. 

Depth. 

Width. 

7.4 

36 

4.12 

4.06 

7.4 

16 

7.4 

16 

7 

36 

4.00 

7 

16 

7 

16 

7 

36 

4  05 

7 

16 

7 

16 

7.3 

36 

4. 10 

4.15 

7.3 

16 

7.3 

16 

1 1 

Coefficient 

of  Elasticity, 

Pounds  per  Sq.  In. 


l,59l,CXX> 
I,I02,CXX> 
2,I22,CXX) 
2,440,CX» 
I,220,CXX) 

i,3i5,cxx> 

387,000 
1,023,000 

1,165,000 

597.000 
597,000 


Extreme 

Fibre  Stress, 

Pounds  per 

Square  Inch 


278 

315 
606 

636 

530 
247 
229 
208 
294 

415 
346 


BarSi4,  1  Aalborg  cement,  2  sand.  4  gravel. 

B,  I   Atlas  "        3     *' 

C,  I  Alsen  "        3     **      5  gravel. 

D,  I       '*  ''2 


1 1 


1 1 


Some  of  the  coefficients  of  elasticity  are  abnormally 
*^w,  those  belonging  to  the  beams  J9,  J9„  and  J9,  are  fairly 
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representative  of  what  may  be  expected  with  such  mate- 
rial in  flexure. 

Plate  A  represents  grapliically  the  results  of  the  tests 
of  the  preceding  three  bars  B.  As  usual,  the  strain  of 
deflection  consisted  of  two  parts  in  all  cases,  one  penna- 
nent,  at  least  for  the  time  being,  and  one  elastic,  whicb 
disappeared  on  the  removal  of  the  load.  This  feature  is 
shown  by  two  lines,  in  each  case  indicated  by  the  same 
letter  and  subscript.  The  difference  between  the  lotfil 
and  permanent  strain  or  deflection  varied  ver>' nearly  as 
the  centre  load,  and  that  difference  being  the  elastic  de- 
flection was  used  in  computing  the  coefficients  of  elasticity 
given  in  Table  XI.  No  coefficient  of  elasticity  was  com- 
puted for  a  centre  loading  less  than  about  200  pounds 
For  the  purpose  of  computing  deflections  under  ordinan' 
working  stresses  from  a  condition  of  little  or  no  loading, 
it  would  be  best  to  take  the  cceft'cient  of  elasticity  at  col 
more  than  one  half  of  the  values  given  in  the  Table,  in 
order  to  allow  for  that  part  of  the  deflection  which  doa 
not  disappear  immediately  upon  the  removal  of  the  Kiading. 

Reviewing  all  the  preceding  values  of  the  ultimate 
stress  in  the  extreme  fibres  of  concrete  and  mortar  beams. 
the  working  intensities  of  stress  in  extreme  fibres  can  prob- 
ably not  be  properly  taken  higher  than  50  to  75  pounds 
per  square  inch  when  Portland  cement  is  used  for  wU- 
balanced  mixtures  not  less  rich  than  i  cement,  a  sand,  and 
4  broken  stone,  or  possibly,  where  exceptionally  well  made. 
I  cement,  3  sand,  and  5  broken  stone.  If  gravel  is  em- 
ployed, some  reduction  should  Iw  made,  depending  UjWi 
its  character,  and  a  similar  observation  must  l->e  appHtd 
to  mixtures  less  rich  in  cement  than  the  preceding. 

For  natural  cements,  values  of  working  stress  greater 
than  one  fourth  of  the  preceding  probably  should  not  l« 
used.     Indeed,    it    may    be    a    serious    question    whether 
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PLATE  A. 
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natural  cement  shoiild  be  used  at  all  where  concrete  or 
mortar  may  be  subjected  to  flexure. 


Table   XII. 

BRICK-MASONRY  BEAMS. 
(Age  of  beams  about  equally  5  months,  8  days,  and  6  montbs.) 

ROSBNDALB-CBMBNT  MORTAR*.     1  C,  2  S. 


Span,  Inches. 


96 

78 
66 

42 


d 


7.4 
6 

5.1 
3.2 


Stress  in  Extreme  Fibre,  Pounds  per 
Square  Inch. 


Max. 


67 

81 
9» 


Mean. 


54 
18 

56 

73 


Min. 


No.  of  Tests. 


38 

23 

54 


4 

8 


PORTLAND-CBMENT   MoRTAR:     1 

c,  3  s. 

96 

74 

173 

144 

124 

4 

66 

5-1 

145 

120 

96 

4 

42 

3-2 

229 

166 

94 

10 

Table  XII  exhibits  some  interesting  results  of  the  tests 
of  brick-masonry  beams.  These  investigations  were  made 
by  Messrs.  A.  W.  Gill  and  Frederick  Coykendall,  gradua- 
ting students  in  Civil  Engineering  in  Columbia  University 
in  1897.  Fig.  I  shows  the  manner  of  laying  up  the  brick 
to  form  the  beams  which  were  tested.  The  breadth  of 
each  beam  was  about  12  ins.  and  the  depth  13  ins.  The 
spans  varied  from  8  ft.  down  to  3  ft.  6  ins.,  with  the 
ratios  of  length  over  depth  of  beam  given  in  the  column 

I  . 

headed  -j.     This  column  of  ratios  shows  that  the  beams 

should  be  considered  short. 

The  Rosendale-cement  mortar  was  mixed  with  one  vol- 
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Df  cement  to  two  volumes  of  sand,  while  the  Portland- 
nt  mortar  was  mixed  with  one  volume  of  cement  to 

volumes  of  sand.  Dtuing  the  first  three  months  the 
s  were  kept  well  wetted,  but  less  so  during  the  last 

months.    At  no  time  were  they  dry.    The  Table  gives 


;  results  of  tests  and  shows  that  the  beams  had  very 
resisting  capacity,  although  possibly  15  to  20  pounds 
uare  inch  might  be  justified  as  working  values  in  the 
ne  fibres  of  the  beams  built  with  Portland-cement 
r.  The  bricks  were  laid  by  ordinary  masons  with 
;are  as  could  be  impressed  upon  them,  although  the 
menters  stated  that  the  brickwork  was  of  very  in- 
nt  quality  and  hence  that  the  results  are  lower  than 
hould  be. 
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Natural-stone  Beams. 

Table  XIII  exhibits  resiilts  found  by  the  same  experi- 
menters as  in  the  case  of  Table  XII  with  a  number  of 
natural-stone  beams,  the  spans  for  which  varied  from  36 
ins.  down  to  1 2  ins.  The  first  figure  in  the  second  column' 
of  the  table  headed  '*  Section  "  gives  the  depth  of  each  beam,- 

Table  XIII. 

NATURAL-STONE  BEAMS. 

BLUBSTONB. 


Span, 
Inches. 

Section, 
Inches. 

5* 

Stress  in  Extreme  Fibire, 
Pounds  per  Square  Inch. 

No.  of 

Max. 

Mean. 

Min. 

24 
36 
12 

24 

4X6 
6X8 
4X6 
8X6 

6. 15 
6.2 

3 
3 

3.958 
3,288 

4,112 

3.929 

3.512 

2.797 

.     3.237 

3.547 

3.054 
2,906 
2.282 

2.715 

5 

3 

II 

6 

GRANITB. 


24 

4X6 

6 

2,321 

2,250 

2,178 

36 

6X8 

6 

1,861 

1.798 

1.766 

12 

4X6 

3 

2,714 

2,487 

2.086 

3 
3 
9 


SANDSTONE. 


24 

4X6 

6 

1.575 

1.354 

1.237 

36 

6X4 

6 

1,204 

945 

637 

12 

4X6 

3 

1,907 

1.539 

1,267 

3 
3 
9 


MARBLB. 


24 
36 
12 


4X6 

6X8 
4X6 


6 
6 

3 


2,036 
1,683 

2,455 


1,880 

1.548 
2,026 


1.617 

J.354 
1,696 


3 
3 
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while  the  second  figure  gives  the  width.  It  will  be  observed 
from  the  ratios  of  ^  given  in  the  third  coltmin  that  the  beams 

were  very  short.  The  extreme  fibre  stresses  are  seen  to  nm 
»mparatively  high  for  the  bluestone,  granite,  and  marble, 
[ndeed,  working  values  of  intensities  may  reasonably  be 
iaken  as  follows: 

For  blue  tone^ 250  to  400  pounds  per  square  inch. 

**    granite 20010300      **         **       " 

"    marbl 17    to  225       '*         "       *• 

**    sandstone 10010150      **         **       **        ** 

In  th^  use  of  sandstone  it  should  be  understood  that  the 
preceding  values  apply  only  to  the  best  qualities  of  that 
particular  stone. 


Art.  g2. — Composite  Be&ms  or  Other  Hembers  of  Concrete 
and  Steel. 
Concrete,  like  other  masonry,  is  admirably  adapted  to 
resist  compression.  Its  capacity  of  resistance  to  tenaon 
is  much  less  than  its  ultimate  compressive  resistance, 
although  if  the  concrete  is  well  made  the  tensile  resistance 
may  have  considerable  value.  The  purpose  of  the  eon- 
crete-steel  combination  is  the  production  of  a  beam  or 
other  member  almost  entirely  of  concrete,  but  which  shall 
have  a  high  capacity  to  resist  tension  in  those  portions 
wliich  may  be  subjected  to  tensile  stresses.  Tliis  result 
is  accomplished  by  embedding  steel  bars  of  desired  shape 
and  of  suitable  cross-sectional  area  in  the  proper  parts  oi 
the  concrete.  While  no  general  rule  can  be  given  for  ihe 
area  of  the  steel  section  in  comparison  with  the  concretti 
it  may  be  stated  approximately  that  the  steel  section  is 
usually  between  J  and  i  J  per  cent,  of  the  area  of  a  nonnal 
section  of  the  concrete.  Inasmuch  as  the  presence  of  the 
steel  is  for  the  purpose  of  giving  tensile  resistance  to  the 
member  it  is  evident  that  the  re-enforcing  steel  bars  nil' 
always  be  foimd  in  those  portions  of  the  concrete  m^^ 
which  may  be  subjected  to  tension.  In  such  concreii:- 
stee!  construction  as  arches  the  steel  re-enforcement  i* 
frequently  used  both  on  the  tension  and  compression  *iJ«* 
of  the  concrete. 
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In  the  case  of  concrete-steel  beams  or  other  similar 
tenters,  as  the  steel  is  entirely  embedded  in  the  concrete, 
he  loads  and  reactions  must  obviously  be  applied  directly 
i  the  latter.  When  the  concrete  takes  its  stress,  there- 
ire,  at  least  a  portion  of  that  stress  must  be  conveyed  to 
B  steel,  and  that  requires  that  the  adhesive  joint  or  bond 
Stween  the  steel  and  concrete  shall  be  as  strong  as  possible, 
ience  in  laying  the  steel  bars  in  the  concrete  it  is  necessary 
lat  the  contact  between  the  two  materials  shall  be  inti- 
Ue  and  essentially  continuous.  Various  means  are  em- 
pyed  to  accomplish  these  ends.  Square  bars  are  fre- 
lently  twisted,  while  round  bars  may  be  nicked  and  flat 
p  either  twisted  continuously  in  one  direction  or  have 
jEmate  portions  twisted  in  opposite  directions,  or,  finally. 
Bed  with  alternately  enlarged  and  contracted  sections, 
pin,  where  built-up  members  are  embedded  in  concrete, 
ret-heads  and  other  details  of  construction  serve  the 
ine  general  purposes.  The  efficiency  of  the  concrete- 
tel  construction  depends  wholly  upon  the  resistance  of 
is  bond,  and  the  design  must  always  be  such  that  the 
liesive  shear,  so  to  speak,  or  the  stress  of  sliding  along 
ft  steel  surface,  shall  never  exceed  per  square  unit  the 
Bmate  resistance  of  the  bond. 

I  In  the  analysis  and  computations  which  ftillow  it  is 
Jimied,  as  it  must  be,  that  the  bond  between  the  steel 
^  concrete  is  such  as  to  make  the  entire  mass  act  as  a 
pt,  so  that  the  combination  of  the  two  heterogeneous 
SHents  shall  act  as  a  single  wliole. 

t  93.— Physical  Features  of  the  Concrete-steel  Combination 

iin  Beams. 
It  win  be  shovm  later  on  that  sn  far  as  can  be  deter- 
led  from  physical  data  now  available  the  coefficient  of 
faticity  for  concrete  in  compression  for  the  operations 
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ordinarily  employed  in  designing  engineering  structuKS 
and  for  mixtures  not  less  rich  in  cement  than  i  i,-en]eni, 
3  sand,  and  6  gravel  or  broken  stone,  at  ages  uf  one  lo  w. 
months,  may  range  from  about  2,000,000  pounds  per  square 
inch  to  more  than  4,000,000  pounds  per  square  inch,  while 
for  concrete  beams  the  coefficient  or  modulus  may  range 
from  about  1,500.000  pounds  per  square  inch  for  compara- 
tively shallow  beams  to  more  than  3.000,060  pounds  \Ki 
square  inch  for  beams  of  comparatively  great  deplhs. 
Values  for  the  coefiicient  of  elasticity  for  concrete  in 
tension  can  be  foimd  in  Art.  60.  Further  tests  for  the 
determination  of  this  quantity  are  much  to  be  desired,  but 
enough  has  been  done  to  establish  at  least  closely  approxi- 
mate values.  Some  authorities  assume  the  tensile  coeffi- 
cient to  be  much  less  than  the  coefficient  of  elasticity  for 
concrete  or  mortar  in  compression.  As  a  matter  of  tact. 
the  tests  of  a  Monier  arch  of  75  feet  span  by  a  commitM 
of  the  Austrian  Society  of  Engineers  and  Arcliitcds. 
which  made  its  report  in  1895,  showed  in  that  particukr 
case  the  coefficient  of  elasticity  of  concrete  in  tension  to  be 
nearly  one  fifth  greater  than  the  coefficient  for  compressinn. 
although  it  should  be  stated  that  the  age  of  the  tensile 
specimens  was  materiaUy  greater  than  that  of  the  com- 
pression material.  The  values  in  Art.  60  indicate  that  the 
tensile  coefficient  is  at  least  equal  to  the  compipssi^-e. 
It  is  possible  that  subsequent  investijTations  may  show 
that  the  tensile  coefficient  of  elasticity  is  less  than  that  for 
compression,  but  at  the  present  time  there  appears  to  be 
practically  no  basis  for  that  assumption.  It  seems  to 
be  reasonable  and  safe,  as  it  is  more  simple  to  take 
the  two  coefficients  equal  to  each  other  until  further 
investigations  have  conclusively  established  a  different 
ratio. 

It  is  important  to  state  in  this  connection  that  the  rt- 
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ults  of  tests  with  concrete-steel  beams,  so  far  as  they  have 
een  made,  indicate  that  the  elastic  or  semi-elastic  behavior 
f  concrete  under  stress  will  in  the  main  characterize  the 
ehavior  of  the  same  material  when  imder  loading  in  the 
)mposite  beam  of  concrete  and  steel,  so  that  the  coefficients 
\  elasticity  determined  for  concrete  alone  may  be  used  in 
le  composite  member. 

There  is  one  important  respect  in  which  the  action  of 
)ncrete  alone  is  quite  different  from  that  which  takes  place 
hen  it  is  combined  with  steel.  In  the  latter  case  the  con- 
ete  will  stretch  imder  a  stress  nearly  or  quite  equal  to  its 
itimate  resistance  a  comparatively  large  amount.  It  is 
)metimes  stated  that  under  such  conditions  the  coeffi- 
ent  of  tensile  elasticity  of  the  concrete  is  practically  zero, 
lit  there  is  just  as  much  ground,  or  more,  for  making  the 
ime  observation  in  connection  with  such  ductile  materials 
5  structural  steel.  What  is  actually  meant  is  simply  that 
le  concrete  will  stretch  before  parting  much  more  when  its 
sformation  is  controlled  by  the  corresponding  deformation 
I  the  steel  reinforcement  than  when  it  acts  by  itself  or 
ithout  such  reinforcement.  This  feature  of  the  action 
nder  stress  of  concrete  in  the  composite  beam  has  a  most 
nportant  bearing  upon  some  rather  peculiar  phenomena 
)nnected  with  the  testing  of  such  beams  to  failure.  M. 
onsid^re  has  stated  (*  *  Comptes  Rendus  Academic  des  Sci- 
nces,*'  Paris,  Dec.  12,  1898)  that  mortar  will  stretch  twenty 
mes  as  much  when  combined  with  steel  as  when  tmaided 
V  that  combination.  He  further  states  that  the  concrete 
tretches  imiformly  with  uniform  increments  of  bending 
loment  up  to  about  four  tenths  of  the  ultimate  moment. 

As  the  coefficient  of  elasticity  for  concrete  is  a  small 
•action  only  of  that  of  steel  the  tendency  of  the  concrete 
1  composite  beams  is  to  stretch  or  compress  more  than 
le  steel  embedded  in  it.     Hence  the  concrete  immediately 
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adjacent  to  the  steel  tends  to  slide  along  the  latter,  bul  J 
that  tendency  is  resisted  by  the  adhesive  shear  at  the  joint,  I 
in  consequence  of  which  the  steel  acquires  its  stress  whether  I 
of  tension  or  compression.  The  normal  section  of  the  I 
unloaded  beam,  therefore,  will  not  remain  normal  afterj 
flexure,  but  there  will  be  either  a  cup-shaped  depre 
around  tlie  steel  or  a  similar  shaped  elevation.  This  is  | 
illustrated  in  Fig.  i. 


In  that  figure  the  intensity  of  stress  on  either  side  d 
the  neutral  axis  is  assumed  to  varj'  directly  as  the  distance 
from  the  axis,  but  in  a  subsequent  analysis  a  different  bw  d 
variation  will  be  assumed  in  order  that  the  treatment  may 
be  complete,  although  the  author  is  not  of  opinion  that  the 
assumption  of  any  law  of  variation  different  from  that  d 
the  common  theory  of  flexure  is  at  the  present  time  justifitd- 
It  will  further  be  assumed  in  the  analysis  which  folb« 
that  normal  sections  of  the  unloaded  beam  will  renaai 
normal  under  loading.  This  is  a  common  procedure,  anil 
it  is  not  believed  that  the  amount  of  variation  from  a  plane 
section  under  stress,  described  above,  is  sufficient  to  make 
the  assumption  sensibly  in  error. 


Art.  94  —Rate  at  Wbich  Steel  Reinforcement  Acquires  Stntf- 

The  determination  of  the  rate  at  which  the  concre* 
gives  stress  to  the  steel  is  not  of  great  importance  in  ordi- 
nary design  work  or  in  most  other  practical  relations:  yet 
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is  desirable  in  some  cases,  and  it  is  an  element  of  the 
tion  of  internal  stresses  in  a  composite  beam  which 
.ould  be  understood  as  clearly  as  practicable.  The  fol- 
wing  analysis  offers  a  means  of  determining  that  rate 
>  nearly  as  it  can  be  done  at  the  present  time.  The 
otation  xised  is  shown  also  in  Fig.  3  on  the  opposite  page. 
The  intensity  of  stress  in  the  concrete  at  the  distance 
„  the  distance  of  the  steel  reinforcement,  from  the  neutral 
xis  is  fe.  Then  if  /  represent  the  moment  of  inertia  of  the 
ntire  composite  section  about  its  neutral  axis  (located  by 
\,  determined  hereafter),  there  may  be  written 

M=^;    .'.dM=^ (i) 

If  S  is  the  total  transverse  shear  in  the  normal  section 
n  question  at  the  distance  x  from  one  end  of  the  beam, 

dM=Sdx='^ (2) 

2 

Let  p  be  the  total  perimeter  of  section  of  the  steel  re- 
inforcement at  the  section  located  by  x. 

Let  A,  be  the  area  of  steel  section  with  perimeter  p. 

Let  5' be  the  intensity  of  adhesive  shear  at  the  surface  or 
joint  between  the  steel  and  concrete. 

Let  fej  be  the  intensity  of  stress  in  the  steel. 
The  variation  of  k^  for  the  indefinitely  small  distance 

dx  is  dk^.     From  what  has  preceded  there  may  be  written 

f.dx.s'=A,dk^\     .-.  dx  =  ^p^.    ...     (3) 
Inserting  the  value  of  dx  from  eq.  (3)  in  eq.  (2), 

ps'    d. 
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By  solving  this  equation  for  5'  and  remembering  that 

dk2^E2 

dk  ~Ei 

S  =•^'^27-  -Tr=->vr -y--- W 

Ip  dk        El  I   p 

This  value  of  s'  must  never  exceed  the  ultimate  adhe* 
sive  resistance  between  the  steel  and  concrete. 

Tests  for  the  determination  of  the  adhesive  shear  between 
concrete  and  imbedded  round  rods  have  been  made  by  Pro- 
fessors Talbot,  Withey,  Hatt,  Duff  A.  Abrams  and  others. 
In  view  of  the  inevitable  uncertainties  of  condition  of  such 
rods  in  respect  to  the  bond  between  them  and  the  concrete, 
greatly  varying  values  must  be  anticipated,  as  they  will 
depend  upon  the  age  proportions  of  the  concrete,  the  smooth- 
ness (or  roughness)  of  the  surface  of  the  rods,  the  amount 
of  water  used  in  mixing  the  concrete  and  the  continuity  of 
contact  between  the  concrete  and  the  rods.  The  value  of 
adhesive  shear  has  sometimes  been  taken  as  16  to  20  per 
cent,  of  the  ultimate  compressive  resistance  of  the  concrete, 
but  this  is  probably  too  high,  even  for  the  best  qualities  of 
concrete. 

Again,  the  ultimate  value  of  adhesive  shear  as  deter- 
mined by  the  pulling  of  rods  directly  from  a  block  of  con- 
crete may  be  materially  different  from  that  developed  in 
a  bent  beam  and,  hence,  the  latter  procedure  should  be  the 
basis  of  determinations  for  reinforcing  rods  for  beams.  A 
clear  distinction  should  be  drawn  between  the  adhesive 
shear  existing  ]:)rior  to  movement  of  the  rod  in  its  mastic 
and  the  resistance  to  that  motion  after  it  once  begins. 

Professor  M.  O.  Withey  published  in  a  Bulletin  of  the 
University  of  Wisconsin,  No.  321,  1909,  the  data  of  a  largt 
number  of  tests  in  which  the  results  were  obtained  frotr 
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•aded  beams,  the  stretch  of  the  rods  being  accurately 
leastired  by  an  extensometer  for  a  given  length  of  imbedded 
od.  The  diameter  of  rod  was  f  inch  and  the  age  of  the 
oncrete  varied  from  seven  days  up  to  six  months.  A  large 
lumber  of  tests  gave  the  adhesive  shear  as  varying  from 
i  minimtun  of  129  poimds  per  square  inch  to  a  maximum 
of  362  pounds,  a  few  only  of  the  results  falling  below  200 
pounds  per  square  inch.  It  would  probably  be  fair  to 
take  250  pounds  per  square  inch  as  a  representative 
average  of  these  results. 

In  a  series  of  tests  with  diameters  of  bars  running  from 
}  inch  to  I  inch,  the  average  results  were  278  and  286 
potmds  per  square  inch  for  the  two  smaller  sizes  of  bars 
and  163  pounds  and  195  pounds  per  square  inch  for  the 
1-inch  bars.  The  age  of  the  1-2-4  concrete  in  this  case 
was  two  months. 

There  may  be  found  in  Bulletin  No.  71,  University  of 
Illinois,  a  full  account  of  a  large  number  of  ' '  Tests  of  Bond 
between  Concrete  and  Steel,"  by  Duff  A.  Abrams.  These 
tests  were  made  under  a  great  variety  of  conditions  as  to 
age,  sizes  of  rods,  surface  of  rods,  i.e.,  whether  plain  or 
defomied,  shapes  of  cross-sections,  rods  pulled  out  of  blocks 
and  rods  stressed  in  reinforced  concrete  beams,  accompanied 
by  extended  observations  as  to  effects  of  loading  including 
careful  measurements  of  the  stretch  of  steel  both  in  pulling 
rods  from  blocks  and  as  they  were  stressed  in  beams.  In 
these  tests  a  clear  distinction  was  recognized  between  the 
adhesion  to  the  surface  of  the  rods  and  the  resistance  of 
movement  after  initial  slip,  the  greatest  intensity  of  bond 
resistance  usually  being  developed  after  the  beginning  of 
slip. 

A  roughened  surface  of  rod  will  obviously  yield  a  greater 
bond  resistance  than  a  perfectly  smooth  surface,  the  resist- 
ance of  the  latter  being  almost  wholly  adhesion. 
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The  following  are  a  few  of  Mr.  Abrams'  conclusions:    i 
"  {41)  The  mean  computed  values  for  bond  stresses  in 
the  6-foot  beams  in  the  series  of  igii  and  1912  were  as  1 
given  below.     All  beams  were  of  1-2-4  concrete,  tested  at  1 
a  to  8  months  by  loads  applied  at  the  one  third  points  dt 
the  span.     Stresses  are  given  in  pounds  per  square  inch.  J 

^"-K^i 

Firn  Bnd 
Slip  of  Bar. 

.ItfL 

^ 

I  and  1 1-in.  plain  round 

2S 

3 

i 

3 
9 

190 

34" 
243 

s 

360 

m 
m 

f-in.  plaio  round 

i-in,  plain  square 

li-in.  corrugated  round , 

■'  (42)  In  the  beams  reinforced  with  plain  bars  cnd# 
begins  at  67  per  cent,  of  the  maximum  bond  resistance; 
for  the  corrugated  rounds  this  ratio  is  51  per  cent.,  andfof 
the  twisted  squares,  66  per  cent. 

"  (43)  The  bond  unit  resistance  in  beams  reinforcfd 
with  plain  square  bars,  computed  on  the  superficial  area  d 
the  bar.  was  about  75  per  cent,  of  that  for  similar  beanB 
reinforced  with  plain  round  bars  of  similar  size. 

"  (44)   Beams  reinforced  with  twisted  square  bars  gav( 
values  at  small  slips  about  85  per  cent,  of  those  found  to 
plain  round.s.     At  the  maximum  load,  the  bond-unit  stttsi 
with  the  twisted  bars  was  90  per  cent,  of  that  with  plain 
round  bars  of  similar  size. 

"  (45)  In  the  beams  reinforced  with  ij-inch  corrugated 
rotinds,  slip  of  the  end  of  the  bar  was  observed  at  aboul 
the  same  bond  stress  as  in  the  plain  bars  of  coraparaU* 
size.    At  an  end  slip  of  0.001  inch,  the  corrugated  bars  gave 
a  bond  resistance  about  6  per  cent,  higher  and  at  the  man- 
mum  load,  about  30  per  cent,  higher  than  the  plain  roundi 

M-l 
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"  (46)  The  beams  in  which  the  longitudinal  reinforce- 
mt  consisted  of  three  or  four  bars  smaller  than  those  used 
most  of  the  tests  gave  bond  stresses  which,  according  to 
e  usual  method  of  computation,  were  about  70  per  cent, 
the  stresses  obtained  in  the  beams  reinforced  with  a  sin- 
sbar  of  large  size." 

As  the  greatest  bond  stress  was  developed  after  the 
ginning  of  slip,  the  preceding  results  show  that  such  a 
JHcimum  value  exists  beyond  a  net  slip  of  o.ooi  inch. 

Again  referring  to  the  resistance  of  deformed  bars,  he 
fttes,  "  The  mean  bond  resistance  for  the  deformed  bars, 
sted  was  not  materially  different    from  that   for  plain 
until  a  slip  of  about  .01  inch  was  developed;  with  a 
mtinuation  of  slip,  the  projections  came  into  action  and 
ith  much  larger  slip  high  bond  stresses  were  developed." 
Again  referring  to  a  working  bond  stress,  he  states: 
"  (39)  A  working  bond  stress  equal  to  4  per  cent,  of  ths 
impressive  strength  of  the  concrete  tested  in  the  form  of 
by  16-inch  cylinders  at  the  age  of  28  days  (equivalent  to 
00  pounds  per  square  inch  in  concrete  having  a  compressive 
Strength  of  2000  pounds  per  square  inch)  is  as  high  a  stress 
as  should  be  used.     This  stress  is  equivalent  to  about  one 
third  that  causing  first  slip  of  bar  and  one  fifth  of  the  maxi- 
mum bond  resistance  of  plain  round  bars  as  determined 
bom  pull-out  tests.     The  use  of  deformed  bars  of  proper 
■Kign  may  be  expected  to  guard  against  local  deficiencies 
■  bond  resistance  due  to  poor  workmanship  and  their 
presence  may  properly  be  considered  as  an  additional  safe- 
guard against  ultimate  failure  by  bond.     However,  it  does 
not  seem  wise  to  place  the  working  bond  stress  for  deformed 
higher  than  that  used  for  plain  bars." 
The   preceding   results   were    obtained    from    statically 
beams.     Professor  Withey  found  no  injurious  effects 
the  resistance  of  adhesive  shear  under  repeated  loads  until 
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the  latter  became  50  to  60  per  cent,  of  the  ultimate  static 
loads.  .This  last  percentage  may  be  raised  to  60  to  70  ptr 
cent,  with  corrugated  bars.  Investigations  made  b>-  ibe 
same  authority  indicate  that  the  results  of  static  tests  on 
smooth  round  rods  imbedded  in  beams  will  give  values 
for  the  bond  or  adhesive  shear  between  the  concrete  and 
the  rods  from  one  half  to  two  thirds  only  of  corresponding 
.  results  obtained  by  pulling  imbedded  steel  rods  from  the  con- 
crete cyhnders,  but  Mr.  Abrams  appears  to  believe  thil 
the  results  of  properly  made  "  pull-out  "  tests  will  be  about 
the  same  as  found  for  beams. 

While  materially  larger  values  for  ultimate  resistanc* 
of  adhesive  shear  have  been  reported  by  some  exfterimenters 
with  small  rods,  it  appears  prudent  not  to  take  the  ultimate 
resistance  greater  than  perhaps  aoo  to  350  pounds  per  sqiiaie 
inch  for  round  or  square  rods  from  ij  inch  to  |  inch  in 
diameter. 

The  working  value  for  this  bond  for  adhesive  shear 
should  not  be  taken  more  than  one  fourth  to  one  fifth  of 
its  ultimate  value. 


Art.  gg. — nitiinate  and  Working  Values  of  Empirical  Quia- 
tities  for  Concrete-steel  Beams. 

It  is  necessary  for  the  practical  use  of  the  preceding 
and  follo\\Hng  analyses  that  a  number  of  empirical  quanti- 
ties be  determined,  chiefly  for  the  concrete.  The  coeffi- 
cient of  elasticity  for  wrought  iron  for  this  purpose  may 
be  taken  at  28,000.000  pounds  per  square  inch,  and 
30.000,000  poimds  per  square  inch  for  structural  st<d, 
which  is  now  generally  used  in  the  reinforcement  of  oon- 
crete-stecl  beams. 

The  modulus  of  elasticity  for  concrete  at  different  ages 
and  for  different  proportions  of  matrix  and  aggregate  ha> 
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seen  fully  considered  in  Art.  67.  and  Table  I  of  that  Article 
rxhibics  a  full  set  of  values.  A  mixture  of  i  cement,  a  sand 
jid  4  broken  stone  or  gravel  is  generally  used  in  rein- 
orced  concrete  work ;  and  for  such  concrete  the  Table  cited 
.bove  shows  that  the  modulus  of  elasticity  at  the  age  of 
■ne  month  may  be  taken  from  about  1,500,000  to  nearly 
.000,000.  In  view,  however,  of  the  uncertain  conditions 
■ttending  the  making  of  concrete  on  actual  work  a  higher 
"alue  than  2,000,000  is  seldom  used.  The  ratio  of  the 
lodulus  for  steel  divided  by  that  for  concrete  is  generally 
aken  at  15,  although  12  is  sometimes  employed,  the  latter 
alue  implying  a  modulus  for  concrete  of  2,500,000. 

The  ultimate    resistances   of   mortar  and    concrete  in 

ension  and  compression  will  be  found  in  Arts.  60  and  67. 

?hese  values  will  also  depend  upon  the  proportions  and 

iaracter  of  mixture  or  upon  the  age.     The  records  of 

i  and  experience  which  have  thus  far  accumulated  in 

lection  with  concrete-steel  construction  show  tJiat  the 

iipressive  working  stress  of  concrete  in  beams,  where  the 

tture  is  in  the  proportions  of  i  cement,  a  sand,  and  4 

ivel  or  broken  stone,  may  probably  be  taken  as  high  as 

i  pounds  per  square  inch.     It  should  be  remembered 

It  this  intensity  will  exist  in  the  extreme  fibres  of  the 

Lm  only.     Mixtures  of  less  strength    would   require  a 

responding  reduction    in    the    maximum    working    in- 

ttty  of  compression.      A  mixture,  for  example,   of  1 

Bent,  aj  sand,  and  5  broken  stone,  unless  the  materials 

PC  well   balanced,   might  justify  a    reduction    of    the 

Btest  working  stress  to  400  pounds  per  square  inch. 

Some  foreign  authorities  have  prescribed  two  degrees 

rf  safety,  in  the  first  of  which  the  maximum  working  stress 

of  compression  of  427  pounds  per  square  inch  is  allowed, 

l&d  711  pounds  per  square  inch  for  safety  of  the  second 

Structures  in  which  the  duty  of  the  concrete  is 
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severe  might  be  designed  with  the  smallest  of  those  values, 
but  wliere  the  duty  is  materially  less  severe,  with  the 
larger. 

It  is  not  unusual  at  the  present  time  in  the  design  of 
concrete-steel  arches  to  allow  a  maximum  intensity  irf 
compression  of  500  pounds  per  square  inch  and  50  lo  7s  I 
pounds  per  square  inch  for  the  maximum  intensity  of 
tension,  if  tension  is  allowed.  I 

Tensile  tests  of  concrete  show  that  where  proportions 
of  1  cement,  2  sand,  and  4  gravel  or  broken  stone  are  usal 
a  maximum  intensity  of  tension  of  50  to  70  pounds  per 
square  inch  is  about  i  to  J  the  ultimate  tensile  resistance 
at  the  age  of  three  to  six  months.  These  values  are  reason- 
able and  may  be  employed  in  concrete  work  where  it  i* 
permitted  to  avail  of  the  tensile  resistance  of  concrete.  In 
much  of  the  best  engineering  practice  at  the  present  iime. 
however,  the  tensile  resistance  of  the  concrete  is  ni'giaici 
in  the  interests  of  additional  safety  in  concrete-steel  beam 
construction.  Inasmuch  as  fine  cracks  may  appear  in 
concrete  from  other  agencies  than  tensile  stress,  it  is  un-  j 
doubtedly  advisable  in  most  cases  certainly  to  omil  the 
bending  resistance  of  the  concrete  in  tension,  especially 
as  that  omission  does  not  sensibly  increase  the  weight  or 
cost  of  the  beam  when  properly  designed. 

Art.  96.— General  Formulse  and  Notation  for  the  Theory  0' 
Concrete-steel  Beams  According  to  the  Common  Theory  0' 
Flexure. 

The  application  of  the  common  theory  of  flexure  W  1 
the  bending  of  concrete-steel  beams  is  in  reality  the  At-  . 
velopment  of  the  theory  of  flexure  for  composite  beam* 
of  any  two  materials.  The  notation  to  be  used  and  the] 
general  formulae  will  first  be  written,  therefore,  and  then  \ 
the  special  formulse  for  concrete-steel  beams  will  be  csUb- 
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Ifihed  in  the  succeeding  articles.  These  general  fonnulie, 
t  should  be  observed,  apply  to  beams  of  any  sliapes  of 
■section  of  either  material  or  for  any  relative  areas 
[  cross-section  of  those  materials,  although  in  concrete- 
t\  beams  the  area  of  cross-section  of  the  steel  is  frequently 
perhaps  usually  but  one  to  one  and  a  half  per  cent,  of 
le  area  of  the  concrete. 

Again,   the  formulse  will  be  so  written  as   to    make 
lacticable    the  use  of  different  coefficients  of  elasticity 
It  concrete  in  tension  and   compression   if  that  should 
desired. 

The  notation  to  be  used  in  the  succeeding  articles  is 
bicfly  the  following: 

£^  =  coefficient  of  elasticity  of  the  steel. 
E,=        "'        "  "         "     "    concrete  in  compression. 

£,■'         "  "  "  "     "    concrete  in  tension. 

A^  and  .4,  are  tiie  areas  of  normal  section  of  the  concrete 

and  steel  respectively. 
/,  and  /,  are  the  moments  of  inertia  of  ,4,  and  ^4,  respec- 
tively about  the  neutral  axis  of  the  normal  section, 
ki-greatest  intensity  of  bending  compression  in  the  con- 
crete, 
f -greatest  intensity  of  bending  tension  in  the  concrete. 
C"greatest  intensity  of  bending  compression  in  the  steel. 
l=greatest  intensity  of  bending  tension  in  the  steel. 
fe=breadth  of  the  concrete. 

fc  and  /i,'  are  total  depths  of  the  concrete  and  steel  re- 
spectively. 
Jk,- vertical    distance  between  the    centres  of  the  steel 

reinforcing  members. 
(/(-distance  of  extreme  compression  "  fibre"  of  the  con- 
crete from  the  neutral  axis. 
(/."distance  of  the  centre  of  the  compression  steel  rein- 
forcing member  from  the  neutral  axis. 
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ds  =  distance  from  the  neutral  axis  to  the  centre  of 

the  tension  steel  reinforcement. 
Jj'  =  distance  from  extreme  compression  fibre  of  the 

steel  to  the  neutral  axis, 
a  =  distance  of  the  centre  of  the  compression  steel 
reinforcing  member  from  exterior  compression 
surface  of  concrete, 
a  1=  distance  of  the  centre  of  the  tension  steel  rein- 
forcing  member   from   exterior    tension  sur- 
face of  concrete. 
M  2=  area  of  normal  section  of  reinforcing  steel  in 
tension, 
(i  — r)Ajj  =  area  of  normal  section  of  reinforcing  steel  in 

compression. 
Jfe  =  intensity  of  compressive  stress  in  the  concrete 
at  distance  z  from  the  neutral  axis. 
fe"=  intensity  of  tensile  stress  in  the  concrete  at  dis- 
tance z  from  the  neutral  axis. 
^2= intensity  of  stress  in  the  steel  at  distance  z  from 

the  neutral  axis. 
u  =  tensile  or  compressive  strain  in  unit  length  of 
** fibre"  at    unit   distance   from    the   neutral 
axis. 
In  all  the  theory*  of  bending  of  concrete-steel  beams  it 
is  assumed,  as  in  the  common  theory  of  flexure,  that  any 
plane,  normal  section  of  the  beam,  before  bending  takes 
place,  will  remain  plane  (and  normal)  while  the  beam  is 
subjected  to  bending.     Hence 

k=Eiuz,     k''=nEiuz,     and    k2=E2UZ.       .    (i) 

Inasmuch  as   all  the  loading  carried  by  concrete-steel 
beams  is  supposed  to  act  in  a  direction  normal  to  the  axes 

♦  Given  in  Art.  32.     Eqs.  (i)  to  (4)  are  simple  adaptations  of  the  equa- 
tions of  that  Art.  to  this  case. 
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the  beams,  as  is  usual  in  the  common  theory  of  flexure, 
e  total  stresses  of  tension  and  compression  in  any  normal 
ction  of  a  beam  induced  by  the  bending  must  be  equal 
\  zero.  The  expression  of  this  sum,  written  by  the  aid  of 
IS.  (i)  and  by  which  the  neutral  axis  of  the  composite 
action  is  determined,  is  the  following: 

)r 

Jo  ^^.+V/..-..^^«+e;/.'-/,/^^^»=°-   •  (3) 

Eq.  (3)  is  perfectly  general,  and  the  position  of  the 
neutral  axis  can  always  be  located  by  it  whatever  may 

y .5. ^  be  the  shape  of  cross-section 

^        of  either  the  concrete  or  steel. 

i  Fig.    I   may  be  taken  as 

j'^k    I  ^^     arbitrary    typical     com- 

Li [s        posite    section    showing    the 

}       T  i    i  i  preceding  system  of  notation 

-i — I  -     -    -    -j—  •  applied  to  it.       The  outline 

Pig.  I.  of  the  concrete  is  rectangular, 

te  in  the  ordinary  concrete-steel  beam.  The  steel  in  com- 
pression is  represented  as  two  steel  angles,  while  three 
Rnind  rods  constitute  the  steel  in  tension.  In  the  next 
article  the  application  of  the  general  eq.  (3)  to  the  special 
ase  of  the  ordinary  concrete-steel  beam  will  be  made. 

The  general  value  of  the  bending  moment  of  the  stresses 
nduced  in  any  normal  section  of  a  composite  beam  can  be 
t  once  written  by  the  aid  of  eqs.  (i).  The  typical  ex- 
ression  of  the  differential  moment  is 

kdAiZ^E^uz^dA^. 


4. 
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Hence  the  value  of  the  moment  is 


^    Jo  ^  ^    Jhi-di  1  2    Jht'-dt'  ' 


(4) 


This  equation  is  also  completely  general  whatever  may 
be  the  shape  of  section  of  eitl;ier  material.  It  will  be  de- 
veloped for  the  ordinary  form  of  concrete-steel  beams  in 
Art.  97. 

Eqs.  (3)  and  (4)  cover  completely  the  theory  of  bending 
or  flexure  of  composite  beams  of  two  materials,  one  of 
them  having  different  values  for  the  coefficients  of  elasticity 
in  tension  and  compression.  It  will  be  observed  that  the 
position  of  the  neutral  axis  of  any  section  of  the  beam,  as 
located  by  eq.  (3),  is  affected  by  the  values  of  jE^,  £,,  and«, 
and  that  it  does  not  in  general  pass  through  the  centre  of 
gravity  of  the  section. 

Art.  97. — T-Beams  of  Reinforced  Concrete. 

The  general  formtilae  of  Art.  96  belong  to  beams  of  any 
shape  of  cross-section  whatever;  it  is  only  necessary,  there- 
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fore,  in  this  case,  to  apply  them  to  the  T-shaped  section. 
Two  conditions  may  arise,  in  one  of  which  the  neutral 
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ds  lies  in  the  flange  of  the  beam  whose  cross-section  is 
lown  in  Fig.  i,  or,  as  shown  in  that  figure,  it  may  lie  below 
e  flange.  As  is  usually  the  case  in  actual  work,  the 
nsile  resistance  of  the  concrete  will  finally  be  neglected, 
lis  latter  condition  makes  it  necessary  to  consider  only 
e  case  shown  by  Fig.  i. 


Position  of  Neutral  Axis, 

Using  the  notation  of  Art.  96  under  the  conditions  out- 
led  above,  but  first  recognizing  the  tensile  resistance  of 
le  concrete, 

Jrdi  rdi  rdi-f 

zdA\-  I      Z'h^dz+  I        Z'hdz 
0  Jdi-f  Jo 

.i,,(i. -I) +,Mi:zni „ 


gain, 


zdAi=n\       zbdz  = (/ti^  — 2/tidi+rfi^).    (la) 

•dt  Jhx-d,  2 


As  the  steel  section  is  small  it  will  be  essentially  correct 
consider  each  part  of  it  concentrated  at  its  centre  of 
avity.     Hence  there  may  be  written. 


fdn' 

I        2rfi42  =  (i  -r)i42rf2-ri42(/t2-rf2)  =i42(rf2-r/t2).     (16) 

Jkt'-  dt' 


Introducing  the  values  given  by  eqs.  (i),  (la)  and  (2) 
leq.  (3)  of  Art  96, 
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bHd.  -6^-  +  — ^ bdj  +  -' — -^ —  +  nbhji.  —  n  — ^ 

*22  ''22  '*  2 

£; 

.  ,.,/k-'--)^"*--ft)(r-->--"' 

I  —  w  I   —  n 


4.  gz^uu  V-    ■      -2 
£j  6       I  —  n 


The  solution  of  this  quadratic  equation  will  give 


.^Mi-h'n^M 


I  — n 


If  the  two  coefficients  of  elasticity  for  concrete  in  ten: 
and  compression  are  the  same,  as  is  always  assumet 
actual  work,  u  =  i.  This  value  gives  indeterminatioi 
Eq.  3,  but  it  is  only  necessary  to  multiply  both  meml 
of  Eq.  2  by  (i  —  u)  and  then  make  w  =  i.  These  op 
tions  give 

,    fb'        \,,      h'     E,  A.        .     ,  , 


€-¥'-^'t 


b 


If  the  entire  steel  reinforcement  is  on  the  tension  side 

the  beam,  r  =  i,  and  in  Eqs.  3  and  4,  a  +  rh^  =a4-fe=* 

The  tensile  capacity  of  the  concrete  is  practically  alwa] 
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;  Delected ;  hence  v  -°  o  in  £q.  3,  and 


b 


These  formulae  locate  the  neutral  axis  by  giving  the  dis- 
taxice  d^  for  all  cases. 

An  important  special  case  arises  where  the  neutral  axis 
NS,  Fig.  I,  Ues  in  the  lower  side  of  the  flange,  i.e.,  when 
di  =/.  Making  that  substitution  in  the  equation  preceding 
eq.  (2), 

d,2b:jZl^+Jnbh^+fA2)-^^^  (6) 

3  \  El     /        3        El 

Solving  this  quadratic  equation, 

nbhi  +^i42 
**» b'-nb 


nbhi+^AiY    nbhi^  +  2^A2(a+rh2) 
b'-nb     I  ■*"  V^^ 

If  concrete  in  tension  be  neglected,  n  =0  and. 


(7) 


.  E2^2^    //£:2>l2\''  .  .■g2>l2(a+rfe2)  ... 

Eq.  (8)  shows  that  the  case  of  a  T-beam  with  neutral 
axis  at  the  lower  surface  of  the  flange  and  with  tensile 
resistance  of  concrete  neglected  is  equivalent  to  a  solid 
rectangular  beam  of  the  same  width  as  the  flange  tmder 
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the  same  assumption  of  the  neglect  of  the  concrete  in  ten- 
sion. No  material  error  will  be  committed  in  assuming 
any  T-beam  similarly  equivalent  to  a  solid  rectaaj^ 
beam  if  the  neutral  axis  is  near  the  under  side  of  the  flange 
If  the  neutral  axis  NS  lies  in  the  flange  the  area  {b'-l 
ij—d\)  of  concrete  flange  section  will  be  in  tension.    Il 


that  case  the  term  —n{b'—b)^ 


■  must  be  added  totba 


third  member  of  eq.  (lu),  and  hence  to  the  first  member  of 
the  equation  preceding  eq.  (2).  This  will  add  obvious  cor- 
responding terms  to  eqs.  (3),  (4)  and  (5),  but  the  special 
case  is  so  rare  that  it  needs  no  further  attention.  Unksi 
if—di)  has  material  value  eqs.  (7)  and  (8)  may  be  used 

Balanced  or  Economic  Steel  Reinforcement.       m 
In  order  that  there  may  be  economy  of  material  | 
necessary  that  the  relation  between  the  cross-sectional  an 
of  the  steel  and  concrete  may  be  such  as  to  make  the 
greatest  intensities  of  stress  in  each  equal  to  the  prescribed 
working  stresses.  '  This  condition  is  said  to  make  a  "bal- 
anced "  section  or  a  balanced  percentage  of  steel  rrinforo- 
ment. 

In  the  general  case  of  tensile  and  compressive  SUA 
reinforcement  with  the  tensile  resistance  of  concrete  pbxj- 
nized,  the  equality  of  the  total  tensile  and  compressive 
stresses  in  a  normal  section  of  a,  T-beam  gives  eq.  (9)1  ? 
the  neutral  axis  lies  in  the  under  surface  of  the  flanj 
is  assumed  in  establishing  eqs.  (6),  (7)  and  (8); 

Adding  jfeib'da  to  each  side  of  eq.  (9)  and  then  dividing  tl* 
resulting  equation  by  b'(di  +da)  =b'k},  eq,  fro)  will  rwiit: 


Jlrt.  97.]  T-BEAMS  OF  REINFORCED  CONCRETE.  609 

jt,+.(.-,,^.j,,(l^+,)*+^. .  (,„) 


«r 


2 


c{i—r)'-rt 


b'h\.    .     .     .     (loa) 


It  will  now  be  convenient  to  simplify  the  forms  of  the 
preceding  equations  by  using  the  following  notation : 

e—r^,  the  ratio  of  the  modulus  of  elasticity  for  steel 

over  that  for  concrete.     Usually  ^  =  15,  but  occa- 
sionally ^  =  12. 

p=i-7^,  the  steel  ratio,  usually  expressed  as  per  cent,  of 

total  rectangular  section,  i.e.,  in  case  of  the  T-beam 
per  cent,  of  total  rectangular  outline  b'fei. 

The  steel  ratio  or  per  cent,  p,  is  written  in  terms  of  the 
circumscribing  rectangle  b'hi  in  the  interests  of  simplicity 
and  as  being  at  least  as  rational  as  any  other  method. 

The  effective  depth  of  the  beam  is  taken  as  hi  because 
the  exterior  thickness  of  concrete  {h—hi)  is  usually  a  pro- 
tecting shell  against  fire,  possibly  to  be  partially  or  wholly 
destroyed  in  a  conflagration,  and,  hence,  not  to  be  counted 
as  effective  beam  material.  The  formtilae  may  easily  be 
changed  so  as  to  be  expressed  in  terms  of  the  full  depth 
h  by  simply  writing  h—o  for  hi,  0  being  the  difference 
(fc-fci),  i.e.,  the  thickness  of  the  concrete  from  the  centre 
of  the  tension  steel  reinforcement  to  the  lower  surface  of 
the  web  or  stem  of  the  beam,  usually  2  to  3  inches,  or 
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more  for  very  large  beams.     The  preceding  notation  wiD 
enable  the  following  formulae  for  practical  use  to  be  written. 

FormuUB  to  Locate  Neutral  Axis  in  T-Beams, 

Dividing  eq.  (3)  by  hi  and  writing  -=?  r-  ^  for  ^-7^; 

/ii  00         hi  0 


i;(^■)+"+r^ 


dx 

hi  I  — n 


-hn-^j^pj 


.  (11) 


Doing  precisely  the  same  with  eq.  (4)  there  will  result 
for  the  usual  condition  of  the  two  moduli  for  tension  and 
compression  being  the  same,  but  with  tensile  resistance  of 
the  concrete  recognized : 


hi\b       I 


+  l-\-7-€p 


For  the  special  case  of  neglect  of  the  tensile  resistance 
of  concrete,  eq.  (5)  gives,  after  dividing  both  sides  by  /ii 

dx  /  (b'      \     b' 

If  the  neutral  axis  lies  in  the  under  side  of  the  flange- 
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both  sides  of  eq.  (7)  are  to  be  divided  by  Ai,  and  that  equa- 
tion may  then  take  the  form : 


Or,  if  concrete  in  tension  be  neglected,  n  =0  and  eq.  (8) 
'hen  gives 


^=9=-./>±^^p^  +  2i±^/>.  .        .       (IS) 

If  the  reinforcing  steel  is  wholly  on  the  tension  side  of 
the  beam  section  r  =  i  and  a+r/t2=a+A2=/ti.     Hence  in 

eqs.  (12),  (13),  (14)  and  (15),  —r — ?  =  i,  but  no  other  change 

is  needed. 

The  value  of  the  steel  ratio  or  per  cent,  for  the  perfectly 

general  case  is  given  by  eq.  (10),  by  placing  p^rrr-  ^^  that 

o  Hi 

equation  and  then  solving  for  />,  which  will  give : 


Adib'^  /hi 


^    ki  \di  b'  '  '/hi  .  ,. 

^=7-7(n;p7r- ^^^^ 

If  concrete  in  tension  be  neglected,  eq.  (9)  shows  that 
^^3=^1=5  0  in  eq.  (16),  and  that  equation  will  then  take 

Reform 

^   —  T 

_fel        h\ :_._^ ^1 /      \ 

^      2c(i-r)~r^"      2  {c{i-r)-Yi)hx       '     '^^^^ 
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If  the  reinforcing  steel  is  wholly  on  the  tension  side  of 
the  beam  section,  r  =  i  and  c(i  — r)  — r^=  — 11.  Eq.  (17) 
will  then  take  the  form : 

k\       hi     ki  di  /  Q. 

^'i-j-'^.h, ^'^' 

The  laws  of  the  common  theory  of  flexure  give  the  fol- 
lowing relations : 

ki     t   I  d\     eki  /,  \ 

ai     e  az  az       t 

hence: 

di+dz  ^  eki+t  ^hi  .J 

da  t         ds 


Also: 


f=^.     and    t=^c («) 


Placing  the  value  of  r^  from  eq.  (20)  in  eq.  (18): 

hi 


ki\ek\       I 

The  area  of  the  steel  section  A  2  can  at  once  be  found  from 
p  in  all  cases  by  simply  writing : 

p  =  777^,  and  hence,    A2=pb'hi,       •.    .    ^^3 
0  n\ 

In  all  these  equations  for  locating  the  neutral  axis  of  3 

W     f 
section  NS,  Fig.  i ,  the  ratios  7-,  —  and  other  similar  quan- 

0    hi 
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ties  depending  on  the  dimensions  of  the  cross-section  will 
known,  at  least  tentatively.  Indeed  in  making  prac- 
ical  applications  of  these  equations  it  will  in  general  be 
ecessary  to  assign  trial  dimensions  of  the  cross-sections  of 
lie  beam  if  the  application  is  made  for  the  design  of  the 
ttter.     Such  trial  dimensions  must  be  assigned  by  the  aid 

prior  experience  or  other  beams  already  designed  for 

re  or  less  similar  conditions.     After  trial  dimensions  have 

■n  tested  by  actual  computations  for  the  assigned  loads, 
idi  modifications  or  revision  of  these  dimensions  as  may 

necessary  must  then  be  made. 

If  the  neutral  axis  lies  within  the  section  of  the  flange, 
K  changes  in  the  preceding  formulas  already  indicated  for 

It  case  may  be  easily  introduced,  but  the  case  is  so  rare 
hat  complete  expressions  for  its  treatment  need  not  be 
Titten.  If  the  tensile  resistance  of  the  concrete  is  neg- 
icted,  the  formula  for  the  special  case,  only,  of  the  neutral 
ns  lying  in  the  under  surface  of  the  flange  are  needed, 
nnply  considering  the  depth  of  flange  /  as  the  distance  from 
Bk  upper  flange  surface  to  the  neutral  axis.  In  fact  that 
^lecial  case  will  cover  the  great  majority  of  T-beams  with 

Bcient  accuracy  for  practical  purposes. 

The  general  value  of  the  steel  ratio  or  per  cent,  for  a 
ialanced  section  may  be  considered  as  given  by  eq.  (16) 
fven  though  the  neutral  axis  does  not  lie  in  the  under  sur- 
Sks  of  the  flange,  at  least  as  a  reasonably  close  approxima- 
ion  even  when  the  position  of  the  neutral  axis  is  materially 

ferent  from  that  supposition.     In  determining  that   ratio 

per  cent.  k[,  c  and  (  must  be  considered  as  prescribed 
Oridng  values  of  those  respective  intensities  of  stress,  the 
Itio  between  c  and  (  being  fixed  by  the  distances  of 
be  steel  reinforcements  from  the  neutral  surface.  When 
be  steel  reinforcement  is  wholly  on  the  tension  side,  as 

the  usual  cases,  ki  and  t  are  prescribed  working  stresses 


1 

1 

I 

I 

614  CONCRETE-STEEL  MEMBERS.  (Ch.  DOL 

for  the  concrete  in  compression  and  the  steel  in  tension, 
respectively. 

Art.   98. — Bending   Moments   in   Concrete-steel  T-Beams  bj 

Common  Theory  of  Flexure. 

The  complete  expressions  for  the  bending  moments  of 
concrete-steel  T-beams  may  now  be  written  and  their 
values  for  any  particular  case  estimated,  by  introducing 
the  notation  already  employed  into  eq.  (4)  of  Art.  95. 
The  moment  of  inertia  or  integral  in  the  last  term  of  the 
second  member  of  that  equation  takes  the  form : 

z^dA2  =  {i-r)A2d2^+rA2dz^,      •    .    (0  ' 

Referring  to  Fig.  i  of  Art.  96,  the  other  two  moments 
of  inertia  in  the  first  and  second  terms  of  the  second  member 
of  eq.  (4)  of  Art.  95  become: 


X 


Also, 


3  3 

r  .y^.-tfc^' a 

Jhi  -di  3 

£iM=-p;    and    -E2W  =-=?£im  =^--ji.     .    .    (4) 

01  £Li  t^\d\ 


Introducing  these  values  in  eq.  (4)  of  Art.  95,  remem- 
bering that  hi—di=h2—d2=d3  the  bending  moment  M  for 
a  T-beam  become: 

"iL    3  3  3      El  '       '  J 
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This  equation  is  written  in  terms  of  one  intensity  of  stress 
ki  for  convenience  in  computation,  but  it  will  be  advisable 
sometimes  to  use  other  intensities,  such  as  the  greatest 
stress  i  in  the  tensile  steel  reinforcement.  This  can  readily 
be  done  by  the  aid  of  the  following  relations  based  upon 
common  theory  of  flexure,   in  addition  to  the  relations 

shown  in  eq.  (4)  and  remembering  that  -^-e. 


eki      t      c  k'    k\ 

eEiu=^-j-=-j-=-r-.    Also— =-7-..     .     .     (6) 

ui       as     ^2  dd     cLi 


These  simple  values  will  enable  any  intensity  to  be  expressed 
m  terms  of  any  other.  The  greatest  compression  in  the 
concrete,  ku  and  greatest  tension  in  the  steel,  /,  are  those 
mostly  required. 

If,  as  is  usual,  the  two  moduli  of  elasticity  of  concrete  in 
tension  and  compression  are  equal  to  each  other,  n  =  i  in  eq. 
(5),  but  no  other  change  is  needed. 

Neglect  of  Concrete  in  Tension. 

If  the  resistance  to  concrete  in  tension  be  neglected, 
n=o  in  eq.  (5),  and: 

In  ordinary  T-beams  all  steel  reinforcement  is  in  tension ; 
hence  r  =  i  and  eq.  (7)  becomes: 


6i6  CONCRETE-STEEL  MEMBERS.  ICli  \ni. 

Special  Case  of  Neutral  Axis  i»  under  Surface  of  Flanii. 
In  this  case  (di  — /)  =o  and  eq.  (7)  will  take  the  fom; 
M-^^[^,>+3«i^W,'(.-r)+<f,»r)].    .    .    (?) 

If  the  steel  reinforcement  is  wholly  on  the  tension  side  r =1, 
as  in  eq.  (8). 

This  special  case  may,  without  material  error,  be  con- 
sidered to  include  all  T-beams  for  which  (di~f)  or  if-di) 
is  relatively  small. 


Art.  99. — Concrete  Steel  Beams  of  Rectangular  Section. 

All  formulse  for  reinforced  concrete  beams  with  rect- 
angular section  may  be  written  at  once  from  those  for 
T-heams  by  simply  making  b'  =  b\n  the  latter.  A  typical 
rectangular  cross-section  for  the  general  case  is  shown  in 
Fig.  I,  Art.  96,  although  in  the  usual  case  the  steel  rein- 
forcement is  wholly  on  the  tension  side. 

Formula:  to  Locate  Neutral  Axis  in  Beams  of  Recianguy 
Section. 

The  general  case  requires  eq.  (i:)  of  Art.  97.  Making 
b'  =b  that  equation  becomes: 


hi~ 


^^. 


+  aep- 


(I -n)*,^  (■-«)> 


If  the  moduli  for  tension  and  compression  are  the  samr. 
as  is   invariably  assumed  in   engineering  practice,  ft^fr*  ■" 

eq.  (12),  Art.  97: 

-  +ep — 

Ol  _     _2        '^      hi 

Ai     '  i+ep      '     '     '     ' 
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If  the  tensile  resistance  of  the  concrete  be  neglected, 
the  same  substitution  of  6  =  6'  is  made  in  eq.  (13)  of  Art.  97 : 

^^^q=-ep±yJ2ep^+e't^.        .     .     (3) 

When  the  reinforcing  steel  is  wholly  on  the  tension  side 
r  =  i  and  a+ffe2=a+/t2=/ti,  hence: 

^=q==.  -ep±\/2ep+e^t^,   .     ...     (4) 
Hi 

This  is  the  ordinary  case. 

It  will  be  observed  that  eq.  (3)  is  identical  with  eq.  (15) 
of  Art.  97. 

The  steel  ratio  or  per  cent.,  p  =77—1  for  the  general  case 

ohi 

of  balanced  sections  is  given  by  eq.   (16)  of  Art.  97  by 
making  6  =  6': 

(ds,    \d3_ 
fei  Wi       /hi  .  V 

^     2     c{i-r)-rt ^^^ 

When  the  tensile  resistance  of  the  concrete  is  neglected, 
the  value  of  p  given  by  eq.  (17)  of  Art.  97  remains  un- 
changed: 

ds 
^_ki      hi  .  . 

P-7c{i-r)^rt ^^^ 

Eq.  (18)  of  the  same  article  gives  p  as  it  stands  if  the 
^^^^sile  resistance  of  the  concrete  is  neglected,  i.e.,  of  r  =  i : 

.     ki       hi  .  . 

^=i-r (7) 
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Eqs.  (19),  (20)  and  (21)  of  Art.  97  hold  true  for  rect  — 
angular  sections  and,  hence,  eq.  (7)  may  take  the  form 
eq.  (22)  of  that  article: 


These  values  of  the  steel  ratio  p  will  form  the  basis  c — ^ 
economical  beam  design.  The  working  stresses  ki  for  coirr^*^' 
Crete  in  compression  and  t  for  steel  in  tension  will  be  pr^3^^^" 
scribed  in  the  specifications  for  the  work  to  be  done. 

Bending  Moments  for  Rectang^lar  Sections. 

The  general  value  of  the  bending  moment,  M,  i.e.,  fo^ii^r 
unequal  moduli  in  tension  and  compression  and  with  tensiLK^e 
resistance  of  concrete  recognized,  is  given  by  eq.  (5)  of  Ar*  t- 
98  after  making  6'  =  6. 

OiL   3  3  J 


If  it  be  desired  to  express  this  equation  in  terms  of  othc 
intensities  than  Jfei,  the  following  relations  given  in  eq.  (c    -->) 
of  Art.  98  will  enable  that  to  be  done : 

a\      as     (12   .  CL3     cLi 

The  moduli  for  concrete  in  tension  and  compression  a- — -^^ 
invariably  considered  equal,  and  in  that  case  n  =  i  in  eq.  (gtf^)' 
but  no  other  change  is  required. 


J 


Alt  99]  CONCRETE-STEEL  BEAMS  OF  RECTANGULAR  SECTION.    619 

Neglect  of  Concrete  in  Tension, 

The  neglect  of  the  concrete  in  tension  is  affected  by 
making  n=om  eq.  (9)  giving: 


M 


=  j[— +^^2(^2^(1  -f)+d3V)].       .       .       (11) 


The  steel  reinforcement  is  usually  wholly  on  the  tension 
side,  i.e.,  r  =  i.     Making  this  substitution  in  eq.  (11) : 

M=|(Mii+,^,d,2) (,,) 

All  the  preceding  values  of  the  bending  moment  M  may, 
if  desired,  be  expressed  in  terms  of  the  steel  ratio  p  by  sub- 
stituting pbhi  for  A  2. 

In  the  preceding  equations  the  distance  di  of  the  neutral 
axis  from  the  exterior  compression  surface  of  the  beam  is 
to  be  found  from  the  appropriate  formula  for  q  of  this  article, 
since  di  =qhi. 

The  preceding  equations  complete  all  that  are  necessary 
in  the  treatment  of  practical  questions  of  design  or  of 
ultimate  carrying  capacity. 

In  all  the  preceding  analyses  of  Arts.  (97),  (98)  and  (99), 

the  total  depth  h  of  either  the  T-beam  or  the  solid  rect- 

A 
angular  section  may  be  used  if  desired  by  making  p  =  ^77- 

0  n 

or  =  —,  but  in  that  case  in  the  equations  for  di  the  fraction 
oh 

-r— ?  (when  f  =  1)  will  occur,  that  fraction  having  values 
varying  from  about  .67  for  floor  slabs  to  .95,  for  beams  of 
much  depth  instead  of  — -. — -  =  i .  It  is  rare,  however,  that 
such  a  form  of  equation  will  need  to  be  used. 
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Art.  100. — Shearing  Stresses  and  Web  Reinforcements  in 

Reinforced  Concrete  Beams. 

In  the  case  of  reinforced  concrete  T-beams  it  will  Iv 
assumed  that  the  stem  or  web  extending  from  the  upper 
surface  of  the  flange  down  to  the  centre  of  the  tension  stee 
i.e.,  having  the  depth  hi  and  the  width  6,  will  carry  t 
whole  transverse  shear.  In  the  solid  rectangular  section" 
the  total  sectional  area  less  that  part  of  it  below  or  outsii 
of  the  centre  of  the  tension  steel  reinforcement  wiU 
assumed  to  resist  transverse  shear,  i.e.,  the  resisting 
will  he  bhi  as  in  the  case  of  the  T-beam. 

Fig.   I  represents  a  simple  T-beam  supported  at  ea 
end  Q  and  /?,  having  steel  reinforcement  both  in  the  flanj 


e 
e 


h 
re 


Fig.  I. 


and  in  the  lower  or  tension  part  of  the  beam.  In  ord^^ 
to  illustrate  fully  the  action  of  the  shearing  stresses  in  sue  ^ 
a  beam,  the  tensile  resistance  of  the  concrete  may  be  reco^ ' 
nized.  If  there  were  no  steel  reinforcement,  the  analysS-  ^ 
of  Art.  15  shows  that  in  the  case  of  a  rectangular  sectio 
the  greatest  intensity  of  either  longitudinal  or  transversa 
shear  exists  at  the  neutral  axis  of  the  section  and  has  tb^^ 
value  of  f  the  average  shear  on  the  whole  section.  If  -^ 
be  that  maximum  intensity  of  shear  and  if  5  is  the  Xjot^^ 
external  transverse  shear  at  the  given  section,  then  wiJJJ 
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3    5 

i  =  -r7— .     In  Fig.    1.  Oc  =  Oa=s  and  both  of    the  curves 

Ae'a  and  Bee  are  parabolas  with  the  vertices  at  a  and  c, 
so  that  horizontal  ordinates  from  .40  to  the  curve  in  the 
one  case  and  from  BO  to  the  curve  in  the  other  case  repre- 
sent intensities  of  the  longitudinal  and  transverse  shear  at 
the  points  from  which  those  horizontal  ordinates  are  drawn. 
This  is  the  condition  of  the  shearing  stresses  in  beams  of 
a.  single  material  subjected  to  flexure,  and  reinforced  con- 
Crete  beams  represent  similar  members,  but  of  two  materi- 
als. The  stresses  given  to  the  longitudinal  steel  reinforce- 
ments may  be  assumed  provisionally  to  be  conveyed  to  them 
from  the  neutral  surface  at  a  constant  intensity  j|  and  in 
Pig.  I  that  constant  intensity  is  represented  by  cd  and  ab. 
The  curves  df  and  bf  are  drawn  so  as  to  make  a  constant 
horizontjd  ordinate  between  them  and  the  parabolas  already 
indicated.  The  total  maximum  intensity  of  longitudinal  or 
transverse  shear  at  the  neutral  a.Kis  will,  therefore,  be  the 
fc  sum  of  s  and  sr.  this  may  be  taken  with  sufficiently  close 
^H  approximation,  at  least  for  practical  purposes,  as  J  the 
^Btotal  average  transverse  shear  at,  a  given  section.*  Even 
^P^^  the  horizontal  ordinate  between  the  two  curves  is  not 
I  i*iiform,  this  value  of  the  maximum  intensity  may  properly 
11  ^  used. 
I  In  the  case  of  the  tensile  resistance  of  the  concrete 

I  *  It  has  come  to  be  the  practice,  for  some  reason  not  easily  appreciated, 

'  r*  tieat  the  transverse  shear  in  the  normal  section  of  a  reinforced  concrete 
,  *-»*ni  as  it  it  were  uniformly  distributeii  over  that  normal  section,  which 
'*  *n  error  on  the  side  of  danger.  In  the  interests  of  both  safety  and  cor- 
^**^  analysis,  the  established  variation  of  intensity  nf  shear  in  Uie  normal 
^^^stion  of  a  bent  beam  should  be  recognised,  for  it  holds  just  as  much  for 
^  »Kisting  concrete  section  bs  for  n  section  of  nny  other  material.  When 
^^  bending  resistance  of  the  concrete  on  the  tension  side  is  ignored,  the 
^^-^  of  vnriation  of  intensity  will  chimge.  but  tlie  majtimum  intensity  at  the 
^^^triil  axis  will  be  unchanged. 
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being  neglected,  Fig.  2,  representing  a  part  of  a  continuous 
reinforced  concrete  T-beam,  shows  the  variation  of  the  in- 
tensity of  the  longitudinal  and  transverse  shears.  The 
parabolic  curve  A  a  shows  the  variation  of  the  intensity  of 
the  shear  in  passing  from  the  neutral  axis  0  of  the  section 
to  the  exterior  surface  A,  aO  being  the  maximum  intensity 
and  equal  to  |  the  average  intensity  for  the  entire  section. 
Inasmuch  as  the  tensile  resistance  of  the  concrete  is  neg- 
lected, the  maximtun  intensity  of  longitudinal  shear  Ob  =0a 
may  be  considered  as  varying  by  some  imknown  law  such, 
however,  as  to  make  the  total  internal  transverse  shear 


r=HS 


Fig.  2. 


equal  to  the  total  external,  cd  representing  the  intensity 
at  the  centre  of  the  tension  steel  reinforcement. 

It  is  impossible  to  analyze  with  complete  accuracy  the 
variation  of  the  intensity  of  shear  in  the  concrete  by  which 
the  reinforcing  steel,  either  in  tension  or  compression,  ac- 
quires its  stress,  but  it  cannot  have  a  uniform  value  equal 
to  the  maximium  intensity  at  the  neutral  surface.  It  is  to 
be  understood  that  the  constant  horizontal  shear  ordinates 
in  both  Figs,  i  and  2  are  to  be  interpreted  in  this 
manner. 

The  shearing  resistance  of  concrete  in  any  plain  or 
reinforced  concrete  structure  is  of  uncertain  value,  much 
as  is  the  tensile  resistance,  although  the  practice  of  crediting 
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it  with  some  material  amount  may  be  justified.  At  the 
same  time  the  incipient  surface  cracks  which  are  found  to 
fonn  with  lapse  of  time  at  any  point  may  extend  deep 
enough  ultimately  to  prejudice  seriously  resistance  to  shear. 
It  is  probably  hazardous,  therefore,  to  depend  upon  concrete 
alone  to  resist  transverse  shear  in  beams,  either  of  the  T 
form  or  solid  rectangular,  or.  of  any  other  form.  In  fact 
it  is  prudent  to  state  unqualifiedly  that  reinforced  concrete 
beams  carrying  moving  loads  tending  to  produce  vibrations 
or  shock  should  be  so  designed  as  to  provide  for  the  entire 
transverse  shear  independently  of  the  shearing  resistance  of 


r^ 


2^^^ 


Pig.  3. 

we  concrete.     This  provision  for  resistance  to  transverse 

ihear  is  made  chiefly  by  bending  upward,  in  that  part  of 

te  spans  near  the  end  supports,  the  steel  tension  reinforce- 

aent  as  shown  in  Figs.    (2)   and   (3).     The  inclination  of 

Ik  bent  parts  of  the  rods  will  depend  upon  the  judgment 

if  the  engineer  in  view  of  the  length  of  the  span,  depth  of 

or  other  features  of  each  case.     Usually  all  of  the 

ftds  constituting  the  tension   reinforcement  are  not  bent 

pward,  as  that  much  provision  for  shear  is  not  needed.     If 

span  is  short,  there  may  be  but  one  set  of  bent  rods. 

B  shown  in  Fig.  2,  but  in  other  cases  there  may  be  two  or 

lore  sets  bent  upward  at  different  distances  from  each 

end  of  the  span,  as  shown  in  Fig.  3,  the  number  of  such 

sets  of  rods  being  determined,  hke  the  angle  of  inclination, 

m  accordance  with  the  best  judgment  of  the  designing 

'  leer.     The  vertical  components  of  the  stresses  in  these 
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bent  rods  may  obviously  equal  the  transverse  shear  at  the 
section  considered.  For  example,  in  Fig.  3,  the  total  trans- 
verse shear  at  the  section  CD  multiplied  by  the  tangent  of 
the  inclination  of  the  rods  to  the  vertical  must  for  good 
design  be  at  least  equal  to  the  required  horizontal  rein- 
forcement to  be  afforded  by  those  rods,  i.e.,  the  section  of 
the  rods  must  be  sufficient  to  take  their  stresses  without 
exceeding  the  prescribed  working  stress,  which  is  frequeolly 
16,060  pounds  per  square  inch.  A  similar  computation  is 
to  be  made  at  other  points  where  rods  are  to  be  bent  up- 
ward. It  is  not  necessary  (although  usual)  that  the  differ- 
ent sets  of  inclined  parts  of  rods  should  be  parallel,  i.e., 
those  nearer  the  centre  of  the  span  may  have  a  greater 
inclination  to  a  vertical  than  those  near  the  points  of 
support. 

Again,  vertical  reinforcing  pieces  or  stirrups,  such  as 
those  at  FH.  F'H'.  CD,  CD',  in  Fig.  5,  are  introduced 
under  the  assumption  that  they  will  take  the  vertical  trans- 
verse shear  in  tension.  These  stirrups  are  of  a  variety  of 
forms  and  may  be  in  sets  of  two  or  more  vertical  prongs 
or  parts,  but  they  should  be  securely  fastened  to  the  hori- 
zontal steel  reinforcement.  If  the  total  transverse  shear  at 
any  section  as  JK  is  supposed  to  be  carried  by  the  stimii' 
as  tension  in  that  section,  the  cross-sectional  area  of  ih^ 
steel  stirrups  should  be  sufficient  for  that  purpose  at  tl* 
prescribed  working  stress.  Furthermore,  the  adhesive  shcit 
or  bond  on  the  exterior  surfaces  of  these  stirrups  shouM 
be  sufficient  to  give  such  tension  without  exceeding  tlw 
prescribed  working  stress  for  that  shear  or  bond.  The* 
vertical  stirrups  are  thus  supposed  to  act  the  part  essen- 
tially of  vertical  truss  members  in  tension  and  so  produt* 
diagonal  stresses  of  compression  in  the  concrete  as  shown 
by  broken  hnes  in  the  vicinity  of  AT  and  K'C.  It  is 
known  that  the  greatest  diagonal  stresses  of  tension  and 
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B  compression  exist  at  angles  of  45  degrees  with  the  neutral 

■surface  of  every  bent  beam.     The  function  of  these  stirrups 

Mis  intended  to  be  such  as  to  relieve  the  concrete  of  that 

Bten^on  and  induce  diagonal  stresses  of  compression.     Indeed 

BUieir  function  is  somewhat  similar  to  that  of  vertical  stiffen- 

Kng  members  on  the  web  plates  of  plate  girders  when  those 

Botiifeners  are  assumed  to  take  tension  and  produce  com- 

Fpression  in  the  web  in  a  4s-degrce  direction,  as  was  fully 

shown  in  Art.  34.     The  distance  apart  of  these  vertical 

stirrups  should  certainly  not  be  greater  than  the  depth  of 

the  beam  from  the  upper  surface  down  to  the  tension  steel 

reinforcement;     probably    a   horizontal    distance   apart   of 

about  three-quarters  of  that  depth  is  advisable. 

If  any  beam  carr>'  a  set  of  loads,  Wi,  W2.  IV3.  etc.,  and 
if  R'  is  the  end  shear  at  A,  Fig.  3.  and  if  IW  be  the  sum  of 
•^he  loads  between  the  end  A  and  any  section  at  which  it 
•s  desired  to  obtain  the  transverse  shear  5'.  then  will 
^■hat  transverse  shear  at  any  stirrup,  as  CD.  Fig.  3,  be 
■^'  =R'  —  IW.  and  it  is  assumed  that  the  stirrup  will  carry 
lat  shear  as  tension.  If  ('  is  the  allowed  tensile  stress  in 
.  5' 

be  stirrup,  the  sectional  area  A,  of  the  latter  will  be  j4,  =— . 

f  the  intensity  of  permitted  bond  shear  is  s'  and  if  the  cir- 
cumference of  a  stirrup  section  is  o,  and  if  /'  is  the  imbedded 
tngth  of  one  complete  stirrup,  including  all  prongs,  then 
lUSt  s'oV  be  at  least  equal  to  S'.  Evidently  a  form  of 
iS-section  like  an  oblong  rectangle  will  give  much  more 
1  for  bond  shear,  for  a  given  sectional  area,  than  such  a 
section  as  a  circle  or  a  square  and  it  will  have  a  correspond- 
ing advantage  for  this  purpose. 
^H  The  ends  of  all  stirrup  bars  as  well  as  all  reinforcing  rods 
^^Biould  be  turned  or  bent  at  right  angles  so  as  to  prevent 
^Hipping  at  and  near  the  ends.  Furthermore,  they  should 
^^Ereferably  be  looped  at  top  and  bottom,  around  the  rein- 
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forcing  rods  where  they  exist,  so  as  to  bear  directiy  on  the 
concrete  supplementarj'  to  the  bond  shear. 

Obviously  if  both  the  inclined  bent  rods  shown  in  Figs. 
2  and  3  and  the  vertical  stirrups  sho'wn  in  Fig.  3  effectively 
perform  their  functions,  both  would  not  be  needed  at  the 
same  part  of  a  beam,  but  as  the  effectivenes-s  of  each  detail 
by  itself  is  somewhat  uncertain,  both  are  frequently  used 
concurrently.  The  stirrups  may  judiciously  be  used  in  the 
central  part  of  the  span  extending  well  toward  the  ends 
where  the  bent  rods  are  employed. 

Another  form  of  steel  reinforcement  of  beams  is  diownia 
Fig.  4,  which  is  supposed  to  be  part  of  a  reinforced  cob- 


Fig.  4. 

Crete  beam  on  both  sides  of  CD,  the  centre  of  span.  Tl* 
beam  may  be  either  a  T-beam  or  a  beam  of  rectangulsf 
section.  The  steel  reinforcement  AB  is  supposed  to  be  on 
the  tension  side  of  the  beam  only,  although  a  prcriscly 
similar  reinforcement  might  be  placed  on  the  compression 
side  also.  The  small  inclined  bars  ab,  cd,  a'b',  c'J',  etc.. 
are  usually  parts  of  the  main  tension  reinforcement  bent 
upward  in  a  diagonal  direction,  as  shown,  which  may  bt 
at  the  angle  of  45  degrees  of  theory  or  at  some  other  anglf 
They  should  extend  above  the  neutral  surface  NS  and  be 
carried  nearly  to  the  top  of  the  beam. 

As  has  already  been  indicated,  a  solid  beam  of  a  sin^ 
material  will  have  the  greatest  intensity  of  tensile  stress  H 
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be  neutral  surface,  making  an  angle  of  45  degrees  with  a 
brizontal  line  and  sloping  upward  and  away  from  the 
sntre  of  span,  as  indicated  in  Fig.  4,  Tests  of  plain  and 
lonforced  concrete  beams  show  that  in  those  parts  of  the 
^lan  near  the  end,  this  diagonal  tension  is  likely  to  cause 
Mure  of  the  concrete.  Hence  these  inclined  bars  are  run 
Up  from  the  main  tension  steel  reinforcement  to  assist  the 
SOncrete  in  taking  up  this  diagonal  tension  and  thus  pre- 
Knting  its  failure  so  far  as  possible.  The  concrete  will  be 
iin  compression  in  the  diagonal  direction  at  right  angles  to 
pese  inclined  bars. 

r  If  a  vertical  section  of  a  beam  should  cut  two  or  more 
pets  of  them,  the  force  or  stress  obtained  by  multiplying 
Half  the  total  transverse  shear  at  such  a  section  by  the 
secant  of  the  inclination  of  these  bars  to  a  vertical  line  will 
®ive  the  total  stress  to  which  those  two  or  more  sets  will 
[be  subjected,  the  distribution  being  assumed  to  be  uniform 
^ong  them.  The  other  half  of  the  transverse  shear  at  that 
«ction  may  be  considered  as  giving  compression  to  the 
■eoncrete  at  right  angles  to  the  45-degree  tension  in  the 
aiclined  bars.  It  is  clear  also  that  the  total  bond  shear 
^  the  surface  of  each  one  of  the  inclined  bars  must  be  at 
Wast  equal  to  the  tensile  stress  which  the  bar  carries  at  an 
ptttensity  not  greater  than  that  prescribed  in  the  speci- 
pcations  for  the  work.  If  such  a  normal  or  vertical  sec- 
pDn  of  the  beam  cuts  but  one  set  of  these  inclined  bars, 
pte  single  set  must  take  the  stress  due  to  half  the  total 
temsverse  shear,  precisely  as  described  above  for  two  or 
piore  sets.  The  ends  of  these  inclined  bars  should  be  bent 
8t  right  angles  or  otherwise  formed  so  as  to  prevent  the 
possibility  of  slipping,  and  thus  supplement  effectively  the 
bond  shear. 

It  is  clear  that  such  bars  must  add  to  the  carrying 
eapacity  of  a  beam,  not  only  by  taking  up  the  inclined 
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tensile  stresses  as  described,  but  also  as  tending  to  bind  ihe 
entire  beam  together  as  a  unit. 

The  greatest  transverse  shear  is  that  at  the  ends  oi 
the  span  where  the  sum  of  the  vertical  components  of  the 
stresses  in  the  bent  rods  must  be  equal  to  that  end  shear  or 
to  so  much  of  it  as  may  be  prescribed.  In  Fig.  3,  for 
example,  the  sum  of  the  vertical  components  of  the  stresses 
in  the  incHned  rods  bK  (a  set  of  reinforcing  rods)  must  be 
equal  to  the  transverse  shear  prescribed.  All  inclined  rods 
like  bK,  JD,  etc.,  He  in  the  direction  of  the  diagonal  tension 
(maximum  at  inclination  of  45  degrees)  and  act  directly 
to  carry  shear. 

When  beams  are  continuous  over  supports,  as  shown  in 
Figs.  2  and  3.  bending  moments  will  be  developed  over  those 
supports  opposite  in  sign  to  those  found  at  and  near  the 
centres  of  the  spans,  producing  tension  in  the  upper  parts 
of  the  beams.  For  this  reason  tensile  steel  reinforcement 
formed  either  of  the  bent  rods  continued  into  the  adjoining 
spans,  as  shown  in  Fig.  3,  or  of  separate  rods  inlroduwd 
for  the  purpose  are  required  to  take  that  tension. 

The  precise  degree  of  constraint  when  beams  or  ginfeis 
are  "  continuous  "  over  points  of  support  cannot  be  deter- 
mined, but  certain  values  of  moments  expressing  the  results 
of  experience  in  modifications  of  formulee  for  conditions  of 
perfect  continuity  will  be  given  in  the  next  article. 

In  the  practical  consideration  of  provision  for  transverse 
shear  in  reinforced  concrete  beams,  it  is  a  matter  of  some 
uncertainty  how  much  the  concrete  may  be  allowed  to  take, 
if  any,  and  hence  what  corresponding  steel  must  be  intnv 
duced  in  the  form  of  bent  reinforcing  rods  or  stirrups.  A* 
has  been  intimated,  it  is  a  serious  question  whether  tlK 
concrete  should  be  credited  with  any  resistance  to  shear.  It 
is  frequently  the  practice  to  assume  that  one-third  of  tin 
transverse  shear  will  be  carried  by  the  concrete  undec 
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ible  conditions  and  a  prescribed  working  stress,  but  that 
le  other  two-thirds  shall  be  taken  by  steel  provided  for 
he  purpose  as  already  described.  Aside  from  the  difficulty 
rising  in  the  attempt  to  distribute  by  measure  the  dis- 
harge  of  an  important  function  between  two  different 
ilhods,  there  is  grave  doubt  about  the  propriety  of 
Burning  dependable  resistance  against  shear  by  con- 
pete,  particularly  if  the  moving  load  is  of  a  character  to 
roduce  vibrations  or  shock.  In  the  latter  case  steel  should 
irtainly  be  provided  to  take  all  shear.  That  procedure 
more  prudent  in  all  cases  except,  possibly,  where  the  load 
wholly  dead  or  essentially  so.  when  the  concrete  may  be 
flowed  to  carry  one-third  of  the  total  transverse  shear. 
Many  tests  of  full-size  reinforced  concrete  T-beams  and 
of  rectangular  section  have  been  made  by  Profs. 
'albot,  Withey,  Hatt.  and  others  in  the  United  States  and 
y  Consid^re,  Feret  and  other  foreign  investigators  in 
lOrope,  and  full  descriptions  of  all  results  may  be  found  in 
ie  Bulletins  of  the  Universities  of  Illinois  and  Wisconsin 
nd  in  many  other  pubhcations,  hence  it  would  be  super- 
uous  to  repeat  them  here.  The  working  results  of  those 
Ests  bearing  upon  computations  for  design  or  other  prac- 
ical  work  will  be  given  in  the  next  article,  chiefly  in  con- 
lection  with  the  recommendations  of  the  "  Report  of  the 
)ommittee  on  Concrete  and  Reinforced  Concrete  "  of  the 
iinerican  Sbciety  for  Testing  Materials,  Vol.  XIII,  1913. 

.  101.— Working  Stresses  and  Other  Conditions  in  Reinforced 
Concrete  Design.* — Design  of  T-beams. 

In  the  design  of  reinforced  concrete  beams  there  are 
ime  features  of  the  work  determined  by  experience  and 

'The  report  of  the  Committee  on  Concrete  and  Reinforced  Concrete, 
X.  of  Am.  Soc.  for  Testing  Materials,  Vol.  XIII,  1913,  has  largely  been 
id  in  the  preparation  of  this  article. 
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quite  independent  of  analysis.     Reinforcing  bars  or  rods 
must  be  surrounded  by  enough  concrete  to  receive  the 
proper  stress  from  the  latter.     This  may  be  assumed  to  be 
done  if  the  lateral  spacing  between  the  centres  of  parallel 
rods  is  not  less  than  three  diameters,  or  two  diameters  from 
the  outer  concrete  stuf  ace  to  the  centre  of  the  nearest  rod, 
the  clear  vertical  space  between  two  horizontal  layers  of 
rods  being  not  less  than  i  inch.     It  is  seldom  advisable 
to  use  more  than  two  courses  of  such  rods.*     In  all  cases     1 
scrupulous  and  effective  care  should  be  taken  by  the  aid 
of  blocking,  ties  and  other  devices  to  hold  the  reinforcing 
steel  accurately  in  place  until  the  concrete  is  set. 

As  a  fire  protection   a  thickness  of  at  least  2  inched 
of  concrete  should  be  placed  outside  of  the  steel  in  all  reiit-^ 
forced  concrete  beams  and  columns.     In  relatively  smaL^ 
beams  a  least  thickness  of  i|  inches  may  be  allowed,  an(^ 
I  inch  may  be  permitted  in  floor  slabs. 

Floor  slabs  should  be  designed  and  reinforced  as  con-  ' 
tinuous  over  supports,  and  if  the  length  in  any  case  exceeds 
1.5  the  width  transverse  reinforcement  should  be  provided 
to  carry  the  entire  load. 

The  continuity  of  beams  and  slabs  may  be  recognized 
and  expressed  as  follows,  assuming  the  combined  dead  and 
moving  loads  equivalent  to  a  uniform  load  of  q  (pounds) 
per  linear  foot  on  the  effective  span : 

Floor  slabs:   moment  at  centre  of  span  and  at 

aP 
end  of  span ^— . 

12 

Beams:  For  exterior  span  of  series,  moment  at 

aP 
centre  of  span  and  at  outer  fixed  end  of  span.^— . 

10 

For  interior  spans   moment   at   centre 

aP 

and  at  end  of  span ^ 

12 
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Beams  and  Slabs:  continuous  over  two  spans 
only,  moment  at  central  support ^. 

o 
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Moment  near  middle  of  span 


10 


At  ends  of  continuous  beams  and  girders  where  the 

degree  of  constraint  is  uncertain,  the  computation  of  the 

negative   end   bending   moment    must   be    controlled  by 
the  judgment  of  the  responsible  engineer. 


Working  Stresses. 

The  following  working  stresses  are  chiefly  given  as  per 
cents,  of  the  accompanying  ultimate  compressive  resistances. 
They  are  for  moving  and  dead  loads  considered  as  static 
loads,  with  the  asstunption  that  proper  additions  to  moving 
loads  must  be  made,  when  advisable,  to  provide  for  impact 
or  vibrations. 

ULTIMATE  COMPRESSIVE  RESISTANCES 


Aggregate. 

_       • 

^jranite,  trap  rock 

-»ravel,     hard     limestone, 

,  sandstone 

J]>ft  limestone  and  sandstone 
binders 


Proportions  and  Ult.  Resistances,  Pounds  per 

Sq.  In. 


1:1:2 


3.300 

3.000 

2,200 

800 


I  :  ij  :3 


2,800 

2,500 

1,800 

700 


1:2:4 


2,200 

2,000 

1.500 

600 


I  :  2}  :  5 


1,800 

1,600 

1.200 

500 


1:3-6 


1,400 

1,300 

1,000 

400 


Working  Compression  in  Extreme  Fibre  of  Beam, 

The  working  intensity  in  the  extreme  compression  fibre 
tf  a  beam  may  be  taken  at  32.5  per  cent,  of  the  ultimate 
t)mpressive  resistance  as  determined  by  testing  concrete 
■ylinders  8  inches  in  diameter  and  1 6  inches  high  at  the  age 
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of  28  days.     If,  for  instance,  the  ultimate  compressive  resist-  , 
ance  of  a  x  :  s  :  4  concrete  is  2200  pounds  per  square  inch, 
then  the  extreme  fibre  working  stress  would  be  2200  X.j 
=  715  pounds  per  square  inch.     Adjacent  to  the  support  of  I 
continuous  beams,  these  stresses  may  be  increased  15  pa  J 
cent. 

Shear  and  Diagonal  Tension. 

For  beams  with  horizontal  reinforcing  bars  only,  i*! 
with  no  web  reinforcement,  2  per  cent,  of  the  ultimate  com- 
pressive resistance  may  be  allowed.  If  the  latter  were  aioo 
pounds  per  square  inch,  as  for  the  1:2:4  concrete  of  Ihc 
above  table,  the  allowed  shear  would  be  .02X2200=44 
pounds  square  inch.  This  shear  would  be  taken  wholly  by 
the  concrete. 

For  beams  thoroughly  reinforced  in  the  web,  6  per  ceot- 
of  the  ultimate  compressive  resistance  may  be  allowed.  In 
this  case,  however,  the  web  reinforcement,  exclusive  of  bent- 
up  reinforcing  bars,  must  be  designed  to  take  two-thirtis 
of  the  external  vertical  shear.  Again,  using  the  i  :  J :  4 
concrete,  the  allowed  shear  would  be  0.06  X  3200  =  131 
pounds  per  square  inch  of  total  concrete  section.  In  this 
case,  however,  the  steel  reinforcement  would  be  designed 
to  carry  two-thirds  of  the  total  transverse  shear .■  making 
the  actual  shear  in  the  concrete  44  pounds  per  square  inch 
on  the  basis  of  the  exact  division  between  the  two  methods 
of  carrying  the  shear  prescribed. 

"  For  beams  in  which  part  of  the  longitudinal  reinforn" 
ment  is  used  in  the  form  of  bent-up  bars  distributed  overs 
portion  of  the  beam  in  a  way  covering  the  requirements  f<X 
this  type  of  web  reinforcement,  the  limit  of  maximum  ver- 
tical shearing  stress  "  may  be  taken  3  per  cent,  of  theulo- 
mate  compressive  resistance. 

Where  what  is  termed  "  punching  shear  "  occurs.  i.e-. 
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e  shear  without  bending,  a  working  shearing  stress  of 
6r  cent,  of  the  ultimate  compressive  resistance  may  be 
»ed. 

j  Bond  or  Adhesive  Shear, 

'The  working  intensity  for  this  bond  or  shear  between 
Crete  and  plain  reinforcing  rods  may  be  taken  at  4  per 
It.  of  the  compressive  resistance,  but  2  per  cent,  only  for 
f/m  wire.  For  i  :  3§  ■  5  concrete  at  1600  pounds  per 
are  inch  of  ultimate  compressive  resistance,  the  two 
king  stresses  would  be  .04  X 1 600  =  64  pounds  per  square 
t  or  half  that  for  drawn  wire, 

>  Steel  Reinforcement. 

The  tensile  or  compressive  working  stress  in  steel  rein- 
anent  should  not  exceed  16,000  pounds  per  square  inch. 

Modulus  of  Elasticity. 

for  computations  locating  the  neutral  axis  and  for  com- 
big  the  resisting  moment  of  beams  and  for  compression 
soncrete  in  columns,  it  is  recommended  that  the  ratio 
3ie  steel  modulus  divided  by  the  concrete  modulus  be 
Bn  at  15  if  the  ultimate  compressive  resistance  of  the 
Crete  is  taken  at  2200  pounds  per  square  inch  or  less; 

at  12  if  the  ultimate  compressive  resistance  of  the  con- 

e  is  greater  than  2200  pounds  per  square  inch  and  less 

I13QOO  pounds  per  square  inch;  and,  finally,  at  10  if  the 

mate  compressive  resistance  of  the  concrete  is  taken 

iter  than  2900  pounds  per  square  inch. 

fhe  preceding   specifications  express  substantially   the 

of  a  Committee  on  Concrete  and  Reinforced  Concrete 

;  American  Society  for  Testing  Materials,   1913,     In 

Report   the   transverse   shear  is  computed   as   ifuni- 
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formly  distributed  throughout  the  normal  section  of  a  bent 
beam,  which,  as  has  already  been  indicated,  is  incorrect. 
On  the  whole,  however,  the  recommended  values  are  judi- 
cious and  may  be  commended  for  practical  use. 

Design  of  T-Beam  for  Heavy  Uniform  Load. 

The  given  data  are  as  follows:  Effective  length  of  span 
3a  feet  (non-continuous);  moving  load  on  floor,  250  pounds 
per  square  foot.  Floor  slab  6  inches  thick.  Each  T-beam 
carries  10  feet  width  of  floor. 

The  steel  reinforcement  of  the  beam  is  on  the  tenaon 
side  only. 

As  the  floor  slab  will  be  reinforced  (at  right-angles  to 
the  beam)  its  weight  will  be  taken  at  155  pounds  per  cubic 
foot.  The  concrete  will  be  considered  a  1:2:4  mixture 
weighing  about  1 50  pounds  per  cubic  foot. 

The  floor  slab  being  6  inches  thick,  a  little  less  than 
four  times  its  thickness  will  be  assumed  as  effective  ixini- 
pression  flange  area  on  each  side  of  the  stem  or  web  of  the 
beam.  Referring  to  Fig.  i  of  Art.  96,  the  following  dimen- 
sional data  will  be  assumed  for  trial  computations' 

fc'=6o  inches;  /  =  6  inches;  ^  =  15  inches.  Ai=)v 
inches;  thickness  of  concrete  outside  of  steel,  2  inches 
Trial  value  of  steel  ratio  or  per  cent.,  p=.8  per  cent.  =.oofi 

The  working  stresses  are: 

Compression  for  concrete:  kj  =      650  lbs.  per  sq.in. 
Tension  for  steel :  I  =  16,000  lbs.  per  sq.in. 


Eq.  {13)  of  Art.  96  then  gives: 

r-=  -i.ii  ±1.524  =  +-4i4-*.ai  =.414^1  =12  ins. 
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Eq.  (18)  of  Art.  96  may  now  be  used: 

p  = ^ —  X  .414  =  .0084  =  .84  per  cent. 

2X16,000 

• 

This  last  value  of  p  agrees  closely  enough  with  the 
assumed  value.  Hence  the  computed  values  of  di  and  p 
may  be  accepted.     Consequently :  da  =  29  — 12=17  inches. 

The  required  steel  sectional  area  is : 

A2  =pb'hi  =  .0084  X60  X29  =  14.62  square  inches. 

There  may  then  be  taken  eight  i§-inch  round  bars 
whose  aggregate  area  is  14.16  square  inches. 

The  cross-section  of  the  effective  beam  may  be  made 
as  shown  in  Fig.  i .  Deformed  rods  of  any  suitable  section 
of  the  aggregate  computed  area  may  obviously  be  used. 

The  dead  load  or  own  weight  of  the  beam,  including 
10  feet  width  of  floor  slab,  may  be  taken  at  1225  pounds 
per  linear  foot  of  span.  The  uniformly  distributed  moving 
load  will  be  10X250  =  2500  pounds  per  linear  foot  of  span. 
The  bending  moment  produced  by  these  two  loads  will  be : 

Af  =  (2500  +  1225)^— —^^Xi2  =5,028,800  inch  poimds. 

o 

The  resisting  moment  of  the  beam  section  must  now 
be  computed  by  the  aid  of  eq.  (8),  Art.  97. 

^  =  1.25;    ^=4;    ai-/  =  6;    —=.944;    ^3  =  17;  01  =  12 

and^  =  i5. 

Introducing  these  numerical  quantities  in  eq.  (8),  Art.  97 : 

M  =  5,024,61 1  inch-pounds. 
This  result  is  substantially  equal  to  the  external  bending 
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moment  found  above  and  the  tentative  design  may  be 
accepted  as  satisfactory. 

There  still  remains  to  be  considered  suitable  provision 
for  end  and  intermediate  shears  which  will  be  made  by 
bending  upward  the  proper  number  of  reinforcing  rods 
supplemented  by  stirrups. 

Fig.  I  shows  to  scale  about  12^  feet  of  the  T-beam,  the 
effective  cross-section,  60  inches  wide,  being  shown  in  shaded 
outline.  The  dimensions  are  self-explanatory  in  connection 
with  the  computations  already  made.     NS  is  the  neutral 
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axis.  The  eight  i|-inch  round  rods  in  two  courses  with 
their  central  line  4  inches  from  the  bottom  surface  are  shown 
both  in  section  and  in  longitudinal  broken  lines.  This 
latter  dimension  allows  a  fire-protecting  shell  of  concrete 
2  inches  thick  and  i  inch  clear  vertical  distance  between 
the  two  layers  of  four  rods  each. 

The  combined  dead  and  moving  load  on  the  beam  has 
already  been  shown  to  be  3725  pounds  per  linear  foot, 
making  the  end  shear  3725X15=55,875  pounds.  If  bent 
rods  inclined  at  an  angle  of  45°  be  supposed  to  take 
this  whole  shear,  the  total  stress  in  those  rods  will  be 
55*875  Xsec.  45  degrees  =  79,007  pounds.  If  the  steel  be 
stressed  at  16,000  pounds  per  square  inch,  a  little  less  than 
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square  inches  of  section  will  be  required.  Three  i|-inch 
Dunds.  or  their  equivalent  sectional  area,  will  supply  the 
Esired  section.  It  will  be  convenient  lo  bend  the  upper 
It  of  four  rods  as  shown  in  Fig.  i .  thus  reducing  th^;  actual 
in  the  inclined  parts  to  about  12,000  pounds  per 
piare  inch,  the  reduced  unit  stress  not  being  objectionable. 
greater  vertical  depth  of  concrete  would  have  been  avail- 
Jle  for  shear  if  the  lower  set  had  been  bent  upward, 
it  with  the  use  of  stirrups  this  is  not  important  and  the 
langement  shown  is  a  little  more  convenient  in  actual  con- 
ruction.  If  desired  the  lower  set  could  be  bent,  but  it 
ould  be  necessary  to  slightly  rearrange  the  position  of  all 
le  rods  so  that  the  bent  parts  of  the  lower  set  may  pass 
5  upper  set,  all  of  which  is  quite  feasible.  The  hori- 
Qtal  ends  of  the  bent  rods  should  also  be  bent  at  right 
gles  so  as  to  secure  the  firmest  possible  hold  on  the  con- 
:te  at  the  end  of  the  beam.  The  horizontal  ends  of  the 
nt  bars  are  about  12  inches  long,  making  the  lower  bend 
'the  same  rods  about  3.25  feel  from  the  end  of  the  beam. 
Vertical  stirrups,  24  inches  apart,  will  be  placed  through- 
It  the  central  part  of  the  beam  and  they  will  be  carried 
so  as  to  pass  under  the  lower  reinforcing  rods.  There 
Hi  be  four  prongs  to  each  stirrup,  looped  at  top  and  bottom. 
y  this  arrangement  of  the  stirrups  the  bond  shear  on  their 
"aces  is  greatly  reinforced  by  the  vertical  bearing  on  the 
Ocrete  and  reinforcing  rods  at  the  bottom.  The  first 
bnp.  as  shown,  will  be  placed  at  the  lower  bend  in  the 
set  of  reinforcing  rods,  although  the  stress  in  it  is 
leterminate,  as  the  inclined  rod  is  supposed  to  take  the 
al  shear. 

The  total  transverse  shear  in  the  second  stirrup,  5.15  feet 
tn  the  end  of  the  beam,  will  be  computed  as  carrying  in 
sion  9.75  X3725  =26,320  pounds,  requiring  at  16,000 
imds  per  square  inch.  2.25  square  inches.     Four  ij-inch  X 
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J-inch  flat  bars  will  give  the  required  area,  each  such  flat 
bar  constituting  one  member  or  prong  of  the  stimip.  The 
shear  at  the  next  stirrup  point,  2  feet  farther  from  the  end 
of  the  span,  will  be  28,870  pounds,  and  four  ij-inchxA* 
inch  stirrup  sections  will  give  a  little  more  than  needed,  and 
that  jection  of  bar  will  be  adopted.  Although  smaller  ban 
would  be  sufficient  for  the  remaining  sections,  the  ij-tnch 
Xi^-inch  bars  will  be  retained  for  the  remaining  stirrups. 

The  total  available  concrete  section  for  resisting  shear 
is  29  inches  X  IS  inches  =435  square  inches  which,  under  the 
specifications  of  the  preceding  article,  may  be  taken  at  u 
pounds  per  square  inch,  making  a  total  shear  of  19,145 
pounds  to  be  provided  for  in  this  way  if  it  should  be  con- 
sidered permissible.  If  the  latter  procedure  were  foUoftTd 
it  would  leave  but  two-thirds  of  the  total  transverse  shear 
at  each  stirrup  section  to  be  resisted  by  the  steel  stirrups. 
In  the  case  of  such  a  heavy  beam,  however.  It  is  believed 
to  be  the  better  practice  to  take  care  of  all  the  shear  by 
steel  reinforcement. 

If  4s-degree  steel  reinforcements  attached  to  the  main 
reinforcing  rods  were  used,  the  length  of  such  inclined  ban 
would  be  about  27  Xsec.  45  degrees  =  38  inches.  Inasmuch 
as  half  the  transverse  shear  at  any  section  may  be  assunwi 
to  produce  45-degree  compression  at  right  angles  to  sudl 
inclined  tension  bars,  the  latter  may  be  computed  as  Iwjig 
stressed  by  half  the  transverse  shear  multiplied  by  sec.  45 
degrees.  The  4S-degree  tension  bars  near  the  end  of  the 
span  under  such  an  assumption  would  take  about  38.000 
pounds  only  and  if  there  were  four  of  them,  each  i\  inchX 
A  inch,  they  would  be  sufficient.  At  intermediate  pos- 
tions  further  removed  from  the  ends,  a  correspondin|^y 
smaller  section  might  be  used.  The  bond  shear  at  the  sur- 
face of   such   inclined  bars  could  be  taken  at  a  wa 
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clined  tension  bars  should  be  placed  not  more  than  about 
21  inches  apart  horizontally  in  order  to  sectire  effective 
action.  Their  upper  ends  should  be  bent  at  right  angles  or 
looped  to  secure  a  firmer  hold  on  the  concrete. 

These  computations  illustrate  clearly  the  simple  pro- 
cedures required  in  the  design  of  a  reinforceci  concrete 
T-beam.  If  the  beam  is  of  rectangular  section,  the  pro- 
cedures are  precisely  the  same,  as  the  actual  rectangular 
section  in  that  case  would  correspond  precisely  to  the  effect- 
ive shear  section  taken  for  the  T-beam. 

Design  of  Continuous  Floor  Slab  for  6  Feet   Span   between 

Steel  Beams. 

The  slab  is  assumed  to  carry  a  warehouse  load  of  175 

pounds  per  square  foot  in  addition  to  own  weight.     It 

will  also  be  assumed  to  be  continuous  over  the  steel  beams 

6  feet  apart  centres,  the  degree  of  continuity  being  that 

prescribed  in  Art.  100,  making  the  centre  and  end  bending 

wP 
moments  each  — ,  w  being  the  load  per  lineal  foot  of  span. 

12 

A  trial  depth  of  slab  of  4  inches  will  be  assumed  and  the 

design  will  be  made  for  a  12 -inch  width  of  slab.     A  depth 

of  I  inch  of  concrete  will  be  taken  outside  of  the  steel 

reinforcement,  which  will  be  wholly  on  the  tension  side  of 

the  slab,  and  the  tensile  resistance  of  the  concrete  will  be 

neglected.     The  data  to  be  used  will  then  be: 

Span  =  6  feet.    Moving  load  =  175  pounds  per  sqtiare  foot. 

Dead  I'^ad      =   50  pounds  per  square  foot. 

Tension  in  steel,  t  =  16,000  pounds  per  square  inch. 
Compression  in  concrete,  k\  =500  pounds  per  square  inch. 

—=^=15;  fe  =4  inches;  /ti=2.75  inches;  6  =  12  inches. 


640  CONCRETErSTEEL  MEMBERS.  |a: 

The  external  bending  moment,  M  =  — ^ Xi2  = 

12 

inch-poimds.     The  section   to   be   designed  must  gi 

resisting  moment  at  least  equal  to  8100  inch-pounds. 

Eq.  (8),  Art.  98,  gives  the  steel  ratio: 

p  =  .oo5  =.5  per  cent. 
Hence, 

A2  =.005  X4X12  =.24  square  inch. 

Eq.  (4),  Art.  98,  then  gives  the  position  of  the  n 
axis: 

Y=  -.o75=b.394  =  +.3i9; 

and 

di  =0.88  inch; 

d3=hi—di  =1.87  inches. 

The  internal  resisting  moment  will  now  be  giv 

eq.  (12),  Art.  98: 


,^        SO0/12X. 88'     ,        ^  ^^    "Ti~2\        o  •       "L 

M=^l  +3-^^X1.87  1  =8700  mch-poun< 


By  revising  the  design  the  excess  above  8100  inch-j 
may  be  reduced  if  desired,  but  the  difference  is  toe 
to  be  material. 

Two  J-inch  square  bars,  j^laced  6  inches  apart, 
a  combined  area  of  .28  square  inch,  will  afford  satisl 
reinforcement,    remembering    that    they    must    he 
from  1 4  inches  above  the  lower  surface  of  the  slab 
centre  of  span  to  that  distance  below  the  upper 
at  the  ends  of  the  span. 

The  end  shear  of  3X225=675  pounds  is  provi( 
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e  bending  up  of  the  reinforcing  rods,  especially  as 
>ncrete  section  is  4X12  =48  square  inches. 


Art.  102. — ^Reinforced  Concrete  Columns. 

Enforced  concrete  columns  may  be  divided  into 
lasses.  The  reinforcing  steel  in  one  of  these  classes 
rapping  or  banding,  usually  as  a  spiral,  of  the  concrete 
arse  wire  or  thin  fiat  bars,  so  that  the  lateral  strains 
argement  due  to  axial  compression  will  be  prevented 
ch  as  possible  with  the  intent  to  increase  correspond- 
the  carrying  capacity  of  the  col- 
It  is  customary  to  use  longi-        \^  ,      j j^ 

il  steel  rods  spaced  equidistantly 
d  the  column  adjacent  to  and 
of  the  spiral  banding,  as  shown 
J.  2,  the  former  being  strongly 
ed  to  the  latter  by  clamps  or 
When  the  cylindrical  cage 
formed   is  filled  with  concrete,  ^^^  ^ 

y  a  rich  mixture  such  as  I  12:4, 

ncased  with  concrete  about    2   inches  thick,  the  corn- 
column  is  formed. 

le  steel  reinforcement  in  the  other  class  of  columns 
)ad-carrying  member,  in  fact  a  ^teel  column  in  itself, 
with  concrete  and  encased  with  the  same  exterior 
of  concrete  as  in  the  banded  column,  as  shown  in 
].  In  the  latter  case  the  parts  of  the  steel  column 
•rcement  form  the  banding  or  wrapping  around  the 
ete.  The  shape  of  cross-section  of  column  for  either 
may  be  any  desired,  although  the  circular  section 
re  convenient  for  the  first  class. 
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Lateral  Reinforcement  and  Shrinkage 

The  analytic  expression  for  the  gain  in  carrying 
capacity  arising  from  banding  is  easily  written.  Let  Fig. 
I  represent  a  band  one  unit  (inch)  in  length,  i.e.,  along  the 
axis  of  the  column,  its  interior  diameter  being  d.  When 
the  colimm  receives  load  its  diameter  d  tends  to  increase 
in  consequence  of  the  lateral  strains,  thus  pressing  against 
the  interior  of  the  band  and  causing  the  latter  to  stretch 
accordingly.     Let 

-£2=30,000,000=  modulus  of  elasticity  of  the  steel; 
El  =  2,000,000  =  modulus  of  elasticity  of  the  concrete; 
/?x=tmiform  intensity  of  pressure  between  the  ring 

dv  band  and  concrete ; 
pi  =  intensity  of  column  loading  on  a  normal  section; 

a  =  area  of  section  of  band; 

A  =  stretch  of  steel  ring  due  to  internal  pressure  pv 


Hence : 


A=^ir(i.    .*.  Newcirctmiference=Trf(i+^)   .  (i) 
£2  \      E2I 


The  new  diameter  will  be  d(  i  +-^  j. 

If  r  is  the  ratio  between  the  direct  compressive  and  lateral 
strains  for  concrete,  the  new  diameter  of  the  banded  con- 
crete will  be : 

Equating  the  two  values  of  the  new  diameter, 

JI2      ^l      1^1  rLi-\-lL2 
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Eq.  (3)  gives  the  value  of  the  intensity  of  pressure  be- 
tween the  banding  and  the  concrete.     li  -=^=^15, 

Ps^'^Pir (4) 


If  for  concrete  r  =-, 

S 


'^ (5' 


With  this  value  of  r,  p'x-pir=—  would  prevent  all 

lateral  strain,  and  as  eq.  (4)  shows  that  px  =  -f /^'«»  it  is  clear 

16 

that  the  banding  appears  to  be  highly  effective.     Con- 

a*ete,  however,  shrinks  when  it  sets  in  air  with  a  coefficient 

» 

of  shrinkage,  according  to  such  tests  as  have  been  made, 
of  .0002  to  .0005.  If  £1  =  2,000,000  and  if,  for  example, 
^1  =  1500  pounds  per  square  inch,  then  by  eq.  (5), 


-^Xisoo 

^ — = (nearly) (6) 

2,000,000     7000 


As  both  and  are  greater  than  ,  these 

5000  2000  7000 

imputations  show  that  shrinkage  of  .concrete  setting  in  air 

^  more  than  neutralize  the  advantage  supposed  to  be 

Jue  to  banding,  at  least  until  the  elastic  Umit  of  the  con- 

5^te,   and  probably   the   yield   point,  is  exceeded.     This 

explains  why  banding  shows  no  advantage    in   full-size 

olumn  tests  until  the  yield  point  is  passed,  as  will  be  seen 

Iter. 


644  CONCRETE-STEEL  MEMBERS.  [QlWL 

Longitudinal  Reinforcement 

In  considering  the  effect  of  longitudinal  sted  reinforce- 
ment, let 

A  =  total  available  sectional  area  of  the  column  (the 
outer  2 -inch  thickness  is  neglected  in  computa- 
tions for  carrying  capacity) ; 
i4  2  =  sectional  area  of  steel ; 
A 1  =  sectional  area  of  concrete ; 

p  =  steel  ratio  —^ ; 

A 

pi  =  intensity  of  compression  in  concrete; 
c  =  intensity  of  compression  in  longitudinal  steel; 

-4=^1+^2      and      e  = 


£2 


El 

P  =  carrying  capacity  of  reinforced  coliunn ; 
/?i=  carrying    capacity    of    plain    concrete    column  of 
section  A, 

Hence : 

P  =  cA2+pi{A-A2)={pe  +  i-p)piA.       .    (7) 


Or 


^  =  p(e-i)+i (8) 


Eq.   (8)  shows  the  gain  of  carrying  capacity  due  to  the 
longitudinal  reinforcing  steel.     The  fractional  gain  is: 


P-P' 
P' 


=  p{e-'i) (9) 


Many  tests  of  full-size  columns  of  both  types  have  been 
made  by  Professors  Talbot,  Withey,  the  author,  and  others, 
the  results  of  which  fully  described  may  be  found  in  the 
bulletins   of   the    Universities   of    Illinois   and   Wisconsiii» 
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'those  of  the  author  in  the  "  Proceedings  of  the  Insti- 
In  of  Civil  Engineers  "  of  London. 

rhe  effect  of  a  proper  amount  of  spiral  or  other  band- 
either  by  itself  or  in  connection  with  longitudinal 
rods  firmly  secured  to  it,  or  of  a  self-supporting  load- 
ring  steel  column,  is,  in  all  these  types,  to  support  the 
rete  to  such  a  degree  as  to  develop  substantially  its 
aate  carrying  power  in  short  blocks,  for  such  lengths 
)lumns  as  have  been  tested. 

a  order  to  accomplish  this  result  1  per  cent,  of 
al  steel  reinforcement  in  spiral  shape  is  sufficient. 
hermore  it  is  preferable  to  use  longitudinal  steel  rod 
brcement  in  connection  with  the  lateral  spiral  rein- 
sment,  the  two  being  firmly  attached  to  each  other 
U  cases.  The  spiral  cage  firmly  secured  to  the  longi- 
lal  rods  constitutes  practically  an  independent  load- 
ring  steel  column,  particularly  when  filled  with  con- 
!.  A  properly  designed  reinforced  column  of  this  type 
have  its  ultimate  carrj'ing  capacity  closely  represented 
q.  (7),  in  which  pi  is  the  ultimate  compressive  resist- 
of  the  concrete  and  c  the  ultimate  compressive  resist- 
of  the  steel.  If  longitudinal  rods  are  used  without 
Steel  banding,  they  cripple  or  buckle  under  compara- 
y  light  loads,  as  would  be  expected,  and  make  an 
,tisfactor>'  column  in  combination  with  the  concrete 
duced  carrying  power. 

Ls  has  already  been  shown  in  connection  with  eqs.  (i)  to 
the  shrinkage  of  the  concrete  in  setting  prevents  the 
ling  influence  of  the  steel  from  being  effective  until 
yield  point  of  the  concrete  has  been  passed,  and  the 
ks  of  tests  have  confirmed  fully  the  indications  of 
Y^.  The  same  tests,  however,  have  shown  that  in 
lerly  designed  columns  of  both  classes  the  concrete 
the  steel  act  together  effectively  except  in  the  case  of 
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longitudinal  rods  without  spiral  or  other  banding.  Th 
latter  type  of  column,  however,  is  too  indifferent  in  du 
acter  to  be  used  in  practice. 

Types  of  Columns. 

Figs.    2  and  3  illustrate  the  two  types  or  classes 
reinforced  concrete  columns  generally  used.     Fig.  3  sho 


a  spiral  reinforcement  inside  of  which  there  are  a  suit; 
number,  of  longitudinal  round  or  other  rods  which  n 
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i  finniy  secured  to  the  spiral  reinforcement.  The  size 
?  latter  may  vary  according  to  the  size  of  the  column 
1  i  inch  diameter  to  |  inch  or  more,  and  the  pitch  may 
ly  from  i  to  several  inches,  according  to  the  size  of  the 
pmn.  It  has  been  found,  as  already  indicated,  that  the 
iDunt  of  spiral  or  lateral  reinforcement  should  be  about 
per  cent.,  i.e.,  the  volume  of  the  spiral  metal  should  be 
put  I  per  cent,  of  the  volume  of  the  column,  counting  the 
Iroeter  of  the  latter  as  the  diameter  of  the  cyUnder 
[med  by  the  centre  hne  of  the  spiral.  The  amount 
■longitudinal  steel  rods  may  be  i^  to  a  or  3  per  cent, 
unore:  although  it  has  been  found  generally  to  be  more 
jmomical  to  increase  the  richness  of  the  concrete  core 
^  use  less  longitudinal  steel  than  to  use  more  of  the  latter 
th  leaner  and  less  expensive  concrete.  The  exterior 
pcrete  shell,  usually  about  2  inches  thick,  is  not  con- 
fered  as  an  available  or  load-carrying  part  of  the  com- 
tte  column.  It  has  been  found  by  experiment  that  this 
Krior  shell  may  carry  from  40  to  50  per  cent,  as  much 
t&  per  square  inch  as  the  concrete  core,  and  that  it  will 
ft  crack  off  under  test  until  the  yield  point  of  the  steel 
is  been  reached,  but  it  is  quite  likely  to  be  at  least  par- 
llHy  destroyed  in  a  burning  building.  On  the  whole, 
IBrefore,  it  is  considered  better  practice,  and  it  is  certainly 
|er  to  consider  the  core  only  of  reinforced  columns,  i.e., 
By  that  part  within  the  exterior  enveloping  volume  of 
b  steel  as  load  carrying. 

p  Fig.  3  is  typical  of  the  class  of  columns  in  which  the 
Ml  is  designedly  a  load-carrying  member.  The  figure 
pws  a  column  of  four  angles  latticed  in  the  usual  manner 
pi  batten  plates  as  well  as  lattice  bars  on  all  four  sides, 
great  variety  of  forms  may  obviously  be  used  in  this 
f  column.  Many  full-size  tests  have  shown  that  the 
te  filling  of  this  type  of  column,  no  less  than  in  the 
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other  type,  may  be  considered  as  carrying  load  up  to  its 
full  ultimate  short  block  capacity  before  failure  of  the 
•coltmm  for  all  lengths  used  in  actual  tests.  The  load 
carried  by  such  a  column  may  be  computed  by  adding  the 
carrying  capacity  of  the  concrete  filling  considered  as  a 
short  block  to  the  carrying  capacity  of  the  steel  column 
computed  as  such. 

Prof.  Withey  has  concisely  expressed  the  results  of 
the  tests  of  full-size  colimms  of  both  these  types  in  the 
Bulletin  of  the  University  of  Wisconsin  as  follows : 

'*  I.  A  small  amount,  0.5  to  i  per  cent.,  of  closely  spaced 
lateral  reinforcement,  such  as  the  spirals  used,  will  greatly 
increase  the  toughness  and  ultimate  strength  of  a  concrete 
column;  but  does  not  materially  affect  the  yield  point. 
More  than  i  per  cent,  of  lateral  reinforcement  does  not 
appear  to  be  necessary.  The  use  of  lateral  reinforcement 
alone  does  not  seem  advisable. 

'*  2.  Vertical  steel  in  combination  with  such  lateral 
reinforcement  raises  the  yield  point  and  ultimate  strength 
of  the  column  and  increases  its  stiffness.  Colimms  rein- 
forced with  vertical  steel  only  are  brittle,  and  fail  suddenly 
when  the  yield  point  of  the  steel  is  reached,  but  are  con- 
siderably stronger  than  plain  columns  made  from  the  same 
grade  of  concrete. 

**  3.  Increg^sing  the  amount  of  cement  in  a  spirally 
reinforced  column  increases  the  strength  and  stiffness  of 
the  column.  A  column  made  of  rich  concrete  or  mortar 
and  containing  small  percentages  of  longitudinal  and 
lateral  reinforcement,  is  without  doubt  fully  as  stiff  and 
strong  and  more  economical  than  one  made  from  a  leaner 
mix  reinforced  with  considerably  more  steel.  In  these 
tests,  doubling  the  amount  of  cement  increased  the  yield 
point  and  ultimate  strength  of  the  columns  without  vertical 
steel  about  100  per  cent.,  and  added  about  50  per  cent,  to 
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strength  of  those  reinforced  with  6.i  per  cent,  vertical 
•I. 

"  4.  From  the  behavior  under  test  of  the  columns 
forced  with  spirals  and  vertical  steel  and  the  results 
iputed,  it  would  seem  that  a  static  load  equal  to  from 
to  40  per  cent,  of  the  yield  point  would  be  a  safe  working 
I. 

"  5.  The  results  obtained  from  tests  of  columns  rein- 
ve6  with  structural  steel  indicate  that  such  columns 
ve  considerable  strength  and  toughness,  and  that  the 
el  and  concrete  core  act  in  unison  up  to  the  yield  point 
:he  former.  The  shell  concrete  will  remain  intact  until 
yield  point  of  the  steel  is  reached,  but  no  allowance 
raid  be  made  for  its  strength  or  stiffness." 


!.  Although  the  yield  point  of  a  reinforced  concrete 
m  is  practically  independent  of  the  percentage  of  spiral 
oforcement.  the  ultimate  strength  and  the  toughness  are 
directly  afEected  by  it.  .  .  .  Consequently,  only  enough 
lateral  reinforcement  is  needed  to  prevent  the  longitudinal 
rods  from  bulging  outward,  and  to  provide  an  additional 
factor  of  safety  against  an  overload  by  increasing  the 
toughness  and  raising  the  ultimate  strength  somewhat 
above  the  yield  point.  From  these  tests  i  per  cent,  of  a 
closely  spaced  spiral  of  high -carbon  steel  seems  to  be 
sufficient  for  this  purpose. 

"3.  By  the  addition  of  longitudinal  steel  the  yield 
point,  ultimate  strength  and  stiffness  of  a  spirally  rein- 
forced column  can  be  considerably  increased.  If  maximum 
economy  in  floor  space  is  desired,  if  a  column  is  so  long  or 
s  so  eccentrically  loaded  that  tension  exists  on  a  portion 
if  the  cross-section,  or  if  a  large  dead  load  must  be  sus- 
by  the  column  while  the  concrete  is  green,  a  high 
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percentage  of  longutidinal  reinforcement  may  often  be 
advantageously  employed.  Such  reinforcement  is  also  a 
valuable  safeguard  against  failure  due  to  flaws  in  iht 
concrete.  If  the  cost  of  cement  is  extremely  high,  it  may 
be  economical  to  use  a  leaner  mixture  than  suggested  in 
(i)  and  considerable  longitudinal  steel  to  increase  the 
stiffness  and  strength ;  columns  like  those  of  Series  1 
may  profitably  be  used.  In  general,  however,  cement  s 
a  more  economical  reinforcement  than  steel.  Therefwe, 
for  ordinary  constructions  it  does  not  seem  advantageouc 
to  use  in  combination  with  a  rich  concrete  more  than  » 
or  3  per  cent,  of  longitudinal  steel." 

"  8.  Briefly  summarizing  the  foregoing,  it  seems  eco- 
nomical to  use  for  reinforced  concrete  columns  a  verj-  rich 
mixture,  and  advantageous  to  employ  about  i  per  cent.  »i 
closely  spaced  high-carbon  steel  lateral  reinforcement  cotr- 
bined  with  2  or  3  per  cent  of  longitudinal  reinforcement. 
From  the  test  data  presented  it  seems  apparent  that  sudi 
columns,  centrally  loaded,  may  be  subjected  to  a  sialic 
working  stress  equJil  to  one-third  of  the  stress  at  yield 
point." 

Working  Stresses 

The  results  of  analysis  and  of  the  full-size  tests  to 
which  reference  has  been  made  furnish  a  rational  biw  || 
on  which  proper  working  stresses  may  be  based.  The 
concrete  is  so  held  and  supported  in  both  types  of  column, 
when  properly  designed,  that  the  working  stress  Jn  it  nay 
be  prescribed  as  if  it  were  a  short  block.  In  that  elaa  d 
columns  in  which  the  steel  reinforcement  is  a  steel  cdtnnn 
by  itself,  the  working  stress  in  the  latter  may  be  prescribeil 
precisely  as  for  any  other  steel  column.  Manifestly  tl* 
fraction  of  the  ultimate  resistance  represented  by  the  work- 
ing stresses  for  both  materials  must  be  the  same.    Actoal 
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tests  of  ftill-size  columns  enable  the  tinit  working  stress 
for  the  longitudinal  steel  in  the  spiral-banded  columns  to 
be  properly  prescribed,  the  steel  spiral  banding  being  a 
t  per  cent,  lateral  reinforcement  not  to  be  credited  as 
carrying  any  direct  load. 

The  unit  compressive  working  stress  of  the  longitudinal 
steel  reinforcing  members  in  either  type  of  column  is  taken, 
in  the  recommendations  of  the  American  Society  for  Testing 
Materials  in  their  Proceedings  for  1913,  at  16,000  pounds 
per  square  inch,  it  being  understood  that  the  length  of  no 
column  shall  exceed  fifteen  times  the  least  width,  that 
width  not  including  the  protective  shell,  usually  about 
2  inches  thick. 

The  same  ratio  of  length  to  least  width  holding  for 
both  types  of  columns,  the  following  compressive  working 
stresses  are  recommended  by  the  Committee  on  Concrete 
and  Reinforced  Concrete  of  the  American  Society  of  Civil 
Engineers,  19 13,  the  per  cents,  stated  to  be  applied  to  the 
ultimate  resistances  of  the  various  grades  of  concrete  given 
in  Art.  loi. 

Structural  steel  in  tension 16,000  lbs  per  sq.in. 

Per  cent,  of 
Ult.  Com- 
pressive 
Resist. 
Concrete  in  compression  where  resisting  area  is  at  least  twice 

loaded  area 32 . 5 

Concrete  in  plain  concrete  column  or  pier  centrally  loaded,  length  = 
12  diameters  or  less 22 . 5 

Concrete  in  column  with  i  to  4  per  cent,  longitudinal  reinforcement 
only;   length  of  column  =  12  diameters  or  less 22.5 

Concrete  in  column  with  lateral  reinforcement  of  spirals,  etc.,  at 
least  I  per  cent,  of  volume  of  column,  clear  spacing  of  spirals  or 
hooping,  A  to  i  of  diameter  of  encased  column,  in  no  case  ex- 
ceeding 2i  inches,  the  length  of  laterally  unsupported  column  to 
be  not  more  than  8  diameters  of  hooped  core 27 . 

Coocrete  in  column  with  i  per  cent,  to  4  per  cent,  of  longitudinal 
bars  with  spirals,  hoops,  etc.,  as  specified  above  coltmm,  the 
length  of  laterally  unsupported  hooped  core,  not  more  than  8 
diameters  of  core 32 .  625 
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Reinforced  columns  with  longitudinal  steel  rods,  only, 
embedded  in  the  concrete  are  highly  unsatisfactory  and 
they  should  not  be  used  where  the  failure  of  the  column 
would  entail  serious  consequences. 

The  tests  of  such  load-carrying  columns  for  steel  rein- 
forcement of  reinforced  concrete  as  have  been  made  by 
the  author  show  that  their  ultimate  resistances  will  be  closely 
given  for  such  lengths  as  haye  been  tested  by  the  simple 
straight-line  formula 

P  I 

-=43,000-155-. 


In  this  formula  -  is  the  ratio  of  length  of  column  to 

the  radius  of  gyration  of  its  cross-section  about  the  neutral 

p 

axis  and  A  is  the  area  of  cross-section.     Hence  -r  is  the 

A 

average  imit  compressive  stress  over  a  normal  section  of 

column. 

This  type  of  column  is  not  limited  in  use  to  any  ratio 
of  length  over  least  diameter,  nor  is  the  per  cent,  of  steel 
section  restricted.  As  the  steel  reinforcement  is  a  perfectly 
designed  load-carrying  column,  it  may  be  treated  like  any 
Other  steel  column,  while  the  concrete  filling  is  so  banded 
and  supported  by  the  enclosing  steel  coliunn  that  load 
may  be  imposed  upon  it  as  in  the  case  of  a  short  concrete 
block. 

These  columns  have  been  used  for  tall  buildings  of 
eleven  stories  or  more  in  height.  They  are  well  adapted 
to  such  a  purpose,  not  only  in  consequence  of  the  load- 
carrying  capacity  of  the  steel,  but  also  on  account  of  the 
facility  with  which  floor  beams  and  girders  or  other  members 
may  be  detailed  to  them. 


in.  iM.I  PROBLEMS  FOR  CHAPTER    XIH.  653 

The  spiral  or  otherwise  banded  column  is  not  so  well 
adapted  to  structural  purposes.     The  design  is  such  that 

y  are  available  only  for  comparatively  short  lengths  in 
connection  with  the  prescribed  working  stresses.  They  may 
pTjbably  be  used  up  to  lengths  of  unsupported  core  equal 
to  twelve  times  the  least  diameter  under  a  reduction  of 
orking  stresses  to  So  per  cent,  of  those  prescribed. 

The  two  following  problems  will  illustrate  the  applica- 
tions of  the  preceding  results  to  actual  design  work; 

Problem  I- 

Design  a  reinforced -concrete  column  13  feet  6  inches 
bug.  with  spiral  banding  and  longitudinal  rod  reinforce- 
t  to  carry  a  load  of  354.000  pounds. 

As  the  column  must  not  exceed  S  diameters  in  length, 
^  diameter  of  the  spiral  banding  will  be  taken  as  20 
inches,  giving  an  effective  area  of  314.3  square  inches. 
There  will  be  assumed  eight  i^-inch  longitudinal  round 
Kids  acranged  as  shown  in  Fig.  2.  The  concrete  will  be 
taken  as  a  1:2:4  mixture  with  an  ultimate  resistance 
tt  twenty-eight  days  of  2250  pounds  per  square  inch. 
Hence  the  working  unit  stress  will  be;  p  =  2250X32.625  =734 
pounds  per  square  inch.  The  working  stress,  c.  of  the  steel, 
AS  has  been  shown  by  the  specifications  of  the  joint  com- 
nuttee  of  the  Am.  Soc.  C.E.  and  the  Am.  Soc.  for  Testing 
Materials,  may  be  taken  at  16.000  pounds  per  square  inch. 
Hence  the  total  carrying  capacity  of  the  column  is: 

Of  the  steel  section 8  X  16,000  =128,000  lbs. 

Of  the  concrete  section.  (314.2-8)  X734  =  244,751  lbs. 

Total 

352,751  lbs. 

This  is  sufficiently  near  354,000  to  be  considered  satis- 
■ctory  and  it  will  be  accepted.     It  illustrates  fully  the 
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procedure  to  be  followed  in  the  design  of  this  •  type  of 
column. 

The  I  per  cent  of  spiral  lateral  reinforcement  may  be 
determined  as  follows:  The  volume  of  spiral  metal  per 
inch  of  length  of  coltimn  is  0.01X314=3.14  cubic  inches. 
If  the  pitch  is  2  inches  (one- tenth  the  diameter)  the  length 
of  one  complete  turn  of  the  spiral  will  be  about  63  inches. 

Hence  the  sectional  area  of  the  spiral  rod  will  be  -^=1 

63 

square  inch  (nearly),  requiring  a  f-inch  round  rod.    This 

close  wrapping  or  banding  by  a  f-inch  spiral  with  2 -inch 

pitch  must  be  firmly  fastened  by  coarse  wire  or  clips  to 

the  eight  ij-inch  longitudinal  roimd  rods. 

Problem  II. 

Design  a  reinforced-concrete  column  20  feet  long  to 
carry  a  load  of  283,000  pounds,  the  steel  reinforcement  to 
be  a  load-carrying  column. 

Let  the  reinforcing  column  be  composed  of  four  3  X3  X A- 
inch  steel  angles  latticed  to  form  a  column  like  Fig.  3- 
The  square  formed  by  the  angles  will  be  15  inches  on  a 
side,  i.e.,  from  back   to  back  of  angles.     The  radius  of 

gyration  r  of  such  a  section  is  6. 7  inches.     Hence  -  =--^  =36, 

f     6.7 
p 

and  eq.  (10)  gives -j  =37,420  pounds  per  square  inch.  If 
working  stresses  be  taken  at  one-third  the  ultimate,  the 

working  stress  for  steel  will  be  c=^-^ —  =  12,470  pounds 

3 

per  square  inch.  The  sectional  area  of  a  3  X3  XiV-i^^^^^ 
angle  is  2.43  square  inches.  Hence  the  effective  area 
of  the  concrete  section  is  15X15—4X2.43=215.3  square 
inches.  The  concrete  will  be  assumed  to  be  a  1:2:4 
mixture,  for  which  the  ultimate  resistance  may  be  taken 
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2250  pounds  per  square  inch,  and  the  working  resist- 
.ce,  750  pounds  per  square  inch.  The  total  carrying 
pacity  of  the  column  will  then  be: 

Of  the  steel  section 12,470  X9.72  =121,240  lbs. 

Of  the  concrete  section .      750X215.3=161 ,460  lbs. 


Total 282,700  lbs. 

This  result  shows  that  the  design  is  satisfactory. 

It  103. — Division  of  Loading  Between  the  Concrete  and  Steel 
Under  the  Common  Theory  of  Flexure. 

It  is  occasionally  desirable  to  determine  the  portion  of 
he  total  loading  of  either  a  concrete-steel  beam  or  arch 
arried  by  the  steel  and  concrete  parts  of  the  member, 
n  making  this  determination  the  formula  established  in 
he  preceding  articles  in  accordance  with  the  common 
heory  of  flexiu'e  will  be  employed.  It  will  be  convenient 
Iso  for  this  purpose  to  represent  the  intensity  of  stress  in 
he  extreme  fibre  of  the  steel,  whether  tension  or  com- 
ression,  by  fe„  the  distance  of  that  extreme  fibre  from  the 
eutral  axis  of  the  composite  section,  established  in  Art.  97, 
eing  represented  by  ^2.  It  will  further  be  supposed  that 
le  coefficients  of  elasticity  for  concrete  in  tension  and 
impression  are  the  same.  Eqs.  (4)  of  Arts.  96  and  98, 
^presenting  the  resisting  moment  of  the  internal  stresses 
I  a  normal  section  of  a  composite  member,  may  then  be 
ritten 

, -.    k\I\  ,  ^^2/2  ,  . 

^=^+-^ (^> 

Let  the  total  load  on  the  composite  beam  or  arch  be 
presented  by  W,  while  W\  and  W2  represent  the  portions 
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of  W  carried  by  the  steel  and  concrete  respectively.   Abo 

W  W 

let  q^  and  q^  be  so  taken  that  9i=Tr^  and  9i  =  Tr''  Th^ 

remaining  notation  will  be  that  given  in  Art.  96. 

Since  the  bending  moments  in  the  portions  A^  and  .4, 
are  proportional  to  the  loads  which  those  portions  cam*, 

k  k 

remembering  that  -f  and  -f  are  equal  to  E^u  and  £,m  re- 
spectively, there  may  be  written,  as  indicated  by  eq.  (i), 


"^'-WEJ^+EJ,     ^"""^     '^''^W^EJ.+EJ, 
Also 


^^-JTT^,    ^d    '^^A+^, 


.  (2) 


w 

Also,  if  w=Trr» 


n 


gi= — ; —     and     a,  = — — - (0 

Then,  since     M^  =gj.l/  and  M^  ^q^M. 

KJh^l^     and     ife,=?4^.       ...    (4) 

Eqs.  (2),  (3),  and  (4)  show  the  portions  of  loading 
carried  by  the  two  materials  and  tlie  greatest  intensities 
of  stresses  in  their  extreme  fibres. 

It  is  sometimes  nccessan^-  to  combine  a  bending  moment 
with  the  direct  compression  (or  tension)  prcxluced  by  a 
force  P  acting  along  or  parallel  to  the  axis  of  a  beam^T 
arch.  Let  p^  and  y?,  represent  the  intensities  of  st^e^s 
I)roduce(l  in  tlie  two  ])ortions  .1^  and  A^  by  such  a  direct 
force.     Since  ccjual  unit  longitudinal  strains  exist  in  the 
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two  materials,  the  intensities  of  stress  in  the  portions  A^ 
and  i4,  will  be  proportional  to  their  coefficients  of  elastici- 
ties.   Hence 

1=1     and     ft=|A.     .....     (5) 


Hence 


P 

p,A,  +  ep,A,^P;    /.  p,^^  ^^^^.       .     .     (6) 


In  the  case  of  an  elastic  arch  like  those  of  combined 
xincrete  and  steel,  the  thrust  P  is  in  general  exerted  along 
ihe  axis  of  the  arch  ring  but  at  some  distance,  /,  from  it. 
b  such  a  case  the  bending  moment  is 

Af  =  P/;    hence    M^^q.Pl    and    M^=q^Pl,    .     (7) 

The  values  of  the  bending  moments  are  to  be  placed  in 
^.  (4),  in  order  to  determine  the  intensities  k^  and  fe,. 

In  determining  the  resultant  of  stress  for  any  section 
>f  an  arch  ring,  if  the  conditions  under  which  eqs.  (2)  were 
?mtten  be  employed,  the  thrust  on  the  portion  A^  will  be 
?iP,  and  q^P  on  A^,  since  the  thrusts  on  the  two  portions 
^nll  be  proportional  to  the  loads  which  they  carry.  Hence, 
f  tj  and  fej  again  be  used  to  represent  the  greatest  inten- 
ities  of  stress  in  the  two  portions,  there  may  at  once  be 
vritten 

,  /P      MdA 

^^==^^U±-/7V ^'^ 

/P      MdA 

In  eqs.  (8)  and  (9),  M=PL 

If,  again,  the  last  members  of  eqs.  (5)  and  (6)  be  used 
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in  connection  with  eqs.  (2)  and  (4)  the  resultant  values 
of  k^  and  fe,  will  be 

,  q,Md,  P  Md, 

K-P.-^^'-^^^^-^j-^.    .    .    .    (10) 


j^      .   .  q.Md,     J      P       ■    Md,  \ 


(II) 


In  the  use  of  all  these  equations,  care  must  be  taken 
to  give  the  proper  sign  to  the  bending  moment  M. 

These  equations  comprise  all  that  are  necessary  in  order 
to  ascertain  the  distribution  of  the  loading  between  the 
steel  and  the  concrete,  or  any  other  two  materials,  whether 
the  case  may  be  one  of  pure  bending  or  a  combination  of 
bending  and  direct  stress. 


CHAPTER  XIV. 

ROLLED  AND  CAST  FLANGED  BEAMS 

Art.  104. — Flanged  Beams  in  General. 

Rolled  flanged  beams  as  produced  by  steel  mills  and 
used  in  building  or  other  construction  have  already  been 
treated  in  cases  of  simple  bending,  using  the  moment  of 
inertia  either  by  itself  or  as  part  of  the  section  modulus 
for  steel  beams  where  their  moments  of  resistance  take 
the  usual  form, 

kl 
M-f^ (i) 

In  this  equation  di  is  the  distance  of  the  extreme  fibre 
from  the  neutral  axis  in  which  the  intensity  of  stress  k 

exists,  and  /  and  -r-  are  the  moment  of  inertia  and  the 

section  modulus,  respectively,  ntunerical  values  of  which 
for  all  shapes  are  given  in  handbooks.  In  this  treatment 
of  rolled  or  other  flanged  beams  the  resistance  of  the  web  is 
included,  but  there  are  cases  when  it  is  permissible  to  neglect 
the  bending  resistance  of  the  web  or,  again,  in  which  the 
bending  resistance  of  the  two  flanges  is  treated  separately, 
as  if  the  intensity  of  stress  in  each  is  uniform  throughout 
the  flange  section,  to  which  a  closely  approximate  simple 
expression  for  the  bending  resistance  of  the  web  may  or 
may  not  be  added. 

If  the  bending  resistance  of  the  flanges  is  to  be  com- 
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puted  by  itself,  it  is  evident  that  economy  of  design  requires 
that  the  two  flanges  must  fail  concurrently  if  the  beam 
be  loaded  to  failure.  If  the  ultimate  tensile  and  com- 
pressive resistances  of  the  material  are  not  the  same,  ii 
is  equally  clear  that  the  two  flanges  should  not  be  of  equal 
section,  the  area  of  the  flange  in  which  the  ultimate  reast- 
ance  is  greater  being  less  than  that  of  the  flange  in  which 
the  ultimate  resistance  is  less.  This  results  from  the 
fact  that  the  total  stress  of  compression  in  the  compres- 
sion flange  must  be  equal  to  the  total  tensile  stress  in  the 
tension  flange,  the  beam  being  supposed  to  be  horizontal 
and  the  load  vertical.  If  the  bending  resistance  of  the 
web  is  recognized,  the  equality  of  the  two  total  flange 
stresses  no  longer  holds,  since  the  tension  and  compression 
developed  in  the  web  is  to  be  added  to  the  corresponding 
stresses  in  the  flanges  in  order  to  make  equality. 

Each  total  flange  stress  is  evidently  equal  to  the  flange 
area  multiplied  by  the  intensity  of  assumed  uniform  stress 
in  it.  The  centre  of  each  flange  stress  will  then  be  the 
centre  of  gravity  of  the  section  on  which  it  acts.  The 
vertical  distance  d  between  the  centres  of  gravity  or  stress 
of  the  two  flanges  is  called  the  effective  depth  of  the  beam, 
iiecause  if  it  be  multiplied  by  either  flange  stress  the  prod- 
uct will  be  the  resisting  moment  of  the  stresses  actio? 
in  the  section  of  the  beam.  In  other  words  the  effective 
depth  d  is  the  lever  arm  of  the  internal  couple  whose  tnomoit 
is  equal  to  the  external  bending  moment. 

Let  a  be  the  sectional  area  of  the  tension  flange  and  1" 
the  uniform  intensity  of  stress  in  it,  and  let  a'  and  C  be 
the  corresponding  values  for  the  compression  flange,  wWlf 
d  is  the  effective  depth.  Then,  since  aT  =  a'C,  the  moment 
of  the  internal  stresses  will  be 


M=aTd=aTd 0) 


Art.  105.1      FLANGED  BEAMS  IVITH  UNEQUAL  FLANGES. 
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The  use  of  both  eqs.  (i)  and  (2)  will  be  illustrated  by 
numerous  practical  applications. 

It  is  clear  from  what  has  preceded  that  the  chief 
function  of  the  flanges  is  to  resist  the  bending  proper, 
while  the  main  function  of  the  web  is  to  resist  the  trans- 
verse shear. 

The  direct  stresses  of  tension  and  compression  in  a 
beam  with  solid  rectangular  section  correspond  to,  i.e., 
perform  the  same  function  as,  the  flange  stresses  of  tension 
and  compression  in  the  flange  beam,  while  the  web,  supposed 
to  take  shear  only,  corresponds  approximately  to  the  zone 
of  material  in  the  vicinity  of  the  neutral  smiace  of  the 
solid  section  in  which  the  direct  stresses  of  tension  and 
compression  are  either  zero  or  nearly  zero. 


[4. — b , 


Art.  105.— Flanged  Beams  with  Unequal  Flanges. 

By  the  common  theory  of  flexure,  if  the  two  coefficients 
of  elasticity  are  equal,  it  has  been  shown  that  if  C,  Fig.  i, 
is  the  centre  of  gravity  of  the 
cross-section,  the  neutral  axis 
of  the  section  will  pass  through 
that  point.  Let  it  now  be  sup- 
posed that  the  lower  flange  is  in 
tension,  while  the  upper  is  in  com- 
pression. Also  let  T  represent 
the  ultimate  resistance  to  tension 
in  bending,  and  let  C  represent  the 
same  quantity  for  compression  in 
bending.  Then  snce  intensities  vary  directly  as  distances 
from  the  neutral  axis, 
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The  ratio  between  ultimate  intensities  is  represented  by 
»'.     If  (i=/t+/^i  is  the  total  depth  of  the  beam,  and  hence 

Id 

If,  as  an  example,  for  cast  iron  there  be  taken 


W' =7^=0.2,     fci=fd. 

c  o 

The  relation  between  h  and  h^  shown  in  eq.  (2)  is  en- 
tirely independent  of  the  form  of  cross-section.  But 
according  to  the  principles  just  given,  in  order  that  economy 
of  material  shall  obtain,  the  cross-section  should  be  so  de- 
signed  that  h  and  h^  shall  represent  the  distances  of  the  centre 
of  gravity  from  the  exterior  fibres. 

The  analytical  expression  for  the  distance  of  the  centre 
of  gravity  from  DF  is 


^bW-^(b^b')f(d-^t')-\-^(b,-b%' 
^^■"  bd+{b-b')f  +  {b,-b')t. 


(3) 


The  meaning  of  the  letters  used  is  fully  shown  in  the 
figure.  In  order  that  the  beam  shall  be  equally  strong  in 
the  two  flanges,  the  various  dimensions  of  the  beam  must 
be  so  designed  that 

x,=^h^ (4) 

It  would  probably  be  found  far  more  convenient  to  cut 
sections  out  of  stiff  manila  paper  and  balance  them  upon 
a  knife-edge. 
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The  moment  of  inertia  about  the  axis  AB,  thus  deter- 
mined, is 

/=if6/t3+6ifei3-(6-.fe')(/^-n^-(fci-fc')(/^i.-^i)^]  .   (4a) 

kl 
This  value  is  to  be  substituted  in  the  formula  M=--j-, 

Ol 

Qow  changed  to 

n^    CI     TI  ,  ,  V 

^=T=^ (^^^ 

For  various  beams  whose  lengths  are  /  and  total  load  W 
-he  greatest  value  of  M  becomes : 
Cantileve    uniformly  loaded^ 

M= — . 
2 

Cantilever  loaded  at  eftd, 

M^Wl. 
Beam  supported  a'  each  end  and  uniformly  loaded. 

^*^       8       8  • 
Beam  supported  a  each  end  and  loaded  at  centre , 

M== — . 
4 

The  last  two  cases  combined, 


ii^^^^ 


M=-{W  + 


Sometimes  the  resistance  of  the  web    s  omitted  from 
Xttisideration.     In  such  a  case  the  intensity  of  stress  in 
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each  flange  is  assumed  to  be  iiniform  and  equal  to  either 
T  or  C  At  the  same  time  the  lever-arms  of  the  different 
fibres  are  taken  to  be  uniform,  and  equal  to  h  for  one  flange 
and  h^  for  the  other,  h  Und  h^  now  representing  the  verticol 
distances  from  the  neutral  axis  to  the  centres  of  gravity  oj 
the  flanges,  while  d^h  +  h^. 

On  these  assumptions,  if  /  is  the  area  of  the  upper  flange 
and  /'  that  of  the  lower,  there  will  result 

M^fC.h^rT\ (5) 

But  since  the  case  is  one  of  pure  flexure, 

fC^fT.. (6) 

.'.  M=^fC(h+h,)=^fCd^rTd.      ...    (7) 

Also,  from  eq.  (6), 

UI  (8) 

Or,  tne  areas  of  the  flanges  are  inversely  as  the  ultifnati 
resistances. 

Frequently  there  is  no  compression  flange,  the  section 
being  like  that  shown  in  Fig.  2.  In  such 
case  b  is  equal  to  6',  or  /'  is  equal  to  zero: 
hence  6=6'  in  eq.  (4a),  but  no  other  change 
is  to  be  made  in  the  second  member  of  that 


1 

Fig.  2.  equation.      Eq.  (46)  may  then  be  used  pre- 

cisely as  it  stands  for  the  internal  resisting 
moment  of  a  beam  with  the  section  shown  in  Fig.  2. 

Prob.  I.  It  is  required  to  design  a  cast-iron  flanged 
beam  of  5  feet  effective  span  to  carry  a  load  of  1 800  pounds 
applied  at  the  centre  of  span,  the  section  of  the  beam  to 
be  like  that  shown  in  Fig.  2,  i.e.,  without  upper  flange. 
The  greatest  permitted  working  stress  in  compression  will 
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t>e  8000  pounds  per  square  inch,  and  the  total  depth  of  the 
Deam  is  to  be  taken  at  9  inches. 

Referring  to  eqs.  (4a),  (46),  and  Fig.  i  for  the  notation, 
:he  given  data  and  the  dimensions  to  be  asstuned  for  trial 
^11  be  as  follows:  d  =  g  inches;  6=fe'  =  |  inch;  fei=8 
nches;  /i  =  i  inch;  /  =  s  feet;  and  C  =  8ooo.  The  intro- 
luction  of  these  values  into  eq.  (3)  will  give  for  the  distance 
)f  the  centre  of  gravity  above  the  bottom  surface  of  the 
>eam 

fei  =2.6  inches    and    h  =d—h\  =6.4  inches. 

The  preceding  trial  dimensions  will  make  the  beam 

veigh  about  50  pounds  per  lineal  foot.     If  all  the  preced- 

ng  values  are  substituted  in  eqs.  (4a)  and  (46),  remembering 

Wl 
hat  M  =  — ,  there  will  be  found 

4 

W-=  1994  — 125  =1869  pounds. 

The  trial  dimensions,  therefore,  give  the  centre-load 
apacity  of  the  beam  69  pounds  greater  than  required, 
»^hich  may  be  considered  sufficiently  near  to  show  that  the 
^ssumed  dimensions  are  satisfactory. 

Art.  106. — ^Flanged  Beams  with  Equal  Flanges. 

Nearly  all  the  flanged  beams  used  in  engineering  prac- 
ice  are  composed  of  a  web  and  two  equal  flanges.  It  has 
ilready  been  seen  that  the  ultimate  resistances,  T  and  C, 
►f  structural  steel  and  wrought  iron  to  tension  and  com- 
wession  are  essentially  equal  to  each  other;  the  same  may 
le  said  a^so  of  their  coefficients  of  elasticity  for  tension 
nd  compression.  These  conditions  require  equal  flanges 
yt  both  steel  and  wrought-iron  rolled  beams. 
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In  Fig,  I  is  represented  the  normal  cross-section  of  ai 
equal-flanged    beam.     It    also    approximately 
what  may  be  taken  as  the  section  of 

any  wrought-iron  or  steel   I  beam,  the  ^ ^ 

exact     forms    with    the    corresponding  I 

moments  of  inertia  being  given  in  hand-       T~ 

books.     Although  the  thickness  t'  of  the       i 

flanges  of   such  beams   is  not  uniform,        - 

such  a   mean  value   may  be  taken  as       i 

will  cause   the    transformed   section  of       j 

Fig.    I  to  be  of  the  same  area  as  the       i. 

original  section.  ' * " 

Unless  in  exceptional  cases  where 
local  circumstances  compel  otherwise, 
the  beam  is  always  placed  with  the  web  vertical,  since  the 
resistance  to  bending  is  much  greater  in  that  position 
The  neutral  axis  HB  will  then  be  at  half  the  depth  of  the 
beam.  Taking  the  dimensions  as  shown  in  Fig.  i,  the  mo- 
ment of  inertia  of  the  cross-section  about  the  axis  HB  is 


/  = 


bd'-ib-t)h^ 


01 


while  the  moment  of  inertia  about  CD  has  the  value 


With  these  values  of  the  moment  of  inertia,  the  general 


M-.t "'»'+'"' (4l 

bb 
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k  is  written  for  all  extreme  fibre  stress. 

Eq.  (3)  is  the  only  formula  of  much  real  value.     It  will 

found  useful  in  making  comparisons  with  the  results 

i  simpler  formula  to  be  immediately  developed. 

Let    rfi=i(rf+fe).     Since    f    is    small    compared    with 

the  intensity  of  stress  may  be  considered  constant  in 

h  flange  without  much  error.  In  such  a  case  the  total 
jss  in  each  flange  will  be  kbt'  =  Tbi\  and  each  of  those 
:es  will  act  with  the  lever-arm  \d\.  Hence  the  moment 
resistance  of  both  flanges  will  be 

kbt''di, 

th* 
The  moment  of  inertia  of  the  web  will  be  — .     Conse- 

12 

mtly  its  moment  of  resistance  will  have  very  nearly  the 
ue 

ktk' 
6  • 

The  resisting  moment  of  the  whole  beam  will  then  be 


M 


=  fe(6/'rf,+^^') (5) 


A  further  approximation  is  frequently  made  by  writing 
for  /t';  then  if  each  flange  area  6/'  =/,  eq.  (5)  takes  the 
m 


M 


=  fcrfi(/  +  ^') (6) 


Eq.  (6)  shows  that  the  resistance  of  the  iveh  is  equivalent 
that  of  o}te  sixth  the  same  amount  concentrated  in  each 
ige. 


I 
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If  the  web  is  very  thin,  so  that  its  resistance  may  be 

neglected, 

M^kfdi^kbt'du (7) 

or 

/-i3, "• 

Cases  in  which  these  formulae  are  admissible  will  be 
given  hereafter.  It  virtually  involves  the  assumption  that 
the  web  is  used  wholly  in  resisting  the  shear,  while  the 
flanges  resist  the  whole  bending  and  nothing  else.  In 
other  words,  the  web  is  assumed  to  take  the  place  of  the 
neutral  surface  in  the  solid  beam,  while  the  direct  resistance 
to  tension  and  compression  of  the  longitudinal  fibres  of  the 
latter  is  entirely  supplied  by  the  flanges. 

Again  recapitulating  the  greatest  moments  in  the  more 
commonly  occurring  cases: 

Cantilever  uniformly  loaded, 

M  =  — =  — (9) 

2        2 

Cantilever  loaded  at  the  end, 

M  =  Wl (10) 

Beam  supported  at  each  end  and  uniformly  loaded. 

Beam  supported  at  each  end  and  loaded  at  centre, 

M=-~ 12^ 

4 

Beam  supported  at  each  end  and  loaded  both  unifomiy 
and  at  centre. 
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M 


--I^^^) (-3) 


In  all  cases  W  is  the  total  load  or  single  load,  while  />,  as 
usual,  is  the  intensity  of  uniform  load,  and  /  the  length  of  the 
beam. 

Art.  107. — Rolled  Steel  Flanged  Beams. 

The  resisting  moments  of  all  rolled  steel  beams  sub- 
jected to  bending  are  computed  by  the  exact  formula 

M-f.    .......     W 

k  being  the  greatest  intensity  of  stress  (i.e.,  in  the  extreme 
fibres)  at  the  distance  d^  from  the  neutral  axis  about  which 
the  moment  of  inertia  /  is  taken.  In  all  ordinary  cases 
the  webs  of  beams  are  vertical  so  that  the  axis  for  /  is 
horizontal;  but  it  sometimes  is  necessary  to  use  the  mo- 
ment of  inertia  /  computed  about  the  axis  passing  through 
the  centre  of  gravity  of  section  and  parallel  to  the  web. 
The  latter  is  frequently  employed  in  considering  the  lateral 
bending  effect  of  the  compression  in  the  upper  flange. 

The  upper  or  compression  flange  of  a  rolled  beam 
tinder  transverse  load,  unless  it  is  laterally  supported,  is 
somewhat  in  the  condition  of  a  long  column  and,  hence, 
tends  to  bend  or  deflect  in  a  lateral  direction.  This  ten- 
dency depends  to  some  extent  on  the  ratio  of  the  length  of 
flange  (/)  to  the  radius  of  gyration  (r)  of  the  section  about 
the  axis  parallel  to  the  web,  as  will  be  shown  in  detail  in 
a  later  article.  It  will  be  found  there  that  the  ultimate 
compression  flange  stress  decreases  as  the  ratio  /^r  in* 
creases.  Hence  in  Table  I  there  will  be  found  values  of 
l-i-r  for  the  different  beams  tested. 
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The  results  of  tests  given  in  Table  I  were  found  by 
Mr.  James  Christie,  Supt.  of  the  Pencoyd  Iron  Co.,  and 
they  are  taken  from  a  paper  by  him  in  the  "  Trans.  Am. 
Soc.  C.  E.*'  for  1884.  All  beams,  both  I  and  bulb,  were 
loaded  at  the  centre  of  span.  Hence  the  moment  of  the 
centre  load,  W,  and  the  uniform  weight  of  the  beam  itself, 
pi,  will  be,  as  shown  in  eq.  (13)  of  Art.  106, 

mMw+'^)=^ w 

4V         2/     di 


Hence 


k=^j(w^fj (3) 


W  being  the  centre  load  and  pi  the  weight  of  the  beam, 
the  length  of  span  /  being  given  in  inches. 

All  beams  were  rolled  at  the  Pencoyd  Iron  Works. 
The  "mild  steel"  contained  from  o.ii  to  0.15  per  cent,  of 
carbon,  and  the  "  high  steel"  about  0.36  per  cent,  of  carbon- 
These  steels  are  the  same  as  those  referred  to  in  Art.  60. 

Xo.  14  is  the  only  test  of  a  **high"  steel  beam;  allthe 


The  known  data  of  each  test  will  give  all  the  quanti-  | 
ties  in  the  second  member  of  eq.  (3).  The  two  columns 
of  elastic  and  ultimate  values  of  k  in  the  table  were  com- 
puted by  eq.  (3).  The  positions  of  the  bulb  beams  (i.e., 
the  bulb  either  up  or  down)  in  the  tests  are  shown  by  the 
skeleton  sections  in  the  second  column. 

The  coefficients  of  elasticity  E  were  computed  from 
the  data  of  the  tests  taken  below  the  elastic  limit  by  the 
aid  of  eq.  (21),  Art.  28: 

w,=^j\W+\pl\ (4) 


4 

I 
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maining  tests  being  with  mild-steel  shapes.  Tests  3  to 
inclusive  were  of  deck  or  bulb  beams,  as  the  skeleton 
^ons  show. 

Beams  3  and  4  were  rolled  from  the  same  ingot,  as  were 
0  6  and  7,  as  were  also  10,  12,  and  13,  and  as  were  also 

17,  18,  and  19.  All  beams  were  unsupported  laterally 
either  flange.  The  moments  of  inertia  were  computed 
m  the  actual  beam  sections.  The  length  of  span  is 
iresented  by  I,  while  r  is  the  radius  of  gyration  of  each 
un  section  about  an  axis  through  its  centre  of  gravity 
i  parallel  to  its  web.  The  values  of  r  were  as  follows: 
jinch  1 f— o.54inch.  3inchl r— o.jQiiich. 

6  ■*     " f-0.63    "  8    "    " r-0.88    " 

7  "     "....r-0.71    "  10    "    "....r=o.95    " 
9    "     "....r— 0.83    "  13     "    "....r— i.oi     " 

Table  I. 
TRANSVERSE  TESTS  OF  STEEL  BEAMS. 


Kind  of 

i^ir. 

i. 

"oT" 

Inertia. 

PQundt 

kin  fo 

unji  f*r 

'SS'i^' 

Elutk. 

tritimalc 

Mild    3"  I 

iss- 

■■   10" " 
"    10"" 

•  ^- 

"   I  •"  " 
"  .."■■ 
"   ' '"  ". 

■■  li;;: 

..    ,  J.-  - 

io8 
'06 

ill 

'56 

164 

Wi 

ii 

jolooo 
jg.Hoo 

i;:E 

JJ,.oo 

ia.ooo 

j8!*oo 

i::S 

lO.OSS.ODO 

n'.bio'.oco 
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The  values  of  k  both  for  the  elastic  limit  and  the  ulu- 
mate  are  erratic,  and  the  range  of  results  in  the  table  is  not 
sufficient  to  establish  any  law,  but  on  the  whole  the  smiU 
ratios  l-i-r  accompany  the  larger  values  of  k.  The  bulb 
or  deck  beams  also  appear  to  give  larger  values  of  t  ibn 
the  I  beams. 

The  results  of  these  ,  tests  indicate  that  the  greatdl 
working  intensities  of  stress  in  the  flanges  of  rolled  s 
beams  may  be  taken  from  12,000  to  16,000  pounds 
square  inch  if  the  length  of  imsupported  compressiaO 
flange  does  not  exceed  i5or  to  aoor. 

In  the  work  of  design,  the  quantity  /  -^  d,  used  in  eq.  W 
called  the  "section  modulus,"  is  much  employed,  and  ft 
can  be  taken  directly  from  the  Cambria  Steel  Company's 
tables  at  the  end  of  the  book,  as  can  the  moment  of  inertii/. 
Eq.  taj  shows  that 

/  _M 

~d~k 


(1) 


Hence  the  moment  of  the  loading  in  inch-pounds 
vided  by  the  allowed  greatest  flange  stress  in  pounds  (xf 
square  inch  must  be  equal  or  approximately  equal  to  the 
section  modulus  of  the  n,'f]uircd  beam. 

There  may  be  found  in  the  Proceedings  of  the  Americsli 
Society  for  Testing  Materials,  1909,  the  results  of  US'* 
of  rolled  I  beams  and  girders  produced  by  the  BetHehflU 
Steel  Company  and  of  standard  rolled  I  beams  by  Prt^**- 
sor  Edgar  Marburg.  Also  Professor  H.  F.  Moore  givs 
results  of  his  testing  of  steel  I  beams  of  the  regular  <f 
standard  pattern  in  Bulletin  No.  68  of  the  University  d 
Illinois.  Professor  Marburg's  main  purpose  appears  W I 
have  been  to  make  comparative  tests  of  the  ordinarTl' 
I  beam  and  of  the  wide-flange  Bethlehem  shapes.  whiJe 
the  principal  object  of  Professor  Moore  was  to  investigate 
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the  influence  of  lateral  deflection  on  the  capacity  of  the 
compressive  flange  without  lateral  support.  Table  II 
gives  the  results  of  these  tests,  each  of  professor  Marburg's 
results  except  one  being  an  average  of  three. 

Table  II. 

TESTS  OF  ROLLED  STEEL  BEAMS. 


Type. 

span./ 
Ft. 

I 
r' 

Bxtrexne  Fibre  Stress 
k.  Lbs.  per  Sq.in. 

Modulus  of 
Elasticity. 

uJSit.       Ultimate. 

Sin. 

Beth.  I 

Std.  I 

Girder 

Beth.  I 

Std.  I 

Girder 

Beth.  I 

Std.  I 

Girder 

Beth.  !• 

Girder 

15 

.      15 

"5 

15 

15 

15 
20 

20 

20 

20 

20 

125 
167 

75 
125 
167 

75 
129 

176 
90 

III 
84 

31.700 
'  20,400 
26,700 
21,800 
20,600 
22.500 
20,900 

19.500 
15.400 
13.000 
11,800 

46,100 
42,200 
53.900 
37.900 
34.700 
41,100 
34.600 
33.000 
34.300 

32.300 
31.000 

26,9(X),0(K> 
26,200,0<X) 

36,90o,(xx> 
26,40(>,<xx) 
26,9O0.0<x) 

27,2<X),()<X) 
26.400,<K)0 
25,8()0,<MX) 
2.S,6<X),000 
29,40O,(XK) 

24,8<x),ooo 

15' 
15' 

IS" 

15" 

<5" 
<5" 

24" 
24" 
24" 
.10" 
30" 

'    3«11>- 
'     4i   •• 
'     73" 
'    38" 

■  43   " 

73   " 

72   " 
80   " 

'  120   " 

120   " 

■  175   " 

*  One  beam  only. 

Prof.  Moore's  nfteen  tests  were  with  8-inch,  18-pound  and  one  is-pound  I  beams, 
the  spans  being  s.  7.5.  7.Q2.  10,  15.  15  7  an«l  20  feet.  The  ratio  /  +  r'  varied  from  71  to 
a86.  The  ultimate  nbre  stress  k  was  Max.  36.600;  Mran  3J.J00;  Stin.  j8.ioo.  The 
Modulus  £  was.  Max.  33.joo.00o;  Mean  28.400,000;  Min.  25.100.000.  The  Max.  R  is 
to  be  regarded  with  doubt. 

As  is  the  case  with  all  tests  of  full-size  rolled  beams, 
the  results  are  seen  to  vary  quite  widely.  This  is  largely  due 
to  the  fact  that  such  full  -size  members  are  seldom  true 
in  all  their  parts,  i.e.,  the  web  may  be  a  little  twisted  on  the 
cooling  bed  and  the  flange  will  perhaps  n.^ver  be  perfectly 
plane,  consequently  the  applied  load  in  the  testing  machine 
will  not  be  received  with  presupposed  exactness.  Again, 
the  work  of  the  rolls  and  the  eflFects  of  cooling  will  not  be 
iiniform.  At  any  rate  the  most  scrupulous  care  in  testing 
will  not  prevent  many  erratic  results,  a])parcntly  unac- 
countable. 

In  order  to  show  these  results  graphically  they  have 
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been  plotted  on  Plate  I  and  the  explanatory  matter  on 
the  Plate  will  make  clear  the  results  belonging  to  each 
investigator.     The  horizontal  ordinate  is  the  ratio  -;,  f" 
being  the  radius  of   gyration    of    the    normal    section  ol    1 
the  column  about  a  vertical  axis  parallel  to  the  web  and 
passing  through  its  centre.     The  vertical  ordinate  is  the 
intensity  k  of  the  extreme  fibre  stress  produced  by  the    . 
ultimate  load  on  the  beam  as  shown  in  Table  I.            ^H 
The  equation                                                                 ^H 

A  =  39.ooo-44j7,                                    ^^ 
represents  the  broken  line  drawn  on  Plate  I.     It  is  a  tents- 

- 
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live  expression,  as  there  are  not  sufRcient  tests  with  the 
requisite  variation  of  -  to  justify  more  than  a  trial  valueoffc. 
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Professor  Marburg  made  no  effort  to  give  lateral  sup- 
pwt  to  his  beams  under  test,  nor  did  he  endeavor  to  give 
the  compressive  flange  lateral  freedom,  as  did  Professor 
Moore  for  a  part  of  his  tests.  As,  however,  the  results 
appear  to  be  about  the  same,  whether  the  compressive  flange 
has  complete  lateral  freedom  or  not,  under  ordinary  cir- 
tnimstances  of  testing,  no  distinction  is  made  on  this  account 
between  the  various  plottings  on  Plate  I.  The  extremely 
[ligh  values  on  that  Plate  belong  to  the  first  nine  tests 
by  Mr.  Christie,  as  given  in  Table  I.  They  are  abnormally 
tiigh  and  whether  such  results  are  characteristic  of  bulb 
BCtions  or  due  to  some  other  reason  is  not  clear. 
If  Prob.  I.  It  is  required  to  design  a  rolled  steel  beam 
far  an  effective  span  of  ao  ft.  to  carry  a  uniform  load  of 
?25  lbs.  per  linear  foot  in  addition  to  the  weight  of  the  beam 
itself,  the  circumstances  being  such  that  it  is  not  advis- 
ible  to  use  a  greater  total  deptli  of  beam  than  12  ins. 
The  greaiest  permitted  extreme  fibre  stress  k  will  be 
taken  at  12.000  lbs.  per  sq.  in.  It  will  be  assumed  for 
trial  purposes  that  the  beam  itself  will  weigh  35  lbs.  per 
linear  foot,  so  that  the  total  uniform  load  will  be  760  lbs. 
per  linear  foot.  The  centre  moment  in  inch-pounds  will, 
therefore,  be 

760X20X20X12 


.1/=-^ 


=  456,0 


D  in. -lbs. 


By  eq.  (5)  the  section  modulus  will  be  456,000-^12,000 

By  referring  to  the  tables  in  almost  any  steel  com- 

illlandbook  it  will  be  found  that  this  section  modulus 

'  to  a    12-inch,    35-pound   steel  rolled   beam,    and 

Ut  beam  fulfills  the  requirements  of  the  problem. 

Prob.   2.     It  is  required  to  design  a  rolled-steel  beam 

)ra  32-ft.  effective  span  to  carry  a  load  of  1280  pounds  per 

r  foot  in  addition  to  the  weight  of  the  beam,  and  a 


p  the  t( 

Lof  span 
tion  tht 
be  writt 

Hence 
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concentrated  load  of  1 1 ,000  pounds  at  a  point  1 1  feet  distant 
from  one  end  of  the  span.  The  greatest  permitted  woA- 
ing  stress  in  the  extreme  fibres  of  the  beam  is  16,000  Ibt 
per  sq.  in. 

It  will  be  assumed  for  trial  purposes  that  a  24-in.  beam 
weighing  95  lbs.  per  linear  foot  will  be  required  so  that 
the  total  uniform  load  per  linear  foot  will  be  1375  pounils. 
It  will  then  be  necessary  to  ascertain  at  what  point  in  tlie 
span  the  maximum  bending  moment  occurs,  i.e.,  at  what 
point  tlie  transverse  shear  is  equal  to  zero.  Let  a  be  the 
distance  of  the  concentrated  weight  from  the  nearest  end 
of  the  span,  i.e.,  a  =  1 1  ft.  Then  'et  P  be  the  single  weight, 
p  the  total  uniform  load  per  linear  foot,  and  /  the  length 
of  span.  The  following  equation  representing  the  condi- 
tion that  the  transverse  shear  must  be  equal  to  zero  may 
be  written 

pi  Pa 

--PX  +  -1  =0. 

I     Pa 

In  the  above  equation  x  is  obviously  the  distance  from 
that  end  of  the  span  farthest  from  P  to  the  section  ol 
greatest  bending  moment.  Substituting  the  above  numeri- 
cal values  ifl  the  equation  for  .r,  there  will  result 

x  =  i6  +  2.75  =  i8.75ft. 

Since  32  —  18.75=13.35  the  following  will  be  the  valm 
of  the  greatest  bending  moment  in  inch-pounds: 

—  2,900,363  inch-pounds. 
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The  section  modulus  of  the  beam  required  is  by  eq.  (5) 
1,900,363-5-16,000  =  181.  The  section  modulus  of  a  24.-in. 
;teel  beam  weighing  85  lbs.  per  linear  foot  is  180.7,  ^^  will 
)e  found  by  referring  to  the  tables  at  the  end  of  the  book, 
fience  that  beam  will  be  assumed  for  the  correct  solution 
)f  the  problem.  The  fact  that  the  beam  weighs  10  lbs. 
Der  linear  foot  less  than  the  assumed  weight  has  too  small 
in  effect  upon  the  greatest  bending  moment  to  call  for 
iny  revision. 

Prob.  3.  A  steel  tee  beam  of  8  ft.  span  is  to  be  used  as 
I  purlin  to  carry  a  uniform  load  of  125  lbs.  per  linear  foot 
vith  the  web  of  the  tee  in  a  vertical  position.  The  greatest 
)emiitted  intensity  of  stress  in  the  extreme  fibre  of  the 
«e  is  14,000  lbs.  per  sq.  in.  It  is  required  to  find  the 
limensions  of  the  tee.  By  referring  to  eq.  (5)  the  section 
nodulus  will  be  written 

1000X96  . 

o  =  ^- =  .  80  m. 

8X  14,000 

By  referring  again  to  the  steel  handbook  tables  it 
^  be  found  that  a  3X3XA  in.  steel  tee  weighing  6.6 
lbs.  per  lin.  ft.  has  just  the  section  modulus  required, 
riiat  tee  therefore  fulfils  the  requirements  of  the  problem. 

Prob.  4.  It  is  required  to  supj^ort  a  single  weight  of 
12,000  lbs.  at  the  centre  of  a  span  of  13  ft.  6  ins.  on  two 
rolled  steel  channels  with  their  webs  in  a  vertical  position 
and  separated  back  to  back  by  a  distance  of  3  ins.,  the 
greatest  permitted  intensity  of  stress  in  the  extreme  fibre 
of  the  flanges  being  15,000  lbs.  Find  the  size  of  channels 
required. 

Art.  108. — The  Deflection  of  Rolled  Steel  Beams. 

The  deflections  of  rolled  steel  beams  may  readily  be 
omputed  by  the  formuLnc  of  Art.  28.     The  general  pro- 
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cedure  will  be  illustrated  by  using  the  equations  for  a  non- 
continuous  beam  simply  supported  at  each  end  and  loaded 
by  a  weight  at  the  centre  of  span,  or  uniformly,  or  in  both 
ways  concurrently.  Eq,  (20)  will  give  the  deflection  at 
any  point  located  by  the  coordinate  x,  while  eq.  (21)  wfll 
gi\'e  the  centre  deflection  only.  The  tangent  of  the  in- 
clination of  the  neutral  surface  at  any  point  located  by  x 

will  be  given  by  the  value  of  -r-  found  in  eq.  (19}, 

Prob.  I.  Let  the  centre  deflection  of  the  rolled-sted 
beam  of  Prob.  1  of  Art.  107  be  required.  Referring  to 
eq.  (zi)  of  Art.  22, 

W  =  o:    1=20  feet  =240  inches;     p  =  -}6o  pounds; 
7  =  228.3;     ^"d     ^  may  be  taken  at  zg.ooo.ocx). 

Hence  the  centre  deflection  is 

240  X  240  X  240  X  5  X  760  X  2o  .     . 

"''^   48X8X29.000,000X228.3^  ^■''^*'"'^"' 

If  half  the  external  uniform  load  of  725  pounds  per 
linear  foot  had  been  concentrated  at  the  centre  of  spaa, 

W  = 

and  /  •-  20  ft.  —  340  ins.     Also     pi  =  700  pounds, 

Hence  the  centre  deflection  would  be 

240X240X240 X (7350 +  437  5)  .    . 

«■' 48  X  29.000.000  X  228.3       ■  ■  ^^^  ""'^- 

Prob.  2.  In  Prob.  2  of  Art.  107  place  the  ii.ooo-pt 
weight  at  the  centre  of  span .  then  find  the  inclinatjon  of  j 
the  neutral  surface  and  the  deflection  of  the  a4-ijich  Bj- 
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>ound  steel  beam  at  the  centre  and  quarter  points  of  the 
j2-foot  span,  taking  £  =  29,000,000  povinds. 

Art.  109. — ^Wrought-iron  Rolled  Beams. 

Although  wrought-iron  rolled  beams  are  not  now  manu- 
actured,  being  completely  displaced  by  steel  beams,  yet 
lany  are  still  in  use.  Hence  it  is  advisable  to  exhibit 
he  empirical  quantities  required  to  design  them  and  to 
etermine  their  safe  carrying  capacities  as  well  as  their 
eflections  under  loading. 

It  has  been  observed  in  Art.  107  that  the  upper  or  com- 
ression  flange  of  a  loaded  flanged  beam  will  deflect  or 
md  to  deflect  laterally  at  a  lower  intensity  of  compressive 
;ress  as  the  unsupported  length  of  such  a  flange  is  in- 
reased.  The  experimental  results  given  in  Table  I  ex- 
ibit  the  values  of  the  intensity  of  stress  K  in  the  extreme 
bres  of  the  beam  both  at  the  elastic  and  ultimate  limits, 
he  usual  formula  for  bending  resistance  being  used. 

In  the  autumn  of  1883  an  extensive  series  of  tests  of 
wrought-iron  rolled  beams,  subjected  to  bending  by  centre 
)ads,  was  made  by  the  author,  assisted  by  G.  H.  Elmore, 
'.E.,  at  the  mechanical  laboratory'  of  the  Rensselaer  Poly- 
echnic  Institute.  The  object  of  these  tests  was  to  dis- 
over,  if  possible,  the  law  connecting  the  value  of  K  for 
his  class  of  beams  with  the  length  of  span  when  the  beam 
5  Mirely  without  lateral  support.  The  means  by  which  the 
itter  end  was  accomplished,  and  a  full  detailed  account 
»f  the  tests  will  be  found  in  Vol.  I,  No.  i,  '*  Selected  Papers 
►f  the  Rensselaer  Society  of  Engineers."  The  main  results 
rf  the  tests  are  given  in  Table  I.  All  the  tests  were  made 
m  6-inch  I  beams  with  the  same  area  of  normal  cross- 
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Table  I. 


Final 

K 

Penn'nent 

Perm*nent 

E 

No 

Span, 
Feet. 

Centre 

/ 

Vertical 

Lateral 

Pounds  per 
Sq\iare  Inch. 

A^\J 

Weight. 
Pounds. 

—    • 

r 

Elastic 
Limit, 

Ultimate, 
Pounds. 

Deflection, 
Inches. 

Deflection, 
Inches. 

Pounds. 

T 

r  20 

4,o6o 

400 

27,726 

31,094 

0.14 

24,170,000 

i 

2 

4,200 

400 

29,623 

32,885 

0.30 

26,374.00 

3 

!■» 

4.390 

360 

28,264 

30,791 

0.2 

0.5 

24,520,000 

4 

4»570 

360 

28,264 

32,020 

0.18 

0.4 

24,3I3,««» 

5 

(.6 

4,770 

320 

26,564 

29,579 

0.28 

1. 00 

25,77i,<*« 

6 

5.270 

320 

29,596 

32,632 

0.48 

1.25 

25,003,000 

7 

;■" 

6,130 

280 

31,191 

33,049 

0.30 

I  .20 

26,082,000 

8 

6,125 

280 

31.164, 

33,023 

0.30 

1. 10 

23,373,0*5 

9 

^12 

7,161 

240 

30,221 

32,907 

0.35 

1.08 

25,287,000 

lO 

C 

7,350 

240 

31,314 

33,817 

0.33 

I  .09 

24,022,000 

II 

f,o 

9,255 

200 

33,082 

35,358 

0.39 

1.08 

25,ii5,w» 

12 

9,655 

200 

33,082 

37.064 

0.50 

1.50 

24,218,000 

13 

[   8 

11,485 

160 

29,736 

35,010 

0.30 

0.90 

21,611,000 

H 

11,980 

160 

31,936 

36,527 

0.29 

1.05 

21,987,000 

15 

1' 

18,300 

120 

35,497 

41,737 

0.605 

1.53 

23,040,000 

i6 

18,145 

120 

36,617 

41,396 

0.67 

1.88 

20.935,«» 

17 

f  = 

22,870 

100 

34,136 

43,434 

0.67 

1.75 

22,023,000 

i8 

23,065 

100 

34,136 

43,813 

0.67 

1.75 

25,272,000 

19 

!- 

29,985 

80 

32,619 

45,532 

0.96 

1.70 

24.315.000 

20 

28,585 

80 

32,619 

44,744 

0.60 

1.86 

21,275,000 

section  of  4.35  square  inches.  Actual  measurement  showed 
the  depth  d  of  the  beams  to  be  6.16  inches.  The  monient 
of  inertia  of  the  beam  section  about  a  line  through  its 
centre  and  normal  to  the  web  was  7  =  24.336.  The  radius 
of  gyration  of  the  same  section  in  reference  to  a  line  through 
its  centre  and  parallel  to  the  web  was  r  =  o.6  inch.  /  was 
the  length  of  span  in  inches. 

If  M  is  the  bending  moment  in  inch-pounds,  W  the 
total  centre  load  (including  weight  of  beam),  and  K  the 
stress  per  square  inch  in  extreme  fibre,  the  following 
formulae  result: 


k  = 


Md 
2/ 


and    M  = 


Wl 


•  • 


k= 


Wld 
8/  • 


{2) 


(3) 
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experimental  values  of  W,  I,  d,  and  /  inserted  in 
ve  formula  give  the  values  of  k  shown  in  the  table, 
efficient  of  elasticity,  E,  was  found  by  the  usual 


~  4Swr 


(4) 


1  w  is  the  deflection  caused  by  W. 

full  line  is  the  graphical  representation  of  the  values 

ren  in  Table  I.     Since  k  must  clearly  decrease  with 


fth  of  span,  and  increase  with  the  radius  of  gyration 
ection  about  an  axis  tlirough  its  centre  and  parallel 
web  (the  latter,  of  course,  being  vertical),  k  has 
otted  in  reference  to  l^r  as  shown.  No  simple 
will  closely  represent  this  curve,  but  the  broken 
ers  all  lengths  of  span  used  in  ordinary  engineering 
;,  and  is  represented  by  the  formula 

fe=  51,000- 75- (5) 

rai'way   structures  the   greatest   allowable   stress 
ire  inch  in  the  extreme  fibres  of  rolled  beams  may 


(6) 
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Values  of  k  taken  from  a  large  scale  plate,  like  Plate  I, 
are,  however,  far  preferable  to  those  given  by  any  formula. 

The  ultimate  values  of  k  given  in  Table  I  are  fairly 
representative  of  the  best  wrought-iron  I  beams.  The 
coefficients  of  elasticity  E  range  from  about  22,000,00010 
about  25,000,000  pounds;  the  average  may  be  taken  about 
24,000,000  pounds. 

The  deflection  of  wrought-iron  beams  may  be  computed 
by  the  formula 


ze;  = 


48E/' 


(7) 


when  the  load  W  is  at  the  centre  of  the  beam.  In  the 
general  case  of  a  beam  carrying  the  centre  load  W  and 
the  uniform  oad  pi,  the  quantity  {W+%pl)  must  displace 
W  in  eq.  (7).  If  the  beam  carry  only  the  uniform  load  fl 
W  in  eq.  (7)  must  be  displaced  by  \pl. 

If  it  is  desired  to  apply  the  law  expressed  in  eqs.  (5) 
and  (6)  to  mild-steel  beams,  the  second  members  of  those 
equations  may  be  multiplied  by  |  to  J  for  close  appro.\i- 
mat  ions. 


CHAPTER  XV. 


PLATE  GIRDERS. 


Art.  no. — ^The  Design  of  a  Plate  Girder. 

A  PLATE  girder  is  a  flanged  girder  or  beam  built  usually 
of  plates  and  angles,  the  flanges  being  secured  to  the  web 
by  the  proper  number  of  rivets  suitably  distributed.  The 
flanges,  unlike  those  of  rolled  beams,  are  usually  of  vary- 
ing sectional  area,  although  occasionally  either  flange  may 
be  of  uniform  section  throughout  when  formed  of  two 
angles,  or  two  angles  and  a  cover-plate.  Fig.  i  is  a  general 
^^ew  of  a  plate  girder,  while  Figs.  2,  3,  4,  and  5  show 
some  of  the  general  features  of  design. 

The  total  length  of  a  plate  girder  is  materially  more 
than  the  length  of  clear  span  over  which  the  girder  is  de- 
signed to  carry  load.  Blocks  or  pedestals  of  masonry  or 
nietal,  as  the  case  may  be,  support  the  ends  of  the  girders 
and  rest  on  the  masonry  or  other  supporting  masses  or 
TTiembcrs  carrying  the  girder  and  its  load.  The  distance 
between  the  centres  of  these  blocks  or  pedestals  is  called 
the  effective  span  of  the  girder,  as  it  is  the  span  length 
Wich  must  be  used  in  computing  bending  moments, 
shears,  or  reactions.  Plate  girders  must  evidently  be 
somewhat  longer  than  the  effective  span.  In  the  Figs,  the 
Illations  of  the  various  parts  at  the  end  of  the  plate  girder 
are  shown  in  detail.     The  girder  illustrated  in  Fig.   i  has 
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an  effective  span  of  6S  ft.  with  the  centre  of  the  pedestal 
block  15  inches  from  the  face  of  the  masonry  abutment 
and  12  inches  from  the  extreme  end  of  the  girder.  The 
effective  depth  of  the  girder  is  the  vertical  distance  of 
depth  between  the  centres  of  gravity  of  the  two  flanges. 
When  the  girder  has  cover-plates  this  effective  depth  may 
be  greater  than  the  depth  of  web  plate  at  the  centre  d 
span  and  less  than  that  at  the  ends,  even  when  the  vfeb 
plate  is  of  uniform  depth.  It  is  always  customary,  how- 
ever, to  take  the  effective  depth  of  a  plate  girder  with 
uniform  depth  of  web  as  constant.  Frequently  that  dcplli 
is  taken  equal  to  the  depth  of  the  web  plate ;  or,  again,  it 
may  be  taken  equal  to  the  depth  between  the  centres  1^ 
gravity  of  the  flanges  at  mid-span  without  sensible  emir. 
In  case  the  web  plate  is  not  of  uniform  depth  the  efl'eclive 
depth  might  still  be  taken  as  the  depth  of  web  plate  at 
the  various  sections  of  the  girder,  or  it  may  be  taken  as  the 
depth  between  centres  of  gravity  of  the  flanges  at  the  saiM 
sections. 

The  plate  girder  shown  in  Fig.  i  and  to  be  assumed  ta 
the  purposes  of  design  is  of  the  deck  type  and  has  a  cietf 
span  of  65  ft.  6  ins.,  an  effective  span  of  68  ft.,  and  a  lengi^ 
over  all  of  70  ft.  The  differences  between  the  effective 
span  and  the  clear  span  and  total  length  are  obviously 
dependent  upon  the  length  of  span,  For  short  spans 
those  differences  are  relatively  small,  and  relatively  !ar|e 
for  long  spans.  The  depth  of  web  plate  will  be  taken  w 
6  ft.  8  ins.,  and  it  will  be  found  later  that  at  and  in  the  vicin- 
ity of  the  centre  of  span  three  cover-plates  will  be  needed- 
The  girder  will  be  assumed  to  be  of  mild  structural  steel 
and  will  be  supposed  to  carry  a  single-track  railroad  tncft'- 
ing  load  with  the  concentrations  and  spacings  shown  in 
Table  I,  Art.  21. 

The  dead  load  or  own  weight  of  the  girder  and  trad: 
Iwill  depend  somewhat  upon  whether  the  girder  is  of  the 
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through  or  deck  type.  The  only  difference  in  computa- 
tion arising  in  those  two  types  is  due  to  the  fact  that  if  the 
girders  are  of  the  deck  class  (i.e.,  carrying  the  moving  load 
directly  on  their  upper  flanges)  the  rivets  connecting  the 
upper  fJanges  with  the  webs  must  be  assumed  to  carry  the 
wheel  concentrations  in  addition  to  their  other  duties,  as 
will  be  shown  in  the  following  computations.  The  total 
dead  load  or  own  weight  will  be  taken  as  1400  lbs.  per  linear 
foot.  Inasmuch  as  there  are  two  girders,  each  will  carry 
one  half  of  the  moving  load  and  one  half  of  the  dead  load 
or  own  weight.  It  should  be  observed  that  the  efTective 
length  of  span  being  68  ft.,  the  two  locomotives  at  the  head 
of  the  train  load  will  more  than  cover  the  span,  so  that  the 
uniform  train  load  will  not  appear  in  the  computations. 

The  design  of  this  plate  girder  will  be  made  in  accord- 
ance with  the  provisions  of  the  American  Railway  Engi- 
neering and  Maintenance  of  Way  Association  and  refer- 
ences will  be  made  to  those  provisions. 

Batdittg  Moments. 

The  first  computations  necessary  are  those  required 
to  determine  the  bending  moments,  and  from  them  the 
flange  stresses  at  different  points  of  the  span.  Those 
points  may  be  taken  at  5,  8,  or  10  ft.  apart  as  may  be 
desired  for  the  purpose  of  design;  the  closer  together  the 
sections  are  taken  the  greater  will  be  the  degree  of  accuracy 
attained.  In  the  present  instance  those  sections  will  be 
taken  5  feet  apart  up  to  25  ft.  from  the  end  of  the  span, 
but  the  next  or  final  section  will  be  at  the  centre  of  span. 
After  the  bending  moments  are  obtained,  the  flange 
stresses  at  once  result  by  dividing  the  former  by  the  effec- 
tive depth. 

Figs.   I  and   2  show  the  complete   single-track  railway 
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deck-plate  girder  span  consisting  of  two  girders  with  the 
requisite  bracing  connections  between  them.  The  total 
dead  load  or  own  weight  is  a  uniform  load  and  consists  of: 

Lbs.  per  L*n.  Ft. 

Track  (tics,  rails,  etc.) 450 

Two  girders  and  bracing 1050 

Total 1 500 

Or  for  one  girder — —  =    750 

2 

As  each  girder  will  carry  750  lbs.  of  dead  load  per  linear 
foot,  and  as  the  effective  span  is  68  ft.,  the  expression  for 
the  dead-load  bending  moment  in  foot-pounds  at  any 
point  will  be  as  follows : 

M=^?^(68:c-%2) (i) 


The  application  of  eq.  (1)  to  the  sections  of  the  girder 
5,  10,  15,  20,  25,  and  34  ft.  from  the  ends  will  give  the 
following  expressions  for  the  bending  moments  in  foot- 
poimds: 

D.  L.  Moment. 
X  •  Fi.  Lbs. 

S 1 18,120 

10 217,500 

15 2g8,ioo 

20 360,000 

25 403,100 

34 43.S.500 

The  moving-load  bending  moments  are  next  to  be  found 
by  using  the  concentrations    sliown   in   Table    i.   Art.   :i 
For  this  pur|)(>sc  tin*  rritrrion  for  the  maximum  bending 
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moment,  eq.  (5),  Art.  21,  must  be  applied  at  the  assumed 
sections  in  which  /'  (equal  to  ^  in  the  above  dead-load 
computations)  has  the  values  5,  10,  15,  20,  25,  and  34  ft. 
The  application  of  that  criterion  to  the  section  BO,  Fig.  i , 
5  ft.  from  the  end  of  the  span  shows  that  W2,  or  the  first 
driving  wheel,  must  rest  at  the  section  in  question  for  the 
maximum  bending  moment,  the  loads  W2  to  W\2  inclusive 
resting  on  the  span.  Wi  will  be  off  the  span.  By  the  aid 
of  Table  i.  Art.  21,  the  greatest  bending  moment  desired 
is: 

M&  =:^ (9,030,000 +2  X273,ooo)  =704,000  ft.-Ibs. 
08 

Similariy  for  the  section  CN,  10  ft.  from  the  end  of  the 
span,  the  criterion  eq.  (5)  of  Art.  21  shows  that  H^3  must 
be  placed  at  C  with  W\2  2  ft.  from  the  end  of  the  span 
and  W\  off  the  span.  By  the  aid  of  Table  i  the  desired 
nioment  takes  the  value : 

Af  10=— (9,030,000+2  X273,ooo)-iso,ooo=i, 260,000  ft. -lbs. 
08 

Concisely  stating  the  conditions  and  results  for  the 
remaining  sections  shown  on  Fig.  i :  For  DL,  1 5  feet 
from  end  of  span,  two  positions  of  moving  load,  W-^  at  D 
and  W\2  at  D  satisfy  the  criterion,  but  the  latter  with 
13  feet  of  uniform  train  load  on  the  span  gives  the  greatest 
rnoment.     Total  load  on  the  span  is 

{WiQ+  .  .  .   +M^i8+3oooXi3) 
and  the  moment  is : 

'^^'5  =  ~(6,3 10,000  +  213,000 X 13  +3000 X  —j  -34S»ooo  = 

1,715,000  ft. -lbs. 
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For  EM,  20  feet  from  end  of  span,  place  W12  at  E\ 

M2o=^f6,3io,ooo+8f  213,000 H ^^^j) -34S»ooo  = 

2,040,000  ft.-lbs. 

For  GH,  25  feet  from  end  of  span,  place  W12  at  G  and 
the  moment  is: 

25/  ^2\ 

M25=Tg(7,Soo»ooo  +  232,sooX3+30oo^l  -755,000  = 

2,265,000  ft.-lbs. 

The  moment  at  the  centre  of  the  span  can  be  computed 
in  the  same  manner,  but  by  referring  to  Table  II  of  Art. 
2 1 ,  it  will  be  seen  to  be : 

M34  =  2,435,400  ft.-lbs. 

A  reference  to  the  American  Railway  Engineering 
and  Maintenance  of  Way  Association  specifications,  Art- 
9,  will  show  that  the  required  allowance  for  impact  is 
represented  by  the  factor  /,  in  which  L'  is  the  length  of 
load  on  the  span : 


I=^r 


300 


//+30o' 

The  positions  of  loading  already  found  for  the  greatef^^ 
moving  load  moments  give  the  lengths  L'  in  feet  in  tb^ 
following  table: 


Pt. 

Ft. 

Loaded 

LenKth.  / '. 

Ft. 

Impact 
Factor  /. 

MovinR  Load 
Moment,  Ft.-lbs. 

Impact  Morrr 
Ft.-lbs. 

5 

^>3 

.827 

704,000 

582.000 

10 

(>^ 

.827 

1,260,000 

1 .040.000 

15 

66 

.820 

1,715,000 

1,405,000 

20 

61 

.8^)7 

2,040,000 

1 ,830,000 

25 

64 

.«25 

2,265,000 

1 ,8(>6,ooo 

34 

(>8 

.H15 

2,435,000 

1,985,000 
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By  adding  the  dead  load  or  own  weight  moments, 
already  computed,  to  the  moving  load  and  impact  moments 
in  the  preceding  table,  the  total  or  resultant  moments 
w^ill  be: 

Table  I. 

T>f  Total  Moment 

^^'  Ft.-lbs. 

S 1,404,000 

10 2,518,000 

IS 3,418,000 

20 4,230,000 

25 4»534»ooo 

34 4,855,000 

Shears, 

Both  dead  and  moving  load  shears  must  be  computed. 
As  the  dead  load  or  own  weight  is  a  uniform  load  on  the 
girder,  the  shear  at  any  point  is  simply  the  load  between 
that  point  and  the  centre  of  span.  Hence  indicating  the 
transverse  shear  at  any  section  by  the  figure  showing  its 
distance  from  the  end  of  the  span,  there  will  result  the 
following  values,  5o  being  the  end  shear  or  reaction: 


50=34X750  =  25,000  lbs. 

55  =  29X750 
510  =  24X750 
515  =  19X750 

520=^14X750 
525=  9X750 
534=  0X750 


21,750 
18,000 
14,250 
10,500 

6,750 
o 


The  moving  load  shears  will  also  be  needed.     Although 
there  is  no  systematic  criterion  for  such  shears  at  different 
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points  in  a  span  traversed  by  a  train  of  concentrations, 
it  is  a  simple  matter  to  find  the  greatest  moving  load  shears 
at  the  sections  contemplated  by  inspection  and  trial.  The 
greatest  end  shear,  i.e.,  the  greatest  reaction,  has  been 
found  in  Art.  21  and  is  given  in  Table  II  of  that  Article: 

End  shear  for  68-ft.  span  =  161,700  lbs. 
End  impact  shear  =  1 3 1 ,  800   * ' 

The  impact  factors  for  the  shears  are  computed  by  the 
same  formula  already  used  for  impact  moments. 

For  a  shear  5  feet  from  end  of  span :  place  W2  at  the 
5 -foot  section,  then  the  greatest  shear  is 

^  _9>030.ooo +  2  X 273,000  _ 

O6  = 7-^ =  141,000  IDS. 

08 

By  trying  other  positions  it  will  be  found  that  this 
gives  the  greatest  shear.  W\  is  not  on  .the  girder  and  llu 
is  2  feet  from  the  end  of  the  span. 

For  section  10  feet  from  end.  place  li'u  at  the  section. 
Hence 


6,310,000  +  213,000X13 


(3000  xi^) 


>()= — -    -150,000  = 

122.000  lbs. 

For  section  15  feet  from  end:   place  \V\\  at  the  section 
rind  there  will  result 

82 
6,3 10,000 +  2 13,000X8 +3000  X— 

.Si5= -^ 150.000  = 

104.300  Ib-"^ 
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For  2o-£t.  section:  place  W2  at  the  section  and  there 
will  result 

c        6,050,000  o  |, 

520=      \,n 150,000  =  87,200  lbs. 

68 

For  a  25-ft.  section:  place  W2  at  the  section  and  the 
greatest  shear  will  be 

c:        5>240>ooo+2i3,oooX3     ,^^  ^^^_^,  ^^^  iKc 

026= 7^ 150,000  =  71,500  lbs. 

00 

For  the  centre  of  span :  place  W2  at  that  point  and  the 
greatest  shear  will  be : 

c:  •     3>230>ooo  +  i74>oooX5     ,-^  ^^^  «^- ,^  lUe 

034= Tz 150,000=45,300  lbs. 

00 

The  loaded  lengths  in  each  of  these  cases  to  be  used 
in  computing  the  impact  factors  are  in  the  order  of  the 
sections  beginning  with  that  at  5  feet  from  the  end,  63, 
66,  61,  56,  51,  and  42  feet,  the  latter  belonging  to  the 
centre  of  span.  The  following  tabular  statement  repre- 
sents the  elements  of  these  moving  load  shears  and  the 
impact  allowances : 

SHEARS  AND  IMPACT  ALLOWANCES 


Section. 

Loaded 

Impact 

Moving  Load 

Impact  Shear. 

Length.     Ft. 

Factor. 

Shear.     Lbs. 

Lbs. 

5 

63 

.827 

141,000 

1 16,500 

10 

66 

.830 

122,000 

100,000 

15 

61 

.831 

104,300 

86.600 

20 

56 

.834 

87,200 

71,800 

25 

51 

•855 

71.500 

61,100 

34 

42 

877 

45.300 

39.700 
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Adding  together  the  dead  load,  moving  load  and  impact 
shears  as  now  determined,  the  following  will  be  the  resultant 
or  total  shears  at  sections  under  consideration: 

Table  II. 

RESULTANT  OR  TOTAL  SHEARS. 

Section.  lotal  Sheari. 

Lbs. 

End 319,000 

5 279,300 

10 240,500 

15 205,100 

20 169.500 

25 139.400 

34 85.000 

The  preceding  results  or  computations  due  to  the  dead 
and  moving  loads  are  the  principal  data  required  in  the 
design  of  the  girder. 

Web  Plate, 

The  effective  depth  of  the  girder  will  tentatively  be 
taken  as  6  feet  8  inches  and  the  depth  from  the  back  ot 
flange  angles  in  the  upper  flange  to  the  back  of  the  lower 
flange  angles  will  be  taken  as  6  feet  8^   inches.     As  the 
depth  of  the  web  plate  must  be  taken  a  little  less  ihan  the 
depth  from  back  to  back  of  angles,  in  order  that  the  flange 
plates  may  not  touch  the  edges  of  the  web  plates  when 
the  different  parts  of  the  girder  are  assembled,  that  depth 
should  be  taken  as  6  feet  8  inches.     In  fact  the  effective 
depth  of  a  plate  girder  is  sometimes  prescribed  as  the  depth 
of  the   web   plate.     This  depth   of  w-eb   plate   will  leave 
\  inch  clear  at  the  top  and  bottom  flanges,  which  is  sufficient 
to  insure  the  flange  plates  freedom  from  hitting  the  edges 
of  the  web. 

Art.    18  of  the  Si)ecifications  allows  a  working  stress 
in  shear  of  10,000  jxnmds  per  square  inch  of  gross  cross- 
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section  of  the  web.  As  the  total  end  shear  has  been 
found  to  be  319,000  pounds,  the  gross  web  plate  section 
at  the  end  of  span  should  be  31.9  square  inches.     The 

minimum  thickness  must  then  be  ^^-^  =  .399  inch. 

oO 

A  web  plate  80  X-^  inch  will  be  used,  giving  a  gross 

16 

sectional  area  of  80 X. 43 75  =35  square  inches.  The  sur- 
plus area  is  small  and  it  is  judicious  design  to  have  it. 
This  web  plate  thickness  also  satisfies  Art.  29  of  the  Speci- 
fications which   prescribes   that   **  The   thickness  of  web 

plates  shall  not' be  less  than  -— -  of  the  unsupported  dis- 

160 

tance  between  flange  angles,"  as  6X6  inch  flange  angles 

will  be  used. 


Flanges. 

Art.  29  of  the  Specifications  provides  that  the  design 
of  the  flanges  may  be  based  either  on  the  moment  of  inertia 
of  the  net  section  of  the  girder  or  on  the  assumption  that 
the  flange  stress  is  of  constant  intensity  with  its  centre 
at  the  centre  of  gravity  of  the  flange  area,  the  latter 
including  one-eighth  of  the  gross  section  of  the  web,  the 
difference  between  one-sixth  and  one-eighth  of  the  web 
section  being  supposed  to  cover  the  material  punched  out 
in  the  tension  side  of  the  web  plate.  The  latter  method 
will  be  employed. 

Art.  30  of  the  Specifications  provides  that  ''  The  gross 
section  of  the  compression  flanges  of  plate  girders  shall 
not  be  less  than  the  gross  section  of  the  tension  flanges." 
It  will  be  best,  therefore,  to  design  the  tension  flange 
first. 

Using  the  total  or  resultant  bending  moment  at  the 
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centre  of  the  span,  the  trial  effective  depth  of  6  feet  8  inches 
will  give  the  centre  flange  stress  as  follows : ' 

4,855,000  y. 

— --T =  728,000  Ids. 

0.07 

The  specifications  permit  a  working  tensile  stress  in 

the  net  section  of  the  tension  flange  of  16,000  pounds  per 

square  inch.     Hence  the  required  net  tension  flange  area 

is 

728,000 

^—r^ =45-5  sq.ins. 

16,000     ^^  ^    ^ 

The  available  flange  section  due  to  one-eighth  the  gross 
sectional  area -of  the  web  is  ^=4.375  square  inches.    The 

o 

amount  of  flange  area  to  be  supplied  by  the  flange  plates 
and  angles  is,  therefore, 

45.5—4.4=41.1  sq.ins. 

In  providing  41.1  square  inches  it  is  necessary  to  know 
what  rivet  holes  are  to  be  deducted  from  each  cover-plate 
and  each  flange  angle.     It  is  clear  that  two  rivet  holes 
only  need  be  deducted  from  each  cover-plate,  and  it  is  plain 
that  at  least  two  rivet  holes  must  be  deducted  from  each 
flange  angle  section.     In  designing  cover-plates  for  flanges 
it  must  be  remembered  that  no  such  plate  must  be  thicker 
than  the  one  under  it,  i.e.,  if  these  plates  are  not  of  the  same 
thickness,   the   thickest   one  must  lie  on   the   angles,  the 
remaining  thicknesses  to  decrease  or  be  the  same  in  passing 
outward  from  the  angles.     As  a  trial  section  let  the  follow- 
ing be  assumed: 
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Cover-plates. 

Gross  Area. 
Sq.Ins. 

Less  Rivet  Holes. 
Sq.Ins. 

Net  Section. 
Sq.Int. 

xr 

i4"xr.. 

16.88 
31   5 

4XiXi=3  0 
6X1X1=4-5 

13.88 
27.00 

48.38 

40.88 

10.88  square  inches  is  but  \\  per  cent,  less  than  the 
area,  41.4  square  inches,  the  former  may  be  accepted 
to  further  confirmation. 

le  centre  of  gravity  of  the  gross  section  of  the  tenta- 
tnge  area  consisting  of  the  three  plates  and  two 
indicated  above  be  determined,  it  will  be  foimd 
1  above  the  back  of  the  angles.  This  will  make  the 
e  depth 

6  ft.  8.5  ins. +.22  in.  =  6  ft.  8.72  ins. 

3  increase  in  effective  depth  will  correspondingly 
e  the  centre  flange  stress  so  as  to  make  the  total 
net  area  of  45.3  square  inches  a  little  larger  than 
d.  Hence  the  trial  centre  tension  flange  area  as 
ined  above  will  be  accepted  as  the  actual  flange  area 
used,  i.e.,  three  i4Xi-inch  cover-plates  and  two 
6X6Xi  inch. 


Length  of  Cover-plates. 

the  next  Article  there  will  be  shown  two  methods 
ermining  the  lengths  of  cover-plates  after  the 
s  of  those  plates  have  been  found  for  the  greatest 
;  moment,  usually  taken  as  at  the  centre  of  span, 
two  methods  are  simply  different  forms  of  expres- 
the  same  thing.     The  following  notation  will  be 
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/  =  length  of  span  in  feet ; 
Li  =length  of  outside  cover-plate  in  feet; 
La  =  length  of  second  cover-plate  in  feet; 
A  =  total  net  flange  area,  square  inches; 
oi  =net  area  of  outside  cover-plate,  square  inches;) 
02  =  net  area  of  second  cover-plate,  square  inches; 
as  =net  area  of  third  cover-plate,  square  inches. 

It  has  already  been  seen  that  if  a  beam  simply  supported 
at  each  end  be  loaded  uniformly  throughout  the  span,  the 
bending  moment  at  any  point  will  be  represented  V'V  the 
vertical  ordinate  of  a  parabola  whose  vertex  is  over  the 
centre  of  span  while  the  end  of  each  branch  is  at  one  end 
of  tlie  span.  It  is  assumed  that  the  greatest  bending 
moments  in  the  plate  girder,  already  computed,  vary  by 
the  same  parabolic  law.  This  is  not  quite  true,  but  suf- 
ficiently near  for  ordinary  purposes. 

Then,  as  will  be  shown  in  the  next  Article, 


In  this  case  /  =  68  feet  and  A  =45.3  square  inches. 

<ji  =(72  =U3  =9  sq.  ins. 

Making  these  numerical  substitutions,  there  will  result 
i-i  =30.7  feet;  L;=42.9feet;  L3  =  S2.5feet.  These  lengths 
are  clearly  the  minimum  permissible.  In  actual  constnl^ 
tion  it  is  desirable  to  have  the  end  of  the  plate  from  1  '" 
1.5  feet  further  from  the  centre,  making  the  total  length  of 
the  plate  2  to  2,5  feet  greater  than  the  length  compute*! 
above.  This  lengthening  of  the  cover-plate  is  essential 
in  order  that  the  cover-plate  metal  may  be  taking  str*** 
at  the  point  where  the  plate  Is  computed  to  begin.    Ab^ 


|*ill  be  seen  a  little  further  on,  the  pitch  of  rivets  in 
hse  ends  of  the  cover-plates  is  made  less  than  in  the 
fy  o£  the  plate  for  greater  effectiveness  where  the  plate 
gins  to  take  its  stress.  The  lengths  of  cover-plates 
bill  beginning  with  the  shortest,  will  be  33.2,  45.4,  and 
•feet. 

ly^other  method  of  procedure,  more  accurate  than  the 
feeding,  is  to  draw  a  moment  curve  on  the  effective 
HI,  which  can  readily  be  done  by  laying  down  as  vertical 
biates  the  resultant  or  total  moments  as  given  in  Table  I. 
Gese  moment  ordinates  would  be  5  feet  apart  except 
(the  centre  of  span.  The  lengths  of  cover-plates  must 
^ch  as  to  give  resisting  moments  of  the  flange  stresses 
^kost  equal  to  the  external  bending  moments  shown 
^such  a  diagram.  The  moments  of  the  flange  stresses 
tl  require  the  centres  of  gravity  of  parts  of  the  flange 
Stions  to  be  computed  at  each  moment  point.  The 
lowing  tabulation  shows  the  elements  of  this  method 
[procedure  for  the  centre  section  of  the  girder; 


i 


rjghth  web  plus  flange  angles 
Bover-ptate 

Dd  cx>ver-plate 

Sover-plate 


Jliis  Operation  must  be  repeated  at  each  moment  section 
he  girder,  but  the  numerical  work  need  not  be  repeated 
B,  being  precisely  like  that  for  the  centre  section. 
The  net  lengths  of  plates  found  by  this  method  are  32.8, 
J  and  53-8  feet,  a  substantial  agreement  with  the  lengths 
&d  by  the  shorter  procedure. 

In  the  compression  flange  the  cover-plate  lying  on  the 
Jes  should  run  the  entire  length  of  the  girder,  especially 
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if  the  girder  be  of  the  deck  type,  i.e.,  with  ties  resting  upon 
the  upper  flange.  That  flange  being  under  compression, 
it  is  advisable  that  the  horizontal  legs  of  the  angles  be 
supported  throughout  their  entire  length  by  riveting 
them  to  a  cover-plate.  This  will  add  to  the  stiffness  and 
carrying  capacity  of  the  flange.  If  ties  rest  directly  upon 
the  upper  flange,  their  deflection  tends  to  bend  one  side 
of  it  out  of  its  horizontal  position,  but  this  tendency  will 
be  materially  lessened  by  the  added  stiffness  g^ed  in 
riveting  the  horizontal  angle  legs  of  the  flange  to  the  cover- 
plate. 

Although  this  process  of  design  has  been  used  in  con- 
nection with  the  tension  flange,  under  the  specifications 
the  compression  flange  is  to  be  made  like  the  tension  flange, 
i.e.,  a  duplicate  of  it. 


Pilch  of  Rivets  in  Flanges. 

Arts.  5  and  3 1  of  the  specifications  relate  to  the  rivets 
required  to  join  the  vertical  legs  of  the  flange  angles  to  the 
web  plate.  Art.  31  requires  that  "The  flanges  of  plflte 
girders  shall  be  connected  to  the  web  with  a  sufficient 
number  of  rivets  to  transfer  the  total  shear  at  any  point 
in  a  distance  equal  to  the  effective  depth  of  the  girder  at 
that  point  combined  with  any  load  that  is  applied  directly 
on  the  flange.  The  wheel  loads  where  the  tics  rest  on  the 
flanges  shall  be  assumed  to  be  distributed  over  three  ties." 

The  chief  function  of  these  rivets  is  to  transfer  hori- 
zontal shear  from  the  web  plate  to  the  flanges,  as  it  is  iB 
this  way  that  the  flanges  receive  their  stresses.  If  tlw 
rivets  take  the  direct  load  of  the  locomotive  driving  whecK 
as  in  the  case  of  a  deck  girder  like  that  being  designi^ 
they  must  resist  the  resultant  stress  due  to  both  vertical 
and  horizontal  loads. 
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Strictly  Speaking  the  number  of  rivets  required  between 
two  moment  sections,  as  shown  in  Fig.  i,  should  be  just 
sufficient  to  give  the  increase  of  flange  stress  in  passing 
from  one  section  to  the  next  one  toward  the  centre  of  span. 
Art.  31  of.  the  specifications,  therefore,  requires  more 
rivets  than  are  needed  except  at  the  end  of  the  span.  It 
is  always  necessary,  however,  to  introduce  more  rivets 
near  the  centre  of  span  than  is  required  by  actual  computa- 
tions, for  the  general  stiffness  of  the  girder.  Indeed  even 
more  rivets  are  generally  provided  than  those  prescribed 
in  Art.  3 1  of  the  specifications. 

If  d  is  the  effective  depth  of  the  girder  at  the  end  of 
the  span  and  if  the  end  shear  or  reaction  is  R,  and  if  tA  is 
the  flange  stress  at  the  distance  d  from  the  end  of  span, 
then  will  the  following  equation  of  moments  be  found, 
neglecting  the  negative  moment  of  any  load  within  the 
distance  d  from  the  end  of  the  span: 

Rd=tAd. 
Hence 

R  =  tA. 

This  shows  that  an  amount  of  stress  equal  to  the  end 
shear  must  be  given  to  each  flange  within  the  distance  d 
from  the  end.  The  number  of  rivets  required  by  this 
computation  is  a  little  more  than  necessary  if  any  load 
rests  upon  the  girder  between  the  end  and  the  section  at 
the  distance  d  from  it.  It  will  be  clear  that  the  general 
provision  of  Art.  31,  quoted  above,  is  based  upon  this 
end  shear  requirement,  and  it  is  analytically  incorrect, 
but  the  excess  of  rivets  which  it  calls  for  adds  to  the  general 
stiffness  and  capacity  of  the  girder. 

The  weight  of  one  driving  wheel  is  30,000  pounds,  and 
it  is  to  be  distributed  over  three  ties  or  42  inches.     As 
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the  prescribed  impact  is  loo  per  cent.,  the  vertical  load 
per  horizontal  inch  of  girder  will  be: 

J.      2  X30,000  ^4 

V  = ^-^ =  1430  lbs. 

42 

It  is  obvious  that  the  flange  stress  taken  by  one-eighth 

of  the  sectional  area  of  the  web  is  received  directly  by  the 

latter  and  does  not  affect  the  rivets  through  the  vertical 

legs  of  the  flange  angles.     If  i4i  is  the  actual  net  flange 

section  of  cover-plates  and  angles  and  A  2   the  total  flange 

area,  including  one-eighth  of  the  web  section,   and  if  S 

is  the  total  shear  at  any  moment  section,  while  d  is  the 

effective  depth  of  the  girder,  then  the  horizontal  flange 

stress  H  to  be  taken  up  per  linear  inch  by   the  rivets 

S  A\ 
between  two  sections  the  distance  d  apart  will  be  //=-, -r- 

The  values  of  Ai  and  A  2,  beginning  at  the  end  section 
of  the  girder,  are  as  follows : 


Section 

End 
5  ft. 
10 


i  i 


i  i 


15 

25 
Centre 


2.^ 


22  .88  sq.ins. 

22.88 

22.88 

31.88 

40.88 

40.88 


27  .26  sq.ins 
27  .26 
27  .26 
36.26 
45.26 
45.26 


The  unit  (inch)  increments  H  of  horizontal  flange 
stress  found  for  the  various  sections  by  the  preceding 
formula  are: 

T-v   J        TT     s^Q.Soo ,,22.88  -, 

^"^     ^-Lr   ^:rr:;^  =3330  lbs. 

00.5  27.20 

5  ft.     //  = 
10  ''     //  = 


=  2920 
=  2510 
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15  ft.    //=  =2170  lbs. 

25  ''     H=  =1560    '' 

Centre  H=  =  954    *' 

Each  of  the  above  results  gives  the  horizontal  stress  H 
n  pounds  per  linear  inch,  over  each  80.5  inches  of  girder 
lange  for  each  moment  section  and  to  be  taken  up  by  the 
ivets. 

The  rivet  pitch  p  at  any  section  will  then  be  determined 
)y  the  following  formula  if  K  is  the  working  value  of  one 
ivet  in  shear  or  bearing: 


Each  rivet  bears  against  the  web  plate  as  well  as  against 
each  vertical  leg  of  the  flange  angle,  and  as  the  web  plate 
is  much  thinner  than  the  sum  of  the  thickness  of  the  two 
angle  legs,  the  bearing  value  against  the  web  plate  will 
be  much  less  than  that  against  the  angle  legs.  Furthermore 
each  rivet  is  subjected  to  double  shear,  the  two  shearing 
sections  of  the  rivets  coinciding  with  the  two  faces  of  the 
web  plate.  K,  therefore,  must  be  taken  as  the  least  of  the 
double  shearing  value  and  the  bearing  value  against  the 
web  plate.  The  rivets  to  be  used  are  |-inch  diameter 
before  being  driven  and  the  bearing  value  of  such  a  rivet 
against  a  j^-inch  plate  at  24,000  pounds  per  square  inch 
isgigo  poimds  and  14,430  pounds  in  double  shear  at  12,000 
pounds  per  square  inch,  both  of  these  working  stresses 
being  in  accord  with  the  specifications. 

Applying  the  numerical  results  thus  established  to  the 
formula  for  the  pitch, 

P  = 


there  will  result : 
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v' 1 430^ +3320' 


5  ft.  point  /?  = 


9190 


==.83 


Centre 


P  = 
P  = 


=  353 
=  4-34 
=  6.26 


If  desired  a  curve  can  be  drawn  at  the  various  pcints 
with  the  corresponding  pitch  as  a  vertical  ordinate  at  each 
point.  Such  a  curve  will  give  the  rivet  pitch  at  any  point 
in  the  span,  but  such  detail  is  not  usually  required.  The 
above  values  of  the  pitch  may  be  used,  with  judgment, 
without  further  computations  for  any  part  of  the  girder- 
Fig.  I  shows  the  pitch  used  at  the  different  girder  pobU: 
it  is  frequently  adjusted  to  the  position  of  the  intermediate 
stifTeners. 

Pitch  of  Rivets  in  Cover-plates. 

The  number  qf  rivets  required  in  a  cover-plate  isat  onB 

determined  from  its  net  section.  In  the  present  case  thf 
net  section  of  each  cover-plate  is  9  square  inches,  which, 
at  16,000  pounds,  gives  144,000  pounds  as  the  stress  value 
of  the  plate.  The  rivets  in  the  cover-plates  are  subjectw 
to  single  shear  and  the  single-shear  value  of  one  i-ifdi 
rivet  is  7220  pounds.     Hence  the  number  of  rivets  retiuired 

to  develop  the  full  value  of  one  cover-plate  is  -ii —  =  w 

7220 

rivets.     Between   the   end    of   the   cover-plate,    therefon- 

and  the  point  at  which  the  next  cover-plate  outside  of  it 

begins,  there  must  be  at  least  20  rivets.     As  a  matter  (* 

fact  considerably  more  than  that  number  will  be  found. 


Art.  1 10. J  THE  DESIGN  OF  A  PLATE  GIRDER.  703 

as  the  pitch  must  not  exceed  6  inches  in  any  case  and  it 
should  not  be  more  than  3  inches  for  a  distance  of  12  to 
18  inches  from  the  end  of  the  plate.  It  will  be  seen  upon 
examining  the  drawing  that  these  conditions  are  fulfilled. 

Top  Flange, 

As  this  flange  is  in  compression,  gross  areas  may  be 
used.  If  the  provisions  of  Art.  30  and  other  Articles  of 
the  specifications  be  scrutinized,  it  will  be  found  that  they 
are  fulfilled  by  the  compression  flange  made  up  as  shown 
in  the  figures,  and  they  need  no  further  detailed  attention. 

End  Stijfeners. 

The  end  stiffeners  must  be  heavy  members  of  their 
class  and  rigidly  riveted  to  the  girder,  as  they  take  the  severe 
impact  or  pounding  at  the  points  of  support  due  to  rapidly 
moving  heavy  locomotives  and  trains.  Art.  79  of  the 
specifications  provides  that  **  There  shall  be  web  stiffeners 
generally  in  pairs,  over  bearings,  at  points  of  concentrated 
loading,  and  at  other  points  where  the  thickness  of  the  web 
is  less  than  one-sixtieth  of  the  unsupported  distance  between 
flange  angles.  .  .  .  The  stiffeners  at  the  ends  and  at  points  of 
concentrated  loads  shall  be  proportioned  by  the  formula 
of  paragraph  16,  the  effective  length  being  asstmied  as 
one-half  the  depth  of  girders.  .  .  .  '*  This  provision 
makes  it  necessary  to  treat  the  end  stiffeners  as  a  coltmin, 
the  working  stress  to  be: 

^  =  16,000  —  70-. 

r 

The  column  load  in  this  case  is  the  maximum  end  shear 
including  impact  allowance  as  given  by  Table  II,  i.e., 
319,000  poimds. 
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If  two  pairs  of  sX^jXii-inch  angles  be  assumed  for 
trial  with  the  jj-inch  legs  against  the  web  plate,  remem- 
bering that  they  will  be  separated  by  the  thickness  of  fit 
plate,  the  radius  of  gyration  of  their  combined  section 
about  an  axis  lying  in  the  centre  of  a  horizontal  web  section 
and  parallel  to  the  web  will  be  3.13  inches.     The  length 

of  the  column  is  — ^=40.25  inches  =  /.  Hence  the  pre- 
scribed formula  will  give  a  working  stress  of  15.100  pounds 
peV  square  inch.     On  this  basis 

,  .    J     110,000 

Area  required  =^=-^^ =21  sq.ins. 

15,000 

The  actual  sectional  area  of  four  of  the  assumed  angUs 
will  be  23.24  square  inches,  which  is  sufficiently  dose  W 
the  area  required  to  be  accepted  as  satisfactory. 

The  entire  load  is  carried  to  the  end  stiffeners  by  ^ 
J-inch  rivets  which  bind  them  to  the  web  plate.  The  riveU 
are  in  double  shear  and  bear  on  the  web  plate.  It  ha* 
already  been  seen  that  the  bearing  value  on  the  web  plat*. 
9190  pounds  per  rivet,  is  much  less  than  the  double  sheir 

value.     Hence  the  number  of  rivets  required  is  ^-^ —  "JS 

9190 
rivets.  This  computed  number  of  rivets  distributed 
throughout  the  length  of  the  3^-inch  angle  legs  would  TOiHtB 
the  pitch  too  great.  The  pitch  should  not  exceed  about 
4  inches,  which  would  make  the  number  of  rivets  about 
40.  It  is  essential,  as  already  indicated,  that  the  end 
stiffeqers  be  made  exceptionally  stiff  and  rigid. 

End  stiffeners  are  not  bent,  but  are  riveted  onto  filHn! 
plates  having  the  same  thickness  as  the  flange  angle  I^ 
These  filling  plates  enhance  the  stiffness  and  resistinj 
capacity  of  the  end  stiffeners  as  they,  in  fact,  form  a  pi** 
of  the  latter. 
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Intertnediale  Sti_ffeners. 

By  referring  to  Art.  79  of  the  specifications  there  will 
be  found  an  empirical  formula  giving  th?  maximum  dis- 
tance between  intermediate  stiffeners,  providing,  however, 
that  that  distance  in  no  case  shall  exceed  the  clear  depth  of 
the  web.  Intermediate  stiffeners  are  sometimes  regarded 
as  being  equivalent  to  the  vertical  compression  members 
of  a  Pratt  truss,  but  as  a  matter  of  fact  there  is  no  rational 
system  of  basing  their  design,  on  computations.  They 
are  almost  invariably  made  of  angles,  but  sectional  areas 
are  determined  by  experience.  Inasmuch  as  the  total 
transverse  shear  at  the  centre  of  span  is  small,  they  are 
sometimes  omitted  there.  As  a  rule  they  are  never  placed 
irther  apart  than  the  depth  of  web  plate. 

As  this  girder  is  to  carry  a  heavy  railroad  load  pre- 
Unably  at  high  speed,  sXsJxf-inch  steel  angles  will 
■  used  with  the  jj  inch  leg  placed  against  the  web 
te.  As  the  transverse  shear  increases  towafd  the  end 
the  span,  the  distance  apart  of  these  intermediate 
iSeners  will  correspondingly  be  decreased.  In  the  central 
of  the  span  this  distance  is  seen  to  be  g  feet  i  J  inches, 
it  near  the  ends  it  is  reduced  to  5  feet  5J  inches.  The 
of  the  rivets  in  these  intermediate  stiffeners  may  vary 
3  inches  to  5  or  6  inches,  the  greater  pitch  being  near 
mid  depth  of  the  web. 

Splices  in  Flanges. 

It  will  be  found  that  cover-plates  and  flange  angles 
ay  be  purchased  of  full  lengths  required  on  this  plate 

"der.  When,  in  general,  the  girders  are  so  long  as  to 
iqiiire  splicing  of  the  parts  of  flanges,  those  joints  for  the 

ision  flange  must  be  so  designed  as  to  leave  the  net 
Ction  as  large  as  practicable,  as  the  entire  stress  must  be 
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carried  by  the  net  section.  It  is  good  practice  and  ens- 
tomary  not  to  have  two  joints  in  adjacent  parts  concm. 
i.e.,  there  should  bt  breaking  of  joints  so  as  to  have  a 

joint  in  one  part  only  of  the  flange  at  the  same  sectitm. 
In  this  manner  the  net  section  at  each  joint  may  atlain 
its  maximum  value.  In  the  splicing  of  angles  both  legs 
should  be  spliced.  In  compression,  riveted  joints  can 
scarcely  be  expected  to  transfer  stresses  by  abutting  sur- 
faces in  those  joints.  They  should  be  spliced  aboul  as 
effectively  as  tension  joints,  although  the  question  of  net 
section  does  not  arise,  the  gross  section  being  available. 

Splices  in  Web  Plates. 

As  one-eighth  of  the  gross  web-plate  section  is  considend 
as  resisting  bending  as  a  part  of  the  flange  area,  the  rivets 
at  a  web-plate  splice  must  be  sufficient  to  resist  the  cor- 
responding bending  moment.  This  web-plate  moment  is, 
therefore. 


16,000 


;X8o.5 


=  5.670,000  in.-lbs. 


There  must  be  two  splice-  plates,  one  on  each  side  d 
the  web,  each  of  which  need  not  be  as  thick  as  the  m»n 
plate,  but  in  this  case  ^-inch  splice-plates  have  been  ustd 
so  that  the  intermediate  stiffener  need  not  be  benl.  7tK 
this  size  of  girder  there  should  be  three  rows  of  rivets  on 
each  side  of  the  joints.  If  it  he  assiimed  that  the  pitch 
be  4  inches  in  each  row,  there  wilt  be  nine  rivets  in  each"^ 
the  three  rows  between  the  mid  depth  of  the  web  and  tin 
back  of  the  flange  angles.  If  the  loads  carried  by  the* 
rivets  in  resisting  bending  vary  directly  as  the  distance 
from  the  neutral  axis  at  mid  depth,  their  resultant  wiU 
iBCt  at  JX40=i6.7  inches  from  that  line.     The  bearinj: 
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lvalue  of  a  |-inch  rivet  against  the  iV-inch  web  is  gigo 
Ipounds,  Hence  the  resisting  moment  of  the  54  rivets 
Ion  one  side  of  the  joint  is: 


M  = 


11  X9it)0 


X2  X26.7  =6,600,000  in. -lbs. 


As  this  is  greater  than  5,670,000  in.-lbs.,  the  proposed 
'  arrangement  of  the  joint  is  satisfactory.     The  two  spUce- 
plates  will,  therefore,  each  be  1 9  X  f  inches  by  5  feet  8  J  inches, 
■       as  shown  in  Fig.  i. 

^H  In  general  every  joint  splicing  should  be  tested  for 
^Bthe  transverse  shear  which  it  must  carry.  In  this  instance 
^Hlt  is  clear  that  the  splice-plates  will  carry  more  shear  than 
^Hthe  web. 

I      T 
Jfaas  1 


General  Considerations. 


anc 


The  girder  proper  with  its  flanges,  web,  and  stifFeners 
been  designed  in  this  article  without  indicating  the 
ttianner  of  connecting  such  lateral  or  cross  bracing  as 
Would  be  required  in  the  complete  design  of  a  railroad 
plate-girder  span.  The  design  of  such  bracing  would  be 
Supplementary  to  the  actual  design  of  the  girder  as  made, 
and  it  is  the  purpose  here  to  illustrate  only  those  principles 
^longing  to  the  design  of  the  girder  proper.  The  design 
the  bracing  and  the  details  of  its  connection  with  the 
■der  belong  rather  to  bridge  construction  than  to  the 
ibject  treated  here.  Fig.  a  has  been  introduced,  however, 
as  an  illustration  to  indicate  the  genera!  features  of  the 
complete  structure- 
Large  plate  girders  are  not  always  built  complete  in 
the  shop,  although  girders  nearly  100  feet  in  length  are 
frequently  and  perhaps  usually  so  completed  at  the  present 
ime.     When  it  is  necessarj-  to  build  them  in  portions 
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and  rivet  the  portions  together  in  the  field,  the  general 
principles  governing  the  construction  of  the  necessaiy 
field- joints  are  precisely  the  same  as  those  illustrated  in 
this  article.  They  are  simply  adjusted  or  adapted  to  the 
exigencies  of  each  particular  case. 

The  bill  of  material  and  estimated  weight  of  a  single 
girder  as  designed  is  as  follows: 

Poundt 

Two  8o"XiV"  web  plates,  Jl'  iij"  long 5^ 

One  80"  X  A"  web  piatc,  x6'  J"  long 3,09* 

Four  6"X6"Xi''  'ingles,  70'  long 8.0j6 

One  14"  Xi"  cover-plate,  70'  long 3,499 

One  i4"X  J"  cover-plate,  55' 5l" '"ng 1.981 

Two  14" XI"  cover-platen,  47' 6J"  long 1.69& 

Two  14"  Xi"  cover-plates,  33'  3"  long 

Eight  5"X3l"XH"  Sir.gles.  6"  7"  long 7,037 

Twenty-eight  5"X3i"Xj"  angles,  6'  7"  long. I,4t| 

Four  io"Xj"  filler-plates,  5' 6i"  long 58I 

Four  i9"Xi"  splice-plates,  5'  81"  long 1,106 

Twenty-four  3l"X  J"  fiiler-plates,  5'  61"  long i,n» 

Two  i4"Xj"  sole-plates,  i'  6"  long 107 

Rivets 800 

Total  for  one  girder ,  ,   30.501 

The  weight  of  girder  per  linear  foot  therefore  is; 


30,502  _ 


436  lbs. 


* 


70 

If  the  plate  girder  were  of  the  through  type,  there 
would  be  no  change  whatever  in  the  procedures  of  design 
which  have  been  followed,  but  in  order  to  give  a  bt'tW 
appearance  to  the  ends  they  would  be  formed  as  shown  in 
Fig.  5.  The  latter  figure  shows  the  same  end  sti&w* 
depth  of  girder  and  the  same  flange  angles  as  Fig.  i. 

Art  111. — Length  of  Cover-plates. 
There  are  various  methods  of  determining  the  length' 
of  cover-plates  of  plate  girders  involving  simple  comp"' 
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ations  only,  which  are  well  illustrated  by  the  following 
)rocedures : 

The  first  of  these  procedures  is  based  on  the  assiunp- 
ion  that  the  depth  of  the  girder  is  uniform  and  that  the 
►ending  moment  throughout  the  length  of  girder  varies 
s  the  ordinate  of  a  parabola  as  in  the  case  of  tmiform 
3ading.     The  following  notation  is  required: 

/ = effective  length  of  span  either  in  feet  or  inches ; 
L = length  of  cover-plate  required  in  the  same  unit  as  / ; 
A  =  total  net  flange  area ; 
a = net  cover-plate  area  required. 

Since  the  flange  and  cover-plate  areas  vary  directly 
s  the  flange  stresses,  and  as  the  latter  vary  as  the  ordi- 
ates  of  a  parabola  when  the  depth  of  girder  is  constant, 
he  following  equation  will  result: 

L^     a 


-'^A- 


(l) 


Eq.  (i)  will  give  the  length  of  the  cover-plate  whose 
Tea  of  section  is  a.  Any  convenient  unit  may  be  taken 
or  a  and  A,  but  the  square  inch  is  ordinarily  employed. 

If  there  are  several  cover-plates,  a  is  to  be  taken  suc- 
essively  the  area  of  the  first,  second,  third,  etc.,  cover- 
>lates  in  summation,  i.e.,  it  will  first  be  taken  as  the  net 
sectional  area  of  the  top  cover,  then  as  the  net  sectional 
trea  of  the  top  cover  added  to  that  of  the  cover-plate 
>elow  it,  and  so  on. 

The  second  method  is  the  following,  and  is  applicable 
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to  the  case  of  a  girder  with  varying  depth,  the  notation 
being  as  follows : 

Let !£;  =  uniform  load  per  linear  foot,   or  "equivalent 

uniform  load'  per  linear  foot; 

d  and  d'  represent  the  efifective  depths  of  girder  in 

feet  at  the  centre  of  span  and  at  the  end  of 

the  cover-plate  respectively; 

i4  —  a  =  a'  =  area   of  flange   section   at   the  end  of 

cover-plate ; 
r  =  permissible  flange  stress  per  square  inch; 

the  bending  moment  at  the  end  of  the  cover-plate  will 
then  be 


M 


=  w^  —  (-)  =AdT—w-^=d'a'T.     .    .    (2) 
8      2  \2  /  8 


By  solving  the  second  and  third  members  of  the  pre- 
ceding equation  there  will  result 

/-    \(Ad-a'd')T        ^      \{Ad^a'd')T        .. 

It  must  be  remembered  that  the  application  of  either 
of  the  two  preceding  methods  will  give  the  net  length  of 
the  cover-plate.  There  must  be  added  12  to  18  ins.  at 
each  end  with  rivets  closely  pitched  so  that  the  cover- 
plate  may  certainly  take  its  stress  at  the  points  where  its 
eflectiveness  should  begin. 

Art.  112. — Pitch  of  Rivets. 

A  simple  method  of  finding  the  pitch  of  rivets  piercing 
the  vertical  legs  of  the  flange  angles  and  the  web  plate  of  a 
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te  girder  at  any  section  of  the  beam  mlay  readily  be  found 
using  the  general  but  elementary  expression  for  the  bend- 
moment, 

IPx^M. 

By  differentiating  this  equation, 

IP,dx=^Sdx^dM\ 

epresenting  the  total  transverse  shear. 
If  dM  is  the  change  of  bending  moment  for  the  distance 
ng  the  flange  represented  by  the  pitch  of  rivets,  p,  the 
LTige  of  flange  stress  for  the  same  distance  will  be  fotmd 
dividing  dM  by  the  effective  depth  of  the  girder,  d.  If 
pitch  of  rivets,  p,  be  placed  in  the  preceding  equation  in 
ce  of  dx,  the  corresponding  change  of  flange  stress  will 
resent  the  amount  of  stress  transferred  to  the  flange  by 
I  rivet.  Representing  that  variation  of  flange  stress  by 
he  last  of  the  preceding  equations  may  be  written 

Sp=dv\     .'.  p=-^. 

In  this  equation  v  represents  either  the  bearing  capacity 
)ne  rivet  against  the  web  plate  or  against  the  two  flange 
;les,  or  the  double  shearing  value  of  the  same  rivet,  i.e., 
least  of  those  three  values.  Ordinarily  the  bearing  of 
rivet  against  the  web  plate  will  be  less  than  either  of  the 
)  other  quantities ;  hence  that  bearing  value  would  then 
substituted  for  v.  In  general  the  least  of  the  three  pre- 
ling  values  for  one  rivet  is  to  be  substituted  f or  x;  in  an 
ual  computation.  The  total  transverse  shear  S  is  always 
own  at  any  section  or  may  readily  be  determined.  The 
ceding  formula  for  the  pitch,  therefore,  is  a  very  simple 
-  and  is  much  employed. 


CHAPTER  XVI. 

MISCELLANEOUS  SUBJECTS. 

Art.  113. — Curved  Beams  in  Flexure. 

If  beams  are  sharply  curved,  i.e.,  if  the  radius  of  curva- 
ture of  the  neutral  surface  is  comparatively  small,  the  for- 
mulae expressing  the  common .  theory  of  flexure  for  such 
beams  will  contain  the  radius  of  curvature  and  corre- 
sponding variations  from  the  formulae  for  straight  beams. 

Let  Fig.  I  represent  part  of  a  curved  beam  subjected  to 
flexure,  AC  representing  the  radius  of  curvature  at  the 


ihh' 


point  A  before  flexure  while  CA'    represents  the  radium 

of  curvature  of  the  same  surface  after  flexure  takes  plac^ 

OAO'  represents  the  neutral  surface.     i4'fc"  is  the  contin^' 

ation  of  CA\     Similarly  A'h  is  the  continuation  of  C^^ 

Finally,  A'h'  is  drawn  parallel  to  CA,     dej  represents  the 

normal  section  of  the  beam  and  A  A'  is  supposed  to  ^ 

a  differential  of  the  length  of  the  neutral  surface. 

712 
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The  ordinate  ±y  is  measured  from  A  as  an  origin 
ard  B  OT  D,  respectively,  z  is  the  varying  width  of 
normal  section  of  the  beam  and  hence  it  is  measured 
nal  to  y  and  x,  the  latter  being  measiu-ed  along  OAO'. 
ifferential  of  the  section  of  the  beam  is  zdy. 
\s  the  normal  sections  of  the  beam  are  assumed  to 
ain  plane  after  flexure,  let  the  rate  of  strain,  i.e.,  the 
in  per  unit  of  length  of  fibre  at  any  point  distant  y 
1  the  neutral  surface  be  uy,  u  being  the  apparent 
of  strain  at  unit  distance  from  the  neutral  surface. 
By  referring  to  Fig.  i  there  may  at  once  be  written : 

b'b^dx^;    bb''  =  {dx+dx^^uyi. 
By  similarity  of  triangles, 


dx^+dxli  +-]uy 


y  r 

Phis  equation  gives  at  once : 


dx 


(i) 


r 
Y  —  r         Y 
^^{r+y)Y'^r+y ^^^ 

If  the  beam  were  originally  straight,  in  which  case  the 
us  of  curvature  r  =  oo,  eq.   (2)  would   take  the  form 

-„  the  usual  expression  for  the  rate  of  strain  at   unit 

ance  from  the  neutral  surface  of  a  straight  beam, 
gain  the  radius  of  curvature  is  sufficiently  large,  so  that 
ay  be  written  for  Y+y  without  sensible  error: 
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This  expression  for  u  may  be  used  for  oirved  beams  if 
the  curvature  is  not  too  sharp. 

If  the  radius  r  is  infinitely  great,  fi  =  — ,  which  is  the 

value  for  a  straight  beam. 

Eq.  (2)  shows  that  the  rate  of  strain  u  at  unit  distance 
from  the  neutral  surface  and  corresponding  to  the  rate  of 
strain  at  any  distance  y  is  variable,  as  y  appears  in  the 
denominator  in  such  a  way  as  to  make  u  smaller  the 
greater  the  distance  of  the  fibre  from  the  neutral  surface. 
This  is  in  consequence  of  the  curvature  of  the  beam  and 
results  from  the  assumption  that  normal  sections  plane 
before  flexiu'e  remain  plane  after  flexure.  With  the 
increase  of  length  of  fibre  due  to  curvature  as  its  distance 
from  the  ndutral  axis  increases,  a  less  rate  of  strain  is 
required  to  keep  the  section  plane  after  flexure.  This 
assumption  is  not  strictly  true,  and  it  may  be  a  matter  of 
doubt  whether  it  is  necessary  or  advisable  even  in  the 
interests  of  correct  analysis. 

If  k  is  the  fibre  stress  of  tension  or  compression  at  any 
distance  y  from  the  neutral  axis,  there  may  be  at  once 
written : 

*.£„,-£(l-.)^, W 

The  stress  on  an  element  zdy  of  the  section  will  then  be: 

kzdy=Ei''--iY-y^ (?' 

\r        Ir+y 

Let  fe'  and  k"  be  the  intensities  of  stress  at  the  distanc^^^^" 
y  and  —y"  from  the  neutral  surface.     Then  by  eq.  (4)'- 


/' 


k'  __    y'     r—y 
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side  of  the  centre  of  gravity  of  the  section  toward  the  con- 
cave surface  of  the  beam.  Eq.  (7)  shows,  again,  that  ibe 
integral  is  not  the  moment  of  inertia  of  the  section  about 
the  neutral  axis,  hut  it  will  reduce  to  that  if  the  radius 
of  curvature  r  be  supposed  infinitely  great. 

The  integrations  shown  in  the  second  members  of  eqs. 
(6)  and  (7)  can  at  once  be  made  when  the  form  of  cross- 
section  is  known.  Inasmuch  as  this  analysis  for  curved 
beams  finds  one  of  its  important  applications  in  connection 
with  the  design  and  carrying  capacity  of  large  hooks,  a  trape- 
zoidal cross-section  sho^vn  in  Fig,  2  will  be  assumed  hj 
L  way  of  illustration,  and  from 

I  that  the  rectangle  section  at 

once  results.  In  that  figure 
the  larger  end  CD  of  the  trap- 
ezoid will  be  considered  io 
lie  in  the  concave  or  inner 
surface  of  the  hook  and  at 
right  angles  to  the  plane  of 
the  hook.  As  the  trapeajid 
is  symmetrical,  a  =\FH,  and 
the  angle  of  inclination  of  a 
sloping  side  as  HD  to  the 
centre  line  will  be  taken  as  a 
Then  3  will  represent  one-half  of  the  width  of  the  trapewid 
at  any  point: 

z=a-\-{yi-y)  i3n  a (8) 


If  3  be  inserted  in  eqs.  (6)  and  (7}  there  will  be  require^ 
the  following  integrations  in  which  yi-\-ya=d: 


/: 


J*. 

r+y 


rlog- 
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J-y,r+y       \     2  I  r-yo 

p  )^  =r2d-irdiyi  -yo)  +mcP-3yiyo) 

If  these  values  of  z  and  the  integrals  given  in  eqs.  (9) , 
Cxo)  and  (11)  be  substituted  in  eq.  (6),  there  will  at  once 
rj^sult: 


r+y._^{(^+l)^""+4 


log        ^   =-r7 ^ r-    •     •      •      (12) 

f-3/0     r\\r-\-y\)  tana+aj 

As    known    quantities    let    r+>'i=i?    and    r— >'o=/?o, 
then  eq.  (12)  may  take  the  form: 

f  log •=-(/?  tan  a +a)  =rdtana+df-  tana+aj. 

Hence: 

d\-  tana+aj 

\R  log  ^ -c/j  tan  a  +a  log  — 

After  r  is  determined  by  eq.   (13)  there  will  at  once 
result: 

yi=/?-r    and    yo=d-yi.       .     .     .     (14) 

If  the  section  is  rectangular,  a  =  tan  a  =  o,  hence, 

^  = ^     and    y\^R —,     .     .     (14a) 

log  -^  log  — 
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If  the  section  is  triangular,  a  =  o  and  the  second  member 
of  eq.  (13)  will  be  correspondingly  simplified  as  follows: 

r=-7 T^ r (15) 


(Rlo4-d) 


i2o 

As  this  expression  is  independent  of  a,  y\  and  yo  remain 
unchanged  whatever  may  be  the  value  of  that  angle. 

Having  thus  fotmd  y\  and  j'o,  the  position  of  the  neutral 
axis  of  the  section  is  determined  and  the  expression  for 
the  bending  moment  can  now  be  written  by  the  aid  of 
eqs.  (4)  and  (7),  the  latter  being  the  general  expression 
for  the  bending  moment.  By  the  aid  of  eq.  (4)  the  in- 
tensity of  stress  in  the  extreme  fibre  at  the  distance  )'o 
from  the  neutral  axis  may  be  written  as  follows : 


Hence, 


^=_£(L_i)_a^ (,6) 

£:(;-i)  =  -feo('-y) (,;) 

\r       I  yo 

By  introducing  the  second  member  of  eq.  (17)  in  cq. 
(7)  as  well  as  the  value  of  z  from  eq.  (8)  and  the  integrals 
given  in  eqs.  (10)  and  (11),  the  following  value  of  the 
moment  M  will  result : 

— M  =' — ^ '—^  I     { (a  +yi  tan  a)- — ^  -tan  a  - — -  •     (i^^' 

>'o        J-yX  r+y  r+y 

=■ ^—\(ci  +  {r+yi)  tSina)(-(yi-yo) 

yo        [  \2 

-cff+rMog-— ^  j {d--^yiyo)\.         .     .    dP' 
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As  is  evident,  the  factor  2  appears  in  the  second  members 
eqs.  (18)  and  (19),  for  the  reason  that  the  section  taken 
symmetrical  and  the  varying  ordinate  z  is  half  the  width 
section  at  any  point.  If  a  were  taken  as  the  extreme 
ith  of  section  on  the  narrow  side  instead  of  half  that 
1th  and  if  a  were  to  be  so  taken  that  (yi—y)  tan  a 
led  to  a  represents  the  full  width  of  the  section  at  the 
nt  located  by  y,  the  factor  2  would  be  omitted  from  the 
ond  member  of  the  value  for  M. 

If  the  section  is  rectangular  a=tana=o  and  the 
)ression  for  the  moment  M  then  becomes : 

yo        [   \2  r-yo/] 

If  the  section  were  triangular  a  =  o  in  the  second  member 
eq.  (19). 

These  equations  may  be  employed  in  the  design  of  curved 
ims  of  any  form  of  cross-section  or  degree  of  curvature 
en  those  based  on  the  common  theory  of  flexure  for 
aight  beams  are  not  applicable.  As  a  general  statement 
nay  be  said  that  the  formute  for  straight  beams  may  be 
?d  without  essential  error  in  all  cases  except  those  of  such 
icial  character  as  hooks  and  other  structural  or  machine 
mbers  in  which  the  curvature  is  sharp.  The  applica- 
n  of  the  preceding  formulae  to  the  case  of  hooks  will  be 
istrated  in  the  next  article. 

Art.  114. — Stresses  in  Hooks. 

The  diagram  of  a  hook  shown  in  Fig.  i  illustrates  the 
iditions  of  loading  to  which  hooks  in  general  are  sub- 
ted.  The  material  to  the  right  of  the  point  of  applica- 
n  of  the  load  is  subjected  to  no  stress  whatever  except 
a  secondary  way  near  that  point.     On  the  left  of  the 
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load,  however,  the  arc  of  the  hook,  supposed  to  be  circu 
in  this  case,  is  subjected  to  direct  stress,  shear  and  bendi 
the  bending  moment  increasing  as  that  part  of  the  h( 


Fk;.   I, 


parallel  to  the  loading  is  a])])roachcd,  but  it  decrease 
passing  on  to  the  shaft  of  the  hook  supposed  to  l>c  in 
with    the   load.     The    section   of   maximum    bending; 
is  subjected  to  the  combined  direct  pull  of  the  load 
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nding  moment  equal  to  the  load  multiplied  by  the 

1  distance  from  its  line  of  action  to  the  centre  of 

f    of    the    section.     This    cross-section    of  greatest 

ig  moment  will  first  be  treated  as  if  subjected  to 

lexure.     The  necessary  simple  analysis  required  to 

line  the  greatest  intensity  of  stress  in  the  section  will 

e  made.     In  the  section 

atest  bending  moment 

is  no  shear. 

e    cross-section    of  the 

part  of  a  hook  may  be 

as  approximately  trap- 

I,  as  shown  in  Figs,  i 

In    the  present  in- 

the  greatest  dimension 
1  cross-section  lying  in 
ntral  plane  of  the  hook 
;  taken  as  5  inches  and 
amers  will  be  rounded 
ornately  as  shown. 
iviously  the  integrations 

(9),  (10)  and  (11)  of  the 
ling  article  do  not  rep- 

accurately  the  approx-        '  j 

trapezoid  of  Fig.  2.  This  Fig.  2. 

ation  or  its  equivalent, 

er,  may  be  accomplished  with  sufficient  accuracy 
umber  of  approximate  processes,  i.e.,  by  transformed 
i  and  by  dividing  the  section  into  a  sufficient 
;r  of  small  parts.  A  simpler  method  and  one  giving 
lably  accurate  results  is  to  draw  two  lines  F'C  and 

such  a  way  as  to  make  a  true  trapezoid  whose  resist- 
loment  will  be  essentially  the  same  as  the  approx- 

trapezoid.     This  will  be  accomplished  if  the  two 
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lines  indicated  be  drawn  in  such  a  way  that  each  area 
between  a  broken  line  as  F'C  and  the  inclined  full  line 
of  the  actual  section  be  three  times  the  combined  area 
between  CB  and  the  curved  end  of  the  section  and  between 
AF'  and  the  other  curved  end  of  the  section.  This  rela- 
tion results  from  the  fact  that  the  bending  stress  between 
the  two  lines  indicated  varies  in  intensity  from  zero  at  the 
neutral  axis  to^neariy  the  maximum  in  the  extreme  fibre 
of  the  section  and  has  its  centre  at  two-thirds  of  the  distance 
from  the  neutral  axis  to  the  extreme  fibre.  The  relation 
indicated,  therefore,  makes  the  bending  moments  of  the  two 
parts  inside  and  outside  of  the  actual  section  equal.  This 
construction  will  give  for  one-half  the  modified  figure: 

AF'=AF  =  .^7,  inch=a;  BC  =  i.i  inches;  a' =8°  30': 
tan  a' =  .148;  i?  =  s-f  2.2  =7.2  inches;  i?  =  2.2  inches. 
d  =  s  iiiches. 

Fig.  I  shows  that  R  and  Rq  are  the  interior  and  exterior 
radii  respectively  of  the  arc  of  the  hook  where  the  section 
of  greatest  bending  moment  exists.  By  introducing  these 
numerical  quantities  in  eq.  (13)  of  the  preceding  article 
there  will  at  once  result : 

r  =3.87  inches. 

Hence, 

^'i  =/?  — r  =3.33  inches; 

yo=d—yi  =1.67  inches. 

By  inserting  the  same  numerical  values  together  ^^tk 
yi  and  30  in  cq.  (19)  of  the  preceding  articles,  the  value  0: 
the  bending  moment  becomes : 

M=4.88ifeo <^^ 
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This  moment  obviously  can  be  expressed  in  terms  of  the 
intensity  of  stress  in  the  extreme  fibres  on  the  opposite 
side  of  the  section,  i.e.,  3.33  inches  from  the  neutral  surface. 
By  eq.  (4)  of  the  preceding  article : 

y  _jL  (r-yo)yi 
yo{r+y\) 

After  substituting  the  values  of  the  quantities  already 
determined  there  will  be  found  /?i=.6ifeo.  Or  there  may 
be  written  from  the  same  eq.  feo  =  1.64^1.  The  bending 
moment  expressed  in  terms  of  the  greatest  intensity  of 
stress  in  the  extreme  fibres  is  obviously  the  form  desired 
for  practical  purposes. 

Let  the  hook  shown  in  Fig.  i  be  supposed  to  carry 
a  load  of  20,000  pounds.  The  centre  of  gravity  G  of 
the  actual  cross-section  is  2.13  inches  from  the  side  CD 
of  the  cross-section.  Fig.  2.  Hence  the  load  asstmied 
will  cause  a  bending  moment  about  the  line  GH  equal 
to  20,000 X(2. 13 +2.2  =4.33)  =86,600  inch-poimds.  It  is 
to  be  observed  that  inasmuch  as  the  20,000  pounds  is  taken 
as  uniformly  distributed  over  the  cross-section  the  lever 
arm  of  the  load  is  the  normal  distance  from  its  line  of 
action  to  the  centre  of  gravity  of  that  section,  although  the 
resisting  moment  of  internal  stresses  has  the  axis  deter, 
dined  by  eq.  (14)  of  the  preceding  article,  the  two  axes 
being  parallel  to  each  other. 

The  greatest  intensity  of  tensile  bending  stress  in  the 
section  therefore  takes  the  following  value: 

,  86,600  1,  .  /      V 

ko  = — ^— -  =  17,740  lbs.  per  sq.m.       .     .     (2) 

4*oo 

The  tmiformly  distributed  tensile  stress  equal  to  the 
load  will  act  upon  the  entire  actual  area  of  section,  which 
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is   7.9  square  inches.     Hence,  that  tensile  intensity  will 

be  — '— — ^  =  2Slo  pounds  per  square  inch.     The  resultant 

7-9 
greatest  intensity  of  stress  in  the  entire  section  will  be: 

17,740  +  25,^0  =  20,270  lbs.  per  sq.in.      .    .    (3) 

The  resultant  intensity  on  the  opposite  side  of  the  sec- 
tion at  ,4,  Fig.  2,  will  be,  since  ki  =.6ifeo; 

- 17,740  X-61 +2530=  —8291  lbs.  per  sq.in.     .    (4I 

The  minus  sign  is  used  because  the  bending  stress  is 
compression  throughout  that  part  of  the  section  intUcawd 
by  yi. 

It  is  commonly  observed  in  actual  experience  Uiat 
hooks  or  other  similar  bent  members  break  at  ihe  ina<fc 
of  the  section  where  the  curvature  is  the  sharpest.  The 
eqs,  (4)  and  (56)  of  the  preceding  article  indicate  clearly 
the  reason  for  such  failures  as  the  intensity  of  stress  k  in 
the  extreme  fibre  is  shown  to  vary  inversely  with  the  radius 
of  curvature  r+y.  When,  therefore,  the  curvature  i* 
sharp,  i.e.,  the  radius  of  curvature  is  small,  the  fibre  stress 
k  increases  rapidly,  especially  nn  the  inside  of  the  fun't 
where  the  radius  of  curvature  is  r—y. 

This  example  shows  the  general  method  of  treating  ll* 
stresses  in  hooks  by  the  common  theory  of  flexure  baard 
on  the  assumption  that  normal  sections  plane  before  flcwff 
remain  plane  after  bending. 

It  is  well  known  that  this  assumption  is  not  strictlT 
correct,  and  it  is  fiuther  known  that  the  ordinarj'  or  com- 
mon theory  of  flexure  is  not  accurately  applicable  to  sudi 
short  beams  as  are  contemplated  in  the  theory  of  hoolo. 
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Zomparison  with  the  Theory  of  Flexure  for  Straight  Beams, 

It  is  indicated  above  that  the  assumptions  on  which  the 
^receding  analyses  are  based  are  not  strictly  correct.  If 
t  be  assumed  that  the  intensity  of  stress  varies  directly 
IS  the  distance  from  a  neutral  axis  passing  through  the 
centre  of  gravity  of  the  section,  as  for  straight  beams,  and 
i  k\  is  the  greatest  intensity  of  stress  in  the  extreme 
ibres  {FF\  Fig.  2)  the  bending  moment  will  be: 

"-IT « 

In  this  equation  /  is  the  moment  of  inertia  about  an  axis 
hrough  the  centre  of  gravity  C,  Fig.  2,  while  yc  is  ^the 
iistance  of  that  axis  from  the  most  remote  fibre  at  A, 
The  moment  of  inertia  /  of  the  actual  section  shown  in 
i'^ig.  2  about  a  neutral  axis  through  the  centre  of  gravity 
7  at  the  distance  2.87  inches  from  A  is  14.9.  Hence, 
he  bending  moment  on  the  preceding  assumption  is: 

M=^ife'i=5.2A?'i (6) 

2.87 

t\  2 
As   the   fraction    -^q=i-07    this   assumption   is   seen 

4.88 

;o  give  a  result  only  7  per  cent,  greater  than  that  of  the 

analysis  for  curved  beams  if  the  extreme  fibre  stress  is  the 

>ame  in  amount  in  both  cases.     It  is  true  that  the  result 

las  the  apparent  defect  of  placing  the  greatest  intensity 

)f  stress  on  the  wrong  end  of  the  section. 

Art.  115. — Eccentric  Loading. 

The  analysis  of  stresses  produced  in  a  column  or  other 
tructural  member  by  eccentric  loading  has  already  been 
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discussed  in  preceding  articles,  but  it  is  desirable  to  con- 
sider some  further  and  more  general  features  of  that  analyas. 
A  coliunn  or  structural  member  is  said  to  be  eccentri^ 
ally  loaded  when  it  carries  a  force  or  load  acting  paraDd 
to  its  axis  but  not  along  that  axis.     The  perpendicular 


Fig.  I. 


distance  between  the  axis  of  the  piece  and  the  line  of  action 
of  the  load  is  called  the  eccentricity  of  the  latter. 

Let  Fig.  I  represent  the  normal  cross-section  of  such  a 
member  when  the  load  P  acts  at  any  point  Q  in  that  cross- 
section.  The  load  P  will  then  act  parallel  to  the  axis  ot 
the  piece,  but  at  the  distance  CQ  from  it,  C  being  supposed 
to  be  the  centre  of  gravity  of  the  section.     The  ellip* 
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bawn  with  C  as  its  centre  is  the  ellipse  of  inertia,  the  semi- 

ixes  f  1  and  r 2  being  the  principal  radii  of  gyration  of  the 

lormal   section.    Any    semi-diameter   as    CQ'   represents 

.  radius  of  gyration  r'. 

If  the  force  or  load  P  acts  at  any  point  whatever,  as  Q, 

nd  parallel  to  the  axis  of  the  piece,  it  will  create  a  bending 

loment  equal  to  PxQC,     If  x'  and  y'  are  the  coordinates 

f  Q  the  components  of  that  moment  will  be  Px'  and  Py\ 

he  former  about  the  axis  V,  the  latter  about  the  axis  X, 

1  and  I2  being  the  principal  moments  of  inertia,  as  already 

adicated,  the  intensities  of  bending  stresses  produced  by 

hese  two  component  moments  at  any  point,  whose  co- 

Px'  Py' 

ardinates  are  x  and  y,  will  be  -j—x  and  -y-y,  respectively. 

i  1  ±2 

furthermore,  the  load  P  will  produce  a  uniform  normal 

tress  over  the  entire  cross-section  of  the  n:cmber,  if  A 

p 
5  the  area  of  that  cross-section,  represented  by  -j.     The 

esultant  intensity  of  stress  k  therefore  at  any  point  of  the 
-ection  will  be : 

At  the  neutral  axis  the  intensity  of  stress  is  equal  to  zero, 
lence, 

^+^=-1 (2) 

Eq.  (2)  is  the  equation  of  a  straight  line,  i.e.,  the  neutral 
axis,  along  which  the  intensity  of  stress  is  zero,  x  and  y 
being  the  variable  coordinates.  It  is  obvious  from  eq.  (2) 
in  connection  with  the  general  considerations  respecting 
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the  action  of  the  load  P  that  the  position  of  the  neutra! 
axis  will  depend  upon  the  magnitude  of  that  load  and  Oif 
distance  of  its  line  of  action  from  the  axis  of  the  member. 
If  X  and  y  are  zero,  there  will  be  no  bending,  and  the  secticm 
of  the  member  will  be  subjected  to  uniform  compression 
only. 

If  the  point  of  application  Q  of  P  is  on  the  curve  its  coot- 
dinates  x'  and  y'  must  satisfy  the  equation  of  the  ellipse: 


-,+ 


ii- 


(3) 


The  equation  of  a  straight  line  tangent  to  the  ellip« 
at  a  point  whose  coordinates  are  x'  and  y'  is: 


(4) 


When  the  point  of  application  of  P  is  on  the  ellipse,  r* 
and  y'  have  the  same  values  in  eqs.  (3)  and  (4).     Hence  in 

that  case  -^  also  has  the  same  value  in  the  two  equations, 

showing  that  the  neutral  axis  is  parallel  to  the  tangent  to 
the  ellipse  at  the  point  where  P  acts.  If  in  eq,  (4)  -i' 
and  -y'  be  substituted  for  +x  and  -\-y.  that  equation  will 
become  identical  with  eq.  (2),  i.e..  for  this  case  the  neutral 
axis  is  tangent  to  the  ellipse  at  a  point  diametrically  oppoate 
to  the  point  of  application  of  the  load  P;  in  other  wonii 
the  load  is  applied  at  one  extremity  of  a  diameter  and  the 
neutral  axis  is  tangent  to  the  curve  at  the  other  extrenrity 
of  that  diameter. 

In  Fig.  I  if  the  load  P  is  applied  at  Q'  (on  the  curve) 
the  neutral  axis  N'B'  will  be  tangent  to  the  ellipse  at  ff. 
the  other  extremity  of  the  diameter  Q'B'. 

If  the  point  of  appHcation  of  the  force  P  moves  along 
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the  indefinite  straight  line  BQ,  the  coordinates  x'  and  y' 

x' 
will  vary  in  the  same  proportion,  making  -7  a  constant. 

From  eq.  (2) : 

dx        y'r^ ^^'^ 

x' 
Hence,  as  -7  is  constant,  all  neutral  axes  will  be  parallel 

y 

while  the  point  Q  moves  along  a  straight  line. 

Again,  the  coordinates  x  and  y  of  the  points  of  inter- 
section of  the  line  QB  with  the  neutral  axes  must  neces- 
sarily be  opposite  in  sign  from  x'  and  y\  as  the  origin  C 
lies  between  them.  If  therefore  —x  and  —  j'  be  inserted 
in  eq.  (2) : 

x'x    y'y  _  .  . 

71+— 2-1 W 

By  similarity  of  triangles,  a  being  a  constant : 

^=^=a     .-.  xx'=-ay'x^ayy\      ...     (7) 

Eq.  (7)  in  connection  with  eq.  (6)  shows  that  each  of 
the  quantities  x'x  and  y'y  is  constant,  and  that  is  equivalent 
to  making  the  products  of  the  segments  of  the  line  QB  on 
either  side  of  C  constant : 

QCxCB^Q'CxCB'=r'^^Q''CxCB".     .     .     (8) 

As  the  point  of  application  of  P  will  always  be  given,  the 
quantity  to  be  foimd  will  be  the  distance  from  the  centre  C 
to  the  neutral  axis,  which  may  be  called  v.  The  semi- 
diameter  r'  =  CQ'  at  once  becomes  known  after  the  ellipse 
of  inertia  is  constructed.     In  general,  therefore: 


v  = 


r^2 


QC ^'^ 
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In  some  cases  the  reverse  problem  is  given.  i.e.,  t  is 
known  and  the  distance  of  the  point  of  application  oi  the 
load  P  is  required.     Hence, 

QC=— (lo) 

V 

Rotation  of  the  Neutral  Axis  about  a  Fixed  Point  in  ll. 
One  feature  of  eq.  (2)  remains  to  be  considered  before 
the  actual  application  of  the  preceding  results  can  be  made 
to  form  a  complete  graphical  construction.  If  the  co- 
ordinates X  and  y  of  the  neutral  axis  be  considered  constant, 
while  the  coordinates  x'  and  y'  of  the  point  of  application 
of  the  load  P  vary,  eq.  (2}  shows  that  the  path  of  the  move- 
ment of  the  point  of  application  of  P  will  be  a  straight 
line,  since  the  equation  is  of  the  first  degree  in  respect 
to  x'  and  y'.  This  is  equivalent  to  a  movement  of  rota- 
tion of  the  neutral  axis  about  the  fixed  point  whose  coor- 
dinates are  x  and  y,  while  x'  and  y'  determine  the  path 
through  which  the  line  of  action  of  P  moves.  The  satof 
result  can  be  shown  by  treating  eq,  (i)  in  precisely  the : 
manner  for  a  fixed  or  constant  value  of  k,  that  constant 
being  zero  for  the  neutral  axis. 

The  preceding  procedures  may  be  applied  to  a  numbff 
of  problems,  one  or  two  of  which  will  be  illustrated.  It  is 
sometimes  desired  to  determine  that  part  of  the  cross-!<c- 
tion  of  a  member  of  a  structure,  or  sometimes  of  the  stnic- 
ture  itself,  within  which  a  resultant  load  may  be  appli^ 
anywhere  without  any  change  in  the  kind  of  stress  induced, 
usually  compression. 

Afplicatioti  of  Preceding  Procedures  lo  Z-bar  and  Rectanpil^ 
Sections. 

Let  it  be  required  to  ascertain  wHthin  what  part  of » 
Z-bar  section  an  axial  compressive  force  may  be  applJB^ 
without  any  part  of  the  section  being  subjected  to  tenak 
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The  Z-bar  section  is  shown  in  Fig.  2,  the  depth 
bar  being  6  inches  and  the  thickness  of  metal  f  inch. 
this  section  is  unsymmetrical  the  axes  for  the  principal 
oments  of  inertia  passing  through  the  centre  of  gravity 
of  the  section  will  be  inclined  to  the  central  plane  of 
web.  The  ellipse  of  inertia  MVNU  has  MN  for  its 
ijor  axis  and  VV  for  its  minor  axis,  the  former  representing 
noment  of  inertia  of  52  and  the  latter  a  minimum  moment 
inertia  of  5.7,  the  corresponding  radii  of  gyration  being 
=  2-55  inches  and  r2  =  .8i  inch. 

If  no  part  of  the  cross-section  of  the  bar  is  to  be  sub- 

isted  to  tension,  the  outer  limits  or  tines  of  that  section 

ch  as  TS,  SO,  OL.  etc.,  may  be  neutral  axes  for  different 

itions  of  the  load  B,  but  in  no  case  must  the  neutral 

i  lie  in  any  part  of  the  metal  section,  even  to  cut  across 

comer  of  it.     This  means  that  TS.  SO,  OL,  LH,  HE. 

and  ET  will  be  successively  considered  neutral  axes.     Let 

ET  be  the  first  neutral  axis  considered  or,  rather,  ET  and 

OL  may  be  considered  concurrently,  as  they  are  parallel 

each  other  and  at  the  same  distance  from  the  centre  of 

ellipse.     First  draw  tangents  to  the  ellipse  parallel  to 

and  OL  as  shflwn  in  the  figure.    The  points  of  tangency 

ill  fix  the  diameter  DA,  which  is  then  extended  to  R 

ad  W  in  the  assumed  neutral  axes.     As  shown  in  the 

seceding  demonstration,  the  square  of  half  the  diameter 

presented  by  AD  will  be  equal  to  CR  multiplied  by  CA. 

i  distance  from  the  centre  of   the  ellipse  to  the  point 

application  A  of  the  force  P.     The  distance  CR  is  .the 

of  eq.  (10).  while  CA  is  the  distance  QC  desired,  r'  is 

ilf  the  diameter  determined  by  the  two  points  of  tangency. 

ividing  the  square  of  half  the  diameter  by  CR  locates 

le  point  A,  one  of  the  points  desired.     In  precisely  the 

le  manner  D  is  located  by  dividing  the  square  of  half 

same  diameter  by  CW  =  CR. 
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Tangents  to  the  ellipse  parallel  to  TS  and  HL  are  ihcn 
drawn  as  shown,  one  at  N.  as  indicated,  at  the  lower 
extremity  of  the  ellipse  and  the  other  at  the  upper  extremity, 
thus  locating  the  diameter  NCF.  Squaring  half  the  diam- 
eter so  determined  and  then  dividing  by  the  distance  from 
the  centre  of  the  ellipse  to  75  or  HL  along  the  diameia 
NF.  the  points  B  and  F  are  found.  In  a  precisely  simiUt 
way  the  vertical  tangents  indicated  are  drawn  parallel  to 
SO  and  EH.  determining  the  corresponding  diameter,  By 
the  use  of  that  diameter  in  the  manner  already  indicated, 
the  points  G  and  K  are  located. 

The  points  A  and  B  are  points  of  application  of  the  force 
P  when  ET  and  75  respectively  are  neutral  axes.  In  the 
preceding  sections  of  this  article  it  has  been  shown  that  if 
a  neutral  axis  such  as  ET  be  revolved  about  a  point  in  it. 
as  7,  to  the  position  75.  the  corresponding  path  of  the  point 
of  application  of  the  load  will  be  a  straight  line,  and  in  thiJ 
case  AB  will  be  that  straight  line. -since  the  two  point*  .■! 
and  B  correspond  to  the  neutral  axes  ET  and  TS.  By 
similarly  connecting  the  other  points,  the  closed  figun' 
ABKDFG  is  found.  So  long  as  the  force  P  acts  within 
this  area  no  part  of  the  section  can  be  subjected  to  Icnsinn, 
but  if  the  point  of  application  is  outside  of  this  figu" 
some  part  of  the  section  will  be  in  tension 

The  closed  figure  thus  established  is  called  the  "  nw* 
section."  Although  it  possesses  much  analj-tic  intctc^. 
the  ordinary  operations  of  the  engineer  are  such  as  to  mate 
it  of  comparatively  little  value  in  actual  stnictural  opera- 
tions. 

If  any  line  such  as  Z'L  parallel  to  a  tangent  to  d* 
ellipse  at  g  be  drawn  through  a  comer  L  of  the  Z-bar  sec- 
tion, and  if  a  line  dgZ'  be  drawn  through  the  same  point 
of  tangency  and  the  centre  C.  cutting  the  side  of  the  cort 
at  d,  it  is  shown  in  the  preceding  section  of  this  artidc 
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lat  the  product  of  dC  by  CZ'  is  equal  to  the  square  of  the 
mi-diameter  Cg  of  the  elhpse  of  inertia  For  any  other 
jation  of  a  Une  Z'L  the  same  general  observation  holds, 
le  line  always  being  parallel  to  a  tangent  to  the  ellipse 


Pig.  2.' 


;    a   point  through  which  is  drawn  the  line  extending 
irough  the  centre  and  cutting  the  side  of  the  core. 
Probably  the  most  usual  section  to  which  the  core 

1  this  figure  are  drawn  for  use 
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procedure  may  be  applied  is  the  simple  rectangle.  A 
masonry  structure  having  such  a  horizontal  section  must 
be  designed  so  that  compression  only  may  alwaj^s  be 
found  in  it.  A  simple  diagram  of  pressures  will  show  that 
the  resultant  force  or  load  must  act  within  the  middle 
third  of  the  section,  but  Fig.  3  shows  the  core  procedure 
applied  to  the  same  axis.  AB  is  the  length  of  the  section 
and  BD  is  the  width.  AB  is  usually  taken  as  one  unit. 
The  ellipse  OLMN  is  drawn  with  iu 
semi-major  axis  LC  representing  the 
greatest  radius  of  gyration  of  the  rec- 
tangle and  the  semi-minor  axis  OC  is 
laid  off  equal  to  the  least  radius  of 
gyration.  Two  lines  drawn  tangent 
to  the  ellipse  at  M  and  N  parallel  to 
BD  and  ED  v.-'\\\  determine  the  axes 
of  the  ellipse,  in  fact  ah-eady  known, 
then  dividing  the  square  of  each  semi- 
axis  by  the  normal  distance  of  C  from 
BD  and  ED.  respectively,  the  dis- 
tances CF  and  CK  will  be  found,  thus 
fixing  the  points  F  and  K.  The  poinU 
H  and  6'  are  found  in  precisely  the  same  manner,  using  Oie 
sides  AE  and  AB  respectively.  As  already  indicated,  the 
distance  of  H  from  BD  will  be  one-third  o£  AB, 
will  be  one-third  of  BD  from  AB. 


.wh&K| 


General  Observations. 
The  preceding  results  show  that  bending  combined  widi 
uniform  stress  induced  by  a  load  normal  to  the  sectita 
will  prevent  the  neutral  axis  from  passing  through  the  ceotn 
of  gravity  of  the  cross-section.  Furthermore,  in  this  gencrsl 
case  the  neutral  axis  or  neutral  surface  will  not  be  at  rigti' 
angles  to  the  plane  containing  the  axis  of  the  piece  and  the 
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of  action  of  the  force  unless  that  plane  contains  one 
;  the  principal  axes  of  inertia. 
Manifestly  the  neutral  axis  for  any  section  will  be  on 
opposite  side  of  the  centre  of  gravity  of  that  section 
Dm  the  force  P.  Eq.  (8)  shows  that  if  the  force  acts  at 
making  QC  equal  zero,  CB  will  be  infinitely  great,  which 
cans  that  the  stress  will  be  uniformly  distributed,  i.e., 
lere  will  be  no  bending.  On  the  other  hand,  if  the  force 
is  at  an  indefinitely  great  distance  from  C,  making  QC 
finity,  then  will  CB  be  equal  to  zero,  i.e.,  the  neutral 
ds  will  pass  through  the  centre  of  gravity.  This  is  the 
dinary  case  of  flexure  and  it  is  equivalent  to  taking  all 
ad  on  the  member  at  right  angles  to  its  axis. 

Art,  ii6.^General  Flexure  Treated  by  the  Core  Method. 

The  procedures  given  in  the  preceding  article  may  be 

Ed  for  the  general  problem  of  flexure  for  straight  beams 

any  form  of  cross-section  carrying  any  parallel  loads  at 

;ht  angles  to  their  axes,  the  loads  supposed  to  be  acting 

a  plane  wliich  contains  the  axis  of  the  beam  in  each  case. 

ider  such  conditions  there  will  clearly  be  no  direct  uni- 

rm  compression  on  any  normal  section  of  a  beam.     This 

tequivalent  to  assuming  that  the  flexure  is  produced  by  an 

tedefinitely  small  force  acting  parallel  to  the  axis  (or  at 

right  angles  to  a  normal  section)  of  the  beam  and  at  an 

infinite  distance  from  the  latter. 

It  is  clear,  since  the  product  of  the  distance  of  the  point 
application  of  a  force  normal  to  the  cross -section  from 
centre  of  gravity  of  the  latter  multiplied  by  the  dis- 
ice  of  the  neutral  axis  from  the  same  point,  but  on  the 
lite  side  from  the  point  of  application  of  the  loading, 
1st  be  equal  to  the  square  of  half  the  diameter  of  the 
pse    of   inertia,    that    if    that    square     be     divided     by 
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infinity,  the  distance  of  the  point  of  application  ol  ihf 
load  from  the  centre,  the  quotient  will  be  zero.  i.e..  the 
neutral  axis  must  pass  through  the  centre  of  gravity  o[ 
the  section. 

This  condition  is  further  equivalent  to  taking  any  finite 
loading  at  right  angles  to  the  axis  of  the  beam,  as  in  the 
ordinary  cases  of  engineering  practice.  The  stresses  found 
in  the  normal  section  in  such  cases  will  be  the  direct  lenaon 
and  compression  with  intensity  varying  directly  as  the 
normal  distance  from  the  neutral  axis  with  the  accompany- 
ing shears,  as  in  the  common  theory  of  flexure. 

The  preceding  investigations  show,  however,  that  with 
unsymmetrical  sections  the  neutral  axis,  while  passing 
through  the  centre  of  gravity  of  the  section,  is  not  at  right 
angles  to  the  plane  of  loading,  unless  that  plane  happens 
to  contain  one  of  the  two  principal  axes  of  inertia  of  the 
section. 

Let  the  Z-bar  section  shown  in  Fig.  2  of  the  precedii^ 
article  be  considered  and  suppose  that  the  loading  acts  in 
the  vertical  plane  ZZ\  the  latter  line  passing  through  the 
centre  of  gravity  C  of  the  cross-section.  It  may  be  con- 
sidered that  the  Z-bar  is  supported  at  each  and  on  the  lower 
surface  HL  of  the  lower  flange.  Inasmuch  as  the  bending 
moment  acts  in  the  plane  ZCZ'  the  neutral  axis  will  be 
drawn  through  the  centre  C  parallel  to  the  tangents  to  the 
ellipse  where  the  line  ZZ'  cuts  the  latter,  as  shown  at  ( 
and  at  the  opposite  end,  not  lettered,  of  the  vertical  diametCT< 
The  diameter  A'B'  is  then  the  neutral  axis  desired,  The 
line  Cb  drawn  at  right  angles  to  ZZ'  may  be  considered 
the  axis  of  the  external  bending  moment  to  which  the  beam 
is  subjected.  The  angle  between  Cb  and  the  neutral 
axis  is  a,  as  shown. 

If  the  coordinate  x  be  taken  as  at  right  angles  to  the 
neutral  axis  A'B',  and  if  dA  represent  an  element  of  the 
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normal  section  of  the  beam,  then  the  distance  of  that  element 
from  the  neutral  axis  measured  parallel  to  ZZ'  will  be 
J  sec  a.  If  fe  is  the  maximum  intensity  of  stress  at  any 
pomt  of  the  section,  that  stress  will  occur  at  L  or  T,  where 
the  value  of  x—n  is  the  greatest  for  the  entire  section. 
The  distance  of  that  point  parallel  to  ZZ'  will  be  n  sec  a. 
If  Af  is  the  value  of  the  external  bending  moment  acting 
in  the  plane  ZZ\  dM  may  be  written : 

k 
dM=—      -xsec  a'dA'XSQQ  a.      .     .     .     (i) 
nseca 

If  /  is  the  moment  of  inertia  of  the  section  about  the 
neutral  axis. 


M 


/k  k 

dM  =-I  sec  a-  =-r'A  sec  a.  .         .     (2) 
n  n 


In  Fig.  2  the  line  ZZ'  cuts  at  d  the  side  DF  of  the  core. 
Let  the  distance  dC  be  represented  by  /.  Then,  as  shown 
in  the  preceding  article, 

JCZ'^Cg. 

But  the  radius  of  gyration  of  the  section  about  the  axis 
A'B'  has  been  shown  in  Art.  81  to  be  equal  to  the  normal 
distance  r'  between  the  neutral  axis  and  the  parallel  tangent 
to  the  ellipse  drawn  at  g. 

/.     Cg  =  r'  sec  a. 

It  has  already  been  seen  that  CZ'  is  equal  to  n  sec  a. 

r'2  sec  a  =  nj. 

If  this  value  of  r"^  sec  a  be  substituted  in  the  third 
member  of  Eq.  (2)  there  will  result, 

M=kAj (3) 
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^1-  (3)  's  the  expression  for  the  external  bending  moment 
in  terms  of  the  greatest  intensity  of  stress  in  the  section, 
the  area  of  that  section,  and  the  distance  j  from  the  centni 
of  the  section  to  the  side  of  the  core  as  constructed  by  ihc 
methods  explained  in  the  preceding  section.  Although  iht 
construction  has  been  made  with  the  Z  section  the  method 
of  procedure  is  precisely  the  same  for  any  form  of  section 
whatever. 

Component  Moments. 

By  again  referring  to  Fig.  (2)  of  the  preceding  article 
it  will  be  seen  that  M  cos  a  is  that  component  of  the  external 
moment  whose  axis  is  parallel  to  the  neutral  axis,  while 
the  component  M  sin  a  has  an  axis  be  at  right  angles  to  ibe 
neutral  axis,  but  lying  in  the  plane  of  the  normal  section 
of  the  beam.  The  former  component  produces  the  bending 
stresses  about  the  neutral  axis,  the  maximum  intensity  of 
which  is  k  and  a  deflection  normal  to  it;  the  latter  compo- 
nent moment  tends  to  produce  an  oblique  movement  of 
the  beam  in  consequence  of  its  unsymmetrical  section. 

This  tendency  in  oblique  flexure,  especially  marked  with 
unsymmetrical  sections,  is  always  toward  that  position 
in  which  the  least  radius  of  gyration  of  the  section  (repre- 
sented by  the  least  semi-axis  of  the  elhpse  of  inertia)  i* 
found  in  the  plane  of  bending,  i.e.,  that  plane  in  which  tbe 
bending  moment  acts. 

In  Fig.  2  of  the  preceding  article  ZZ'  is  the  planein  whidi 
the  vertical  loading  acts,  and  it  is  clear  that  the  pUni"  in 
which  the  resultant  bending  compression  on  one  side  erf  the 
neutral  axis  A  'B'  and  the  resultant  bending  tension  on  the 
other  side  act  is  not  the  plane  in  which  ZZ'  lies,  but  inclined 
somewhat  to  the  right  of  CZ.  Inasmuch  as  these  two 
planes  are  neither  the  same  nor  parallel,  there  must  be 
combined  with  the  couple  producing  pure  flexure  such  4 
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uple  as  to  make  the  resultant  external  moment  equal 

lid  opposite  to  the  internal  resisting  moment,  and  the 

nponent  of  M  represented  by  be  is  such  a  couple,  Ce 

presenting   the    couple    producing   piu^    flexure    about 

These  analytic  considerations  show  how  essential  it  is 

give  careful  consideration  to  the  principles  governing 

blique  or  general   flexure  for   loads  not  in  a  plane  of 

metrj'  of  a  beam  and  for  unsymmetrical  sections. 

The  method  of  finding  the  location  of  the  plane  of 

ssistance  of  the  bending  stress  existing  in  any  normal 

iCtion  of  the  beam  will  be  given  in  the  next  article. 


rt.  117. — Planes  of  Resistance  in  Oblique  or  General  Flexure. 

The  preceding  treatment  of  general  flexure  has  shown 
fcat  the  plane  of  action  of  the  external  bending  moment 
ill  not  in  general  coincide  with  the  plane  in  which  the 
intemal  resisting  couple  acts.     The  plane  of  the  external 
bending  moment  is  supposed  to  pass  through  the  axis  of 
the  beam  assumed  to  be  straight.      If  this  external  bend- 
ing couple  is  to  produce  pure  flexure  it  must  be  in  equilib- 
1  with  the  intemal  moment  produced  by  the  stresses 
1  any  norma!  section,  and  that  requires  that  the  two  planes 
f  action  shall  either  coincide  or  be  parallel. 

Let  it  be  supposed  that  the  6X3sXi-inch  steel  angle 
xtion  shown  in  Fig.  i  represent  any  unsymmetrical  sec- 
,  and  let  it  also  be  supposed  that  GY  is  the  neutral 
S  of  the  section,  G  being  the  centre  of  gravity;   then  let 
C  and  GY  be  the  axes  of  rectangular  coordinates  negative 
I  measured  to  the  left  and  downwards.     The  stresses 
ive  GY  will  be  supposed  compressive,  and  those  below, 
The  intensities  will  be  assumed  to  vary  directly 
s  the  normal  distances  from  GY  as  in  the  ordinary  theory 


b 


740  MISCELLANEOUS  SUBJECTS-  [a.  KI 

of  flexure.  The  centre  of  all  the  compressive  stresses  wfil 
be  taken  at  C  and  at  T  for  the  tensile  stresses.  The  plane 
whose  trace  is  CT  will  be  called  the  plane  of  resistance, 
while  AB'  will  be  taken  as  the  plane  of  action  of  the 
external  bending  moment.  !n  other  words,  if  the  an^e 
were  to  carry  vertical  loading  as  a  beam  AB  should  be 
vertical  with  the  lines  of  cross-section  correspondiogiy 
inclined. 

If  Xi  and  ;'i  are  the  coordinates  of  the  centre  C  of  the 
compressive  stresses  in  the  section  and  if  a  is  the  intensity 
of  stress  at  a  unit's  distance  from  the  neutral  axis  GY, 
eqs.  (i)  and  (2)  will  immediately  result: 

^^  Jfyaxdxdy  Jfxydxdy  _  y .  ^^^ 

fCaxdxdy       fCxdxdy      Gi 

^ffxaxdxdy    ffx^dxdy     /^ 
~   ffaxdxdy       fjxdxdy      Qi 

The  quantities  /i  and  7'i  are  the  so-called  "product    , 
of  inertia  "  and  the  moment  of  inertia  of  that  part  of  the 
cross-section  lying  above  GY,  while  Qi  is  obviously  the 
statical  moment  of  the  same  part  of  the  cross-section  in 
reference  to  the  same  axis. 

If  the  subscript  2  be  used  for  the  corresponding  quanti- 
ties relating  to  that  part  of  the  section  below  GY.  eqs.  Ij) 
and  (4)  will  at  once  result,  the  negative  sign  being  used 
in  the  second  member  because  the  coordinates  are  negalive^ 

w--i" w 
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/  and  J  represent  quantities  belonging  to  the  whole 
lection,  then,  since  G  is  the  centre  of  gravity  of  that 
1, 

Qi-Q^-Q: 
l',+r:-I; 


l'- 

X-^ 

U-.-Zl-B^--^ 

-Kii- 

/  *c 

! 

''- 

/  /''  f'-^"* 

( 'W     ■*              '' 

/ 

i 
\ 

i 

\ 

// 

\ 

1 

TtS- 
V, 

-'Wi 

J 

L 

V 

is  desired  to  find  the  straight  line  joining  C  and  7", 
1  order  to  do  that  the  general  equation  of  a  straight 
lay  be  written  as  follows: 


x-\-by  =  c. 


(s) 
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• 

If  yi  and  xi  taken  from  eqs.  (i)  and  (2)  be  first  written 
in  eq.  (5)  and  then  ^2  and  X2  from  eqs.  (3)  and  (4),  and  if 
the  second  of  the  equations  so  formed  be  subtracted  from 

the  first,  there  will  result:    fc  =  — j. 
Then  eq.  (5)  will  take  the  form 

x==-jy+c (6) 

In  Fig.  I  suppose  a  line  parallel  to  CT  drawn  from  G 
to  B,  If  the  ordinate  xi  be  produced  upward,  the  line 
BC  =Gc'  will  be  determined.  If  in  eq.  (6)  y  =0,  x=c=Gc'  = 
BC.  The  triangles  with  the  bases  yi  and  y2  will  then  be 
similar  and  that  similarity  will  be  expressed  by  the  follo^\ing 
equation,  remembering  that  x  and  y  are  negative: 


X\—C_  —X2  +  C 

yi  '-y2 


.   (7) 


Substituting  the  values  of  xi,  yi,  X2  and  >'2  established 
above  there  will  result  the  following  value  of  c: 

■  JQ       • 

Placing  this  value  of  c  in  eq.  (6), 

f  JQ        

This  is  the  equation  of  the  line  CT,  Fig.  i,  drawn  through 
the  centres  of  the  tensile  and  compressive  resisting  stresses 
acting  in  the  normal  section,  i.e.,  it  is  the  trace  of  the  plam* 
in  which  the  resisting  couple  acts.     The  tangent  of  tht 
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dx    I 
ugle  which  it  piakes  with  the  neutral  axis  GY  is  -1-  =-^. 

dy    J    . 

f  CV  is  one  of  the  principal  axes  of  inertia  of  the  section 

dx 
^=0  and  -r-  becomes  infinitely  great,  i.e.,  in  that  case 

he  line  CT  is  at  right  angles  to  GY  and  it  will  presently 
►e  shown  that  it  will  pass  through  G,  the  centre  of  gravity 
i  the  section. 

If  y  =0  in  eq.  (8), 

xo  =  ^-^^=Gc' (9) 

The  distance  Gc'  is  on  the  negative  side  of  G,  Again  if 
:  =0,  there  •will  result : 

y^^-^-Ge (10) 

These  coordinates  Ge  and  Gc'  shown  in  Fig.  i  give  two 
points  e  and  c'  in  the  desired  line  CT,  which  must  agree 
Aviously  with  the  points  C  and  T  as  found  by  computa- 
tions. 

\{Ge  should  be  zero,  eq.  (11)  will  result: 

yi/'2-/'iy2=o (11) 

Inasmuch  as  the  moments  of  inertia  /'i  and  I' 2  will 
always  have  real  values  for  an  actual  section,  in  general 
^f  eq.  (11)  holds  true,  then  must  Ji=J'2=o.  That  condi- 
tion will  of  course  exist  for  the  principal  axes  and  for  the 
^ase  where  at  least  one  of  the  coordinate  axes  is  an  axis 
of  symmetry  of  the  section. 

Although  the  figure  used  for  the  establishment  of  the 
preceding  formulae  is  the  normal  section  of  a  steel  angle, 
those  formulae  are  completely  general  and  are  applicable 


744 


MISCELLANEOUS  SUBJECTS. 


[am 


to  any  form  of  cross-section  whatever,  as  indicated  by 
eqs.  (i)  and  {2)  and  all  the  equations  following. 

It  is  thus  seen  that  if  the  plane  of  action  AB  of  any 
external  loading  producing  flexure  of  a  beam  wilh  unsym- 
metrical  cross-section  is  parallel  to  the  plane  whose  Iraa 
is  CT,  there  will  be  pure  bending  only  as  the  external  bend- 
ing moment  has  the  same  axis  as  the  couple  formed  by  the 
internal  stresses.  The  planes  of  the  external  bending 
moment  and  that  of  the  internal  resisting  stresses  may  in 
some  cases  coincide. 

If  the  steel  angle  shown  in  Fig.  i  is  to  act  as  a  beam 
under  vertical  loading  in  pure  flexure,  the  end  supports 
should  be  so  formed  as  to  make  the  lines  AB  and  CT  verti- 
cal. In  general,  whatever  may  be  the  cross-section  of  > 
beam,  the  latter  should  be  so  held  at  its  points  of  support 
that  the  loading  will  produce  pure  flexure.  If  the  section 
of  the  beam  has  an  axis  of  symmetry,  the  plane  of  loading 
may  be  taken  through  the  axes  of  symmetry  of  the  cross- 
section. 

Example.  The  application  of  the  preceding  foraiul* 
may  be  illustrated  by  using  the  6X3j-inch.  32.4-i\).  steel 
angle  shown  in  Fig.  i.  The  thickness  of  each  leg  is  .;S 
inch.     By  using  eqs.  (i)  and  (2)  there  will  at  once  result: 

/'i=Q.4i;        7'a  =  13-94;        Ji=5-4r. 

/2=3-04;        7=8.51:         0  =  5-484 

Inserting  these  values  in  eqs.  (i),  (2).  (3)  and  (4)  tbert 
will  result : 


=  1  m. ;  XI  = 

=  —2.54  ins.;     xo  = 


1.72  ms.; 
—  1. 03  ins.; 


-■iyiia. 


These  coordinates  are  laid  off  in  Fig.  i .  as  shown,  so  » 
to  locate  the  four  points  C.  e,  c'  and  7".     In  making  these 
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computations  it  should  be  remembered  that  /'i  and  /'a 
are  moments  of  inertia  of  areas,  one  of  whose  sides  coin- 
cides with  the  axis  of  y  and  that  the  same  observation  is 
also  true  of  the  quantities,  /i  and  J2.  as  well  as  Q. 


Art.  118. — ^Deflection  in  Oblique  Flexure. 

The  general  case  of  deflection  of  a  beam  with  unsym- 

WKtrical    cross-section,    or   of  a   beam    with    symmetrical 

'fiross-section  but  loaded  obliquely,  may  readily  be  found 

'  the  aid  of  the  ordinary  formula;  for  flexure  used  in 

inection  with  the  preceding  investigations.  The  requisite 
atment  may  be  well  illustrated  by  considering  the  case 
rf  a  6  X3^  X  f -inch  steel  angle,  the  section  of  which  is  shown 
1  Fig.  I  to  be  same  as  that  used  in  the  preceding  article. 
-Juch  an  angle  may  be  considered  to  be  used  as  a  beam 
Sn  roof  work  or  for  some  other  similar  purpose  with  the 
[fi-inch  leg  placed  in  a  vertical  position.  It  will  be  assumed 
that  the  span  length  is  15  feet  =  180  inches  and  that  the 
angle  is  to  carry  as  a  beam  a  uniform  load  of  200  pounds 
per  linear  foot.  The  data  given  in  an  ordinary  handbook 
On  steel  sections  will  show  the  position  of  the  centre  cf 
gravity  G  of  the  section  and  enable  the  ellipse  of  inertia  to 
be  constructed  as  in  Fig.  i. 

The  maximum  radius  of  gyration  represented  by  the 
greater  semi -axis  of  the  ellipse  is  1.97  inches,  while  the  least 
radius  of  gyration  at  right  angles  to  the  preceding  and 
represented  by  the  smaller  axis  is  .75  inch.  The  load 
acts  in  a  vertical  plane  passing  through  the  axis  G.  The 
Various  dimensions  of  the  cross-section  required  in  the 
computations  are  all  shown  in  Fig.  i. 

By  drawing  vertical  tangents  on  opposite  sides  of  the 

ellipse,  the  neutral  axis  A'B'  drawn  through  the  points  of 

mgency  and  the  centre  G  of  the  ellipse  is  determined. 
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This  neutral  axis  of  the  section  makes  the  angle,  46°  30', 
as  carefully  measured  on  the  diagram,  with  the  horizontal 
axis  of  y.  By  drawing  a  tangent  to  the  ellipse  parallel 
to  A'B'  the  radius  of  gyration  about  the  neutral  axis  is 
found  to  be  i.i  inches,  i.e.,  the  normal  distance  between 
the  neutral  axis  and  the  parallel  tangent  to  the  ellipse. 

The  greatest  deflection  of  the  angle  beam  will  be  found 
at  the  centre  of  span  at  which  the  moment  of  the  external 
forces  is 

,,       200X22Sv^  ^  •        ii_  /\ 

M= — ^  X 12  =67,500  m.-lbs.     .    .    .    (i) 

o 

The  component  moment,  as  shown  in  the  preceding 
article,  with  axis  parallel  to  the  neutral  surface,  is 

M  cos  a  =  .6884M  =46,467  in.-lbs.      .     .    .    (2) 

The  component  moment  having  an  axis  at  righ^  angles 
to  the  neutral  axis  is,  similarly, 

M  sin  a  =.7254^1/ =48,964  in.-lbs.      .     .    .    ^3' 

The  actual  flexure  is  produced  by  the  first  of  these  com- 
ponents M  cos  a.  The  deflection  produced  by  it  will  obvi- 
ously be  normal  to  the  neutral  axis,  and  it  can  be  computed 
by  the  ordinary  formula  for  the  deflection  at  the  centre 
of  span  of  a  beam  simply  supi)orted  at  each  end  and  loaded 
uniformly  throughout  its  length,  the  uniform  load  to  be 
taken  in  this  case  as  200  cos  a  =  138  pounds  per  linear  foot. 
If  g  is  the  load  per  linear  foot  of  span,  the  usual  expres- 

sion  for  the  centre  deflection  is  tt'  =  — 7-,— .     Substituting 

384  is/ 

138  X 15  for  gl  in  the  form.ula,  /  =  180  inches,  E  =30,000,000. 
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=  7.94  (moment  of  inertia  of  section  about  the  neutral 
there  will  result : 


If  =0.66  inch. 


....     (4) 

5  cosa  =  .6884  and  sin  «  =  . 7254,  the  vertical  deflec- 
=  .66X. 6884  =.454  inch;  and  the  horizontal  deflec- 
:.66X.72<;4=.479  inch. 


is  thus  seen  that  the  horizontal  deflection  slightly 
ds  the  vertical,  in  consequence  of  the  major  axis  of 
■llipse  of  inertia  being  slightly  inclined  to  a  vertical 
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line,  thus  causing  the  indination  of  the  neutral  axis  of 
the  section  to  be  relatively  large. 

Precisely  the  same  general  treatment  would  be  followed 
for  any  form  of  cross-section  or  any  other  amount  or  dis- 
position of  loading. 

In  the  preceding  article  where  the  same  angle  was  so 
held  as  to  make  the  plane  of  loading  parallel  to  that  of 
the  resisting  couple,  the  horizontal  diameter  of  the  ellipse 
drawn  through  G  is  the  neutral  axis  corresponding  to  the 
conjugate  diameter  DFy  parallel  to  the  trace  of  the  plane 
of  the  resisting  internal  couple  as  determined  in  that 
article.  The  normal  distance,  1.95  inches,  between  the  hori- 
zontal diameter  through  G  and  the  horizontal  tangent  at 
F  is  the  radius  of  gyration  corresponding  to  the  horizontal 
neutral  axis  through  G,  As  the  area  of  cross-section  of 
the  steel  angle  is  6.56  square  inches,  the  moment  of  inertia 
corresponding  to  the  horizontal  neutral  axis  through 
G  is  7=6.56X1.95"' =  24.93,  th^  moment  of  inertia  of  the 
cross-section  about  the  neutral  axis  A'B\  Fig.  i,  is 
7=6.56X1.1^  =  7.94.  The  distance  from  the  horizontal 
neutral  axis  through  G  to  the  extreme  fibre  is  3.82  inches, 
while  the  corresponding  distance  of  the  extreme  fibre  from 
A'B'  is  2.3  inches.  Hence,  the  resisting  moment  for  the 
horizontal  neutral  axis  through  G  is 

A/=aW^=6.53^. 
3.82 

For  the  neutral  axis  A'B': 

2-3 


M 


Hence  '  — ,  =  1.9.     In  other  words,  the  same  angle  place^^ 
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3  as  to  take  the  vertical  loading  in  a  plane  parallel  to  the 
ssisting  internal  couple  will  offer  nearly  twice  as  much 
ending  resistance  with  the  same  extreme  fibre  stress  as 
rhen  placed  with  the  longer  leg  vertical.  Economic  use 
f  the  metal  as  well  as  avoidance  of  imnecessary  deflection, 
berefore,  requires  that  the  beam  of  unsymmetrical  section 
ball  be  so  held  at  its  supports  as  to  make  the  plane  of 
)ading  parallel  to  the  resisting  plane  and  as  nearly  parallel 
)  the  greater  axis  of  the  ellipse  of  inertia  of  the  cross- 
jction  as  possible. 

rt.  119. — ^Elastic  Action  under  Direct  Loading  of  a  Composite 

Piece  of  Material. 

Let  it  be  supposed  that  a  combined  straight  or  cylin- 
rical  piece  of  material  with  length  L  is  subjected  to  the 
irect  stress  of  either  tension  or  compression.  If  the  total 
rea  of  cross-section  is  A,  it  may  be  assumed  to  be  composed 
'  the  following  parts : 

A I  =area  of  cross-section  with  modulus  of  elasticity  Ei\ 

A  2  =area  of  cross-section  with  modulus  of  elasticity  £2] 

A 3  =area  of  cross-section  with  modulus  of  elasticity  £3; 
c,  etc. 

Then  will 

A=Ai+A2+A3+etc (i) 

Let  the  total  load  P  act  parallel  to  L  and  let  /  be  the 
rain  per  unit  of  length  of  the  piece,  i.e.,  the  unit  strain, 
en  will  IL  be  the  total  lengthening  or  shortening  of  the 
ece.  Under  these  conditions  every  part  of  the  piece 
ill  be  subjected  to  the  same  rate  of  longitudinal  strain 
id  the  following  equation  may  be  at  once  written: 
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EiMi +£2/^2 +£3/^3 +etc.=P=£;M.    .    .    (2) 

Hence, 

P 

^^EiAi+E2A2+E3A3+etc:      '    '    ^^^ 

Also  the  first  and  third  members  of  eq.  (2)  will  give 
eq.  (4): 

E,    E1A1+E2A  2  +£3^  3  +etc.  ,  . 

ii  = -^ .       .     .    (4) 

Eq.  (3)  will  give  the  lengthening  or  shortening  of  each 
unit  of  length  of  the  piece  under  any  assigned  load  P,  the 
moduli  of  elasticity  of  the  areas  of  the  different  parts  of 
the  section  being  known. 

The  modulus  of  elasticity  E  given  by  eq.  (4)  may  be 
considered  a  mean  or  average  modulus  or  an  equivalent 
value  for  the  actual  moduli,  as  the  same  longitudinal  strain 
would  be  yielded  by  a  piece  of  uniform  material  having 
that  modulus  of  elasticity  and  the  same  area  of  cross- 
section  as  the  composite  piece. 

Art.  120.  -  Helical  Spiral  Springs. 

A  spiral  spring  like  that  shown  in  Fig.  i  takes  its  load 
at  the  ends  as  indicated  at  A  and  B.  In  the  general  case 
there  may  be  applied  at  each  end  a  single  load  P  and  a 
couple,  or  either  a  force  or  a  couple  alone  may  act.  The 
analysis  will  be  so  written  as  to  include  concurrent  force 
.  and  couple  or  cither  one  separately.  The  following  nota- 
tion will  be  em])loyed : 

/?=  radius  of  spiral,  Fig.  i ; 

(f)  =  pitch  angle  of  spiral,  Fig.  i ; 

z  =  axial  elongation  or  compression  of  spring  underload- 
ing; 
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/=  length  of  spiral; 

r  =  radius  of  spiral  wire ; 

P  =  axial  load,  Fig.  i ; 

If  =  moment  of  applied  twisting  couple  or  torque,  as- 
sumed to  be  a  right-hand  moment ; 

w=imit  strain  at  imit  distance  from,  the  neutral  axis 
in  bending  or  flexure ; 

a  =  angle  of  torsion  (unit  strain  at  unit  distance  from 
axis  of  piece  in  torsion) ; 

T = total  twist  or  rotation  of  spring  measured  on  central 

cylinder  of  spiral ; 

T 
T  =^  =  angle  of  twist  of  spring  in  radians. 

R 

The  force  P  will  be  considered  positive  when  it  stretches 
2  spring  as  shown  in  Fig.  i.  If  the  force  P  compresses 
e  spring  it  must  have  the  negative  sign  in  all  the  following 
alysis. 

The  moment  M  will  be  considered  a  right-hand  moment 
len  it  twists  the  spiral  so  as  to  bring  the  helical  parts 
ar  together,  i.e.,  tightens  the  spiral.  It  should  be  re- 
smbered  that  all  parts  of  the  spiral  are  uniformly  stressed 

bent.  The  cross-section  of  the  spiral  rod  will  be  con- 
lered  circular,  although  the  general  analysis  is  adapted 

any  form  of  cross-section. 

The  load  P  produces  a  moment  Mi  about  the  centre  of 
y  section  of  the  spiral  rod  given  by 

Mi=PR.      . (i) 

The  axis  of  this  moment  is  a  horizontal  line  through 
e  centre  of  the  section  and  tangent  to  the  central  cylinder 

the  spiral  shown  by  a  broken-line  circle  in  the  lower 
irt  of  Fig.  I.     li  Ay  Fig.  2,  be  the  centre  of  the  section 
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considered,  KL  may  be  taken  as  the  axis  of  the  moment 
PR.  If  AK,  therefore,  represent  by  a  convenient  scale,  the 
moment  Mi=P/?,  AG  and  GK  (drawn  perpendicular  to 
AG)  will  represent  by  the  same  scale  the  component  mo- 
ments of  Ml  about  those  lines  as  axes  passing  through 
the  centre  of  the  section.    As  the  axis  AG  is  the  axis  of 


Fig.  I 


Pig.  2. 


the  spiral  rod,  it  represents  a  torsion  moment.  Similarly 
C/7\  represents  a  bending  moment  as  it  lies  in  the  section 
and,  in  fact,  is  a  neutral  axis.  Hence,  if  the  subscripts 
/  and  b  mean  torsion  and  bending, 


AG  =  M\=A[\  cos  <f>. 


(:^ 


And, 


GK  =  M'„=  -M  sin  <f>. 


.    .    (j) 
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The  moment  —  M  sin  <l>  has  a  negative  sign  because  the 
•iangle  AKG,  Fig.  2,  shows  that  it  will  tend  to  untwist 
le  spiral  of  Fig.  i,  which  is  opposite  to  a  positive  effect. 

The  right-hand  moment  M  will  act  at  the  centre  of 
sction  of  the  spiral  rod  about  an  axis  parallel  to  AC, 
Ig.  I,  i.e.,  about  BD,  Fig.  2,  and  AB  may  represent  that 
loment.     Its  two  components  will  be: 

BF  =  M"i=M  sin  «,        ....     (4) 
AF=M"5=M  cos  « (S) 

The  resultant  moments  of  torsion  and  bending  at  the 
ection  considered  will  therefore  be: 

Mi=Mi  cos  0+M  sin  <t>,        ...     (6) 

Mt,=M  cos  0— Ml  sin  <i>.        ...     (7) 

By  the  common  theory  of  torsion  (correct  for  a  cir- 
ular  section  only)  if  G  is  the  modulus  of  shearing  elasticity, 
he  angle  of  torsion,  or  unit  strain  a,  is 

moment     Mi  cos  <l>+M  sin  *  ,q. 

'"'~;^ Q        ••  •  •  ^^^ 

Cr 

2 

Evidently,    Q=^G^—    (for    circle);     and    Q^d^-    (for 

2  o 

quare) . 

If  the  exact  theory  of  torsion  is  used  for  other  sections 
f  the  spiral  rod  than  circular,  the  corresponding  value  of 
must  be  introduced,  but  no  other  change  is  needed. 

In  the  same  manner,  if  E  is  the  modulus  of  elasticity 
3r  direct  stress,  /  the  moment  of  inertia  of  the  section 
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about  its  neutral  axis,  and  if  Q'-EI=E —  (for  circular 

4 

section)  or  Q'  =  E —  (for  square  section) ,  the  unit  strain, 

12 

ti,  for  bending  is, 


u  = 


moment     M  cos  <^  —  Mi  sin  <t> 


Radl  co8<P, 


^ Radl  »in^ 

/<        Radi 


Q'      '  Q '^^ 

The  quantities  a  and  u  are  unit  motions  giving  to  the 

spiral  spring  corresponding  motions  of   rotation  and  axial 

lengthenings  or  shortenings. 

The  torsion  moment  Mt  will  cause  one  end  of  an  indefi- 
nitely short  length  dl  of  the 
spiral  rod  to  rotate  through 
the  angle  adl,  inducing  a 
movement  of  that  end,  rela- 
tive to  the  axis  of  the  spiral. 
perpendicular  to  the  axis  of 
the  rod,  equal  to  Radl  as 
shown  by  Fig.  3.  The  hori- 
zontal component  of  this 
Rudi  vosft>  movement  tangent  to  the 
spiral  cylinder  is,  Radl  sin  0. 
or  for  each  unit  of  length  of 
the  rod,  Ra  sin  </>.  As  the 
state  of  stress  is  uniform 
throughout  the  spiral  rod,  tho 

total  circumferential    twist    of   the   spiral    spring   due  to 

torsion  is 


Fig.  3. 


«^SlidZ  8in4>- 


'Rtidl 


I 

Fig.  4. 


r=Rla  sin  <t>=Rl 


And  the  angle  of  twist  is 


Ml  cos  <i>+M  sin  4> 


Q 


sin  <^. 


(10; 


,     T     jMi  cos  <t}+M  sm  </>   .     ^ 


(lOd' 
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The  axial  component  of  the  same  movement,  as  shown 
y  Fig.  3  is,  Radl  cos  <t>.  Hence  the  total  axial  movement 
ue  to  torsion  is 

,     T^jMi  cos  <l>+M  sin  0        ^  ,     v 

z  =Rl — = -^ ^cos*.      .     .     ui) 

The  movement  of  a  normal  section  of  the  spiral  rod, 
slative  to  the  axis  of  the  spring,  due  to  bending  about  its 
eutral  axis  parallel  to  GK  and  AF,  Fig.  2,  is  illustrated  by 
^ig.  4.  That  movement  will  be  parallel  to  the  axis  of  the 
od  and  the  broken-line  triangle  showing  it  and  its  com- 
ponents is  moved  vertically  to  clear  it  from  the  centre  line 
•f  the  rod.     The  horizontal  component  representing  the 

angential  or  rotating  movement  due  to  bending  is  seen  to 
>e 

Rudl  cos  <t>. 

)r,  for  the  entire  length  /  of  the  spring, 

^„     j:,jM  cos  0  —Ml  sin  <^        ^  ,     v 

T  =Rl-  n'     -o,os4>.    .     .     .     (12) 

fhe  angular  twist  is 

„     T"     jM  cos  0— Ml  sin  0         ,  ,       >, 

t"=-^=/ ^, ^cos«.  .     .   (12a) 

Similarly,  the  axial  component  of  the  movement  due 
0  bending,  as  shown  in  Fig.  4,  is 

—  Rudl  sin  <t>. 

This  value  is  negative,  as  the  axial  motion  is  downward 

ind  opposite  to  that  due  to  torsion  shown  in  Fig.  3. 

Hence, 

„         ryjM  cos  </)  -Ml  sin  <^    .     ^  .     . 

z    =  -Rl ^Yy ^^^  *•     •     •     ^^3) 


7s6  MISCELLANEOUS  SUBJECTS.  [QXM 

The  angle  of  twist  of  the  spring  under  loading  will  be 
the  sum  of  the  second  members  of  eqs.  (loa)  and  (12a): 

r=Mx/sin«cos*(l-^,)+Af/(^i|*+^).    (14) 

The  circumferential  motion  of  the  spring  will  be 

T  =  Rt (15) 

The  axial  extension  or  compression  of  the  spring  wiD 
be  found  by  the  aid  of  eqs.  (ii)  and  (13): 


.=.'+.''=i?/{M.(^-^+?^) 


+M  sin*  cos  *(^-^) 


(16) 


Eqs.  (6)  and  (7)  will  enable  any  spiral  spring  to  be 
designed  to  perform  a  given  duty  such  as  to  carry  a  pre- 
scribed load  or  serve  the  purposes  of  a  dynamometer,  while 
eqs.  (14)  and  (16)  will  give  the  distortions  of  the  spring. 
either  angular  or  axial. 

If  5  is  the  greatest  intensity  of  torsive  shear  in  a  normal 
section  of  the  spiral  rod  at  the  distance  r  from  the  centre, 
while  Ip  is  the  polar  moment  of  inertia  of  the  section, 

Mi=-Ip <i:' 

r 

For  a  circular  section,  /p  =  — . 

2 

For  a  square  section,    Ip  =— (fc  =  side  of  square). 

6 


Eq.  (17)  gives: 


M^r  (,< 


^=-y- 
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When  5  is  given, 


4 


'  (circular  section).     .     .     .     (i8a) 


ts 


In  both  eqs.  (6)  and  (7),  Mi  and  M  are  known  quanti- 
ties, as  they  are  the  given  loads. 

Again  if  k  is  the  intensity  of  stress  in  the  most  remote 
fibre  at  the  distance  di  from  the  neutral  axis,  and  if  /  is 
the  moment  of  inertia  of  the  section  about  the  neutral  axis, 


k=^ (19) 


When  k  is  given, 


di=r  =\  ^—r  (circular  section).     .     .     (19a) 


The  two  intensities  s  and  k  exist  at  the  same  point, 
and  they  are  to  be  used  to  determine  the  greatest  intensities 
of  stress  in  the  cross-section  of  the  spiral  rod  precisely  as  was 
done  in  Art.  10. 

By  eq.  (2)  of  that  article,  the  greatest  and  least  inten- 
sities of  stress  (principal  stresses  of  opposite  kinds)  will  be : 


k       \       k^ 
max.  intensity  =-+\\s'^ H —  (tension) ; 


2^4 


k       I       p 
min.  intensity  = — \/^^H —  (compression). 

2      ^         4 

At  the  opposite  end  of  that  diameter  of  section  of  the 
rod  normal  to  the  neutral  axis  where  k  is  compression, 
the  above  '*  max.  intensity  '*  will  be  compression  also, 
and  the  ''  min.  intensity  *'  will  be  tension. 
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The  planes  on  which  these  principal  stresses  act  are 
given  by  eq.  (3)  of  Art.  (10): 

tan  2a  =  — r-. 

k 

The  greatest  shear  at  the  same  point  is  given  by  eq. 
(6)  of  Art.  (9) ;  i.e.,  its  intensity  is  half  the  difference  of  the 
principal  intensities,  or, 

^     max.  —  min. 

A= ^ .  , 

There  are  a  nimiber  of  special  cases  which  may  easily   ! 
be  developed  from  the  preceding  general  analysis. 

Small  Pitch  Angle. 

If  the  pitch  angle  <t>  is  so  small  that  sin  4>  may  be  con- 
sidered zero  without  essential  error, 

sin  <^=o     and     cos  0  =  1. 

Eqs.  (6)  and  (7)  then  give: 

Mi=Mi=PR] (20- 

M,=M (21) 

From  eqs.  (14)  and  (t6): 

r^MI.  («) 

(J 


r^R^i 


ly 


()    "  ... 


I20.1  HELICAL  SPIRAL  SPRINGS,  759 

Rotation  of  Spring  Prevented. 

In  this  case  twisting  of  the  spring  is  prevented,  or  t=o. 
(14)  then  gives: 

Q'  sin2  <t>  +Q  cos2  <t> 
Substituting  this  value  of  M  in  eq.  (16): 


z=PRH 


cos^  »    sin^  <f> (sin  <f>  cos.<f>y(Q^  -Q)^  1     ,     x 

I     Q     "^    Q'       {Q'sm^<t>+Qcos^<t>)QQr  ^^^ 


The  torsion  moment  Mt,  eq.  (6),  and  bending  moment 
,  eq.  (7),  are  to  be  computed  by  using  the  value  of  M 
en  in  eq.  (24). 

Axial  Extension  or  Compression  Prevented. 
By  making  0  =0  in  eq.  (16), 

Q'  cos^  <t>  +Q  sin2  ^ 
The  angle  of  twist  then  becomes: 

1    (2  G'       {Q'cos'^<t>+QsinU)Q'Qy   ^^^ 

For  circular  or  square  sections  Q'— Q  =  ( G^)(—  or  — ) 

i  the  square  of  the  latter  alternative  factor  is  common 
(Q'-Q)^  and  Q'Q  in  the  second  number  of  eq.  (27),  thus 
icelirig  and  simplifying  the  numerical  application  of 
it  equation. 

In  computing  Mt  and  M^,  eqs.  (6)  and  (7),  the  value 
Ml  given  by  eq.  (26)  is  to  be  used. 
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This  form  of  helical  spring  is  employed  in  the  transmis- 
sion dynamometer. 

Work  Performed  in  Distorting  the  Spring, 

The  work  performed  in  producing  the  angular  and  axial 
distortions  t  and  z  by  the  moment  M  and  force  P  is  easily 
foimd  by  the  aid  of  eqs.  (14)  and  (16)  or  corresponding 
equations  for  special  cases.  The  couple  whose  moment 
is  M  performs  work  in  twisting  the  spring  through  the  arc 
T  (measured  at  imit  distance  from  the  axis  of  the  helix) 
expressed  by 

W,=^ (28) 

2 

The  force  P  performs  work  in  extending  or  compressing 
the  spring  the  distance  z  given  by  the  equation 


l^z=-' (29) 

2 


The  total  work  done  in  the  general  case  will  then  be: 

W  =  Wt  +  \\\  =  ^{MT+Pz).       .     .     .    (30) 

For  special  cases,  as  already  indicated,  the  corre- 
sponding value  of  T  and  z  must  be  used  in  eq.  (30). 

In  writing  the  preceding  equations  it  has  been  assumed 
that  both  M  and  P  are  gradually  applied.  If  they  were 
suddenly  a])plicd,  the  distortions  would  be  2r  and  2Z  and 
oscillations  having  those  amplitudes  would  he  set  up. 
The  ])eriods  of  the  amplitudes  would  depend  upon  th(? 
masses  moved. 
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change  of  direction  or  angular  distortion  for  each  element 
dl.    Hence, 

Mdl=EIudl=EIdp,     ...        .   (2) 
Integrating : 

Ml^Elp\    and    p~.    .    .        .   (3) 

With  the  thin  metal  used  /  is  small  and  fi  may  be  a 
number  of  complete  circles,  perhaps  sufficient  to  A^Tap  the 
spring  closely  around  the  shaft  C, 

If  the  moment  M  is  applied  gradually,  the  work  done  in 
producing  the  total  angular  distortion  ff  is 

w.Me.^^ u 

2  2EI 

This  is  the  same  as  the  expression  for  the  work  performed 
in  bending  a  beam  by  a  moment  uniform  throughout  its 
length.  In  fact  the  plane  spiral  is  simply  a  special  case  ot 
flexure,  the  bending  moment  being  uniform. 

If  the  moment  M  should  be  applied  suddenly,  the  total 
angular  distortion  would  be  2/3,  and  oscillations  having 
that  amplitude  might  be  set  up. 

Art.  122. — Problems. 

Problem  i . — A  helical  spring  having  a  diameter  of  helix 
of  3  inches  and  composed  of  twelve  comj)lcte  turns  of  a 
g-inch  round  steel  rod  sustains  an  axial  load  of  45  pounds. 
Find  the  axial  deflection  of  the  spring  and  the  greatest 
intensities  of  torsive  shear  and  bending  tension  and  com- 
pression in  the  rod. 

P=45lbs.;  /?  =  T.5ins.;     <<>  =  i5°;       /  =  ii7ins.; 

/?  =  30,ooo,ooo;       ("/  =  12,000,000;  r=Ain. 
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Ml  =P/?  =68.5  in.-lbs.; 

2=^^^  =  23,373; 
2 


M=o; 


,irf* 


Q'=£ —  =  29,217. 

4 


Substituting  these  quantities  in  eq.  (16): 

,=3Xii7(-:^^+^^^^)68.s=.746i 
\23.373     29,217/ 

By  eqs.  (6)  and  (7) : 

Mi=Mi  cos  0=66.2  in.-lbs.; 


and 


Mft=  -Ml  sin  0=  —17.74  in.-lbs. 


Since  /p= —  and  /= — ,  eqs.  (18)  and  (19)  give: 
2  4 

5  =9460  lbs.  per  sq.in.  torsive  shear; 

fe  =3432  lbs.  per  sq.in.  greatest  bending  stress. 

Problem  2. — Design  a  helical  spring  for  a  transmission 
dynamometer  for  8  H.P.  at  90  revolutions  per  minute. 
Axial  distortion  of  the  spring  is  prevented,  or  2=0.  Let 
low  working  stresses  and  other  data  be  taken  as  follows  * 


i  =  i6,ooo  lbs.  per  sq.in.; 
-R=3  ins.;  0  =  ii° 

6"  =  12,000,000; 
AfX9oX2x=  8X33,000   /. 


Q=^G—    and 
2 


5  =  12,000  lbs.  per  sq.in. ; 
/.   sin  0  =  .i9i  and  cos0  =  .982; 

£=30,000,000. 
A/ =466.8  ft.-lbs.  =5602  in.-lbs. 


Q'=£ 


Tf^ 


Eq.  (26)  then  gives: 

Ml  -  —212  in.-lbs, 
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By  eqs.  (6)  and  (7) : 

Mt  =862  in.-lbs. ;    and    M*  =  5 541  in.-lbs. 

Solving  eqs.  (18)  and  (19)  for  the  radius  of  the  rod: 
By  eq.  (i8a),  r  =  .36  in.;     and  by  eq.  (19a),  r  =  .76in. 
Bending   of   the   rod,    therefore,    requires  the  greater 
radius,  and  r  =  .76  in.  will  be  taken. 

Eq.  (17)  gives  the  greatest  torsive  shear  in  a  section: 

5  =  1250  lbs.  per  sq.in. 

The  equations  following  eq.  (19)  now  give: 

max.  intensity  =  +16,097  lbs.  per  sq.in.; 
min.  intensity  =  —  97  lbs.  per  sq.in. 

The  spring  will  be  assumed  to  have  twelve  complete 
turns,  so  that  its  length  will  be: 

/  =  27r3  X12  Xsec  0  =  230.5  ins. 

The  twist  r  at  unit  distance  from  the  axis  of  the  helix 

now  becomes: 

r  =  .159  in. 

At  the  distance  of  10  inches  from  the  axis  the  t^'i>t 
would  be  1.5Q  inches,  but  the  spring  is  too  stiff  to  be  ver\* 
sensitive.     A  higher  working  stress  k  may  properly  Ix*  taken. 

If  in  the  same  problem  there  be  taken  120  revolutions 
per  minute  and  an  alloy  steel  for  which  the  working  stresses 
t  =40,000  pounds  per  square  inch  and  5=30,000  pounds 
per  square  inch  may  be  prescribed,  then  by  using  ihe 
results  already  established : 

M  = X  5602  =  4200  in.-lbs. : 

120 
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Ml  =  -JX212  =  —159  in.-lbs.; 
M,  =  f  X862  =647  in.-lbs.; 
^ft  =  4X5541  =4156  in.-lbs. 

Porshear:  r=^Mx— X.36  =.67  X.36=.24  in. 

\4     2.5 

For  bending:  r=J^X—  X. 76  =.67  X. 76  =  .51  in. 

^4      2.5 


_    159   _ 
(.67)- 


^=^-^^=•795- 


At  the  distance  of  10  inches  from  the  axis  of  the  helix 
he  twist  would  be  10 X. 795  =  7.95  inches. 

Problem  3. — What  will  be  the  angtilar  distortion  p 
>f  a  plane  spiral  spring  i  inch  by  ^  inch  in  section  and 
fo  inches  long  if  the  distorting  moment  is  10  inch-pounds. 
^^-  (3)  of  Art.  121  gives: 

^  10X20  10X20X12X125,000 

p= f  = =10 

30,000,000  XI  30,000,000 

(about  i^  complete  turns). 
The  fibre  stress  is 

10  X   ^ 


k  =  =150,000  lbs.  per  sq.in. 


12  Xi25,ooo 


Art.  123. — Flat  Plates. 

The  correct  analysis  of  stresses  in  loaded  flat  plates  even 
►f  the  simplest  form  of  outline  has  not  yet  been  made  suf- 
iciently  workable  for  ordinary  engineering  purposes,  either 
Dr  plates  simply  resting  on  edge  supports  or  with  edges  of 
ilates  rigidly  fixed   to   their  supports.     It   is  necessary, 
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therefore,  to  combine  simple,  but  approximate  analj'as 
based  on  reasonable  assumptions,  with  experimental  results 
so  as  to  obtain  workable  formulae.  The  following  pro- 
cedures, due  chiefly  to  Bach  and  Grashof ,  are  commonly 
employed  in  treating  flat  plates: 

Square  Plates — Uniform  Load. 

In  Fig.  I  let  A  BCD  represent  a  square  plate  simply 
resting  on  the  edges  of  a  square  opening.     Tests  of  such 
^  f^  /    plates  by  Bach  have  shown  that  when 

^  increasingly  loaded  they  will  ulti- 
mately fail  along  a  diagonal,  as  .4B. 
^»et  the  plate  be  uniformly  loaded 
with  p  pounds  per  square  unit,  then 
let  moments  be  taken  about  the  diag- 
onal AB.      If  6  is  the  side  of  the 


> 

Fjg.  ,.  square,    the  load  on  the  triangular 

half  of  the  square  is  ^— ,  and  the  distance  of  its  centre 

2 

from   AB   is  ^6  sin  45°  =.2366.     The   upward   supporting 
forces  or  reaction  on  the  sides  AD  and  DB  will  also  be 

half  the  load  on  the  plate,  2-^  and  its  centre  will  be  at  the 

2 

distance  -^ — l^=.354fe  from  AB.     Hence  the  moment 

2 

about  AB  will  be: 

M  =^^^(.3546 -.2366)  =.o59pb3.     .     .     .     fi) 

mi 

If  h  be  the  thickness  of  the  plate,  the  moment  of  inertia 
/  about  its  neutral  axis  will  be: 

J     b  sec  4^^  ¥  o,,,  .  . 

12 
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Rectangular  Plates — Uniform  Load. 

Fig.  2  shows  a  rectangular  plate  with  sides  a  and  h. 
With  a  much  oblong  rectangle  the  indications  of  tests  are 
not  so  well  defined  as  to  the  section  of  failure,  but  tenta- 
tively the  diagonal  section  AB  may  be  taken  as  a  close 
approximation  for  usual  proportions.  DF  is  a  normal 
to  AB  drawn  from  D.     The  imiform  load  on  the  triangular 

half  ABD  of  the  plate  is  — —  and  its  centre  of  action  is  at 


n 


the  normal  distance  -  from  AB,     The  centre  of  the  sup- 

3 

porting  forces  or  reaction  along  the  edges  AD  and  DB  is 


-  from  AB,     Hence  the  moment  about  AB  is 

2 


M 


_pab/n ^n\  _pabn 
2    \2      3/        12 


.    (8) 


Fig.  2. 


Rofcrring  to  Fig.  (2): 


^/=/)sin0    and     AB=b  sec  <t>'     •    •    ^^ 


IS 


Therefore  the  moment  of  inertia  of  the  diagonal  section 


J-  _b  see  <t)lv^      ^     .     pab^  sin  4>  _  ,b  sec  <t>h^ 
12        '  12  6        ' 
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Hence, 

,      ^ab  sin  0  cos  0  ,        fP      ',      '  .     . 

f^^P r5 J    or    ^=1/— r    sin  0  cos  0.    (10) 

As  is  obvious,  P=pab  is  the  total  load  on  the  plate. 

Rectangular  Plate — Centre  Load, 

If  a  single  load  P  rests  at  the  centre  of  the  plate,  the 
moment  about  the  diagonal  AB,  Fig.  2,  is  produced  by  the 
reaction,  only,  of  the  supporting  forces  along  the  edges 
AB  and  BD,  and  its  value  is 


T. .       n     Pb  sin  <l>  .     . 

M=p-= -— ^ (11) 

2  2 


Consequently, 


,      xP  sin  0  cos  0  ,        Up    .  .     . 

^     ^ — *    ^^'         vV  ^^^  *  ^'^^  **      ^^^^ 

Circular  Plate — Uniform  Load — Centre  Load, 

The  circular  plate  with  radius  r  is  shown  in  Fig.   3. 
The  same  general  assumptions  are  made  as  in  the  preceding 
cases,  i.e.,  uniform  condition  of 
bending  stress   throughout   the 
section   of   failure   and  uniform 
support   along  the  edge  of   the         '  /''  7  ^  A 

plate.     It  is  clear  that  the  latter   ^   ( / /'}_J; ;|__g 

asstunption  is  strictly  correct  for        V 
the  circular  outline.    Any  diam- 
eter, as  AB,  may  be  taken  for 
the  section  of  failure. 

It  will  be  convenient  to  suj)- 
pose  the  uniform  load  to  be  ap- 
plied on  a  circle  of  radius  ri,  as  ihown  in  Fig.  3.     Then 

the  load  on  half  of  the  plate  is  p  —  and  its  centre  is  at 
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the  distance  —  from  AB,  The  edge-supporting  force  or 
reaction,  fequal  to  the  half  load  on  the  plate,  has  its  centre 
at  the  distance  of  —  from  AB.  The  moment  about  the 
latter  diameter  is,  therefore, 

M^P^(^-^)=prMr-'-rX   .    .    (.3) 

2    \v      3ir/  \       3     / 

If  h  is  the  thickness  of  the  plate,  as  in  the  preceding 
cases,  the  moment  of  inertia  /  is 

r     2rh?     rh^  ,  . 

1=^ =-7-; 14) 

12         6 

M=pfi2(r--ri)=fe— (15) 

Hence, 

Or,  

""^i?-'-) "" 

If  the  load  is  uniform  over  the  entire  circular  plate, 
r  =  ri,  and 

M  =  ^\    k  =  p'^^;    and,     /t  =  r^.     .    .    (i8) 
If  the  load  is  concentrated  at  essentially  a  point,  ri^o, 


but  ^^^^    must  be  displaced  by  — ; 
2  2 

M=^P^^\    it=^;     and,     /t=^E      .    .    (19) 
These    formulae    for   circular   plates   are    more  nearly 
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correct  in  analysis  and  give  restilts  more  nearly  in  agree- 
ment with  tests  than  those  derived  for  other  cases. 


Elliptical  Plates — Centre  Load — Uniform  Load. 

An  elliptical  plate  is  shown  in  Fig.  4.  The  approximate 
fomiulae  for  this  case  may  be  conveniently  established  by 
first  considering  two  axial  strips  of 
the  same  (unit)  width,  the  length 
of  AB  being  2a  and  of  CD,  26,  a 
single  load  being  placed  at  their 
intersection.  The  centre  deflec- 
tions of  the  two  strips  as  parts  of 
the  plates  must  be  the  same.  Let 
Pi  be  the  centre  load  for  the  strip 
AB,  and  P2  the  centre  load  for  CD, 

The  desired  centre  deflection  for  each  strip  acting  as  a  beam 
is  given  by  eq.  (28),  Art.  28.  The  equality  of  the  two  de- 
flections gives  the  equation,  2a  being  one  span  and  2b  the 
other : 

Pia^     P2V^  Pi     fe3 


Fig.  4. 


6EI      6EI 


or 


a' 


(20) 


fe3 


As  each  strip  is  of  unit  width,  /  =  —  ,h  being  the  thick- 


12 


ness  of  plate.     Hence  the  greatest  fibre  stresses  are 

,       Mh       o  a  J      I,         o    ^ 

ki= — f  =3^1,-^-     and,     A?2=3^2r^.     .     . 
21  h^  h^ 


(21) 


62 


a 


2' 


(22) 


Eqs.  (21)  and  (20)  then  give: 

hi  —Ej  ^ 

^"■P2  6 

Eq.  (22)  shows  that  k2  is  the  greatest  fibre  stress  and, 
hence,  that  the  major  axis  of  the  ellipse  will  be  the  line  of 
failure,  as  would  be  anticipated  without  the  analysis. 
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If  the  ellipse  of  Fig.  4  be  elongated  by  lengthening 
the  major  axis  2a  to  infinity,  the  result  will  be  a  corre- 
spondingly long  rectangular  plate  of  26  width  or  span. 
Hence,  the  greatest  fibre  stress  for  this  case  of  uniform 
load  will  be  for  a  unit  cross  strip  of  plate: 

,     Mh     p{2bY  hi2       2b^  ,   , 

2/  i       2  hr        h^ 

This  is  the  greatest  intensity  of  stress  for  an  ellipse 
whose  major  axis  2a  is  infinity.  The  other  extreme  is  the 
circle  for  which  the  greatest  intensity  of  stress  is,  eq.  (18). 

^-p'i. w 

For  ellipses  in  general,  in  the  absence  of  a  satisfactory 
analysis,  it  is  tentatively  proposed  to  write: 


=(3-^) 


m <"' 


When  6=  a,  eq.  (25)  gives  the  correct  value  for  a  circle, 
and  when  b  =  o  the  result  is  correct  for  the  extreme  ellipse. 
The  thickness  of  plate  for  a  given  uniform  load  p  is 

Flat  Plates  Fixed  at  Edges. 

Grashof  and  others  have  partly  by  analysis  and  partly 
empirically  deduced  a  nimiber  of  formulae  for  plates  fixed 
at  their  edges,  i.e.,  encastr^,  instead  of  simply  suppwDrted. 
The  following  have  been  used  and  may  be  considered  fairly 
satisfactory,  using  the  same  notation  as  in  the  preceding 
parts  of  this  article. 

I.  Circular  plate  with  radius  r  and  uniform  load  p. 
The  greatest  intensity  of  stress  is,  if  h  is  the  thickness, 
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^=^^2'     and,     h^ryjj^.      .     .     .     (27) 

11.  Stayed  flat  surfaces,  stay  bolts  being  the  distance 
c  apart  in  two  directions  at  right  angles  to  each  other. 
Each  stay  carries  the  uniform  load  pc^.  The  greatest 
intensity  of  stress  may  be  taken: 


2C2 


k-p^j^,;    and,     h^j^f,       .     .     .     (28) 

III.  Rectangular  plate  a  long,  b  wide,  supporting  uniform 
unit  load  p.     The  greatest  intensity  of  stress  may  be  taken : 


If  the  plate  is  square,  a  =  6 : 

k  =  p^,:    and.     /t=^^.       .     .     .     (30) 

All  these  plates  with  edges  either  fixed  or  simply  sup- 
ported are  supposed  to  be  truly  flat,  as  any  arching  or 
dishing  changes  materially  the  conditions  of  stress. 

Problem  i. — What  thickness  of  steel  plate  isYequired 
to  carry  a  load  of  200  pounds  per  square  inch  over  a  rect- 
angular opening  24  by  36  inches.  Eq.  (10)  gives  the 
expression  for  the  thickness  h  of  the  plate  when  simply 
supported  along  its  edges.  The  total  load  is  P  =  200  X36  X 
24  =  168,800  pounds. 

tan  0=i4  =667    .*.    0=33^  40'  and  sin  <t>  cos  0  =  .46i. 
If  the  working  stress  fe  =  16,000  pounds  per  square  inch; 

fc=-^/-i — 1 X. 46 1  =1.^6  inches.     A    plate     i A  inches 

\2X  16,000 

thick,  therefore,  meets  the  requirements. 

Problem  2. — Design  a  circular  steel  plate,  simply  sup- 
ported on  its  edge,  for  an  opening  30  inches  in  diameter 
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to  cany  a  load  of  loo  pounds  per  square  inch,  if  fe  =  i5,cx)o 
pounds  per  square  inch.     r  =  is  inches  and  P  =  iooXtT^  = 
•   loo  X  706.9  =  70,690  pounds. 

Eq.    (18)    then   gives:    fe  =  i5\/  ^^     =i.2a  inches.  A 

plate  li  inches  thick  will  therefore  be  satisfactory. 

If  the  plate  were  rigidly  fixed  along  its  edge^  eq.  (27) 
shows  that  the  thickness  would  be:  fc  =  i.22V|  =  i  inch 
thick. 

Art.  124.   Resistance  of  Flues  to  Collapse. 

If  a  circular  tube  or  flue  be  subjected  to  external  normal 
pressure,  such  as  that  of  steam  or  water,  the  material  of 
which  it  is  made  will  be  subjected  to  compression  around 
the  tube,  in  a  plane  normal  to  its  axis.  If  the  following 
notation  be  adopted, 

/  =  length  of  tube; 
d  =  diameter  of  tube; 

/  =  thickness  of  wall  of  the  tube ; 
/?  =  intensity  of  excess  of  external  pressure  over  internal; 

then  will  any  longitudinal  section  //,  of  one  side  of  the  tube, 

pld 
be  subjected  to  the  pressure  — -.     But  let  a  unit  only  of 

length  of  tube  be  considered.  This  portion  of  the  tube  is 
approximately  in  the  condition  of  a  column  whose  length 
and  cross-section,  respectively,  are  Kd  and  t. 

The  ultimate  resistance  of  such  a  colimm  is  (Art.  35) 

As  this  ideal  column  is  of  rectangular  section, 

/-'■, 

12 
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and 


But  P^pd,  hence 


p= 

Et* 
'i2d>' 

p' 

Et* 
'i2d* 

(1) 


is  the  greatest  intensity  of  external  pressure  which  the  tube 
can  carry.  But  the  formulae  of  Art.  35  are  not  strictly 
applicable  to  this  ideal  column.  The  curvature  on  the  one 
hand  and  the  pressure  on  the  other  tend  to  keep  it  in  position 
long  after  it  would  fail  as  a  column  without  lateral  support. 
Hence  p  will  vary  inversely  as  some  power  of  d  much  less  than 
the  third. 

Again,  it  is  clear  that  a  very  long  tube  will  be  much  more 
apt  to  collapse  at  its  middle  portion  than  a  short  one,  as  the 
latter  will  derive  more  support  from  the  end  attachments; 
and  this  result  has  been  established  by  many  experiments. 
Hence  p  must  be  considered  as  some  inverse  ftmction  of  the 
length  /. 

Eq.  (i),  therefore,  can  only  be  taken  as  typical  in  form, 
and  as  showing  in  a  general  way,  only,  how  the  variable 
elements  enter  the  value  of  p.  If  x,  y,  and  z,  therefore,  are 
variable  exponents  to  be  determined  by  experiment,  there 
may  be  written 

f"'i^ <») 

in  which  c  is  an  empirical  coefficient. 

Sir  Wm.  Fairbaim  ("  Useful  Information  for  Engineers, 
Second  Series")  made  many  experiments  on  wrought-iron 
tubes  with  lap-  and  butt-joints  single  riveted.     He  inferred 
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from  his  tests  that  y=z  =  i.     Two  different  experiments 
would  then  give 

pld^ct', (3) 

p'l'd'^ct'^ (4) 

Hence 

log  ipld)  =^\og c  +  xlogt, 
log  {p'Vd')  =log  c  + Jt:  log  t' ; 

in  which  **log''.  means  **  logarithm."     Subtracting  one  of 
these  last  equations  from  the  other,  the  value  of  x  becomes 

log  {pld)-\og{p' I'd')     ^"g(pT5^) 
*~  \ogt-\ogt'  ~  ^^^~'    '    •    ^^' 


^  (p) 


As  p,  /,  d,  t,  p\l\  d\  and  t'  are  known  nxmierical  quantities 
in  every  pair  of  tests,  x  can  at  once  be  computed  by  eq.  (5^'. 

c  then  immediately  results  from  either  eq.  (3)  or  eq.  U^- 
By  the  application  of  these  equations  to  his  experimentul 
data,  Fairbaim  found  for  wrought-iron  tubes: 

P  =  9»675»6oo-^, (6) 

in  which  p  is  in  pounds  per  square  inch,  while  /,  /,  and  J  are 
in  inches.  Jiq.  (6)  is  only  to  be  applied  to  hnti^ths  bcticccn  i^ 
and  120  incites. 

He  also  found  that  the  following;  formula  gave  re^*:!'^ 
agrceinjj^  more  nearly  with  those  of  experiment,  though  it  i^ 
less  simple: 

i^^^              d 
/^  =  9»^7S»6oo  ,^-  —  0.002-- (7) 
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Fairbaim  found  that  by  encircling  the  tubes  with  stiff 
ings  he  increased  their  resistance  to  collapse.  In  cases 
vliere  such  rings  exist,  it  is  only  fiecessary  to  take  for  I  the 
iistance  between  two  adjacent  ones. 

In  1875  Prof.  Unwin,  who  was  Fairbaim's  assistant  in 
lis  experimental  work,  established  formulae  with  other 
exponents  and  coefficients  ("Proc.  Inst,  of  Civ.  Engrs.,'* 
lol.  XLVI).  He  considered  x,  y,  and  z  variable,  and 
bund  for  tubes  with  a  longitudinal  lap-joint: 

/^  =  7»363.ooo^o.Vj7:,-6 (8) 

From  one  tube  with  a  longitudinal  butt-joint,  he  deduced : 

p  =  9,6i4,oooj^;^^^ (9) 

For  five  tubes  with  longitudinal  aptd  circumferential  joints, 
le  found:  • 

P  =  i5»547»ooo/o.9ji.r6 (10) 

By  using  these  same  experiments  of  Fairbaim,  other 
^Titers  have  deduced  other  formulae,  which,  however,  are 
^f  the  siime  general  form  as  those  given  above.  It  is  proba- 
ble that  the  following,  which  was  deduced  by  J.  W.  Nystrom, 
vill  give  more  satisfactory  results  than  any  other: 

t^ 
/?  =  692,800—^ (11) 

At  the  same  time,  it  has  the  great  merit  of  more  simple 
application. 

From  one  experiment  on  an  elliptical  tube,  by  Fairbaim, 
t  would  appear  that  the  formula^  just  given  can  be  approxi- 
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mately  applied  to  such  tubes  by  substituting  for  d  twice 
the  radius  of  curvature  of  the  elliptical  section  at  either 
extremity  of  the  smaller  axis.  If  the  greater  diameter  or 
axis  of  the  ellipse  is  a  and  the  less  b,  then,  for  d.  there  is 

to  be  substituted  -r. 


Art.  125. — Approximate  Treatment  of  Solid  Hetallic  RoUtn. 

An  approximate  expression  for  the  resistance  of  a  vAlft 
may  easily  be  written.  The  approximation  may  he  cm- 
sidered  a  loose  one,  but  it  furnishes  a  basis  for  an  accurate 
empirical  formula. 

The  following  investigation  contains  the  improvemenli 
by  Prof.  J.   B.  Johnson  and    Prof.    H.  T.  Eddy  c-n  the 
method  originally  given  by  the 
author. 

-The  roller  will  be  assumed 
^  to  be  composed  of  indefinittly 
thin  vertical  slices  jiarallei  tr 
its  axis.  It  will  also  be  as- 
sumed that  the  layeni  or  slices 
act  indejjendently  of  each 
other. 

Let  E'  be  the  coefficient  of 
elasticity  of  the  metal  over  the 
Fio    I  roller. 

Let  E  be  the  coefficient  of  elasticity  of  the  metal  of 
the  roller. 

Let  K  be  the  radius  of  the  roller  and  R*  the  thickness 
of  the  metal  above  it. 

Let  w  —intensity  of  pressure  at  ,4  ; 

p-       "         "         "        "  any  other  point; 
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Let       P= total  weight  which  the  roller  sustains  per  unit 

of  length. 
X  be  measured  horizontally  from  A  as  the  origin ; 
d=AC; 
e=DC. 


From  Fig.  i : 


.-.  d''AC^AB+BC=w{^+^)  .    .    .    (1) 


and 


A'C'A'B'+B'C^p(^+^\     ...    (2) 
Dividing  eq.  (2)  by  eq.  (i), 


f-A'Cl 


But 


If  the  curve  DAH  be  assumed  to  be  a  parabola,  as  may 
be  done  without  essential  error,  there  will  result: 

f^'A'C'dx^^ed. 
J-  3 

Hence 

P-V (3) 
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But 


e  =  \/ 2Rd  —  d'  =  \/ 2Rd,  nearly. 


By  inserting  the  value  of  d  from  eq.  (i)  in  the  value  of 
e,  just  determined,  then  placing  the  result  in  eq.  (3), 


\iR^R\ 


P  =  -J\2ZfVW^,  +  -g-,j (4) 

-\R^^J^- (5) 


3 


The  preceding  expressions  are  for  one  tmit  of  length. 
If  the  length  of  the  roller  is  /,  its  total  resistance  is 


Or  if  R^R\ 


P'=P/=-^/^'2a;V^(|  +  ^j (6) 

P' ='^Rl^2i/^y^ (7) 


In  ordinary  bridge  practice  chj.  (7)  is  sufficiently  near 
for  all  cases. 

A  simi)le  expression  for  conical  rollers  may  be  obtaineii 
by  using  cqs.  (4)  or  (5). 


I      : 


,^---Z ^ 


I 


i''i(i.  2 


As  shown  in  Fig.  2.  let  z  be  llic  distance,  parallel  t«>  the 
axis,  of  any  section  from  the  apex of  the  cone;  then  con- 
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sider  a  portion  of  the  conical  roller  whose  length  is  dz.  Let 
/?j  be  the  radius  of  the  base.  The  radius  of  the  section 
under  consideration  will  then  be 

ind  the  weight  it  will  sustain,  if  /?,  =  R', 


dP'  =  /  \2W    ppj-  •  202. 


Hence 


(8) 


Eqs.  (6),  (7),  and  (8)  give  ultimate  resistances  if  w  is 
the  ultimate  intensity  of  resistance  for  the  roller. 

It  is  to  be  observed  that  the  main  assumptions  on  which 
the  investigation  is  based  lead  to  an  error  on  the  side  of 
safety. 

If  for  wrought  iron,  iv  =  12,000  pounds  per  square  inch, 
ind  £  =  jE'  =  28,000,000  pounds,  eq.  (5)  gives 

Art.  126.  —Resistance  to  Driving  and  Drawing  Spikes.    /" 

Some  very  interesting  experiments  on  driving  and  draw- 
^g  rail  spikes  were  made  by  Mr.  A.  M.  Wellington,  C.E., 
nd  reported  by  him  in  the  *'  R.  R.  Gazette, ''  Dec.  17,  1880. 
le  experimented  with  wood  both  in  the  natural  state  and 
fter  it  had  been  treated  by  the  Thilmeny  (sulphate  of 
'9.ryta)  preserving  process. 

"The  test-blocks  were  reduced  to  a  uniform  thickness  of 
•5  inches,  this  thickness  being  just  sufficient  to  give  a  full 
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bearing  surface  to  the  parallel  sides  of  the  spikes  when 
driven  to  the  usual  depth,  and  to  allow  the  point  of  the 
spike  to  project  outwards.     It  was  considered  that  thebev- 

Table  I. 
SPIKES  WERE  STANDARD:    5.5  INCHES  X  A  INCH. 


Kind  o[  Wood. 


Pnpunl  Wood. 


White  oak, 
Wtails  ash  . 

Bl*ck  Hh. . 

Sim 

ChOtBUt.  g1 

Soft  maple. 


I.. Jg.  (*■«'* 


"'t . ... 


1.843 1 , 

is;  ■ 


(Split) 


;:Sl*^» 


elled  point  could  add  very  little  to  the  holding  power  of  the 
spike,  and  it  was  desired  to  press  the  spike  out  again  by 
direct  pressure  after  turning  the  block  over.  .  ,  ," 

The  forces  exerted  in  pulling  and  driving  the  splices 
were  produced  by  a  lever.  A  few  tests  with  a  hydraulic 
press  showed  that  the  friction  of  the  plunger  varied  from 
about  6  to  18  per  cent.  The  experimental  results  are 
given  in  Table  I. 

Some  very  excellent  tests  of  the  holding  power  of  rail- 
road spikes  and  lag-screws  were  made  by  Mr.  A.  J.  Cox,  of 
the  University  of  Iowa,  during  iStji.  in  the  engineering 
laboratory  of  that  institution,  the  results  of  which  wet* 
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Table  II. 

RESISTANCE  OF  RAILROAD  SPIKES  TO  PULLING  OUT  AND 

PRESSING  IN. 


Kind  of  Tie  and  Spike. 


Seasoned  White-oak  Tie. 

Common  spike 

Common  spike,  ^-in.  bored  hole . 

Common  spike,  redrawn 

Common  spike,  ^-in  bored  hole,  ( 

redrawn J 

Hill  curved  spike 

Bayonet  spike 

Unseasoned  White  Oak. 

Common  spike 

Common  spike,  i-in.  bored  hole. 

Hill  curved  spike 

Bayonet  spike .'.... 

Unseasoned  White  Cedar. 

Common  spike.  .    

Common  spike,  i-in.  bored  hole 

Hill  curved  spike 

Bayonet  spike 


No. 

of 

Tests. 


20 
9 


4 
3 


7 
3 
S 
3 


2 
2 
2 
2 


Greatest  Resistance 
in  Pounds. 


Maxi- 
mum. 


7,700 
6,660 


6,s8o 
6,850 


6,130 
5,9SO 
5.680 

6.930 


1.240 

1,460 

T.8.30 

980 


Average. 


S.514 
4.936 

5.iao* 

4,460 

4.040* 

3,240 

5,843 

6,350 


4.706 
S.807 
S,»30 
5.334 


1,140 
X.400 

1. 775 
955 


Mini- 
mum. 


3,500 
3,950 

\~ 
\- 

5,290 
5,600 


4,050 
5.720 
4,400 
4,030 


1.040 
1,340 

t,720 

930 


Average 
Resistance 
in  Pounds 
per  Square 
Inch  Sur- 
face of  Spiket 


643 

575 

520 
378 


548 
716 


133 
162 


Average 
Resistance 
per  Ounce 

of  Spike. 


664 
595 

537 

390 

63a 
934 


567 
740 

555 

784 


137 
169 
192 
140 


PRESSING  SPIKES  INTO  TIES  UNDER  STEADY  PRESSURE  OF 

TESTING  MACHINE. 


White-oak  Ties. 

Curved  spike,  pressing  in.  . 
Curved  spike,  pulling  out. . 
Bayonet  spike,  pressing  in . 
Bayonet  spike,  pulling  out. 


2 

7.430 

7,375 

7.320 

2 

6.830 

6.615 

6,400 

2 

6,660 

6.530 

6.400 

2 

4.400 

3,845 

3,290 

•  These  values  are  the  first  resistance  to  drawing  out. 
in  the  same  holes  and  redrawn,  with  the  results  shown, 
t  Wedge  surface  not  considered. 


The  spikes  were  then  redriven 


published  in  the  technical  journal  ("The  Transit")  of  the 
university  for  September,  1891;  they  will  be  found  some- 
what rearranged  in  Tables  II  and  III.  Three  kinds  of 
spikes  were  used,  viz.,  the  common  spike  (length  5.5  ins., 
0.5625  in.  square,  weight  8.3  oz.),  Hiirs  curved  spike  (length 
5.875  ins.,  weight  9.25  oz.),  and  the  bayonet  or  grooved 
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spike  {length  5.5  ins.,  weight  6.8  oz.).     The  timber  of  the 
tics  is  shown  in  the  two  tables.      The  spikes  were  forced 


Table  III. 
RESISTANCE  OF  LAG-SCREWS  TO  PULLING  OUT* 


Kind  of  WuoJ. 

lamcer 
Screw. 

DiaiTM^tcr 
Inchn, 

Lensth 

MulRium 

No 

Seuoned  white  ask.  . 
Seaiooed  while  o»li.  . 

£ 

s 

1 

•31 

'««»        t 

In  pulling  the  Ant 


into  the  wood  by  the  pressure  exerted  by  the  100.000-pound 
testing  machine  used  in  the  tests,  and  by  which  they  werr 
pulled  out  of  the  ties. 

The  greatest  pulling  resistance  of  any  spike  is  nffered 
at  the  very  beginning  of  nrotion,  and  it  then  rapidly  de- 
creases. A  common  spike  which  resisted  5120  pounds  at 
the  beginning  of  motion  offered  but  3050  pounds  afM 
having  moved  a  half-inch,  2.440  pounds  after  i  inch  of  tno 
tion.  i,.ioo  pounds  after  1.75  inches.  940  pounds  after  1 
inches,  and  440  pounds  after  moving  3  inches;  the  original 
penetration  of  the  spike  was  4.375  inches  in  a  seasoned  white- 
oak  tie.     Similar  results  were  reached  with  other  timbers, 

When  spikes  were  pressed  into  the  ties  the  limbo' 
offered  an  increasing  resistance  to  penetration,  but  al  a 
rate  less  rapid  than  that  of  the  decrease  in  pulling  out.  A 
i-inch  penetration  in  a  seasoned  white-oak  tie  gave  a  re- 
sistance to  a  common  spike  of  2,320  pounds  which  increased 
to  3,340  pounds  for  i-inch  penetration,  to  4550  poundsi 
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2  inches,  to  5580  pounds  for  3.5  inches,  and  to  6555  pounds 
for  4.5  inches. 

The  following  results  showing  the  relative  holding 
power  of  common  and  screw  railroad  spikes  were  foimd 
by  tests  made  by  Prof.  W.  Kendrick  Hatt  for  the  U.  S. 
Dept.  of  Agriculture  and  published  in  Forest  Service 
Circular  46,  1906. 

Table  IV. 

HOLDING  FORCE  OF  COMMON  AND  SCREW  SPIKES. 


Species  of  Wood  and 
Kind  of  Spike. 


White  oak: 
Common  spike 
Screw  spike. .  . 
Ratio 


Oak  (probably  red) : 
Common  spike . . . 

Screw  spike 

Ratio .  . . .- 


Ix)blolly  pine: 
Common  spike, 
Screw  spike. .  . 
Ratio 


Hardy  catalpa: 
Common  spike 
Screw  spike. .  . 
Ratio 


Common  catalpa: 

Common  spike. 

Screw  spike. .  . . 

Ratio 


Chestnut: 

Common  spike. 
Screw  spike. .  . , 
Ratio 


; Force  Required  to  Pull  Spike. 


Condition  of  Wood. 


5 
5 


5 
8 


28 
26 


12 
14 


II 
II 


4 
5 


Partially  seasoned . 
Partially  seasoned . 


Seasoned 
Seasoned 


Seasoned 
Seasoned 


Green. 
Green. 


Green. 
Green. 


Seasoned 
Seiisoned 


Average. 


Pounds. 

6.950 
13.026 

1.88 


4,342 

11.240 

2.61 


3,670 

7,748 
2. II 


3,224 

8.261 

2.56 


2.887 

6.939 
2.42 


2.980 

9.418 

3.15 


Max. 


Pounds. 

7,870 
14.940 


Min. 


Pounds. 
6.160 
11,050 


5,300 
13.530 


3,490 
8.900 


6.000 

14.680 

2.320 
4,170 

...  . 

4,000 

9,440 

2,190 
6,280 

4.500 
8,340 


3.220 
11,150 


2.240 
5.890 


2,600 

7.470 
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Table  V. 

HOLDING  FORCE  OF  COMMON  AND  SCREW  SPIKES. 

Seasoned  Clear  and  Knotty  Loblolly  Pi[je  Tnw. 


Fotitira  of  Strike. 

Kind  ol  Spike. 

Nutdber 

Force  Requifed  10  PoaSplii 

Av„^. 

""-       ""■ 

Common 

Common 

36 
18 
40 

Pounds. 
3.466 
2.615 
7.'»o 
9.763 

Pounds 
6.150 
3.750 
13.710 

I7,M0 

Pnidi. 

In  knotty  WDod 

(,0[0 

In  knotty  wdnd 

*.»9» 

Art,  127. — Shearing  Resistance  of  Timber  behind  Bolt  or  Mortise 
Holes. 

Col.  T.  T.  S.  Laidley.  U.S.A.,  made  some  tesu  during 
1881  at  the  United  States  v\rsena],  Watertown,  Mass,,  on 
the  resistance  offered  by  timber  to  the  shearing  out  of  bolts 
or  keys  when  the  force  is  exerted  parallel  to  the  fibres. 


] ^ 

J  tJ 


The  test  specimens  are  shown  in  Figs,  i  and  2.  WrougM- 
iron  bolts  and  square  wrought-iron  keys  were  used.  AH 
the  timber  specimens  were  six  inches  wide  and  two  incliW 
thick.  The  diameter  of  the  bolts  used  (Fig.  i)  was  on* 
inch  for  all  the  specimens.  The  keys  were  i"xi-"S  ^^^ 
i". 125X1". 5  as  shown  in  Pig.  2.  In  all  the  latter  sped- 
mens,  failure  tt)ok  place  in  front  of  the  smaller  key  v 
the   pressure  was  greatest. 
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In  many  cases  the  specimen  sheared  and  split  simultane- 
ously in  front  of  the  hole.  By  putting  bolts  through  the 
pieces  in  a  direction  normal  to  the  force  exerted,  so  as  to 
prevent  splitting,  the  resistance  was  found  (in  most  cases) 
to  be  considerably,  though  irregularly,  increased. 

Unless  otherwise  stated,  the  wood  was  thoroughly  sea- 
soned. 

The  accompanying  table  gives  the  results  of  Col.  Laid- 
ley's  tests. 


Kind  of  Wood. 


Spruce  (bolts). 


White  pine  (bolts). 


Yellow  pine  (bolts) 


Yellow  pine  (square  keys) 


White  pine  (square  keys) 


Spruce  (square  keys) 


Centre 
of  Hole 
from 
End  of 
Speci- 
men. 


I 


L  / 

2 

4 


ToUl 

Area 

of 

Shearing. 


Sq.  Ins. 
8 
16 

24 
32 

8 
16 

24 
32 

8 
16 

24 
32 

8 
16 

24 
28 

8 
16 

24 

28 

8 
16 

24 

2S 


Ultimate  Shearing  Resistance 
per  Square  Inch,  in  Potmds. 


399 

359 

275 
202 

457 
611 

450 

327 

607 
720 
456 
337 

599 
369 

572 
438 

550 
412 

332 
236 

410  (Not  thoroughly  seasoned.) 

242  (Wet  timber.) 
279 


4< 
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Art:  128. — ^Method  of  Least  Work — Stresses  in  a  Bridge  Portal. 

In  the  consideration  of  stresses  in  structures  or  parts  of 
structures  where  the  equations  of  condition  for  statical 
equilibrium  are  not  enough  to  determine  all  the  tmknown 
quantities,  it  is  necessary  to  find  other  equations  involving 
the  elastic  properties  of  the  materials  used.  The  Method 
of  Least  Work  affords  one  procedure  by  which  such  extra 
equations  may  be  found. 

If  a  force  P  is  gradually  applied  at  a  point  in  a  struc- 
ture it  produces  a  deflection  or  distortion  d  in  its  own 
direction  and  performs  the  work, 

^^PS^al^P^ (,) 

2  2         2a 

As  a  consequence  of  Hook's  law  P==aS,  a  being  a  con- 
stant and  a  direct  function  of  the  modulus  of  elasticity 
E  or  G.     ^ence 

This  is  called  the  first  theorem  of  Castigliano,  enun- 
ciated in  his  **  Theorie  des  Gleichgewichtes  elastischer 
Systeme."  Eq.  (2)  is  perfectly  general  and  includes  all 
clastic  deformation  or  deflection.  It  shows  that  the  first 
derivative  of  W,  the  work  performed  by  the  load  P,  in 
respect  to  that  load  as  the  independent  variable,  is  the 
elastic  distortion  as  well  in  the  case  of  a  force  acting  axially 
along  a  bar  either  in  tension  or  compression  as  in  that  of  a 
load  producing  deflection  of  a  bridge  at  its  point  of  applica- 
tion. 

The  third  member  of  eq.  (i)  shows  that 
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This  equation  may  at  times  be  useful. 

If  the  point  of  application  of  the  force  or  load  P  in  eq. 
(2)  be  supposed  unchanged  in  position  while  P  acts,  the 
other  parts  of  the  structure  or  piece  moving  in  adjust- 
ment to  that  condition  as  may  be  required  by  the  corre- 
sponding strains,  then  will  6=0  and 

If  this  equation  be  satisfied  by  solving  it  for  P,  the 
resulting  value  will  make  W,  in  general,  either  a  maxi- 
mum or  minimimi.  In  engineering  structures,  however, 
it  is  obvious  that  W  will  be  a  minimum,  as  the  test  by  the 
second  derivative  will  show  in  individual  cases. 

Eq.  (4)  expresses  Castigliano's  second  theorem.  If 
then  the  first  derivative  of  a  function  \V  expressing  the 
work  performed  in  distorting  a  structure  or  structural 
member  in  terms  of  an  indeterminate  force  or  stress  P, 
whose  point  of  application  may  be  supposed  fixed,  be  taken 
in  reference  to  that  indeterminate  force  as  the  variable, 
a  new  equation  of  condition  will  result  whose  solution 
will  yield  a  value  of  the  force  making  the  energy  expended 
in  the  elastic  distortions  the  least  possible.  Hence  this 
procediu'e  is  called  **  the  method  of  least  work." 

Stresses  in  a  Bridge  Portal, 

The  treatment  of  a  bridge  portal  will  illustrate  the  use 
of  the  method  of  least  work  in  treating  an  important 
part  of  a  bridge.  Fig.  i  shows  a  skeleton  diagram  of  the 
portal,  AF  and  BG  being  the  end  posts  in  full  length  h  in 
their  own  plane.  ABCD  is  the  outline  of  the  portal  brac- 
ing which  may  be  a  plate  girder  or  open  bracing.  The 
comer  or  gusset  bracings  at  C  and  D  are  omitted.     The 
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equal  end  post  stresses  due  to  vertical  dead  and  moving 
loads  are  indicated  by  P  and  P.  The  total  horizontal 
wind  load  acting  at  the  upper  ends  of  the  end  posts  is  shown 
by  if,  and  it  is  taken  as  applied  wholly  on  the  windward 
side.  As  is  usual,  the  end  posts  are  considered  fixed  in 
direction   at   both   upper   and   lower   ends.     The  lateral 


r-^^y/^^^/y/^:-' 


Fii..   I. 


action  of  the  wind  will  distort  the  portal  in  the  manner 
shown  exaggerated. 

As  both  posts  are  supposed  to  be  in  the  same  condition 
and  equally  affected  by  the  lateral  wind  pressure,  the  two 
points  of  contraflexure  K  and  O  must  be  at  same  distanc-e 
ho  (to  be  determined)  from  FQ.  The  points  M'  and  M' 
are  in  the  neutral  surface  of  A  BCD,  i.e.,  at  its  mid-depth- 
The  notation  of  Fig.  i  is  self  explanatory.     The  left  arrow 

IT 

—  is  below  K  and  external  to  the  upper  part  of  Fig.  i* 


128.1  STRESSES  IN  A  BRIDGE  PORTAL.  791 

;  the  right   arrow  —  is  above  O  and  external  to  the 

2 

^er  part  of  the  figure.     Right-hand  moments  are  posi- 

e  and  left-hand  negative.    Taking  moments  of  forces 

ing  on  the  upper  part  ABOK  of  the  portal  and  about  0; 

(Pi  -P  =POfe  -H{h-ho)  =0     /.     P'b  =H{h  -ho),     (s) 

Obviously,  P'  is  the  transferred  load  from  the  wind- 
ed truss  to  the  leeward  due  to  the  wind  presstu-e  H. 
In  order  to  find  the  work  performed  in  distorting  the 
mbers  of  the  portal,  it  is  necessary  to  determine  the 
iding  moments  M\  M",  M2  and  Mi  at  the  points  indi- 
;ed  by  these  letters.  Taking  a  section  through  K  and 
>ments  about  M',  Fig.  i : 

• 

2  \  2/2 

,.     M'^^[h-ho-^ (6) 

len  moments  about  M"  will  give 


M 


"=-ii(h-ho-^  =  -M'.       ...     (7) 


Obviously  the  signs  of  the  moments  M2  and  Mi  must 
opposite  to  those  of  M"  and  M'  respectively.     Hence, 

H  H 

M2=-~/to;    and    Mi  = ho.     ...     (8) 

2  2 


The  moments  throughout  the  parts  of  the  portal  will 
en  be: 
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For  girder  ACy 


M,=M'-^^''^\^Hlh^ho~]l^-Tl    .    (9) 


-4-^-^(1-1). . 


For  left  post  FA , 


M.=M,-«i^;=>-(»-^0.     .   „.. 


For  right  post  BC, 

m;  -m,  _Mir.« 


•"t(-^+(*-i)D-  •  "" 


It  has  been  shown  in  the  chapter  on  resilience  that  the 

work  done  in   bending  a  beam  is  — =rp  I  APdx,  I  being 

2hiJ 

the  moment  of  inertia  of  the  normal  section  of  the  beam. 

Similarly  the  work  performed  by  an  axial  force  P  on  a 

straight   member   whose   area   of   cross-section   is  ^4  and 

PVt 
knigth  h  is  — r-r^.     If  /i  is  the   moment  of  inertia  for  the 

2  Ah 

member  AC,  Fig.  i,  and  I2  for  each  post  AF  and  BG,  while 

/1 2  is  the  common  area  of  cross-section  for  the  latter,  one 

TT 

carrying    the    axial    load    P+  —  {h—ho)    and    the    other 

0 

P  —-j-Ui—IU)),  the  total  work  done  on  the  entire  portal  i> 

2 LI  Jo  2hl2jo 


+-^'-17[{^+j(^ 


h 
2A2E 
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If  «  =/t  —  and  g  =P2 H — — —  there  will  result: 
2  tr 

24EI1  4^/2x3  / 

Eq.  (5)  shows  that  ho  may  be  replaced  in  this  equation 

.  terms  of  P';    hence  ~rr-  corresponds  to  -,-=r,.     Placing 

dho  dP 

W 

r— =0  and  solving,  therefore, 


{bl2+3hh)b^A2+24h^Ij2 


b^A-j2+6hb^A2li  +  24hIil2 


(13) 


This  locates  the  points  of  contraflexure  and  enables 
11  computations  to  be  made. 

If  the  axial  compression  of  the  two  end  posts  be  neglected, 
he  last  term  in  both  numerator  and  denominator  of  the 
2cond  member  of  eq.  (13)  disappears,  and 


(-^) 


(6/2 +3H1) 


If  r2  is  the  radius  of  gyration  of  ^42  and  if  -r  =iy  eq. 
3)  may  take  a  more  convenient  form  for  computation: 

(i-±){bi+3h)b  +  2Ard 

fto T.2 -5 •   •     •     .     (15; 

'ji+6b+2/f 
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In  the  same  manner  eq.  (14)  becomes: 


('  -s)("+^»> 


Ao= r W 

|.+6 


CHAPTER  XVII. 

THE  FATIGUE  OF  METALS. 

Art.  i29.^Woehler's  Law. 

In  all  the  preceding  pages,  that  force  or  stress  which, 
^  a  single  or  gradual  application,  will  cause  the  failure  or 
pture  of  a  piece  of  material  has  been  called  its  **  ultimate 
sistance."  It  has  long  been  known,  however,  that  a  stress 
>s  than  the  ultimate  resistance  may  cause  rupttu-e  if  its 
►plication  be  repeated  (without  shock)  a  sufficient  number 
times.  Preceding  1859  no  experiments  had  been  made 
I  the  purpose  of  esxablishing  any  law  connecting  the  num- 
r  of  applications  with  the  stress  requisite  for  rupture,  or 
th  the  variation  between  the  greatest  and  least  values  of 
e  applied  stress. 

During  the  interval  between  1859  and  1870,  A.  Wohler, 
ider  the  auspices  of  the  Prussian  Government,  undertook 
e  execution  of  some  experiments,  at  the  completion  of 
lich  he  had  established  the  following  law : 

Rupture  may  be  caused  not  only  by  a  force  which  exceeds 
?  ultimate  resistance,  but  by  the  repeated  action  of  forces 
^'ernately  rising  and  falling  between  certain  limits,  the  greater 
which  is  less  than  the  ultimate  resistance;  the  number  of 
petitions  requisite  for  rupture  being  an  inverse  function 
th  of  this  variation  of  the  applied  force  and  its  upper  limit. 

This  phenomenon  of  the  decrease  in  value  of  the  break- 
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ing  load  with  an  increase  of  repetitions  is  known  as  "ft* 
fatigue  of  materially 

Although  the  experimental  work  requisite  to  give 
Wohler's  law  complete  quantitative  expression  in  the 
various  conditions  of  engineering  constructions  can  scarcely 
be  considered  more  than  begun,  yet  enough  has  been  done 
by  Wohler  and  Spangenberg  to  establish  the  jact  of  metallic 
fatigue,  and  a  few  simple  formulae,  provisional  though  they 
may  be.  The  importance  of  the  subject  in  its  relation  to 
the  durability  of  all  iron  and  steel  structures  is  of  such  a 
high  character  that  a  synopsis  of  some  of  the  experimental 
results  of  Wohler  and  Spangenberg  will  be  given  in  the  next 
article. 

Art.  130. — Experimental  Resul's. 

The  experiments  of  Wohler  are  given  in  **  Zeitschrift  fur 
Bauwesen,"  Vols.  X.,  XIII.,  XVI.,  and  XX.,  and  those  of 
Spangenberg  may  be  consulted  in  **  Fatigue  of  Metals," 
translated  from  the  German  of  Prof.  Ludwig  Spangenl^rg. 
1876. 

These  results  show  in  a  very  marked  manner  the  effect 
of  repeated  vibrations  on  the  intensity  of  stress  required 
t(^  produce  rupture. 

Spangenberg  states  that  **  the  experiments  show  that  \n- 
bratir)ns  may  take  place  between  the  following  limits  ^^^th 
equal  security  against  rupture  by  tearing  or  crushing: 


WnniRlit  iron 


Axle  cast  steel 


Sprinj^-stcel  not  hardened 


II  II 
II  II 
II     11 


'  4- 17,600  and  —  17.600  lbs.  per  sq.  in 
-   -|-  .^,^,000  and —      o 
.  -1-48,400  and -(-26,400 
r  -|-. ^0,800  and— 30,800 
•i  -1-52,800  and  o 

I  -}-8S,ooo  and -I- .^8, 500 
f  -}- 55,000  and  o 

\  -f  77.000  and-l- 27,500 
j  -|-88,(xx^  and -(-44,000 
[  -f  99,000  and  4- 66,000 


««     «« 


.] 
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3r  axle  cast  steel  in  shearing : 

+  24,200  and  — 24,200  lbs.  per  sq.  in. 
4-41.800  and    o   "   "  "  " 


PHCENIX  IRON  IN  TENSION. 


>tress  per 
; Inch. 

Number 
of  Repetitions. 

Pounds  Stress  per 
Square  Inch. 

Number 
of  Repetitions. 

S  3,800 
48,400 
44,000 
39.600 

800  rupture 
106,910  rupture 
340,853  rupture 
409,481  rupture 

0  to  39,600 

0  to  35.200 

33,000  to  48,400 

36,400  to  48,400 

480.85a  rupture 
10,141,645  rupture 
2. .173.424  rupture 
4,000,000  not  broken 

WESTPHALIA  IRON  IN  TENSION. 


5^.800 

4.700  rupture 

0  to  39,600 

180,800  rupture 

48.400 

83,199  rupture 

0  to  39.600 

596.089  rupture 

♦.S.400 

33,330  rupture 

0  Ui  39,600 

433.572  rupture 

44.000 

136,700  rupture 

0  to  35,200 

380,1 31  rupture 

44.000 

159.639  rupture 

0  to  35.200 

566,344  rupture 

FIRTH  &  SONS'  STEEL  IN  TENSION. 


66.000 

83,3 » 9  rupture 

0  to  55.000 

103,540  rupture 

bo. 500 

168.396  rupture 

0  to  53,900 

1 3,300,000  not  broken 

5  5.000 

133.010  rupture 

0  to  53.900 

339.330  rupture 

55.000 

185,680  rupture 

0  to  53,800 

692.543  rupture 

55.000 

360.335  rupture 

0  to  53,800 

13.300,000  not  broken 

186,005  rupture 

0  to  50,600 

55. 000 

KRUPPS  AXLE-STEEL  IN  TENSION. 


8H.000 
77,000 
66.000 
60.500 


18,741  rupture 

46,386  rupture 

170,000  rupture 

133.770  rupture 


o  to  5  5 ,000 
o  to  53.800 
o  to  50,600 


473.766  rupture 
13,600,000  not  broken 
1 3,300.000  not  broken 


PHOSPHOR-BRONZE  (UWVORKED)  IN  TENSK)N 


23,000 
16.500 


147,850  rupture 

408.350  rupture 

3.731,161   rupture 


o  tu  13,750 
o  to  13.750 


1,548.930  rupture 
3,340,000  rupture 


PHOSPHOR-BRONZE  (WROUGHT)  IN  TENSION. 


23.000 
16.500 


53,000  rupture 
3,600,000  not  broken 


o  to  13,750 


1,631.300  rupture 
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COMMON  BRONZE  IN  TENSION. 


o  to  22.000 
o  to  16,500 


4  aoo  rupture 
6,300  rupture 


o  to  1 1 ,000 


5,447.600  rupture 


PHCENIX  IRON  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


Pounds  Stress  per 
Square  Inch. 


o  to  60.500 
o  to  55.000 
o  to  49.500 
o  to  44,000 


Number 
of  Repetitions. 


i6q,75o  rupture 

420,000  ruptiuv 

481,975  rupture 

1,320.000  rupture 


Pounds  Stress  per 
Square  Inch. 


o  to  39.600 
o  to  35.>oo 
o  to  33.000 


Number 
of  Repetiuoos. 


4.035.400  roP^o" 
3,420.000  rupture 

4.820,000  not  broken 


WESTPHALIA  IRON  IN  FLEXURE  (ONE  DIRECTION  ONL\T 


o  to  53.350 

o  to  4Q.500 

o  to  46.750 


612,065  rupture 
457.2  39  rupture 
799.543  rupture 


o  to  44.000 
o  to  39,600 


1.493.5"™?^"* 
3.587,509  ruptare 


HOMOGENEOUS  IRON  IN  FLEXURE  (ONE  DIRECTION  ONLM. 


o  to  60.500 
o  to  55,000 
o  to  40.500 
o  to  44  000 


169,750  lupturt' 

420,000  rupture 

481,975  rupture 

1,320,000  rupture 


o  to  ^^9,600 
o  to  35.020 
o  to  33.000 


4.035.400  rupture 
3.420.000  not  broken 
48,200,000  not  brxikfo 


FIRTH  &  SONS'  STEEL  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


o  to  63.250 
o  to  60,500 
o  t«)  5 5. 000 


281,856  rupture 

266,556  rupture 

». 479.908  rupture 


o  to  52,250 
o  to  49.500 
o  to  49.500 


S78.32.<ruT>turf 
5. 640.596*  rupturt 
1 3.700.000  n»'t  bn  kfo 


♦  Accidental. 


KRUPP'S  AXLE-STEEL  IN  FLEXURE  (ONE  DIRECTION  0N1.M 


o  to  77  000 

O  to  tih  000 

c  to  60.500 


104.300  rupture 
317.^75  rupture 
61  2,500  rupture 


o  to  55.000 
o  to  55.000 
o  to  49.500 


720.400  ruptufp 
1 .400.600  rupiurf 
43.000.000  not  brokffl 


\rt.  130.1. 
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iCRUPFS  SPRING-STEEL  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


0  to  110,000 

39,950  rupture 

72,600  to  110,000 

19.673.300  not  broken 

0  to    88.000 

117 .000  rupture 

66,000  to    99.000 

33.600,000  not  broken 

0  to    66.000 

468,200  rupture 

44,000  to    88.000 

35,800,000  not  broken 

0  to    55  000 

40,600,000  not  broken 

44,000  to    88.000 

38.000.000  not  broken 

0  to    49.500 

32,942,000  not  broken 

61,600  to    88.000 

36,000,000  not  broken 

88.000  to  I J 2. 000 

35,600,000  not  broken 

27,500  to    77.000 

36,600,000  not  broken 

OQ.ooo  to  132.000 

3 J. 4 7*. 7 00  not  broken 

33.000  to    77,000 

31,152 ,000  not  bioken 

PHOSPHOR-BRONZE  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


Pounds  Stress  per 
Scitiare  Inch. 

Number 
of  Repetitions. 

1    Pounds  Stress  per 
1         Square  Inch. 

Number 
of  Repetitions. 

0  to  22.000 
0  to  19.800 

862,980  rupture 
8,151,81 1  rupture 

0  to  16,500 
0  to  13,200 

5,075,169  rupture 
10,000,000  not  broken 

COMMON  BRONZE  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


o  to  22,000 
o  to  19,800 


102,659  rupture 
151,310  rupture 


o  to  16,500 
o  to  13,200 


837.760  rupture 
10,400,000  not  broken 


PHCENIX  IRON  IN  TORSION  (BOTH  DIRECTIONS). 


35.200  to  +35.200 

4  t.OOO  to   +33  000 

28.600  to  +  28  600 
26.400  to  +  26.400 


56,430  rupture 

99.000  rupture 

479.400  rupture 

909.810  rupture 


24,200  to  +24,200 
22.000  to  +22.000 
19,800  to  +  10  Hoo 
17,600  to  +  17,600 


3.632.588  rupture 
4  917.992  rupture 
19  186,791  rupture 
132,250,000  not  broken 


ENGLISH  SPINDLE-IRON  IN  TORSION  (BOTH  DIRECTIONS). 


37.400  to 
37.400  to 
35.200  to 
35.200  to 
3  3 .000  to 
33  000  to 
JO  800  to 


+  37.40' 
+  37,400 
+  35,200 
+  3.S.200 
+  33.000 
+  iS  000 
+  30,800 


204.400 
147  800 
9 1 1 , 1 00 
402,900 

1,064.700 
384,890 

1.337,700 


1 

rupture 

—  30,800  to  +30.80 

rupture 

—  28  600  to  +  2H.60 

rupture     1 

—  28  600  to  +  28.60c 

rupture 

—  26.400  to  +  26.400 

rupture 

—  26.400  to  +  26.40c 

rupture 

—  22.000  to  +  22,00c 

rupture 

—  22  000  to   +  2  2.000 

979.100  rupture 
1. 1 42.600  rupture 

595.910  rupture 
3.823.200  rupture 
6  100.000  not  bn»ken 
8,800  000  not  br«»kcn 
4.000.000  not  broken 


KRUPP'S  AXLE-STEEL  IN  TORSION  (BOTH  DIRECTIONS) 


44 

000 

to  + 

44 

ooe 

— 

39 

,600  to  + 

39 

6or 

— 

37.400 

to  + 

37.400I 

— 

\$ 

.200 

to  +35 

,200 

.— 

<3 

,000 

to  + 

33 

000 

367,400  rupture 
925,800  rupture 
4.900.000  not  broken 
4.800,000  not  bn»kt'n 
5.000  000  not  broken 


46,200  to    -*■    1^   v^ 
37,400  to    +37,70f 

3<  200  to  +35.200 
<^,ooo  to  +  ^3.oor 
)  3 .000  to  +  ^  1 ,000 


5^.100  rupture 

797.525  rupture 

T  665,580  rupture 

4.163  375  rupture 

45.050.640  rupture 
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The  late  Capt.  Rodman,  U.SA..  made  a  considerable 
number  of  experiments  on  the  fatigue  of  cast  iron,  but  they 
were  sufficient  in  niunber  and  character  to  show  the  general 
effect  only,  and  gave  no  quantitative  results. 

The  specimens  used  in  all  the  preceding  experiments 
were  small. 

During  i860,  '61,  and  '63  Sir  Wm.  Fairbairn  coo- 
structed  a  built  beam  of  plates  and  angles  with  a  depth  of 
16  inches,  clear  span  of  ao  feet,  and  estimated  centre  break- 
ing load  of  26,880  pounds. 

This  beam  was  subjected  to  the  action  of  a  centre  load 
of  6643  pounds,  alternately  applied  and  relieved  eight 
times  per  minute;  596,790  continuous  applications  pro- 
duced no  visible  alterations. 

The  load  was  then  increased  from  one  fourth  to  two 
sevenths  the  breaking  weight,  and  403,2 10  more  applicati(ffl3 
were  made  without  apparent  injury. 

The  load  was  next  increased  to  two  fifths  the  breaking 
weight,  or  to  10.486  pounds;  5175  changes  then  broke  the 
beam  in  the  tension  flange  near  the  centre. 

The  total  number  of  applications  was  thus  i.oos.i?;. 

The  beam  was  then  repaired  and  loaded  with  10.500 
pounds  at  centre  158  times,  then  with  8025  pounds  35,900 
times,  and  finally  with  6643  pounds  enough  times  to  make  a 
total  of  3,150,000. 

In  these  experiments  the  load  was  completely  removed 
each  time. 

It  is  thus  seen  that  vibrations  (without  shock)  with  one- 
fourth  the  calculated  breaking  centre  !(«id  pniduced  no 
apparent  effect  on  the  resistance  of  the  beam,  but  that 
two  fifths  of  that  load  caused  failure  after  a  comparatively 
small  number  of  repetitions. 

It  is  probable  that  the  breaking  centre  load  was  calcn* 
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lated  too  high,  in  which  case  the  ratios  \  and  |  should  be 
somewhat  increased. 

Art.  131. — Formulae  of  Launhardt  and  Weyrauch. 

Let  R  repres.ent  the  intensity  (stress  per  square  unit  ot 
section)  of  ultimate  resistance  for  any  material  in  tension, 
compression,  shearing,  torsion,  or  bending;  R  will  cause  rup- 
ture at  a  single,  gradual  appUcation.  But  the  material  may 
also  be  ruptured  if  it  is  subjected  a  sufficient  number  of 
times,  and  alternately,  to  the  intensities  P  and  Q,  Q  being 
less  tlian  P  and  both  less  than  R,  while  all  are  of  the  sayne 
kind.  When  Q=o  let  P  =  iy,  and  let  D  =  P-(3.  Pl/^  is  called 
the  ''primitive  safe  resistance,"  since  the  bar  returns  to  its 
primitive  unstressed  condition  at  each  application.  In  the 
general  case  P  is  called  the  "working  ultimate  resistance.*' 

By  the  notation  adopted: 

P-Q  +  D (i) 

But  by  W6hler*s  law,  P  is  a  function  of  D,  or 

P=f(D) (2) 

A  sufficient  number  of  experiments  have  not  yet  been 
made  in  order  to  completely  determine  the  form  of  the 
function  f  {D). 

It  is  known,  however,  that 

for  (3  =  0,     p  =  /;  =  ir; 

andfor/)=o,      P=Q=R, 

Provisionally,  Launhardt  satisfies  these  two  extreme 
conditions  by  taking 
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Even  at  these  limits  this  is  not  thoroughly  satisfacion', 
for  when  D=o.  P=  -{R  —  W),  or  is  indeterminate. 

By  solving  eq.  (3), 


,„/       R-\V  Q\ 


(4) 


But  if  the  least  value  of  the  total  stress  to  which  any 
member  of  a  structure  is  subjected  is  represented  by 


and  its  greatest  value  by  >i 
Hence 


e  B,  there  will  result 


A'  -  W  min  B\ 


mitt  8   Q 


which  is  Launhardt's  formula.  In  the  preceding  article 
some  values  of  IF  are  shown.  In  applying  eq,  (5)  it  is  only 
necessary  to  take  the  primitive  safe  resistance,  U",  for  the 
total  number  of  times  which  the  structure  will  be  subjected 
to  loads.  Since  bridges  are  expected  to  possess  an  indefiniw 
duration  of  Hfe,  in  such  structures  tliat  number  sliould  be 
indefinitely  large. 

Eq.  (5),  it  is  to  be  borne  in  mind,  is  to  be  applied  when 
tile  piece  is  always  subjected  to  stress  of  one  kitui.  or  in  oM 
liirectwn  only.  It  agrees  well  with  some  exjierimcnts  bf 
WohltT  on  Krupp's  untempered  cast  spring  steel. 

If  the  stress  in  any  piece  varies  from  one  kind  to  another, 
as  from  tension  to  compression,  or  vice  versa,  or  from  one 
direction  to  another,  as  in  torsion  on  each  side  of  a  state  iif 
no  stress,  Weyrauch  has  estabUshed  the  following  fonnula 
by  a  course  of  reasoning  similar  to  that  used  by  Launhardt. 

If  the  opposite  stresses,  which  will  cause  rupture  by  a 
certain  number  of  applications,  are  equal  in  intensity,  and 
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if  that  intensity  is  represented  by  5,  then  will  S  be  called 
the  **  vibration  resistance** ;  this  was  established  by  Wohler 
for  some  cases,  and  some  of  its  values  are  given  in  the  pre- 
ceding article. 

Let  +P  and  —P'  represent  two  intensities  of  opposite 
kinds  or  in  opposite  directions,  of  which  P  is  numerically  the 
greater.    Then  if  JD  =  P  +  P', 

P^D-P\ 

The  two  following  limiting  conditions  will  hold : 

ForP'=o,     P=D  =  ir; 
ForP'=5;    P^^S^^^D. 

But  by  W6hler*s  law  P  =/(/)),  and  the  two  limiting 
conditions  just  given  will  be  found  to  be  satisfied  by  the 
provisional  formula 

^=^WZ53p^=IiF35bp(^  +  n.    .     .     (6) 
By  the  solution  of  eq.  (6), 

^=K'-^v-f) (7) 

If,  without  regard  to  kind  or  direction,  nujx  B  is  numer- 
ically the  greatest  total  stress  whicli  the  piece  has  to  carry, 
while  max  li'  is  the  greatest  totiil  stress  of  the  other  kind 

or  direction,  then  will  -77  =  ,j.     Hence  there  will  result 

the  following,  which  is  the  formula  of  Weyrauch: 

„     „Y       W-SmaxB'\ 

P  =  ir(i fp 77) (8) 

\  Iv       max  B I  ^  ' 
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Eqs.  (5)  and  (8)  give  values  of  the  intensity  P  which  are 
to  be  used  in  determining  the  cross-section  of  pieces  de- 
signed to  carry  given  amounts  of  stress.  If  »  is  the  safety 
factor  and  F  the  total  stress  to  be  carried,  the  area  of  sec- 
tion desired  will  be 

nF 

P 

in  which  -  is  the  greatest  working  stress  pemutted. 

If  for  wrought  iron  in  tension  IF  =30,000  and./?  = 
50,000,  eq.  (5)  gives 


P  =  30,000 


(2  min  B  \ 
3  niax  B)  ' 


Hence,  if  the  total  stress  due  to  fixed  and  moving  loads 
in  the  web  meml^cr  of  a  truss  is  max  H  =  80,000  pounds, 
while  that  due  to  the  fixed  load  alone  is  min  Zi  =40,000, 
there  will  result 

/        2   40,ooo\ 
P  =  30,ooo(^i  +  -g^;^~j  =40.000. 

In  such  a  case  the  greatest  ])crmissible  working  stress 
with  a  safctv  factor  of  3  would  be  ab:)ut  13,300  jxmnds. 
For  steel  in  tension,  if  IF  =  50,000  and  7^  =  75,000, 


„  /       I  min  H\ 

P  =  50,000   i-f-  -      -rJ. 
\       2  max  B 


I^'or  wrought  iron  in  torsion,  if  S--=  18,000  and  IT  =  24,000, 
eq.    (8)   will  give 

^  /        I  ;;/c7  V  IV' 

P  ^  24.000(  I  —  ri 

\       4  max  B 
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Other  methods  based  on  Wohler's  experiments  have  been 
deduced  by  MuUer,  Gerber,  and  Schaffer,  of  which  synopses 
may  be  foimd  in  Du  Bois'  translation  of  Weyrauch's 
"  Structures  of  Iron  and  Steel." 


Art.  132. — ^Influence  of  Time  on  Strains. 

In  an  earlier  section  of  this  book  devoted  to  data  of 
certain  tests,  the  effect  of  prolonged  tensile  stress  and 
subsequent  rest  between  the  elastic  limit  and  ultimate  resist- 
ance was  shown  to  be  the  elevation  of  both  those  quantities. 
It  is  a  matter  of  common  observation,  however,  that  if  a  piece 
of  wrought  iron  be  subjected  to  a  tensile  stress  nearly  equal 
to  its  ultimate  resistance,  and  held  in  that  condition,  the 
stretch  will  increase  as  the  time  elapses. 

Experiments  are  still  lacking  which  may  show  that  a 
piece  of  metal  can  be  ruptured  by  a  tensile  stress  m.uch 
below  its  ultimate  resistance.  It  may  be  indirectly  inferred, 
however,  from  experiments  on  flexure,  that  such  failure 
may  be  produced,  as  the  following  by  Prof.  Thurston  will 
show. 

A  bar  10  parts  tin  and  90  parts  copper,  i  X  i  X  22  inches 
and  supported  at  each  end,  sustained  about  65  per  cent,  of 
its  breaking  load  at  the  centre  for  five  minutes.  During 
that  time  its  deflection  increased  0.021  inch.  The  same 
bar  sustained  1485  pounds  at  centre  for  13  minutes  and 
then  failed. 

A  second  bar  of  the  same  size,  but  90  parts  tin  and  10 
parts  copper,  was  loaded  at  the  centre  with  160  pounds, 
causing  a  deflection  of  1.294  inches.  After  10  minutes  the 
deflection  had  increased  0.025  inch ;  after  one  day,  i.oo  inch ; 
after  two  days,  2.00  inches ;  and  after  three  days,  3.00  inches, 
when  the  bar  failed  under  the  load  of  160  pounds. 

Another  bar  of  the  same  size  showed  remarkable  results ; 
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it  was  composed  of  90  parts  zinc  and  10  parts  copper.  It 
gave  the  same  general  increase  of  deflection  with  time,  but 
eventually  broke  under  a  centre  load  which  ran  do>\Ti  from 
1233  to  91.1  pounds,  after  holding  the  latter  about  three 
minutes. 

A  bar  of  the  same  size  and  96  parts  copper  with  4  parts 
tin,  after  it  had  carried  700  pounds  at  centre  for  sixty  min- 
utes was  loaded  with  1000  pounds,  with  the  following 
results : 

After.  Deflection, 

o  minute 3. 118  inches 

5  minutes 3 .  540 

1 5  minutes 3 .  660 

45  minutes 4 .  102 

75  minutes 7 . 634      " 

Broke  under  1000  pounds. 

A  wrought-iron  bar  of  the  same  size  gave,  under  a  centre 
load  of  1600  pounds: 

AfttT.  Deflection. 

o  minute o .  489  inch. 

3  minutes o  632 

6  minutes 0.650 

16  minutes o.Mro 

344  minutes o.(y(ro 


*t 
If 


It  subscciuently  carried  2589  pounds  with  a  deflection  of 
4.67  in  dies. 

During  1875  and  1876  Prof.  Thurston  made  a  number  <)t 
oilier  similar  c.\]KTiments  with  the  siime  general  results. 

Metals  like  tin  and  many  of  its  alloys  showed  an  increas- 
ing rate  of  defleetion  and  final  failure,  far  below  the  so-called 
"ultimate  resistanee."  The  wrought-iron  bars,  however, 
showed  a  deen^asing  iixTement  of  deflection,  which  finally 
became  zero,  leaving  the  deflection  constant. 

Whether  there  may  be  a  point  for  every  metal,  beyond 
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ich,  with  a  given  load,  the  increment  of  deflection  may 
lin  its  value  or  go  on  increasing  until  failure,  and  below 
tch  this  increment  decreases  as  the  time  elapses,  and 
illy  becomes  zero,  is  yet  undetennined,  but  seems  proba- 

It  does  not  follow,  therefore,  that  the  principle  enunci- 
d  in  the  section  named  at  the  beginning  of  this  article 
to  be  taken  without  qualification.  If  "rest"  under 
ss,  too  near  the  ultimate  resistance,  be  sufficiently  pro- 
ged,  it  has  been  seen  that  it  is  possible  that  failure  may 
e  place. 

In  verifying  some  experimental  results  by  Herman 
upt,  determined  over  forty  years  ago,  Prof.  Thurston 
three  seasoned  pine  beams  about  i\  inches  square 
I  40  inches  length  of  span,  and  found  that  60  per  cent, 
the  ordinary'  "breaking  load"  caused  failure  at  the  end 
\,  12,  and  15  months.  In  these  cases  the  deflection  slowly 
1  steadily  increased  during  the  periotls  named. 
Two  other  sets  of  three  pine  beams  each  broke  under  80 
I  95  per  cent,  of  the  usual  "breaking  load."  after  much 
Mter  inter\'als  of  time. 

In  all  these  instances  it  is  evident  that  the  molecules 
ler  the  greatest  stress  "  flow  "  over  each  other  to  a  greater 
less  extent.  In  the  cases  of  decreasing  increments  of 
lin,  the  new  positions  afford  capacity  of  increased  resist- 
le ;  in  the  others,  those  movements  are  so  great  that  the 
tances  between  some  of  the  molecules  exceed  the  reach 
molecular  action,  and  failure  follows. 
In  many  cases  strained  portions  of  material  recover  par- 
ly or  wholly  from  permanent  set.  In  such  cases  a  por- 
1  of  the  material  has  been  subjected  to  intensities  of 
9ss  high  enough  to  produce  true  "flow"  of  the  molecules. 
lie  the  remaining  portion  has  not.  The  internal  elastic 
Ttrcsses  in  the  latter  portion,  after  the  removal  of  the  exter- 
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nal  forces,  produce  in  time  a  reverse  flow  in  consequence  of 
the  elastic  endeavor  to  restime  the  original  shape. 

It  is  altogether  probable  that  the  phenomena  of  fatigue 
and  flow  of  metals  are  very  intimately  associated.  Some 
of  the  prominent  characteristics  of  the  latter  will  be  given 
in  the  next  chapter. 


CHAPTER  XVIII. 

THE  FLOW  OF  SOLIDS. 

Art.  133. — General  Statements. 

Although  there  is  no  reason  to  suppose  that  true  solids 
lay  not  retain  a  definite  shape  for  an  indefinite  length  of 
me  if  subjected  to  no  external  force  other  than  gravity,* 
lany  phenomena  resulting  both  from  direct  experiment  for 
le  purpose,  and  incidentally  from  other  experiments  involv- 
ig  the  application  of  external  stress  of  considerable  inten- 
ty,  show  that  a  proper  intensity  of  internal  stress  (in 
lany  cases  comparatively  low)  will  cause  the  molecules  of  a 
3lid  to  flow  at  ordinary  temperatures  like  those  of  a  liquid, 
^nd  this  flow,  moreover,  is  entirely  different  from,  and  inde- 
endent  of,  the  elastic  properties  of  the  material;  for  it 
rises  from  a  permanent  and  considerable  relative  displace- 
ment of  the  molecules.  Nor  is  it  to  be  confounded  with 
hat  internal  **  friction"  which,  if  an  elastic  body  is  sub- 
-cted  to  oscillations,  causes  the  amplitudes  to  gradually 
ecrease  and  finally  disappear,  even  in  vacuo.  This  latter 
lotion  is  typically  elastic  and  the  retarding  cause  may  be 
onsidered  a  kind  of  elastic  friction. 

It  is  evident  that  if  a  mass  of  material  be  enclosed  on  all 
:s  faces,  or  outer  surfaces,  but  one  or  a  portion  of  one,  and 
■  external  pressure  be  brought  to  bear  on  those  faces,  the 


*This,  perhaps,  may  be  considered  a  definition  of  a  true  solid. 
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t^ o 


material  will  be  forced  to  move  to  and  through  the  (ret sur- 
face ;  in  other  words,  the  flow  of  tiie  material  will  tckt  ^a 
in  tke  direction  of  least  resistance. 

The  theory  of  the  flow  of  solals 
to  be  given  is  that  developed  by 
Mons.  H.  Tresca  in  his"M^iiKii« 
sur  I'Ecoulement  des  Corps  So 
hdes,"  i8()5.  He  made  a  Iai?e 
number  of  experiments  on  haul 
and  soft  metals,  ceramic  pasta 
sand,  and  shot. 

These  different  materials  aD 
manifested  the  same  charactcn*' 
tics  of  flow,  which  are  well  shnira 
in  Fig.  2.  AliCD.  Fig.  1,18  sup- 
ITOsed  to  be  a  cylindrical  mass  of 
lead  wnth  circular  horizontal  sec- 
tion, confined  in  a  circular  cylin- 
der, MX,  closed  at  one  enil  with 
the  exception  of  the  orifice  I^- 

This  cylinder  is  supported  t* 
the  base  PN,  while  the  face  .\S 
of  the  lead  receives  external  pn* 
sure  from  a  close-fitting  pistna 
^Vhen  the  pressure  is  sufificicnt'y 
increased,  the  face  AB  in  Fig. ' 
sinks  to  AB  in  Fig.  2,  while  tin 
column  hkllK.  in  the  latter  figuR 
is  forced  to  flow  through  the  on- 
D  fice  0. 

"'■  In  Tresca's  experiments  wi^ 

lead,  the  diameter  AB  was  about  3.9  inches;  the  diametif 
HK  of  the  orifice,  from  0.75  in.  to  1.5  ins.,  while  the  lei^ 
of  the  column  or  jet  hK  varied  from  0.4  in.  to  about  14  ins 
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i  total  pressure  on  the  face  A13  varied  from  119,000  to 
S.ooo  pounds.     The  initial  thickness  AD  varied  from  0.24 

1  to  3.4  inches. 

I  Some  experiments  exhibiting  in  a  remarkably  clear  man- 

f  the  flow  of  metals  in  cold  punching  were  made  by  David 

jwnsend  in  1878,  and  the  results  were  given  by  him  in  the 

toumal  of  the  Franklin  Institute"  for  March  of  that  year. 

jthe  dotted  rectangle  ABFG,  Fig.  3,  shows  the  original 

Btine  of  the  middle  section  of  a  nut  before  punching,  he 

nd  that  the  final  outline  of  the  same  section  would  be 

nted  by  the  full  hnes.     The  top  and  bottom  faces 

e  depressed  by  the  punching,  as  shown ;  the  upper  width 

r  remained  about  the  same,  but  the  lower.  GF,  was  in- 

ssed  to  CD.    Although  the  depth  of  the  nut,  AC,  was  1.75 

Jies,  the  length  of  the  core  punched  out  was  only  1.063 

Tile  density  of  this  core  was  then  examined  and 

tnd  to  be  the  same  as  that  of  the  original  nut.    Hence  a 

rtion  of  the  core  equal  in  length  to  1.75  -  1063  =0.687 

s  forced,  or  flowed,  back  into  the  body  of  the  nut. 

bsequent  experiments  showed  that  this  flow  did  not  take 

ice  at  Uie  immediate  upper  surface  AB,  nor  very  much 

iie  lower  half  of  th^  nut,  but  that  it  was  chiefly  confined 

L  zone  equal  in  depth  to  about  half  that  of  the  nut,  the 

r  surface  of  which  lies  a  very  short  distance  below  th^ 

r  face  of  the  nnt.  The  location  of  this  zone  is  shown  by 

\  lines  HK  and  MK  in  Fig.  3. 

I  Tresca's  experiments  on  punching  showed  essentially  the 
e  result. 

Art.  1J4. — Tresca's  Hypotheses. 
\  The  central  cylinder  FGKH,  Fig.  i  of  Art.  133  was  called 
I Tresca  the  "primitive  central  cylinder."    As  the  metal 
jvs,  this  cylinder  will  be  drawn  out  into  the  volume  of 
'olution,  whose  axis  is  that  of  the  orifice  and  whose 
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meridian  section  is  FGkKIIh,  Fig.  2,  the  diameter  F(7  being 
gradually  decreased. 

It  was  found  by  experiment  that  if  the  original  mass  .IC, 
Fig.  I,  was  composed  of  horizontal  layers  of  uniform  thick- 
ness,  the  reduced  mass  in  Fig.  2  was  also  cpmpc^sed  of  i!ie 
same  number  of  layers  of  uniform  thickness,  except  in  the 
immediate  vicinity  of  the  central  cylinder. 

Tresca  then  assumed  these  three  hypotheses: 
I®. — The  density  of  the  material  reviains  the  same  whether 
in  the  cylinder  or  in  the  jet;  in  other  words,  the  volume  of  the 
material  in  the  jet  and  in  the  cylinder  remains  constant. 

Let  R  =  radius  of  the  cyHnder; 
i?j  =  radius  of  the  orifice ; 
y  =  variable  length  of  the  jet  (i.e.,  hH); 
D  =  original  depth  of  material  (BC  =  AI),  Fig.  i) 

in  the  cylinder; 
d  =  variable  depth  of  material  {80=^  AD,  Fig.  2) 

in  the  cylinder; 

then  by  the  hypothesis  just  stated 

I<'d  =  I<'I)-R^'y (i^ 

2°. — The  rate  of  compression  aloni^  any  and  all  lines  paraU 
hi  lo  the  axis  of  the  primitive  central  cylinder,  and  taken  onishit 
of  lUat  limit,  is  constant. 

If,  then,  the  material  lying  outside  of  the  central  cylinder 
be  divided  into  horizontal  layers  of  equal  thickness,  a  ver\* 
small  decrease  in  the  variable  depth  equal  to  d  (u)  will  cause 
the  same  amount  of  material  to  move  or  flow  from  each  of 
th?se  layers  into  the  space  originally  occupied  by  the  central 
cylinder,  thus  causing  a  ])ortion  of  the  material  previously 
resting  over  the  orifice  to  flow  through  the  latter.  If  dyd' 
\:  the  indefinitely  small  change  of  depth,  and  J/v,  the  in- 
definitely small  change  in  the  radius  of  the  cylindrical  jK>r- 
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tion  resting  over  the  orifice,  then  the  equality.iof  volumes 
expressing  this  hypothesis  is  the  following: 

jziR'  -  i?,») .  d{d)  =  2nR^d .  dR^, 
or 

d(d)     2R^dR, 


d       R'~R^'' 


(2) 


3®. — The  rate  of  decrease  of  the  radius  of  the  primitive  cen- 
tral cyliftder  is  constant  throughout  its  length  at  any  given  in- 
stant during  flow. 

Let  r  be  any  radius  less  than  7?^,  then  if  the  latter  is  de- 
creased by  the  very  small  amount  dR^,  the  former  will  be 
shortened  by  the  amount  dr;  and  by  the  last  hypothesis 
there  must  result 

dR,     dr 

7^=7 (3) 

This  is  a  perfectly  general  equation,  in  which  r  may  or 
may  not  be  the  variable  value  of  the  radius  (^f  that  portion 
of  the  primitive  central  cylinder  remaining  above  the  orifice 
at  any  instant  during  flow. 

These  are  the  three  hypotheses  on  which  Tresca  based 
his  theorj''  of  the  flow  of  solids.  It  is  thus  seen  t(^  be  put 
upon  a  purely  geometrical  basis,  entirely  independent  of  the 
elastic  or  other  properties  of  the  material. 

Art.    135. — The  Variable    Meridian    Section    of   the   Primitive 

Central  Cylinder. 

The  meridian  curve  hall,  or  hb!\,  Fig.  2  of  Art.  133, 
mav  now  easilv  be  determined. 

Eq.  (i)  of  Art.  134  may  take  the  first  of  the  following 
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forms,  while  its  differential,  considering  d  and  y  variable, 
may  take  the  second: 

d{d)  =  -  ^V 


Dividing  the  second  by  the  first, 

d{d)         dy  2R,dR^ 

d    ~       R*      ~R'-R'- 

The  last  member  of  this  equation  is  simply  eq.  (2)  of 
Art.  134;  and  if  the  value  of  dR^,  in  eq.  (3)  of  the  same 
article,  be  inserted  in  the  third  member  of  this  equation, 
there  will  result 

2R,^      dr  dy 


R'-R''  r  R'' 

Integrating  between  the  limits  of  r  and  /?,,  and  remem- 
bering that  r  w411  be  restricted  to  the  representation  of  the 
radius  of  that  portion  of  the  primitive  central  cylinder 
which  remains,  at  any  instant,  over  the  orifice,  by  taking 
y  =  o  for  r  =  R^, 


2/?,'  r 

-2  log  ^  -=log 


J^2_P>2    ^-S    p>^ 


''log''  indicates  a  Napierian  logarithm. 
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Passing  from  logarithms  to  the  quantities  themselves, 
and  reducing, 


y^?^\        ._('.) '         I (I) 


This  is  the  desired  equation  of  the  line,  in  which  r  is 
measured  normal  to  the  axis  of  the  cylinder  or  jet,  while  y 
is  measured  along  that  axis  from  the  extremity  of  the  jet. 
When  the  material  is  wholly  expelled, 

y=^2^f  and  r  =  o. 

Eq.  (2)  is  applicable  to  the  jet  only.  For  the  line  hF  or 
Gk,  resort  will  be  had  to  the  equation 

d(dl^    2R,^     dr 
d    ^'R'-R~'  r' 

Again  integrating  between  the  limits  d  and  D,  or  r  and 
i?j,  and  reducing, 

/d\   ^^»' 

This  value  of  r  is  the  radius  of  that  portion  of  the  primi- 
tive central  cylinder  which  remains  over  the  orifice  when  D 
is  reduced  to  J. 


Art  136. — Positions  in  the  Jet  of  Horizontal  Sections  of  the 

Primitive  Central  Cylinder. 

That  portion  of  the  primitive  central  cylinder  below  ab, 
in  Fig.  I  of  Art.  13  3  will  be  changed  to  abKH  in  Fig.  2  of 
the  same  article. 
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If,  in  the  latter  Fig.,  y'  is  the  distance  from  UK  to  ah, 
measured  along  the  axis,  then  the  volume  of  HKab  wU 
have  the  value 


0 


If  d'  is  the  distance  aF=-bG,  in  Fig.  i,  the  equality  ot 
voltunes  will  give 


J    0 


Eq.  (i)  of  Art.  125  gives 


R» 


'•  //^^  =^>*^  ~  ^^'^{^  -T^^'^  -K'^'D-d'^ ; 


If  N  is  the  number  of  horizontal  layers  required  to  com- 
pose the  total  thickness  D,  and  n  the  number  in  the  depth  d\ 

d'  _n 


Hence 


5''^/v|_'-Cv)   J^ 


(2) 
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Tresca  computed  values  of  y'  for  some  of  his  experiments 
and  compared  the  results  with  actual  measurements.  The 
agreement,  though  not  exact,  was  very  satisfactory.  Within 
limits  not  extreme,  the  longer  the  jet  the  more  satisfactory 
was  the  agreement. 

Art  137^ — Final  Radius  of  a  Horizontal  Section  of  the  Primitive 

Central  Cylinder. 

Let  it  be  required  to  determine  what  radius  the  section 
situated  at  the  distance  d'  from  the  upper  surface  of  the 
primitive  central  cylinder  will  possess  in  the  jet. 

It  will  only  be  necessary  to  put  for  y  in  eq.  (i)  of  Art. 
135  the  value  of  y'  taken  from  eq.  (i)  of  Art.  136.  This 
operation  gives 

^  \R^-Ri^ 


/d^\  ^'  ^  (r^ 


Hence 


/?«-/?l8 


fd'\    '^ 

^=^\d)        (^) 

If  /?,  is  small,  as  compared  with  /?,  there  will  result  ap- 
proximately 

/d'\^ 


Art.  138. — Path  of  Any  Molecule. 

The  hypotheses  on  which  the  theory  of  flow  is  based 
enable  the  hypothetical  path  of  any  molecule  to  be  easily 
established. 
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In  consequence  of  the  nature  of  the  motion  there  will  be 
three  portions  of  the  path,  each  of  which  will  be  represented 
by  its  characteristic  equation,  as  follows: 

First,  let  the  molecule  lie  outside  of  the  primitive  central 
cylinder, 

I^t  R'  and  H  be  the  original  co-ordinates  of  the  mole- 
cule considered,  measured  normal  to  and  along  the  axis  ot 
the  cylinder,  respectively,  from  the  centre  of  the  orifice  HK 
(Fig.  I,  Art.  133)  as  an  origin,  while  r  and  h  are  the  variable 
co-ordinates. 

The  first  hypothesis,  by  which  the  density  remains  con- 
stant, then  gives  the  following  equation: 

or 

hR^-hr'  =  {R'-R'')H (i) 

This  is  the  equation  to  the  path  of  the  molecule,  in 
which  r  must  always  exceed  R^, 

As  this  equation  is  of  the  third  degree,  the  cur\'e  cannot 
be  one  of  the  conic  sections. 

Second,  let  the  molecule  move  in  the  space  originally  occu- 
pied by  the  central  cylinder. 

While  h  and  r  now  vary,  the  volume  ;rr'(D  — //)  must 
remain  constant.     When  r  =  R^^  let  h=h^.     Hence 

r'{D^h)=R,'(D-h,) (2) 

But  if  h^h^  and  r  =  R^  in  eq.  (i), 


Placing  this  vakte  in  eq.  (2). 


/  R^-  R'*\ 

r\D-h)=R,'iD-H-^,—^,j.      .     .     . 


(3) 
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Third,  let  the  molecule  move  in  the  jet. 

After  the  molecule  passes  the  orifice,  its  path  will  evi- 
.ently  be  a  straight  line  parallel  to  the  axis  of  the  jet.  Its 
istance  r^  from  that  axis  will  be  found  by  putting  /i  —  o  in 
q-  (3)-     Hence 

n-^i^l-ITT^^aj (4) 


APPENDIX  I. 

ELEMENTS  OF  THEORY  OF  ELASTICITY  IS 
AMORPHOUS  SOLID  BODIES. 


CHAPTER  I. 


GENERAL  EQUATIONS. 


Art.  I. — Expressions  for  Tangential  and  Direct  Stresses  in  Tenns 
of  the  Rates  of  Strains  at  Any  Point  of  a  Homogeneous  Body. 

Let  any  portion  of  material  perfectly  homogeneous  be 
subjected  to  any  state  of  stress  whatever.  At  any  point  as 
0,  Fig.  I,  let  there  be  assumed  any  three  rectangular  c<> 
ordinate  planes;  then  consider  any  small  rectangular  par- 
allelop^'ped  whose  faces  are  parallel  to  those  planes.  Finally 
let  the  stresses  on  the  three  faces  nearest  the  origin  be  re- 
solved into  components  normal  and  jxirallel  to  their  planes 
*  of  action,  whose  directions  are  parallel  to  the  co-ordinate 
axis. 

The  intensities  of  tliese  tangential  and  normal  comp^ 
nents  will  be  re])resented  in  the  usurd  manner,  i.e.,  />»..  sip'.'.- 
fies  a  tangential  intensity  on  a  plane  normal  to  the  a.xis- 1' 
X  (i)lane  ZV),  whose  direction  is  parallel  to  the  axis  "f 
y,  while  /?xx  signifies  the  intensity  of  a  normal  stn^ss  on 
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plane  normal  to  the  axis  of  X  (plane  ZY)  and  in  the 
rection  of  the  axis  of  X.  Two  unlike  subscripts,  there- 
»re,  indicate  a  tangential  stress,  while  two  of  the  same  kind 
gnify  a  normal  stress. 


Fig.  I. 

From  eq.  (3),  Art.  2,  and  eq.  (7),  Art.  5,  there  is  at 
mce  deduced 


S  = 


Tr+7)*=^*' 


(i) 


Now  when  the  material  is  subjected  to  stress  the  lines 
ounding  the  faces  of  the  parallelopiped  will  no  longer  be 
t  right  angles  to  each  other.  It  has  already  been  shown 
1  Art.  2  that  the  angular  changes  of  the  lines  from  right 
ngles  are  the  characteristic  shearing  strains,  which,  multi- 
lied  by  Gs  give  the  shearing  intensities. 

Let  ^j  be  the  change  of  angle  of  the  boundary  lines 
arallel  to  X  and  Y. 

Let  <f>^  be  the  change  of  angle  of  the  boundary  lines 
arallel  to  Y  and  Z. 

I^t  ^g,  be  the  change  of  angle  of  the  boundary  line 
arallel  to  Z  and  X. 
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Eq.  (i)  will  then  give  ♦^he  following  three  equations: 

^'v-7(r+^^*' w 

In  Fig.  I  let  the  rectangle  agfh  represent  the  right  pro- 
jection of  the  indefinitely  small  parallelopiped  dx  dy  dz.  If 
M,  V,  and  w  are  the  unit  strains  parallel  to  the  axes  of  x,  y, 
and  z  of  the  original  point  /i,  the  rates  of  variation  of  strain 

du    dv    dw  ,  .  -       -  ,         t-    4. 

-;-,  -7-,  — ,  etc.,  may  be  considered  constant  throughout 
dx    dy    dz 

this  parallelopiped ;  consequently  the  rectangular  faces  will 
change  to  oblique  parallelograms.  The  oblique  parallelo- 
gram dhck,  whose  diagonals  may  or  may  not  coincide  with 
those  of  agfh,  therefore,  may  represent  the  strained  con- 
dition of  the  latter  figure. 

Then,  by  Art.  2,  the  diflference  petween  dhc  and  the  right 
angle  at  h  will  represent  the  strain  <^j.  But,  from  Fig.  i,  ft 
has  the  following  value: 

(l)^=dIie  +  bJic (5^ 

But  the  limiting  values  of  the  angles  in  the  second  mem- 
ber are  coincident  with  their  tangents;  hence 


/ 
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But,  again,  de  is  the  distortion  parallel  to  OX  found  by 
toving  parallel  to  OY  only;  hence  it  is  a  partial  differential 
£  u,  or  it  has  the  value 

^=^^y (7) 

In  precisely  the  sanie  manner  be  is  the  partial  differential 
f  V  in  respect  to  x,  or 

bc^-j-dx. 
ax 

By  the  aid  of  these  considerations,  eq.  (6)  takes  the  form 

du     dv 

^'=d^+dT W 

If  XY  be  changed  to  YZ,  and  then  to  ZX,  there  may  be 
t  once  written  by  the  aid  of  eq.  (8) 

dv     dw 
dw    du 

Eqs.  (2),  (3),  and  (4)  now  take  the  following  form: 

^/du    dv\  ,     . 

^/dv     dw\  ^    , 

^-=n^+5>)' (") 

_/Jtt'    du\  ^    ^ 
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The  direct  stresses  are  next  to  be  given  in  terms  of  the 
displacements  w,  v,  and  w.  Again,  let  the  rectangular  par- 
allelepiped dx  dy  dz  be  considered.  Eq.  (i),  on  page  3, 
shows  that  the  strain  per  imit  of  length  is  found  by  dividing 
the  intensity  of  stress  by  the  coefficient  of  elasticity,  if  a  sin- 
gle stress  only  exists.  But  in  the  present  instance,  any  state 
of  stress  whatever  is  supposed.  Consequently  the  strain 
caused  by  p^^,  for  example,  acting  alone  must  be  combined 
with  the  lateral  strains  induced  hy  pyy  and  p^^.  Denoting 
the  actual  rates  of  strain  along  the  axes  of  X,  Y,  and  Z  by 
/j,  /,,  and  /g,  therefore,  the  following  equations  maybe  at  once 
written  by  the  aid  of  the  principles  given  on  pages  9  and  10: 

^'-h+(Pyy  +  Pj^'^       ....     (14) 
^'-h+(Pyy  +  P..)^ (^^) 

Eliminating  between  these  three  equations, 

But  if  «,  V,  and  w  are  the  actual  strains  at  the  point  where 
these  stresses  exist,  the  rates  of  strain  /^  /„  and  /,  will  evi- 
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dently  be  equal  to  -r- ,  ^ ,  and  t-,  respectively.  The  volume 
of  the  parallelepiped  will  be  changed  by  those  strains  to 

dx(i  +l,)dy{i  +l^)dz{i+l,)  ^dx  dy  dz{i  +l,  +  l^  +  i;) 

if  powers  of  /j,  /j,  and  l^  above  the  first  be  omitted.  The 
quantity  (/i  +  Za  +  ^a)  is,  then,  the  rate  of  variation  of  volume, 
or  the  amount  of  variation  of  volume  for  a  cubic  unit.  If 
there  be  put 

du    dv     dw  E 

6^  =  3-  4- J- 4- J—,     and    Cr  = 


dx     dy    dz'  2(1 +r)' 

eqs.  (17),  (18),  and  (19)  will  take  the  forms 

2Gr  ^       Jlu  ,    . 

/>,.  = ^+2G~;       .     •     •     .     (20) 

r%x     i  —  2rdx'  ^     ^ 

2Gr  ^       udv  ,     . 

Pyy^T^2r^^''%'^      •    •    •    •    (2^) 

J.         2gr  ^         dw 

P,,  = 6+20-7- (22) 

"     I  —  2r  as  ^     ^ 

The  form  in  which  eqs.  (14),  (15),  and  (16)  are  written 
shows  that  if  p,,,  pyy,  or  p^^  is  positive,  the  stress  is  tension, 
and  compression  if  it  is  negative.  Consequently  a  positive 
^alue  for  any  of  the  intensities  in  eqs.  (20),  (21),  or  (22)  will 
indicate  a  tensile  stress,  while  a  negative  value  will  show 
the  stress  to  be  compressive. 

The  eqs.  (14)  to  (19),  together  with  the  elimination  in- 
voh'-ed,  also  show  that  the  coefficients  of  elasticitv  for  ten- 
sion  and  compression  have  been  taken  equal  to  each  other, 
and  that  the  ratio  r  is  the  same  for  tensile  and  compressive 
strains. 
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Further,  in  eqs.  (ii),  (12),  and  (13),  it  has  been  assumd 
that  G  is  the  same  for  all  planes. 

Hence  eqs.  (11,)  (12),  (13),  (20),  (21),  and  (22)  affly 
only  to  bodies  perfectly  homogeneous  in  all  directions. 

It  is  to  be  observed  that  the  co-ordinate  axes  have  been 
taken  perfectly  arbitrarily. 

Art.  2. — General  Equations  of  Internal  Motion  and  Equilihrimn. 

In  establishing  the  general  equations  of  motion  and  equi- 
librium, the  principles  of  dynamics  and  statics  are  to  be 
applied  to  the  forces  which  act  upon  the  parallelopiped  repre- 
sented in  Fig.  I,  the  edges  of  which  are  dx,  dy,  and  dz.  The 
notation  to  be  used  for  the  intensities  of  the  stresses  acting 
on  the  different  faces  will  be  the  same  as  that  used  in  the 
preceding  article. 

Let  the  stresses  which  act  on  the  faces  nearest  the  origin 
be  considered  negative,  while  those  which  act  on  the  other 
three  faces  are  taken  as  positive. 

The  stresses  which  act  in  the  direction  of  the  axis  of  .V 
are  the  following: 

On  tlie  face  normal  to  A",  nearest  to      O,  —  />,^  dy  dz ; 


<i 


a 


<< 


<< 


"    '*  farthest  from  O,  ip^^  +  -~rdx\iyJy, 
*    dy  dx  nearest  to  O,  — />,,  dy  dx] 


**    **    farthest  from 


*     dz  dx  nearest  to  0,  —p  y,  dz  dx ; 


**    "    farthest  from 


0.(p..+''^ydy)j:dx. 


^.  2.]    EQUATIONS  IN  RECTANGULAR  CO-ORDINATES.  827 


dz^ — 

^-"^ 

dy\ 

dx      \ 

A.   _ 

dx 

,."' 

^' 

dy 


Fig.  I. 


The  differential  coefficients  of  the  intensities  are  the  rates 
3f  variation  of  those  intensities  for  each  unit  of  the  variable,  ^ 
which,  multiplied  by  the 
differentials  of  the  varia- 
bles, give  the  amounts  of 
variation  for  the  different 
2dges  of  the  parallelopiped. 

Let  Xq  be  the  external 
Force  acting  in  the  direc- 
tion of  X  on  a  unit  of  vol- 
ume at  the  point  consid- 
ered ;  then  Xq  dx  dy  dz  will 
be  the  amount  of  external 
Force  acting  on  the  paral- 
lelopiped. 

These  constitute  all  the  forces  acting  on  the  parallelo- 
piped in  the  direction  of  the  axis  of  X,  and  their  sum,  if  im- 

Tiass  or  inertia  of  a  unit  of  volume,  and  dt  the  differential 
>f  the  time.  Forming  such  an  equation,  therefore,  and  drop- 
ping the  common  factor  dx  dy  dz,  there  will  result 

^^^~d^^-dz  +^»-'«rf^-      .     .     .     (i) 
Changing  ^  to  y,  ^^  to  2,  and  z  to  x,  eq.  (i)  will  become 

^^'^+^-^'+%+y.=mg!.   ...  (2) 


dx        dy 


dz 


Again,  in  eq.  (i),  changing  x\.o  z,z  to  y,  and  y  to  x, 

dx  ^  dy  ^  dz  ^^'        dt''       .     .     .     UJ 
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The  line  of  action  of  the  resultant  of  all  the  forces  whidi 
act  on  the  indefinitely  small  parallelopiped,  at  its  limil. 
passes  through  its  centre  of  gravity,  consequently  il  is  jut- 
jected  to  the  action  of  no  unbalanced  tnonient.  The  paialleb- 
piped,  therefore,  can  have  no  rotation  about  an  axis  pasang 
through  its  centre  of  gravity,  whether  it  be  in  molion  or 
equilibrium.  Hence,  let  an  axis  passing  through  its  centre 
of  gravity  and  parallel  to  the  axis  of  X,  be  consideretl.  The 
only  stresses,  which,  from  their  direction  can  possibly  have 
moments  about  that  axis,  are  those  with  the  subscripts  iw), 
(27).  iyy)'  or  (32)-  I^ut  those  ^vith  the  last  two  subscripts 
act  directly  through  the  centre  of  the  parallelopiped,  oonse- 


.  IPm. 


and 


"*&„ 


—J—  uj.dxdy  are  two  of  six  forces  whose  resultant  is 

directly  opposed  to  the  resultant  of  those  three  forces  whidi 
represent  the  increase  of  the  intensities  of  the  normal  1 
direct,  stresses  on  three  of  the  faces  of  the  parallelopiped; 
these,  therefore,  have  no  moments  about  the  assumed  axis. 
The  only  stresses  remaining  are  those  whose  intensities  ate 
p:y  and  pyi.  The  resultant  moment,  which  must  be  equal 
to  zero,  then,  has  the  following  value : 


P^^x  dz.dy  +  p,ydx  dy.dz=o; 

.:     Py.=  -P,y.        .        - 


Hence  the  two  intensities  are  equal  to  each  other. 

The  negative  sign  in  eq.  (5)  simply  indicates  that  tboT 
moments  have  opposite  signs  or  directions;    consequentlf, 
that  the  shears  themselves,  on  adjacent  faces,  act  towarf 
or  from  the  edge  between  those  faces.    In  eqs.  (t).  (*). 
(3),  the  tangential  stresses,  or  shears,  are  all  to  be  afferted 
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by  the  same  sign,  since  direct,  or  normal,  stresses  only  can 
'     have  different  signs. 

The   eq.  (5)  is  perfectly  general,  hence  there  may  be 
written: 

Pxy=Pyx>  and  p,^=p^, C6) 


t 


Adopting  the  notation  of  Lam6,  there  may  be  written: 

P.:,-Nv      Pyy=^\,     P..-^x' 

1 

by  which  eqs.  (i),  (2),  and  (3)  take  the  following  forms: 

dN,     dT.    dT,     ^         d'u 

dT,    dN,    dT,     „         d*v 

-^  +  V"^  +  ^''*"^'      ...     (8) 

dT,     dT,    dN,      ^         d*w 

The  equations  (11),  (12),  (13),  (20),  (21),  and  (22)  of  the 
preceding  article  are  really  kinematical  in  natxire ;  in  order 
;    that  the  principles  of  dynamics  may  hold,  they  must  satisfy 
^s.  (7),  (8),  and  (9).    As  the  latter  stand,  by  themselves, 
they  are  applicable  to  rigid  bodies  as  well  as  elastic  ones; 
but  when  the  values  of  N  and  7,  in  terms  of  the  strains  w,  v, 
f    and  w,  have  been  inserted,  they  are  restricted,  in  their  use, 
'    to  elastic  bodies  only.    With  those  values  so  inserted,  they 
.    form  the  equations  on  which  are  based  the  mathematical 
;   theory  of  sound  and  light  vibrations,  as  well  as  those  of 
'    elastic  rods,  membranes,  etc.    In  general,  they  are  the  equa- 
tions of  motion  which  the  different  parts  of  the  body  can 
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[at 


have  in  reference  to  each  other,  in  consequence  of  the  eiasuc 

nature  of  the  material  of  which  t!ie  body  is  composed. 

If  all  parts  of  the  body  are  in  equiUbrium  under  the 
action  of  the  internal  stresses,  the  rates  of  variation  of  the 


strains  - 


,  and 


-d^'  dF'  """  J? 

Hence,  eqs.  (7),  (8),  and  (9) 


/ill   each   be    equal  to  ] 
ivill  take  the  forms 


1 

dN,    dT,     dT,     ^  ~~m 

■s'+rf7+TJ+^'"°'-  •  •  ■  '"' 

dT,     dN,  ,  dT.     ,,  ,  , 

-sr+^+ 1#+^'-°:  •    •   •   •  <"' 

dT,     dT,     dN,      ,  ,   , 

^+^+*+^"-° <"' 

These  are  the  general  equations  of  equilibrium.  As  they 
stand,  they  apply  to  a  rigid  body.  For  an  elastic  body,  the 
values  of  .V  and  T  from  the  preceding  article,  in  terms  of  die 
strains  »,  i\  and  w,  must  satisfy  these  equations. 

The  eqs.  (10),  (11),  and  (12)  express  the  three  conditions 
of  equilibrium  that  the  sums  of  the  forces  acting  on  the 
small  parallelopiped,  taken  in  three  rectangular  co-ordinate 
directions,  must  each  be  equal  to  zero.  The  other  three  con- 
ditions, indicating  that  the  three  component  moments  about 
the  same  co-ordinate  axes  must  each  be  equal  to  zero,  art 
fulfilled  by  eqs.  (5)  and  (6),  The  latter  conditions  reaD>' 
eliminate  three  of  the  nine  unknown  stresses.  The  remaininp 
six  consequently  appear  in  both  the  equations  of  moliiin 
and  equilibrium. 

The  equations  (7)  to  C12),  inclusive,  belong  to  the  intcric* 
of  the  body.  At  the  exterior  surface,  only  a  portion  of  lie 
small  paruUclopijied  will  exist,  and  that  portion  will  be « 
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tetrahedron,  the  base  of  which  forms  a  part  of  the  exterior 
surface  of  the  body,  and  is  acted  upon  by  external  forcea 

Let  —  be  the  area  of  the  base  of  this  tetrahedron,  and  let 
2 

p,  g,  and  r  be  the  angles  which  a  normal  to  it  forms  with 
the  three  axes  of  X,  Y,  Z,  respectively.    Then  will 

da  cos  p  =dy  dz,  da  cos  q  =dz  dx,  and  da  cos  r  ==dx  dy. 

Let  P  be  the  known  intensity  of  the  external  force  acting 
on  da,  and  let  tt,  x^  ^^^  P  ^^  ^^^  angles  which  its  direction 
makes  with  the  co-ordinate  axes.    Then  there  will  result : 

Xq^P da.cosTc,  Yq-P da. cos  Zj  and  Zq=P da. cos  p. 

The  origin  is  now  supposed  to  be  so  taken  that  the  apex  of 
the  tetrahedron  is  located  between  it  and  the  base;  hence 
that  part  of  the  parallelopiped  in  which  acted  the  stresses 
involving  the  derivatives,  or  differential  coefficients,  is 
wanting ;  consequently  those  stresses  are  also  wanting. 

The  sums  of  the  forces,  then,  which  act  on  the  tetra- 
hedron, in  the  co-ordinate  directions,  are  the  following: 

—  (ATj  dy  dz  +  T^  dz  dx  +  T^  dy  dx)+Pda  cos  tt  =  0; 

—  (7,  dz  dy  +  N^  dz  dx  +  T^  dy  dx)  +  Pda  cos  ;f  =  0; 

—  (Tj  dz  dy  +  T^  dz  dx  +  N^  dy  dx)  +  Pda  cos  /o  =  0. 

Substituting  from  above, 

iVjCOsp+ Tg  cos  g  +  r,  cos  r  =  P  cos  tt;    .     .     (13) 

T^cosp  +  N^cosq  +  T^cosr=-P  cos  XI    .     .     (14) 
7,  cos  p  +  T^cosq  +  N^  cos  r  =P  cos  ^.     .     .     (i 5) 

These  equations  must  always  be  satisfied  at  the  exterior 
surface  of  the  body;  and  since  the  external  forces  must 
always  be  known,  in  order  that  a  problem  may  be  determi- 
nate, they  will  serve  to  determine  constants  which  arise 
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from  the  integration  of  the  general  equations  of  motion  and 
eqiiiUbrium. 

Art.  3. — Equations  of  Motion  and   Equilibrium  in  Semtfohr 

Co-ordinates. 

For  many  purposes  it  is  convenient  to  have  the  condi- 
tions of  motion  and  equilibrium  expressed  in  either  semi- 
polar  or  polar  co-ordinates ;  the  first  form  of  such  expression 
will  be  given  in  this  article. 

The  general  analytical  method  of  transformation  of  co- 
ordinates  may  be  appUed  to  the  equations  of  the  preceding 
article,  but  the  direct  treatment  of  an  indefinitely  small 
portion  of  the  material,  limited  by  co-ordinate  siuiaces,  pos- 
sesses many  advantages.     In  Fig.  i  are  shown  both  the 


Fig.  I. 

small  portion  of  material  and  the  co-ordinates,  semi-polar 
as  well  as  rectangular.  The  angle  made  by  a  plane  normal 
to  ZY,  and  containing  OX,  with  the  plane  XY  is  repre- 
sented by  (})\  the  distance  of  any  point  from  OX,  measured 
])arallel  to  ZY ,  is  called  r;  the  third  co-ordinate,  normal  to 
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r  and  ^,  is  the  co-ordinate  x,  as  before.  It  is  important  to 
observe  that  the  co-ordinates  x,  r,  and  <f>,  at  any  point,  are 
rectangular. 

The  indefinitely  small  portion  of  material  to  be  con- 
sidered will,  as  shown  in  Fig.  i ,  be  limited  by  the  edges  dx,  dr^ 
and  r  d<l>.  The  faces  dx  dr  are  inclined  to  each  other  at  the 
angle  d<l>. 

The  intensities  of  the  normal  stresses  in  the  directions  of 
X  and  r  will  be  indicated  by  N^  and  /?,  respectively.  The 
remainder  of  the  notation  will  be  of  the  same  general  char- 
acter as  that  in  the  preceding  article;  i.e.,  7^  will  represent 
a  shear  on  the  face  dr. r  d<f>  in  the  direction  of  r,  while  N^  is 
a  normal  stress,  in  the  direction  of  ^,  on  the  face  dx  dr. 

The  strains  or  displacements,  in  the  directions  of  x,  r,  and 
^,  will  be  represented  hy  u,  p,  and  w]  consequently  the 
unbalanced  forces  in  those  directions,  per  unit  of  mass, 
will  be 

d^u        d^p          ^       dhv  ,  ^ 

^^5?'    ^^5?'    ^^^    "^'dT' (') 

Those  forces  acting  on  the  faces  hf,  fe,  and  Jte,  will  be 

considered  negative ;  those  acting  on  the  other  faces,  posi- 
tive. 

Forces  Acting  in  the  Direction  of  r. 
'-R,rd(f>dx,  and 

+Rrd(f>dx-\-l-j^dr=^r-j-dr  +  Rdrjd^dx. 
—  T^rdr  dx,  and 

+  T^r  dx  4-  '~J^d4> '  d^  dx. 
^TxT^rd^dr,  and 

'\'T^,rd<l>dr  +  -j^dx.rd4>dr. 


4  ELASTICITY  IN  AMORPHOUS  SOLID   BODIES.       [Ch.  L 

On  the  face  dr  dx.  nearest  to  ZOX,  there  acts  the  normal  i 


stress  I  A^^r  dx  + 


d4> 


'dj,.drdx\=N'\ 


and  N'  has  a  com- 


ponent acting  parallel  to  the  face  /e  and  toward  OX,  equal  U 
But  the  second  term  ot  tte 


N'sm(.di>)=N'^-^^N'd. 


product  will  hold  (dij>y,  hence  it  will  disappear,  at  thclinrit. 
in    the    first    derivative    of    N'd<f>  ..  N'd^  =N^<l>dTdx. 
Since  this  force  must  be  taken  as  acting  toward  OX.  it  ' 
acts  with  the  normal  forces  on  Itf,  and,  consequently.  muR   ' 
be  given  the  negative  sign. 

If  Ra  is  the  external  force  acting  on  a  imit  of  volume. 
another  force  (external)  acting  along  r  will  be  R^ .r  d^dr di. 

The  sum  of  all  these  forces  will  be  equal  to 

d'p 
m  .rd^drdx .  -rs- 


Forces  Acting  in  the  Direction  of  ^. 
-  S'^r  dx,  and 


drl> 

-Tr^.rdip  dx,  and 


—  Tt^.rdiji  dr,  and 

+  T^f,rd4>dr+-^dx.rd<i,dr. 

As  in  the  case  of  N*^,  in  connection  with  the  forces  along 
r,  so  the  force  T^,  dr  dx  has  a  component  along  <f>  (nonnji! 
to  fe)  equal  to  T^,drdx.  sin  (d^)  =T^,df^drdx.  It  wiD 
have  a  positive  sign,  because  it  acts  from  OX. 

The  external  force  is  <fi„.rdtpdrdx. 
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Forces  Acting  in  the  Direction  of  x. 

^N^.rd<l>dr,  and 

dN 
f  iVjf  d^  dr+'-r-^dx,rd^  dr. 

^Trx»dxrd<p,  and 

+  TrxMrd<l>+(j^^^dr=r^ 

^T^gdxdr,  and 

+  T^^x  dr  +  —J^d<i> .  dx  dr. 

Thtf  external  force  is  X© .  r  d<i>  dx  dr. 
Putting  each  of  these  three  sums  equal  to  the  proper 
t    rates  ot  variation  of  momentum,  and  dropping  the  common 
factor  rd<l>dxdr: 

dN.     dTrx    dT^x   .  Trx  ^        d^u  ,  ^ 

'-&+'-^  +  7^  +  ^^+^o=n,^^.    .     (4) 

These  are  the  general  equations  of  motion  (vibration)  in 
terms  of  semi-polar  co-ordinates ;  if  the  second  members  are 
made  equal  to  zero,  they  become  equations  of  equiUbrium. 
Eqs.  (2),  (3),  and  (4),  are  not  dependent  upon  the  nature  of 
the  body. 

Since  x,  r,  and  <f>  are  rectangular,  it  at  once  follows  that 

Trx^T„,  Tr^-=T^,  and  7,^  =  7^,.       .     .     (5) 
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In  order  that  eqs.  (a),  (3),  and  (4)  may  be  restrictedW 
elastic  bodies,  it  is  necessary  to  express  the  six  intensities 
of  stresses  involved,  in  terms  of  the  rates  of  variation  of  tlw 
strains  in  the  rectangular  co-ordinate  directions  of  x,  r,  and 
0.  Since  these  co-ordinates  are  rectangular,  the  eqs.  (11), 
(12),  (13),  (20),  (21),  and  (22)  of  Article  i,  may  be  nude 
appHcable  to  the  present  case  by  some  very  simple  changes 
dependent  upon  tlie  nature  of  semi-polar  co-ordinates. 

For  the  present  purpose  the  strains  in  the  co-ordinate 
directions  of  x,  y,  and  s  will  be  represented  by  w',  f',  and 
v/.  Since  the  axis  of  x  remains  the  same  in  the  two  systeii% 
evidently 

dti'  _  du 
dx^dx- 

From  Fig.  i  it  is  clear  that  the  axis  of  y  correspOfldl 
exactly  to  the  co-ordinate  direction  r ;  hence 

dv'    dp 
dy     dr' 

From  the  same  Fig.  it  is  seen  that  the  axis  of  «  corre- 
sponds to  <f>,  or  r^.  But  the  total  differential,  i/w',  must  be 
considered  as  made  up  of  two  parts;  consequently  the  rate 

of  variation  -j^  will  consist  of  two  parts  also.    If  there  is  no 

distortion  in  the  direction  of  r,  or  if  the  distance  of  a  mole- 
cule from  the  origin  remains  the  same,  one  part  will  be 

•jy—R  =-jn-    If.  however,  a  unit's  length  of  material  be  re- 

moved  from  the  distance  r  to  r  -}-  /)  from  the  centre  0.  F^.  I. 
while  ^  remains  constant,  its  length  will  be  changed  frcffl 

1  to   (i+-)-  in  which   p  may  be  implicitly  positive  j 
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negative.    Consequently  there  will  restdt 

dTi/     dw     p 

For  the  reason  already  given,  there  follow 

da'  _^du  di/     dp 

Idy^  dr  dx  "  dx 

In  Fig.  2  let  dc  be  the  side  of  a  distorted  small  portion 

of  the  material,  the  original  position  ^  ^, 

of  which  was  d'e.  Od  is  the  distance 

r  from  the  origin,  ad^dr  and  ac^ 

dw,   while  dd' ^w.      The  angular  "  "^\^-id» 

-  .  .^.        ^  ,    .    ac     dw  r 

change  m  position  of  ^^  is  —% = ^-  ;  pio.  2. 

,  ^       ab     w 

but  an  amount  equal  ^o  -^  =  -  is  due  to  the  movement  of 

r,  and  is  not  a  movement  of  dc  relatively  to  the  material 
immediately  adjacent  to  d. 
Hence 

du/  ^dw    w  di/      dp 

dy'dr"!'     ^^^    di^7d4>' 

« 

There  only  remain  the  following  two,  which  may  be  at 
once  written 

du/     dw  du'  ^  du 

dx^dx     ^^^     7^'7d4>' 

The  rate  of  variation  of  volume  takes  the  following  form 
in  terms  of  the  new  co-ordinates: 

dV     dv^    dw^^du    dp      dw     p 
^''dx'^dy'^'dE^di'^d?'^Vdi>'^?     •     •     ^^^ 
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Accenting  the  intensities  which  belong  to  the  rectan- 
gular system  x,  y,  2,  the  eqs.  (11),  (12),  (13),  (20),  (21), and 
^22).  of  Art.  I,  take  the  following  form: 

If  these  values  are  introduced  in  eqs.  (2),  (3),  and  (4)1 
those  equations  will  be  restricted  in  application  to  bodies 
of  homogeneous  elasticity  only. 

The  notation  r  is  used  to  indicate  that  the  r  involved  is 
the  ratio  of  lateral  to  direct  strain,  and  that  it  has  no  rela- 
tion whatever  to  the  co-ordinate  r. 

The  limiting  equations  of  condition,  (13),  (14),  and  (15) 
of  Art.  2,  remain  the  same,  except  for  the  changes  of  nota- 
tion, shown  in  eqs.  (7)  to  (12),  for  the  intensities  N  and  7*. 
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Art.  4.— Equations  of  Motion  and  Equilibrium  in  Polar 

Co-ordinates. 

The  relation,  in  space,  existing  between  the  polar  and 
rectangular  systems  of  co-ordinates  is  shown  in  Fig.  i .  The 
angle  ^  is  measured  in  the  plane  ZY  and  from  that  oiXY\ 


Fig.  I. 

while  i}f  is  measured  normal  to  ZY  in  3,  plane  which  contains 
OX.  The  analytical  relation  existing  between  the  two  sys- 
tems is,  then,  the  following: 

x==rsin  <p,     y=r  cos  <Jf  cos  <f>,     and     z  =  r  cos  0  sin  ff). 

The  indefinitely  small  portion  of  material  to  be  considered 
isah  ed.  It  is  limited  by  the  co-ordinate  planes  located  by 
^  and  0,  and  concentric  spherical  surfaces  with  radii  r  and 
f + dr.  The  directions  r,  (f>,  and  <p,  at  any  point,  are  rectangu- 
lar ;  hence  the  sums  of  the  forces  acting  on  the  small  portion 
of  the  material,  taken  in  these  directions,  must  be  found  and 
put  equal  to 


d^p         d^7)  ,        d' 


2"» 
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in  which  expressions,  p,  t),  and  (o  represent  the  strains  in  the 
direction  of  r,  ^,  and  ^  respectively. 

Those  forces  which  act  on  the  faces  ah,  bd,  and  cd  \^ill  be 
considered  negative,  and  those  which  act  on  the  other  faces 
positive. 

The  notation  will  remain  the  same  as  in  the  preceding 
articles,  except  that  the  three  normal  stresses  will  be  indi- 
cated by  Nr,  N^,  and  N^. 

Forces  Acting  Along  r. 
^Nr.r dip  r  cos  (pdtp. 

+N,.r*  cos  (pdipdKp 

+  (      J^     dr^  r^-^r+2rNrdrJcos  (pdijfd^. 
^T^.r  dipdr. 


dT 
d<f> 
—  r^.r  cos  ({f  d(f)  dr. 


+  T^.rdipdr  +  ^d<l>,rd<pdr. 


+  T^.r  cos  (p  d(f)  dr 

^N^.r  dip  dr. sin  aOc=  —N^.r  dip  dr. COS  (p  d<l>,  on  facers. 
—  N^.r  cos  ip  dip  Jr. sin  aOb^  —  A^^.r  cos  (p  d<pdr.dip, 
on  face  be. 

Forces  Acting  Along  j>. 
^Tr^.r cos  ipd(prdil). 

+  rr^.r' cos  ip  dip  dip 

+  C—jf^dr  -  r'^dr  +  2r  7,^  dr)  cos  iP  d^P  d^. 
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+N^.r  dip  dr +'-r^d<l>  r  d<b  dr. 

—  r^^.r  cos  (/fd<l>dr. 

+  r^^cos  (p.rd^dr 

+  T^r  rdipdr,  cos  ^  rf^,  on  face  ce. 

—  T^rd</fdrl sin  akc= TX" ) ""  "-^^^^^^''.sin  ^rf^, 

on  face  ce. 

The  lines  ak  and  cfe  are  drawn  normal  to  Oc  and  Oa. 

Forces  Acting  Along  <p. 

—  Tr^.r  cos  <{fd<ff.r  d<p. 

+  Tr^  r^  cos  <lfd<l>d(ff 

+ ("^^y  ^  Q>  =^'  ^r'^^^+ 2^  ^^^^^)  cos  ^  rf^rf^. 

^-^T^fVdipdr.  . 

+  T^^rd<pdr  +  '-T^d<l>.rd<pdr. 

—  iV^.r  cos  </fd<f>dr. 


+ 


^^^N^Kr cos  <lf^ff>dh^ir,r  : 

^)d(N.cos  ^dii)rd4>dr. 

f  T^ .  r  cos  (p  d(f>  dr.dip,  on  face  be, 

f  iV^  .r  J^'rfKsin  ifeci*  +  N>^,^d<lf,dr.sixi^<p  d<f>,  on  face  tre. 
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The  volume  of  the  indefinitely  small  portion  of  the 
material  is  (omitting  second  powers  of  indefinitely  small 
quantities) 

rcos  (lfd(l>.rd(lf.drr=JV, 

and  its  mass  is  m  multiplied  by  this  small  volume.  The 
latter  may  be  made  a  common  factor  in  each  of  the  three 
sums  to  be  taken. 

The  external  forces  acting  in  the  directions  /?,  <}>,  and  ^ 
will  be  represented  by 

R,JV,     9JY,    and     W^AV, 

respectively. 

Taking  each  of  the  three,  sums,  already  mentioned,  and 
dropping  the  common  factor  jV,  there  will  result 

dNr         dT^r         dT^.2  Nr  -  N^  -  A'^  -  7^  tan  ^ 
dr      rcos0.(i^    rdijf  r 

+  Ro  =  mj^f;    (i) 


dTr4,  ,       dN^  dT^,^ 

,    I    I        *    ^     ■■■  !■■■■  ■!  ■       ■■ 

dr       r  cos  (p^dcf)     rdip 


2Tr^  +  r»r  —  T^^  tsrulf  —  T^^  tan^  ^  ^         dhj 

"^di'' 


+ 7 +  ^^=^^172*      \^l 


dTr^ dT64> ^^^ 

dr      r  cos  ^  (/</>>     r  d(Jf 

.  2  7,,;.4-7vv-A^aan04-A^.^tan0  ,  ^^        d^co        . 
+ ~ +  ^o=-'^j^-     \i) 

Since  r,  */>,  and  ^  are  rectangular  at  any  point, 
T^r^Tri^,     Jr^-^^T^^     and     T^^=^T^. 
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Again,  a  consideration  of  Fig.  i,  and  the  reasoning  con- 
nected with  the  equation  above,  will  give 


dw' 


dr, 


p      (otBXiiff 

ds^  ^rcoS(pd<l>    r  r 

Without  explanation  there  may  at  once  be  written: 

dv'     dp 
d/^'dT' 

Fig.  I  of  this,  and  Fig.  2  of  the  preceding  article,  give 

di/       dp 
d^^ 


du^    doj     0) 
dy'    dr     r 


rdijf' 


These  are  to  be  used  in  the  expression  for  T^. 
the  same  figures  and  method  give 

d%/  dp  J     dw^    dif     1) 

dr     r' 


Precisely 


and 


dz'     r  cos  ilfd(f>    """^     dy 
which  are  to  be  used  in  finding  T^^. 

The  expression  for  -T-7-  will  be  composed  of  the  sum  of 

two  parts.   In  Fig.  2,  a6  is  the  original  position  of  r  Jy*,  ami 
after  the  strain  ly  exists  it  takes  the  position  ec.  Consequently 

ac  (equal  and  parallel  to  bd  and  j)erpen- 
dicular  to  ak)  represents  the  strain  v 
while  ed  represents  rfij.  Since,  alsf),  /V  :s 
perpendicular  to  ck,  the  strains  of  the  kinil 
71  change  the  right  angle  fck  to  the  an);k' 
fce\  or  the  angle  eck  is  equal  to 

div'         ,      ,  ,      ed     ca 
—  ^ecd  +  dck=^^^^-^ 

rJy'     ^cot^* 
In  Fig.  2,  the  points  a,  6,  and  k  are 
identical  with  the  points  similarly  lettered  in  Fig.  i.    The 
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expression  for  -r-r  niay  be  at  once  wntten  from  Fig.  i.  There 
may,  then,  finally  be  written, 

dii/      rfij      n  tan  ^         J     du'  do) 

dx^  "rdip         r  dsf  ""rcos^rf^* 

These  eqtiations  will  give  the  expression  for  T^. 
The  value  of 

du^    di/    du/ 

now  takes  the  following  form: 

dp  djj  d(o      2p    (otsxiip 

^ ' dr  ^ r cosiP d<f>'^ r dil^'^  r  r      •    •     •     W; 

The  last  two  terms  are  characteristic  of  the  spherical 
co-ordinates. 

The  eqs.  (20),  (21),  (22),  (11),  (12),  and  (13),  of  Art 
X,  take  the  forms 

'^'-^r^+4^ •••<=) 

^''T^.'-<7f,-':)-' W 

'^**  °^\rJ4'  ■*■  r  cos  ^  (/^ ■*■  ~~i~) '  •     •     •     •     (8) 

'•-<s"-r+.t;)^ fe) 

Trt-Gl—^.^+i^-i): (10) 

^        Vrcos^a^     dr     r  J  •        \     / 
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If  these  values  are  inserted  in  eqs.  (i),  (2),  and  (3J,  the 
residting  equations  will  be  applicable  to  isotropic  material 
only. 

As  in  the  preceding  article,  X  is  used  to  express  the  ratio 
between  direct  and  lateral  strains,  and  has  no  relation  what- 
ever to  the  co-ordinate  r. 

It  is  interesting  and  important  to  observe  that  the  equa- 
tions of  motion  and  equiUbrium  for  elastic  bodies  are  only 
special  cases  of  equations  which  are  entirely  independent  of 
the  nature  of  the  material,  of  equations,  in  fact,  which 
express  the  most  general  conditions  of  motion  or  equilibrium. 


CHAPTER  II. 

THICK.   HOLLOW  CYLINDERS  AND   SPHERES.   AND 

TORSION. 


Art.  5. — Thick,  Hollow  Cylinders. 

In  Fig.  I  is  represented  a  section,  taken  normal  to  its 
axis,  of  a  circular  cylinder  whose  walls  are  of  the  appreciable 
thickness  /.  Let  p  and  p^  represent  the  interior  and  exterior 
intensities  of  pressures,  respectively.  The  material  \\\\\  not 
be  stressed  with  uniform  intensity  throughout  the  thickness  /. 
Yet  if  that  thickness,  comparatively 
speaking,  is  small,  the  variation  will 
also  be  small;  or,  in  other  words, 
the  intensity  of  stress  throughout 
the  thickness  /  may  l^e  considered 
constant.  This  a})i)roximate  case 
will  first  be  considered. 

The  interior  intensity  p  will  be 
considered  greater  than  the  exterior 
/>p  consequently   the   tendency  will 

be  toward  ru])ture  along  a  diametral  plane.  If,  at  the  siime 
time,  the  ends  of  the  cylinder  are  taken  as  closed,  as  will  be 
done,  a  tendency  to  rui^ure  thmugh  the  section  shown  in  the 
figure  will  exist. 

The  force  tending  to  pnxluce  rupture  of  the  latter  kind 
will  hQ 

F-^rJpr''^p,r,') (i) 

847 
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If  AT,  represents  the  intensity  of  stress  developed  by  this 
force, 

'~;r(r.'-r")        r*-r* ^'' 

If  the  exterior  pressure  is  zero,  and  if  r'  is  nearly  equal  to 

U  +  r* 

2     ' 

^^»~2(r.-r')      2t "' 

In  this  same  approximate  case,  the  tendency  to  split  the 
cylinder  along  a  diametral  plane,  for  unit  of  length,  wfllbe 

If  AT'  is  the  intensity  of  stress  developed  by  F*, 

iV  IS  tnus  seen  to  be  hcice  as  great  as  N^  when  pj  =0.  H. 
therefore,  the  material  has  the  same  ultimate  resistance  ir. 
both  directions  the  cyHnder  will  fail  longitudinally  when  the 
interior  intensity  is  c^nly  half  great  enough  to  produce  trans- 
verse rupture,  the  thickness  being  assumed  to  be  very  small  dy>^ 
the  exterior  pressure  zero. 

.Vj  and  A"  are  tensile  stresses,  because  the  interior  pres- 
sure was  assumed  to  be  large  compared  with  the  exterior.  It 
the  opposite  assumption  were  made,  they  would  be  found  to 
be  compression,  while  the  general  forms  would  remain  ex- 
actlv  th^  «ame. 
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The  preceding  formulas  are  too  loosely  approximate^  for  1 
lany  cases.    The  exact  treatment  requires  the  use  of  Xj^l 
eneral  equations  of  equilibrium,  and  the  forms  which  they 
ake  in  Art.  3  are  particularly  convenient.     As  in  that  article, 
he  axis  of  x  will  be  taken  as  the  axis  of  the  cylinder. 

Since  all  external  pressure  is  uniform  in  intensity  and 
Lomial  in  direction,  no  shearing  stresses  will  exist  in  the 
naterial  of  the  cylinder.  This  condition  is  expressed  in  the 
LOtation  of  Art.  3  by  putting 

Again  the  cylinder  will  be  considered  closed  at  the  ends, 
xid  the  force  F,  eq.  (i),  will  be  assumed  to  develop  a  stress 
•f  uniform  intensity  throughout  the  transverse  section 
hown  in  Fig.  i.  This  condition,  in  fact,  is  involved  in  that 
f  making  all  the  tangential  stresses  equal  to  zero. 

Since  this  case  is  that  of  equilibritmi,  the  equations  (2), 
3),  and  (4)  of  Art.  3  take  the  following  form,  after  neglect- 
ig  Xo,  Rf^  and  (P^: 

"5^"=^' (5) 

dR  ,  R-^Nh  ,^. 

rfr+— ? ^^ <6j 

Trf^  =^ (7) 

These  equations  are  next  to  be  expressed  in  terms  of  the 
trains  u,  p,  and  w. 

In  consequence  of  the  manner  of  application  of  the  exter- 
lal  forces,  all  movements  of  indefinitely  small  portions  of 
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the  material  will  be  along  the  radii  and  axis  of  the  cylinder. 
Hence 

u  will  be  independent  of  r  and  ^ ; 
P  9  Xf 


The  rate  of  change,  therefore,  of  volume  will  be  (eq.  ^6) 
of  Art.  3) 

du    dp    p 


As  p  is  independent  of  ^,  j-  =  y^ ;  hence  if  the  value  of 

Nj  be  taken  from  eq.  (7)  of  Art.  3  and  put  in  eq.  (5)  of  this 
article^ 

dh\ 2GV  (Ph        //'«__ 

dx  ~i-2Vdx''^^^'~dx'^^' 


•'•  ~^  2=0      and     ti-=ax-\-a\ 


But  the  transverse  section  in  whicli  the  origin  is  located 
may  be  considered  fixed.  Consequently  if  x-^o,  u  =0  and 
thus  a'  =0.    The  expression  for  11  is  then  /( -^ax. 

The  ratio  u.x  is  the  /  of  eq.  (i),  on  page  3,  while  the 
p  of  the  same  equation  is  simply  N^  of  eq.  (2),  given  above. 
Hence 
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Again,   eq.  (8)  of  Art.  3,  in  connection  with  eqs.  (8) 
and  (6)  of  this,  gives 

2Gt  /(Pp     dp      p 


I  —  2t  \rfr*     r  dr 


rr-fV  +  '^(d^+^r-^)"°* 


dl^ 


d^p     dp     p^  _^jP       V. 
•*•  d?^rJr^?'"dr^'^'dr"'^' 

dp     p 
dr     r 

rdp  +  pdr  =d(pr)  ^cr  dr. 

cr^  cr    b 

/.  pr  =  —  +  b,  or    p  =  —  +  -.     .     .     .     (10) 

This  value  of  p  in  eqs.  (8)  and  (9)  of  Art.  3  will  give 

At  the  interior  surface  R  must  be  equal  to  the  internal 
pressure,  and  at  the  exterior  surface  to  the  external  pressure. 
Or  since  negative  signs  indicate  compression, 

If  r  =  r' /?=-/>. 

If  r  =  rj R=-p^, 

Either  of  these  equations  is  the  simple  result  of  applying 
eqs.  (13),  (14),  and  (15)  to  the  present  case,  for  which 

cos  p=cos  r=cos  ;r=cos  />  =  o, 
cos  9=cos  ;^  =  i,  and  P^  —  p  or  —  pj. 
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t  > 


dXia  +  c)     c      b\ 

Subtracting  (14)  from  (13),  ^-^ 

(-'  ^^  Inserting  thi^  value  In  6<i[.'(i3),       "^  • 

^^(  i-2r  "^2)  "    r'^-V   * 

^^^  '^The  general  e:ppre'ssions,,of  (?  ^nd  A^^,  freed  from  the 

arbitrary  constants  of  integration,  can  now  be  easily  written 
by  inserting  these ^last  two  yaluesri;i  eqs.  (11)  and  (12).  By 
iria'king  the  insertions  ther^  will  result 


The  stress  .V^^  is  a  tension  directed  around  the  cylinder, 
and  has  been  called  **  hoop  tension."  Eq.  (16)  shows  that  the 
hoop  tension  wnll  ho  greatest  at  the  interior  of  the  cylinder. 
An  expression  for  the  thickness,  /,  of  the  annulus  in  terms  of 
the  greatest  hoop  tension  (which  will  be  called  h)  can  easily 
be  obtained  from  eq.  (16). 
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If  r  —  r'  in  that  eqxiation, 


Eq.  (17)  will  enable  the  thickness  to  be  so  determined 
that  the  hoop  tension  shall  not  exceed  any  assigned  limit  h. 
If  />j  is  so  small  in  comparison  with  p  that  it  may  be  neg- 
lected, /  will  become 

'-i(;^)H- ••••'•« 

If  />j  is  greater  than  p,  N^  becomes  compression,  but 
the  equations  are  in  no  manner  changed. 

The  values  of  the  constants  b  and  c  may  easily  be  foimd 
from  the  two  equations  immediately  preceding  eq.  (15). 

It  is  interesting  to  notice  that  the  rate  of  change  of  vol- 
ume, 0,  is  equal  to  (a  +  c)  and  therefore  constant  for  all 
points. 


Art.  6. — Torsion  in  Equilibrium. 

The  formulas  to  be  deduced  in  this  article  are  those  first 
given  by  Saint-Venant,  'and  established  in  substantially  the 
same  manner. 

It  will  in  all  cases,  except  that  of  the  final  result  for  a 
rectangular  cross-section,  be  convenient  to  use  those  equa- 
tions of  Art.  3  which  are  given  in  terms  of  semi-polar  co- 
ordinates. 
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Let  Fig.  I  represent  a  cylindrical  piece  of  material,  wth 
any  cross-section,  fixed  in  the  plane  ZF,  and  let  the  origin  of 

co-ordinates  be  taken  at  0.  Let 
it  be  twisted  also  by  a  couple 

P.ab^'Pl. 

the  plane  of  which  is  parallel  to 
ZY.  The  material  will  thus  be 
subjected  to  no  bending,  but  to 
pure  torsion. 

The  axis  of  the  piece  is  sup- 
posed to  be  parallel  to  the  axis 
of  A"  as  well  as  the  axis  of  the 
couple.  Normal  sections  of  the 
piece,  originally  parallel  to  Z0\\ 
will  not  remain  plane  after  tor- 
sion takes  place.  But  the  tendency  to  twist  any  clcmcntanr 
portion  of  the  piece  about  an  axis  passing  through  its  centre 
and  parallel  to  the  axis  of  X  will  be  very  small  compared 
with  the  tendency  to  twist  it  about  either  the  axisof  ror<^' 
consequently  the  first  will  be  neglected.  In  the  notation 
of  Art.  3,  this  condition  is  equivalent  to  making  7,^  =  0. 

As  the  piece  is  acted  ui)on  by  a  coui)le  only,  all  normal 
stresses  will  be  zero. 

Eqs.  (7),  (8),  (9),  and  (11)  of  Art.  3  then  become 

..       26'r  ^  ,     .Mu  . 

*     T— 2r  ax 


I  — 2r  dr 


^     I  -2r  \rd(}>     r I 


o; 


7^  =  (/I 


dp  ^  diu 
r  d^  '  di 


(2; 


(3) 


(4- 
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After  introducing  the  values  of  Trx  and  T^,,  from  eqs. 
(10)  and  (12).  of  Art.  3,  in  eqs.  (2),  (3),  and  (4)  of  the  same 
article,  at  the  same  time  making  the  external  forces  and 
second  members  of  those  equations  equal  to  zero,  and  bear- 
ing in  mind  the  conditions  given  above,  there  will  result 

dTrx  ,  dT^x     Trx 
dr  '^  rd4>^  r 

^(d^u  ,    d^p    ,_dhv         dju^  .  ^  .  J^^  \  _        r  \ 
^^\dr^'^drdx^rd~<t>dx^?d4''^rdr'^rdx)     ^'    ^^^ 

dx-^\dFTx-^dx^)^'' (^^ 

dTx^    ^/d^w        dhi    \ 
~d^^^\d^^^Vd^x)^'' ^7) 

Also  by  eq.  (6)  of  Art.  3, 

du     dp     dw     p 

^^dx^d^^Tcq>^r (^) 

The  cylindrical  piece  of  material  is  supposed  to  be  of 
such  length  that  the  portion  to  which  these  equations  apply 
is  not  affected  by  the  manner  of  application  of  the  couple. 
This  portion  is,  therefore,  twisted  uniformly  from  end  to 
end;  consequently  the  strain  u  will  not  vary  with  any 
change  in  x.     Hence 

« 

du 

Tv  =  ° (9) 

Eq.  (i)  then  shows  that  ^  =  0.  This  was  to  be  antici- 
pated, since  a  pure  shear  cannot  change  the  volume  or 
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density.     Because  0  =  o,  eqs.  (2)  and  (3)  at  once  give 

dp     dw      o  ,  . 

dr    rd<f>    r 

As  the  torsion  is  uniform  throughout  the  porticwi  con- 
sidered, 

^  =  0  =  ^ (u) 

dx  rdx 

Eq.  (11),  in  connection  with  eq.  (10),  gives 


dhu  .  X 

--7—1-7=0 W 

rdxd<f> 


Eqs.  (11)  and  (12),  in  connection  with  eq.  (10),  reduce 
eq.  (5)  to  the  following  form: 


'm 


d^u    ,dSi     du  d^u         \  ^^  /  /   v 

^<f>''^d?^7dr^^^d^''^^    dr      '    '     '    '^' 


Both  terms  of  the  second  member  of  eq.  (6)  reduce  to 
zero  by  eqs.  (9)  and  (11),  and  give  no  new  condition.  The 
second  term  of  the  second  member  of  eq.  (7)  is  zero  hy 
eq.  (9) ;  the  remaining  term  therefore  gives 


d^w 


fu' 


—  =0  '''' 

dx'     ^' 


As  the  stress  is  all  shearing,  p  will  not  vary  u-ith  <f>. 
Hence 

rd<f) 
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Eqs.  (10),  (11),  and  (15)  show  that  ^  =  0,  and  reduce 
eq.  (4)  to 

dw    w 

Eq.  (10)  now  becomes  ;;j^  =0,  and  shows  that  w  does 

not  contain  ^;  while  eq.  (14)  shows  that  w  does  not  con- 
tain x^  or  any  higher  power  of  x.  The  strain  w,  in  connec- 
tion with  these  conditions,  is  to  be  so  determined  as  to  sat- 
isfy eq.  (16). 

If  a  is  a  constant,  the  following  form  fulfils  all  condi- 
tions: 

w^arx (17) 

Eq.  (17)  shows  that  the  strain  w,  in  the  direction  of  <f>, 
i.e.,  the  angular  strain  at  any  point,  varies  directly  as  the  dis- 
tance from  the  axis  of  X,  and  as  the  distance  from  the  origin 
measured  along  that  axis.  This  is  a  direct  consequence  of 
making  r,,^  =  o. 

The  quantity  a  is  e\Hdently  the  angle  of  torsion,  or  the 
angle  through  which  one  end  of  a  unit  of  fibre,  situated  at 
unit's  distance  from  the  axis,  is  twisted ;  for  if 

r  =  ^  =  i,     uf  =  a. 

An  equation  of  condition  relative  to  the  exterior  surface 
of  the  twisted  piece  yet  remains  to  be  determined ;  and  that 
is  to  be  based  on  the  supposition  that  no  external  force  what- 
ever acts  on  the  outer  surface  of  the  piece.  In  eqs.  (13), 
(14),  and  (15)  of  Art.  2,  consequently,  P  ==0.  The  conditions 
of  the  problem  also  make  all  the  stresses  except 

T^'T„    and     T^^T^^, 
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equal  to  zero,  while  the  cylindrical  character  of  the  piece 
tiiakes 

/>  =  9o°;     .'.  cos/?  =  o. 

If  cos  t  be  written  for  cos  r, 

cos  t  =  sin  q. 
Eq.  (13),  just  cited,  then  gives 

T„  cos  q  +  r^x  sin  ^  =  o (18) 


But  since  /t>  =  o  and  w  =  arx, 


and 


r„-6jj     (Hi 


^■♦=^t%+<") "" 


Eq.  (18)  now  becomes 

(in 
— ,-, -  tan  (/ ,-r.       .     .     .    (21) 

in  which  r^  is  the  value  of  r  for  the  perimeter  of  any  normal 
section. 

Eqs.  (13)  and  (21)  are  all  that  are  necessary  and  all  that 
exist  for  the  determination  of  the  strain  m.  Eq.  (13)  must 
be  fulfilled  at  all  points  in  the  interior  of  the  twisted  p\txc, 
while  ecj.  (21)  must  at  the  same  time  hold  true  at  all  points 
of  the  exterior  surface. 
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After  u  is  determined,  Txr  and  Tx^  at  once  result  from 
eqs.  (19)  and  (20).  The  resisting  moment  of  torsion  then 
becomes 

M^ffTx^r^d<l>.dr=Gff^.rdrd<l>  +  GaIp.    (22) 

In  this  equation  Ip  =  J  Jr^  .rd<l>dr  is  the  polar  moment  of 

nertia  of  the  normal  section  of  the  piece  about  the  axis  of 
V,  and  the  double  integral  is  to  be  extended  over  the  whole 
section.  • 

According  to  the  old  or  common  theory  of  torsion 

M  =  Gal  p. 

[Tie  third  member  of  eq.  (22)  shows,  however,  that  such  an 
expression  is  not  correct  unless  u  is  equal  to  zero;  i.e.,  unless 
lU  normal  sections  remain  plane  while  the  piece  is  subjected 
o  torsion.  It  will  be  seen  that  this  is  true  for  a  circular  sec- 
ion  only. 

It  may  sometimes  be  convenient  to  put  eq.  (22)  in  the 
bllowing  form: 

M---G  j  J  rdr .'j-A^-\-Galp  =  G  j  u.rdr  +  Galp.     (23) 
In  this  equation  u  is  to  be  considered  as 

while  the  remaining  integration  in  r  is  to  be  so  made  that 
the  whole  section  shall  be  covered. 
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The  preceding  analysis  shows  that  the  old  or  common 
theory  of  torsion  is  correct  in  its  expression  for  torsive 
strain,  as  it  is  identical  with  eq.  (17)  of  Art.  6,  i.e., 

but  it  will  be  seen  later  that  the  remaining  formulae  of  the 
common  theory  are  incorrect  for  all  shapes  of  cross-section 
except  the  circle.  Fortimately  the  torsion  members  prin- 
cipally used  in  engineering  practice  are  shafts  of  circular 
section. 


Equations  of  Condition  in  Rectangular  Co-ordinates. 

In  the  case  of  a  rectangular  normal  section,  the  analysis 
is  somewhat  simplified  by  taking  some  of  the  quantities 
used  in  terms  of  rectangular  co-ordinates. 

In  the  notation  of  Art.  2  all  stresses  will  be  zero  except 
r,  and  Tj.  Hence  eqs.  (10),  (11),  and  (12)  of  that  article 
reduce  to 

dT,    dT, 


dy       dz 

dT 
dx 

dx 


'=0; 


=  0. 


The  strains  in  the  directions  of  x,  y,  and  z  are.  respx 
tivcly,  7/,  i\  and  w.  Introducing  the  values  of  7,  and  I. 
in  the  equations  above,  in  terms  of  these  strains,  fror- 
eqs.  (11)  and  (13)  of  Art.  i,  and  then  doing  the  sani;  ir. 
reference  to  the  conditions, 
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the  following  equations  will  result: 

^+5?=°' (^^^ 

dv    dw  ,     . 

dz+d^'° (^7) 

The  operations  by  which  these  results  are  reached  are 
identical  with  those  used  above  in  connection  with  semi- 
polar  co-ordinates,  and  need  not  be  repeated. 

Eq.  (27)  is  satisfied  by  taking 

V  =     axz ; 
z«;  =  —  axy ; 

in  which  a  is  the  angle  of  torsion,  as  before. 
Eqs.  (11)  and  (13)  of  Art.  5  then  give 

The  element  of  a  normal  section  is  dz  dy.  Hence  the 
moment  of  torsion  is 

M  =  fj{T^  -  T^)dy  dz ; 

.:M=Gff(^P-^y)dydz+GaI,;     .     (30) 

.•.  M "Gj  {zu  dz—yu  dy)  +Galp (31) 

Ip=Jf{z*-¥y')dydz 
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is  the  polar  moment  of  inertia  of  any  section  about  the 
axis  of  A^. 

The  integrals  are  to  be  extended  over  the  whole  section; 
hence,  in  eq.  (31),  zn  dz  is  to  be  taken  as 


and  yn  dy  as 


r-^yodu^ 
zdz.  I        j-av 
J-yo   dy  -^ 

,   r-^'^du^ 


in  which  expressions  y^  and  z^  are  general  co-ordinates  of 
the  perimeter  of  the  normal  section. 

Eq.  (26)  is  identical  with  eq.  (13),  and  can  be  derived 
from  it,  through  a  change  in  the  independent  variables,  by 
the  aid  of  the  relations 

0  =  r  cos  <l>    and     y  =  r  sin  <f>. 


Solutions  of  Eqs.  (13)  and  (21). 

It  has  been  shown  that  the  function  n,  which  represents 
the  strain  parallel  to  the  axis  of  the  piece,  must  satisfy 
<^*q-  (13)  [^^^  ^4-  (26)]  for  all  points  of  any  normal  section. 
and  ec].  (21)  (or  a  corresponding  one  in  rectangular  co- 
ordinates) at  all  points  of  the  perimeter;  and  those  two  an? 
tlic  only  conditions  to  be  satisfied. 

It  is  shown  by  the  ordinary  operations  of  the  calculus 
that  an  indefinite  number  of  functions  w,  of  r  and  <i>,  >*'ill 
satisfy  cq.  (13) ;  and,  of  these,  that  some  are  algebraic  and 
some  transcendental. 

It  is  further  shown  that  the  various  functions  u  which 
satisfy  both  eqs.  (13)  and  (21)  differ  only  by  constants. 
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If  u  is  first  supposed  to  be  algebraic  in  character,  and  if 
^p  ^2»  ^v  ^^•»  represent  constant  coefficients,  the  following 
general  function  will  satisfy  eq.  (13): 

^     (     c^r  sin  4>+c/^  sin  24>  +  cjr^  sin  3^+  • .  •)   ^ 
"^  \  +c'jrcos  ^  +  c'jr'cos  2^  +  (r',r*cos  3^+  ...  J   ^^^^ 

and  the  following  equation,  which  is  supposed  to  belong  to 
the  perimeter  of  a  normal  section  only,  will  be  found  to 
satisfy  eq.  (21): 


r' 


— +  Cjr  cos  4^  +  c^r^  cos  2^+t:,r*  cos  3^+  .  .  . 
—  c'jfsin  ^  — (//'sin  2^  — c^^r'sin  3^—  .  .  .  =C     (33) 

C  is  a  constant  which  changes  only  with  the  form  of 

section. 

du  du  dft. 

If  J-  and  — TT  be  found  from  eq.  (32),  while  — -ri  be 
ar  T  a<p  T^(i<p 

taken  from  eq.  (33),  and  if  these  quantities  be  then  intro- 
duced in  eq.  (21),  it  will  be  found  that  that  equation  is 
satisfied. 

The  only  form  of  transcendental  fimction  needed, 
among  those  to  which  the  integration  of  eq.  (13)  or  eq.  (26) 
leads,  will  be  given  in  connection  with  the  consideration  of 
pieces  with  rectangular  section,  where  it  will  be  used. 

Elliptical  Section  about  its  Centre. 

Let  a  cylindrical  piece  of  material  with  elliptical  normal 
section  be  taken,  and  let  a  be  the  semi-major  and  b  the 
semi-minor  axis,  while  the  angle  ^  is  meastired  from  a 
with  the  centre  of  the  ellipse  as  the  origin  of  co-ordinates, 
^ce  the  cylinder  will  be  twisted  about  its  own  axis.     The 
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polar  equation  of  the  elliptical  perimeter  may  take  the 
following  shape: 

r+7*5q:65''°"^=HNT"    •   •  •  (34) 

By  a  comparison  of  eqs.  (33)  and  (34),  it  is  seen  that 

■ 

and  that  all  the  other  constants  are  zero.     Hence  eq.  (32) 
gives 

^  =  «"T~2~rT2"\^  sin  26  ^-fr  sin  26.   .    .    (35 

llie  quantity  represented  by  /  is  evident. 
By  eqs.  (19)  and  (20) 

h'  —  (7 ' 
T„=(j'cx-i--^,rsm  2<j>; (36) 


7j^"=Gal    ;     ./ cos  2^>  +  r  I.  .     .     . 


(3;) 


T     T    C^  (h 

Since    ^'  "       =(/.!,  .1  lunn*]:  the  area  of  the  ellipse,  or 

2 

rci/;,  the  second  member  of  cmj.  (22),  l.)y  the  aid  of  eq.  (37), 
may  take  the  form 

M^GaJ  J(,hJ^    L2^'^2'''^^os  2<l>  +  rAjr] 
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Then  using  eq.  (34), 

M=Ga-^~pfdA=Ga^^-~yi.   .     .    .     (38) 

If  Ip  is  the  polar  moment  of  inertia  of  the  ellipse  (i.e., 
about  an  axis  normal  to  its  plane  and  passing  through  its 
centre),  so  that 

then 

M '^Ga — :rr (30) 

Using  /  in  the  manner  shown  in  eq.  (35),  the  resultant 
shear  at  any  point  becomes,  by  eq.  (24), 


T''Gar\/p  +  2f  cos  2^  +  1. 
dT 


gives 


sin  2^  =  0,     or     ^  =  90®    or    o®. 


Since  /  is  negative,  T  will  evidently  take  its  maximum 
when  <f)  has  such  a  value  that  2/  cos  2<^  is  jxjsitivc,  or  <f) 
must  be  90°. 

Hence  the  greatest  intensity  of  shear  wnll  be  found  some- 
where along  the  minor  axis.  But  the  preceding  expression 
shows  that  T  varies  directly  as  the  distance  from  the  centre. 
H^nce  the  greatest  iutettsity  of  shear  is  found  at  the  extremities 
of  the  minor  axis. 
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Making  ^  =  90®  and  r  ^  6  in  the  value  of  T, 

T^T^^Gabii-D^Ga^i^i'    •    •    •    (40) 


Taking  Ga  from  eq.  (40)  and  inserting  it  in  eq.  (38), 


m^tJ^^.tL', 


m 


(4») 


in  which 


L- 


zab^ 


or  the  moment  of  inertia  of  the  section  about  the  major  axis. 


Equilateral  Triangle  about  its  Centre  of  Gravity. 

This  case  is  that  of  a  cylindrical  piece  whose  normal  cross- 
section  is  an  equilateral  triangle,  and  the  torsion  will  lie  sup- 
posed about  an  axis  passing  through  b 
the  centres  of  gravity  of  the  different 
normal  sections.  The  cross-section  is 
represented  in  Fig.  3,  G  being  the  h 
centre  of  gravity  as  well  as  the  origin 
of  co-ordinates. 

Let  GH  =  \GD=a.   Then  from  the 
known  properties  of  such  a  triangle, 


Fig.  3. 


FD^DB^BF^2a\^i' 


Hence  the  equation  for  DB  is; r sin  d> -     -0. 

Hence  the  equation  for  BF  is;  r  cos  ^  f  d  =0 

IT  .t  .•  r         r-r^  •  •        ,        20  —  T  COS  0 

Hence  the  equation  for  FD  is;  r sm  «^ H ;_  -   -  =0^. 

^'3 
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Taking  the  product  of  these  three  equations  and  reduc- 
ig,  there  will  result  for  the  equation  to  the  perimeter 

—  —  2~cos3^= — / (42) 

2      6a        "^^       3  ^^  ^ 

Comparing  this  equation  with  eq.  (33), 

I  -     ^     2a' 


c,  =  — T-     and     C  =  — 
»         6a  3 


Hence 


r' sin  30  ,     , 


^nd  by  eqs.  (19)  and  (20) 


r'sin  30 
T^^-Ga — — — ; (44) 


r-=4--^r*) (45) 


Eq.  (22)  then  gives 


=Ga(Tp—a*V3J  =0.6  Galf,  =  1.8  6"aa VJ;  .     (46) 
jince  7p=  polar  moment  of  inertia  =  3a  S^J. 
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By  eq.  (24) 

T-     ^      \  t    ^' COS  30      r*  ,    , 

dT 
'*•  c/0^°    ^'^^'^^     sin3<;6  =  o, 

or 

0  =  0°,  60°,  120°,  180°,  240°.  300°,  or  360^ 

The  values  0°,  120°,  240°,  and  360°  make 

cos  30=  +1; 

hence,  for  a  given  value  of  r,  these  make  T  a  minimum.  The 
values  60°,  180°,  and  300°  make, 

cos  30=  -i; 

hence,  for  a  given  value  of  r,  these. make  T  a  maximum. 
Pulling  cos  30  =  —  I  in  ec}.  (47,/, 


=  ^'a[r^\) 


r=(/a(  r-f-  ^  ) I4SS 

Tins  value  will  be  the  greatest  p'>ssible  when  ''  is  t'le 
grcalosl.  Hul  0  ()o^,  180°,  aiid  300°  corresp.>nd  to  ihcn-r- 
mal  a  dn^pivd  nn  each  of  ihe  tlirce  sides  of  the  iriar.i::" 
from  (1.  Honoo  r  .1,  in  ec|.  (48),  gives  the  greatest  inicn>:ty 
of  shear  7\.,.  or 

7'„  ^-Jixa UV 
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Or  the  greatest  intensity  of  shear  exists  at  the  middle  point 
of  each  side.  Those  points  are  the  nearest  of  all,  in  the 
perimeter,  to  the  axis  of  torsion. 

The  value  of  Ga,  from  eq.  (49),  inserted  in  eq.  (46), 
gives 

h         /"T 
M  =0.4-^7^= — - (so) 

in  which  /=  side  of  section  =  2a\/3. 


Rectangular  Section  about  an  Axis  passing  through  its 

Centre  of  Gravity. 

In  this  case  it  will  be  necessary  to  consider  one  of  the 
transcendental  forms  to  which  the  integration  of  eq.  (13) 
[or  (26)] leads;  for  if  the  polar  equation  to  the  perimeter  be 
formed,  as  was  done  in  the  preceding  case,  it  will  be  foiuid 
to  contain  r*,  to  which  no  term  in  eq.  (33)  corresponds. 

If  e  is  the  base  of  the  Napierian  system  of  logarithms 
(ntmierically  ^  =  2.71828,  nearly)  and  A  any  constant  what- 
ever, it  is  known  that  the  general  integral  of  the  partial 
differential  eq.  (13)  may  be  expressed  as  follows: 

/i  =  .4^''^"*  ^  (?"''' ^*"*, (51) 

when  n'  +  »''  =  o;  for 

d^u      d^u        du       , ,  .       ,,^  .      ,   .  ^ 

dr^     r^  d^^     rdr  ' 

But  the  second  member  of  this  equation  is  evidently 
equal  to  zero  if 


(H'  +  n'')=o     or     n'  =  V-n\ 
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These  relations  make  it  necessary  that  neither  norn'  shall 
be  imaginary. 

It  will  hereafter  be  convenient  to  use  the  following  no- 
tation for  hyperboUc  sines,  cosines,  and  tangents : 

sih^  = ;     coh/= ;     and  tah  <  = -— -r. 

2  2     '  e^+e^ 


By  the  use  of  Euler's  exponential  formula,  as  is  well 
known,  and  remembering  that  n'^=^—n^,  eq.  (51)  maybe 
put  in  the  following  form : 

u  =  i'^''«»*  [A^  sin  (nr  sin  4>)  +A\  cos  (nr  sin  ^)], 

in  which  the  sign  of  summation  is  to  be  extended  to  all  pos- 
sible values  of  >1^  and  A\.  At  the  centre  of  any  section  for 
which  r  is  zero,  u  must  be  zero  also,  for  the  axis  of  the  piece 
is  not  shortened.  This  condition  requires  that  A\^o\  « 
then  becomes 

u  =  I^''  *^^  ^  .4  ^  sin  (nr  sin  <f}). 

The  subsequent  analysis  will  be  simplified  by  introduc- 
ing the  form  of  the  hyperbolic  sine,  and  this  may  be  done 
by  adding  and  subtracting  the  same  quantity  to  that  al- 
ready under  the  sign  of  summation,  in  such  a  manner  that 

u  =  2![A  „  sin  {nr  sin  0) .  sih  (nr  cos  (f>) 

+  iA  ^  sin  (nr  sin  <f})  e""^ ^ *],    (5-) 

Now  if  the  product 

sin  {nr  sin  <f>)  e"^^^^ 
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>e  developed  in  a  series  and  multiplied  by  A  ^,  one  term  will 
onsist  of  the  quantity 

—  r'sin  ^cos  ^ 
tiultiplied  by  a  constant,  and  if 

lA^  sin  (nr  sin  4>)  e"^*^^ 

m 

>e  replaced  by  simply, 

—  ar^  sin  <f>  cos  ^, 

11  the  conditions  of  the  problem  will  be  found  to  be  satis- 
led.    This  is  equivalent  to  putting 

—  ar^  sin  <f>  cos  <f} 

or  a  general  function  of  r  sin  <f>  and  r  cos  <f}.  This  change  will 
ive  the  following  form  to  zi,  first  used  by  Saint- Venant : 

=  2 A  ^  sin  {nr  sin  ^) .  sih  (nr  cos  <^)  —  ar^  sin  ^  cos  <f).     (53) 

Fig.  4  represents  the  cross-section  with  C  as  the  origin  of 
o-ordinates  and  axis.     The  angle  0  is  measured  positively 


rom  CN  toward  CH.  At  the  points  A^  //,  K,  and  L,  in  the 
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equation  to  the  perimeter,  dr^  will  be  zero.    Hence  at  those 
points,  by  eq.  (21), 

-r-  =» 2[A^  sin  {nr  sin  4>)  .n  cos  ^.coh  {nr  cos  ^) 

+A^,n  sin  ^.cos  {nr  sin  ^)  .sih  {nr  cos  ^)] 
—  2ar  sin  <j>  cos  ^  =0. 


At  the  points  under  consideration  ^  has  the  values  o^ 
90^  i8b^  2  7o^and  360^.  At  the  points  N  and  A',  (^-o°or 
180®;  hence  sin  0  =  o,  and  both  terms  of  the  second  mem- 
ber of  T-  reduce  to  zero,  whatever  may  be  the  value  of  n. 

But  at  H  and  L,  ^  =  90°  and  270° ;  hence  sin  ^  =  + 1  or  - 1 

and  cos  ^  =  o. 

du 
In  order,  then,  that  -t-  =0  at  flf  and  L,  these  must  obtain: 

cos  nr  =  cos  (  —  nr)=  o. 
If  HL  =  c  and  A'A^  =  6,  then 


>tc           /     nc\ 
cos  ^  =cos(--jj=o (54) 


If  the  signification  of  n  be  now  somewhat  changed  so  as 
to  represent  all  possible  whole  numbers  between  o  and  x , 
^*q-  (54)  will  be  satisfied  by  writing 


2n—  I 

TT 
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for  n  in  that  eqtiation.     Eq.  (53)  will  then  become 

«      •.    /2n-i       .      \         /2n-i  \ 

u  =  zA  ^  sin  I ;rr  sin  ^1 .  sih  ( nr  cos  ^1 

—  ar' sin  ^  cos  ^ (55) 

The  quantity  A  ^  yet  remains  to  be  determined  by  the 
aid  of  eq.  (21),  which  expresses  the  condition  existing  at 
the  perimeter  of  any  section! 

Now,  for  the  portion  BN  of  the  perimeter, 

r  COS  0=-» 
^     2 

dr 
and  --y;  will  be  the  tangent  of  (-  ^),  or 

^^'  =-tan(-^)=tan^. 


r^<l> 


Hence  eq.  (21)  becomes 


du 
dr 


du 
rd(p 


=  tan  ^ (56) 


or 

.     ^     du         ,      du     , 
ar  sm  9  = -r-  cos  9 r^  sin  9. 

Substituting  from  eq.  (55),  then  making 

rcos9=-, 
^     2 

•  ^      2n-i         ,/2»-i   ,\     .     /2n-i       .      \ 
r  sm  ^  =  i^.4  , .  y^^  n  coh|^— ^--  nbj  . sm  \—^ izr  sin  ^ j . 
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If  r  sin  ^  be  represented  by  the  rectangular  co-ordinate 
y,  and  another  quantity  by  H,  the  above  equation  mayl^ 
written 

+    .   .   .    -//^Sin  (— — ;rjy+    .   .   . 

If  both  sides  of  this  equation  be  multiplied  by 


sin  \^^^^Y~^r.yydy, 


and  if  the  integral    then  be    taken  between    the  limits  o 

c 
and     ,  it  is  known  from  the  integral  calculus  that  all  terms. 

except  the  n^^'  will  disai)pear,  and  that 


//,-=X^'.sin  ("\,  -rv)  .'/vH-/%in^  (^"^    '.v)  ./ 


.^:v. 


Comi^leting  these  sinij)le  integrations, 

Hence. 

( -  i)"~V-    4         2ac        I 


•'^"  "(2-1 --1  )-.-:= 'C  ■(2»-l)r 
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If  this  value  of  >1  ^  be  put  in  eq.  (55),  and  if  rectangular 
co-ordinates 

y=rsin^    and    2=rcos^ 
be  introduced,  that  equation  will  become 


u=  —  azy  + 

( -!)'»■"*  sin  (- r>^).sih( tzz\ 

/£\   ,ac^2 -jz::^ — ; — ^^ .      (S7) 


(2»—  i)'coh 


(^=^) 


This  value  of  u  placed  in  eq.  (31)  will  enable  the  moment 

of  torsion  to  be  at  once  written. 

c  c 

The  limits  +y^  and  —y^  are  +-  and  — ,  and  the  limits 

b  b 

+^0  and  —00  are  +-  and  — .     Hence 


Hi-'"'    -|-©Ff 


2  sih 


'^  i^'"') 


(2«—  0'  coh 


(-^r-^^) 


Q,  for  brevity; 


-h:i- 


abc 


y 

c 


(2M— i)'coh( ;rol  I 


=  /?. 
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For  the  next  integration 


+  * 


//« 


\z  dz  =  abc 


12 


/  2\  »  c  %{2n-i)n 


26c  ,  2n— 

.con 


2C 


-  nb"  7 Ti—iSih  ( rfc ) 

(2»— l)V         \     2C*         / 


(2n—  i)'  coh( ;r6 1 


/ 


+- 


Ry  dy  =  afec 


12      \;r/   0    I 


(2 


rrr  sih  ( rfc) 

W  — l)V  \     2C         / 


(2n— i)'coh 


(^'')j 


Thus  the  integrations  indicated  in  eq.    (31)  are  com- 
pleted.    Hence 

M^G^yjQzdz^jRydy^alpi. 


Remembering  that 


'-<-^> 


,,     ^   ,    bc^     i6bc 
M=Ga\     ^  +— r- 


But  it  is  known  that 


n*    t(2»-i)*       -■:»  t       (2»-i)»      J  *-' 


S 


00 


2        n' 


,  (2n—  1)*     1 .2.3   2* 
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Hence  eq.  (58)  becomes 


M=GabcH    -—^u^ — /    '\,    '     1.     .     (59) 


(^1 

:2«-i)»    J-  • 


Since 


(I  — tah  n  ,  I  —  tah  3;:     i— tah  stt  \ 

tah  ;r     tah  3;:     tah  5;: 


and  since 


64 
^=0.209137, 


and  remembering  that 


7(2^-1/      '  + 3' "^S' ■*"•••    "('     2V29S.I2I5' 
eq.  (59)  becomes 

M  ^Gahc^X    —  o.  2 1 0083  r 


.    nh  ,   3^6 

I— tah  —     I -tah 


+  0.209137^ \^ ^ — ^+      ^6  -    +  •  •  /J-  (60) 

Eq.  (60)  gives  the  value  of  the  moment  of  torsion  of  a 
rectangular  bar  of  material. 
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If  z  had  been  taken  parallel  to  6,  and  y  parallel  to  f,  a 
moment  of  equal  value  would  have  been  found,  which  can 
be  at  once  written  from  eq.  (60)  by  writing  b  for  c  and  c  fori. 

That  moment  will  be 

M--^Gacb^\    -- 0.2 10083  - 

1  -  tah  -r     I  -  tah^ 

20  26  II,, 

1 "*" ? "*"  *  '  71* 

Eq.  (60)  should  be  used  when  b  is  greater  than  c,  and  eq. 
(61)  ivhen  c  is  greater  than  6,  because  the  series  in  the  paren- 
theses are  then  very  rapidly  converging,  and  not  diverging. 
It  will  never  be  necessary  to  take  more  than  three  or  four 
terms  and  one,  only,  will  ordinarily  be  sufficient.  The  follow- 
ing are  the  values  of 


(i-tah^) 


for  a  few  values  of  n : 


1— tah       )  =0.083  :  0.00373  •  0.000162  :  0.000007; 
n=     I 


Square  Section. 
If  c=6  either  eq.  (60)  or  eq.  (61)  gives 


M=Gab* 


I 

-  — 0.2101  +0.200 

3 


(i-tah^)]; 


•     M  =0.1406  Gab*  ---da      ,-.        .     .      C6:' 

42.7  U 
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in  which  .4  is  the  area  ( =  b^)  and  Ip  is  the  polar  moment  of 
inertia  (=/:). 


Rectangle  in  which  b  =  2C. 
If  6  =  26',  eq.  (60)  gives 

M  ==Ga.2C*( — 0.105  +0.1046  (i  —  tah  ;:)) ; 

.-.  il/ =0.457  Cac^-G'a--T-,      .     .     .     (63) 

42  ip 

in  which  A  is  the  area  (  =  2(7^)  and  /p  =  polar  moment  of  in* 
ertia 

__6c'  +  feV     $c* 
12  6  * 


Rectangle  in  which  b  =4^. 
If  6  =  4c,  eq.  (60)  then  gives 


M 


=  Gabc^(  —  0.0525)  =1.123  G^ac*; 


44 

•.  M^Ga p,         (64) 

40.2  Ip  "-  ^' 

in  which  A  =  area  =  4c:'  and  Ip  =  polar  moment  of  inertia 

12  .^ 
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If  6  is  greater  than  2C,  it  will  be  sufficiently  near  for  all 
ordinary  purposes  to  write 

M=Gay(i-o.63|) (65) 


Greatest  Intensity  of  Shear. 

There  yet  remains  to  be  determined  the  greatest  inten- 
sity of  shear  at  any  point  in  a  section,  and  in  searching  for 
this  quantity  it  will  be  convenient  to  use  eqs.  (28)  and  (29). 

It  will  also  be  well  to  observe  that  by  changing  z  to  y, 
y  to  — 0,  do  b,  and  fe  to  ^,  in  eq.  (57),  there  may  be  at  once 
written 

/  \«  (-i)"~'sin( — r — TT^J.sihf— r — kv] 

u^azy-(^).ab^I-—- ^     ^        /       '^     ^        ^(66) 

(2«— i)'coh  ( — jr^^j 

This  amounts  to  turning  the  co-ordinate  axes  90**. 
Since  the  resultant  shear  at  any  point  is 


7  =  ^/77+'A^ 


it  will  be  necessary  to  seek  the  maximum  of 

/dn      y    (dn      y   T^ 

The  two  following  equations  will  then  give  the  points 
desired : 
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Acy     (du       \d*u    (du        \l  d*u       \         ,.  . 


d 


(11) 

\Gy     /du        \l  d^u        \     (du        \d*u  ,^„, 


It  is  unnecessary  to  reprcxiuce  the  complete  substitu- 
tions in  these  two  equations,  but  such  operations  show  that 
the  points  of  maximum  values  of  T  are  at  the  middle  points  of 
the  sides  of  the  rectangular  sections,  omitting  the  evident  fact 
that  r  =  o  at  the  centre.  It  will  also  be  found  that  the  great- 
est intensity  of  shear  will  exist  at  the  middle  points  of  the 
greater  sides. 

This  result  may  be  reached  independent  of  any  analytical 
test,  by  bearing  in  mind  that  an  elongated  ellipse  closely 
approximates  a  rectangtdar  section,  and  it  has  already  been 
shown  that  the  greatest  intensity  in  an  elliptical  section  is 
found  at  the  extremities  of  the  smaller  axis. 

By  the  aid  of  eqs.  (28),  (29),  (57),  and  (66),  it  will  also 
be  found  that  T,  =  0  at  the  extremities  of  the  diameter  c, 
and  r,  =  o  at  the  extremities  of  the  diameter  6.  The  maxi- 
mum value  of  T  will  then  be 

r„  =  -7,=-^(^-«).)^_^.   .   .   .   (69) 


c 

y-3 


By  the  use  of  eq.  (57) 


du 

d^-"y' 


,       .         TT    .     /2n—i     \       ,/2n— I     \ 
-aavJ'V  ^..j'->--c""(^-^)"°H^''). 
W'       .  (,„_,).e<,h(=-^^) 
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c 
Putting  2=0  and  y  =  —  in  this  equation,  there  will  result 


If  b  is  greater  than  c  the  series  appearing  in  this  equation 
is  ver)''  rapidly  convergent,  and  it  will  never  be  necessiiry  to 
use  more  than  two  or  three  terms  if  the  section  is  square,  and 
if  b  is  four  or  five  times  c  there  may  be  written 

T^=Gac (71) 


Square  Section. 

Making  6  =c  in  eq.  (70),  and  making  «  =  i,  2,  and  3  (i.e., 
taking  three  terms  of  the  series),  there  will  result 


T 
r^  =0.676  Gac;     .'.  (7a  =  1.48 — ^. 

0 


Inserting  this  value  in  eq.  (62), 


1  r  i^T-        ^•26/r,„ 

A/=o.2i6'r    -^ ^ (72) 


••     -^  m  ~^-°    /   ^  —  5   /,3  »         •        •        •        .        (73) 


in  which 


i  =  —     and     a  ---  -  --  - . 

12  22 
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Rectangular  Section;  b  =  2C. 

Making  b  =  2C  in  eq.  (70),  and  making  n  =  i,  only,  there 
/ill  result 

T 
c 

Inserting  this  value  in  cq.  (63), 

IT 
M=o.4C)c'r^^i.47-f (74) 

M         M 
.'.  T^=o.68ja^2-^^,      ....     (75) 


n  which 


.     fcc'     c*  ^  c 

/  =  —  -=7-     and     a==-. 
126  2 


Rectangular  Section;  b  =  4C, 
Making  b  =  4C  in  eq.  (70),  and  making  n  ==  i,  only, 


T 

r^  =0.997  Ooc^',     .*.  G'a  =  1.003—^. 

0 


Inserting  this  value  in  eq.  (64), 

IT 
il/ =  1.126  r'r^  =  1.69 — -.      .     .     .     (76) 

..  r^  =  o.6ya-o.9p-,      .....     (77) 


1  which 


^    6r»     c'  ,  c 

/  =  — =—     and     a=-. 

T2       3  2 
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Circular  Section  about  its  Centre. 

The  torsion  of  a  circular  cylinder  furnishes  the  simplest 
example  of  all. 

If  Te  is  the  radius  of  the  circular  section,  the  polar  equa- 
tion of  that  section  is 


— =C  (constant). 


Comparing  this  equation  with  eq.  (33),  it  is  seen  that 


V«     ~~  !»•    —"  »'»^"        •     •     •  ^^  C«        "~~  Cm       ~~       •      •     •  *™  0« 


By  eq.  (32)  this  gives  w  =0.     Hence  all  sections  remain 
plane  during  torsion. 

Eqs.  (19)  and  (20)  then  give 

Txr  =  o     and     7^4^=  Gar (7S) 

Eq.  (23)  gives  for  the  moment  of  torsion 

J\l=(;alp, (79) 

or 

A/  =  o.5  rrroVO'a  =  '    2/  «*,  •     ...     (80) 
in  which  equation  A  is  the  area  of  the  section  and 


T    _^ 
'^  2 
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The  greatest  intensity  of  shear  in  the  section  will  be  ob- 
tained by  making  r=Vo  in  eq.  (78),  or 

T^^Gau\    ..Ga^'^ (81) 

'% 

Eq.  (80)  then*  becomes 

IT 
Jl/=o.5  ;rr„'7^  =  2— ^.     .*  .     .     .     (82) 

.•.  3r^=o.64— ,=o.5yro, (83) 


0 
4 


in  which  /  = 


?rr<, 


It  is  thus  seen  that  the  circular  section  is  the  only  one 
treated  which  remains  plane  during  torsion. 

General  Observations. 

The  preceding  examples  will  sufficiently  exemplify  the 

method  to  be  followed  in  any  case.     Some  general  conclu- 
sions,  however,   may  be  drawn  from  a  consideration  of 

eq.  (33)- 

If  the  perimeter  is  symmetrical  about  the  line  from 
which  (f>  is  measured,  then  r  must  be  the  same  for  +  <f>  and 
—  ^;  hence 

/•  '  — /-  '  — /-  '  »  »rk 

If  the  perimeter  is  symmetrical  about  a  line  at  right 
angles  to  the  zero  position  of  r,  then  r  must  be  the  same  for 

^  -  9o«>  +  <f>'    and    90®  -  <f>' ; 
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hence 

^1  =  ^3  =  ^5  .  .  .         *=  ^2    ~  ^4    ~  ^6    ^    •   •   •      ■=  O- 

In  connection  with  the  first  of  these  sets  of  results, 
eq.  (32)  shows  that  every  axis  of  symmetry  of  sections  repre- 
sented by  eq.  (33)  will  not  be  fnoved  from  itl  original  posiim 
by  torsion. 

If  the  section  has  two  axes  of  symmetry  passing  through 
the  origin  of  co-ordinates,  then  will  all  the  above  constants 
be  zero,  and  its  equation  will  become 

-  +Cjr'  cos  2<f}  +  cy  cos  4<l>  +  c^7*  cos  60+  . . .     ^K. 


Art.  7. — Torsional  Oscillations  of  Circular  Cylinders. 

Two  cases  of  torsional  oscillations  will  be  considered, 

in  the  first  of  which  the  cylindrical  body  twisted  is  sup- 
posed to  be  the  only  one  in  motion.  In  the  second  case, 
however,  the  mass  of  the  twisted  body  will  be  neglected, 
and  the  motion  of  a  heavy  body,  attached  to  its  free  end. 
will  be  considered.  In  b(^th  cases  the  section  of  the  cvlin- 
der  will  be  considered  circular. 

Since  these  cases  are  those  of  motion,  the  internal 
stresses  are  not,  in  general,  in  equilibrium ;" hence  equations 
of  motion  must  be  used,  and  those  of  Art.  3  are  most  con- 
venient. C^f  these  last,  the  investigations  of  the  ])rect»ding 
article  show  that  eq.  (4)  is  the  only  one  which  gives  any 
conditions  of  motion  in  the  problem  under  consideration. 

Putting  the  value  of 


T^T^.^G 


dx 
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in  eq.  (4)  of  Art.  3,  that  equation  may  take  the  form 

d^w     G  d^w  d^w     ijrf^w' 

For  brevity,  h^  is  written  for  --. 

That  dimension  of  the  cross-section  of  the  body  which 
lies  in  the  direction  of  the  radius  will  be  assumed  so  small 
that  w  may  be  considered  a  function  of  x  and  t  only.  The 
results  will  then  apply  to  small  solid  cylinders  and  all  hollow 
ones  with  thin  walls. 

The  general  integral  of  eq.  (i),  on  the  assumption  just 
made,  is  (Booles*  **  Differential  Equations,*'  Chap.  XV, 
Ex.  i) 

in  which  /  and  F  signify  any  arbitrary  functions  whatever. 
Now  it  is  evident  that  all  oscillations  are  of  a  periodic  char- 
acter, i.e.,  at  the  end  of  certain  equal  intervals  of  time,  w 
will  have  the  same  value.  Hence  since  /  and  F  are  arbitrary 
forms,  and  since  circular  functions  are  periodic,  there  may 
be  written 

u'-=/l„{sin  (a^:x:  +  a„6/) +sin  {a„x-aj)t)\ 

-5Jcos  {a„x  +  aJ)t)-Qos  (a„.r-a„6/) },     (2) 

in  which  a^,  A^,  and  S„  are  coefficients  to  be  determined. 

Substituting  for  the  sines  and  cosines  of  sums  and  differ- 
ences of  angles, 

w  =  2  sin  a„rt:(.4  „  cos  a„bt  +  B^  sin  ajjt).    .     .     (3) 

Let  the  origin  of  co-ordinates  be  taken  at  the  fixed  end 
of  the  piece,  w  must  then  be  equal  to  zero,  as  is  shown  by 
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^q-  (3)-  But  there  may  be  other  points  at  which  w  is  always 
equal  to  zero,  whatever  value  the  time  t  may  have.  These 
points,  called  nodes,  are  found  by  putting  w  =  o,  or 

sinaA:  =  o (4) 

This  equation  is  satisfied  by  taking 

**     a      a  *      a  'a 

and  x-=-a;  in  which  a  is  the  length  of  the  piece. 
Hence  at  the  distances 


a    a  a 

w,     •     I  •  •  •  ( 
23  *  n 

front  the  fixed  e^td  of  the  piece,  there  will  exist  sections  which 
are  never  distorted  or  moved  from  their  positions  of  rest.  These 
are  called  nodes,  and  one  is  assumed  at  the  free  end,  althougli 
such  an  assumption  is  not  necessary,  since  a  is  really  t'v 
distance  from  the  fixed  end  to  the  farthest  node  and  n>'t 
necessarily  to  the  free  end. 

If,  as  is  pcrmissi1)le,   An  and  /i„  be  written   for  twice 
those  quantities,  the  general  value  of  n^  now  becomes 

w  ^--  sin  —  .  1 ,  cos  —  -[-/>,  sin    — 
a  \    *  a         '  a  ^ 

.     2zx/  _  2r.bt      _      .     2zht\ 

+  sin  .1.,  cos  -f  /).,  sin  I 

a   \    ^  a  '  a   I 

+  sin         I  .  L  cos  -V  !\  sm  -   -    I 

d   \    ^  a  ^  a  J 

•  •  •  •  • 

;/-r/  ,           i/r/>/      _^     .     nzhtX  ,  . 

+  sin      -L4,jCos -f-/>nSin   ).    .     .     (0 
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The  coefficients  A  and  B  are  to  be  determined  by  the 
ordinary  procedure  for  such  cases.     Let 

M/j  =  <i>{x) 

be  the  expression  for  the  initial  or  known  strain  at  any  point, 
for  which  the  time  t  is  zero.  Then  if  i4n  is  any  one  of  the 
coefficients  A^ 

A^-^  l<l>{x)sm^dx (6) 

The  velocity  at  any  point,  or  at  any  time,  will  be  given 
by 

dw  .    Tzxl  ^      .    Tzht      „  7:ht\7:b 

-t:«— sm — l.4,sm B.  cos ) — .  .     .     (7) 

at  ,a\*         a         *  a  /  a  '^ 

In  the  initial  condition,  when  the  time  is  zero,  or  ^  =  0, 
it  has  the  given,  or  known,  value 

-—J  ^0(x)^  — (  B,  sm  —  +  2B.  sm +  3B,  sm  - —  +...). 

dt  ^a\*         a  '  a*^'  a  I 

Then,  as  before, 

B^^-^  /  0(x)sin^^dx (8) 

Thus  the  most  general  value  of  w  is  completely  deter- 
mined. 

The  intensity  of  shear  at  any  place  or  time  is  given  by 

dw 

dx 

w  being  taken  from  eq.  (5). 
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The  second  case  to  be  treated  is  that  of  the  torsion  pen- 
dulum, in  which  the  mass  of  the  twisted  body  is  so  incon- 
siderable in  comparison  with  that  of  the  heav'}'  body,  or 
bob,  attached  to  its  free  end  that  it  may  be  neglected. 

I^t  M  represent  the  mass  of  the  pendulum  bob,  and  k 
its  radius  of  gyration  in  reference  to  the  axis  about  which  it  is 
to  vibrate,  then  will  A/fe'  be  its  moment  of  inertia  about  the 
same  axis. 

The  unbalanced  moment  of  torsion,  with  the  angle  of 
torsion  a,  is,  by  eq.  (9)  of  Art.  6, 

Galp. 

The  elementary  quantity  of  work  performed  by  this 
unbalanced  couple,  if  /?  is  the  general  expression  for  the 
angular  velocity  of  the  vibrating  body,  is 

Galp.pdt. 

This  quantity  of  energy  is  equal  in  amount  but  opposite 
in  sign  to  the  indefinitely  small  variation  of  actual  energy 
in  the  bob ;   hence 

But  if  a  is  the  length  of  the  piece  twisted, 


:.     {^'l^iaa)  =  -Mk^      ,„ 


d-(aa) 
df' 
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Multiplying  this  equation  by  2d{aa),  and  for  brevity 
putting 


f 


r/    \ 


then  integrating  and  dropping  the  common  factor  a^ 


-  -<i) 


When  a==a^,  the  value  of  the  angle  of  torsion  at  the 
extremity  of  an  oscillation,  the  bob  will  come  to  rest  and 

-77  will  be  zero.     Hence 
dt 


C^Ha,^ 


and 


^'(t)'=^  («''-«'>• 


da  \H 


M.    /  1  2 


dt; 


(9) 


C  =0  because  a  and  /  can  be  put  equal  to  zero  together 
At  the  opposite  extremities  of  a  complete  oscillation  a 
will  have  the  values 

(  +  aj     and     (-a^). 
Putting  these  values  in  the  expression 

/  =  \j^.sin->^, (10) 
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and  taking  the  difference  between  the  results  thus  obtained, 
the  following  interval  of  time  for  a  complete  oscillation  wiD 
be  found: 

^==^\F=^A1777 ^''^ 

The  time  required  for  an  oscillation  is  thus  seen  to  v^xr\ 
directly  as  the  square  root  of  the  moment  of  inertia  of  the  hoh 
and  the  length  of  the  piece,  and  inversely  as  the  square  root  of 
the  coefficient  of  elasticity  for  shearing  a}td  the  polar  moment 
of  inertia  of  the  normal  section  of  the  piece  twisted. 

The  number  of  complete  oscillations  per  second  is  -.  If 

this  number  is  the  observed  quantity,  the  following  equa- 
tion will  give  G: 


..(i)'^. 


The  formulas  for  this  case  should  only  be  used  when  the 
mass  of  the  cylindrical  piece  twisted  is  exceedingly  small  in 
comparison  with  ,1/. 

Art.  8. — Thick,  Hollow  Spheres. 

In  order  to  investigate  the  conditions  of  equilibrium  <»! 
stress  at  any  point  witliin  the  material  which  fomis  a  thick 
hollow  sphere,  it  will  be  most  convenient  to  use  the  k.\\\u- 
tions  of  Art.  4.  As  in  the  case  of  a  thick  hollow  cylinilor. 
the  interior  and  exterior  surfaces  of  the  sphere  are  sui>p»Ni'l 
to  be  subjected  to  fluid  pressure. 

Let  r'  and  r,  be  the  interior  and  exterior  radii,  res]xv- 
tivelv. 

Let  —  p  and  —  p^  be  the  interior  and  exterior  intensities, 
respectively. 


Art.  8.]  THICK,  HOLLOIV  SPHERES.  893 

Since  each  surface  is  subjected  to  normal  pressure  of  tini- 
form  intensity  no  tangential  internal  stress  can  exist,  but 
normal  stresses  in  three  rectangular  co-ordinate  directions 
may  and  do  exist.   Consequently,  in  the  notation  of  Art.  4, 

1  ___ 

T^  =  T^r  =  T^^  =  o. 

With  a  given  value  of  r,  also,  a  uniform  state  of  stress 
will  exist.  Neither  N^  nor  N^  can,  then,  vary  with  4>  or  tp. 
By  the  aid  of  these  considerations,  and  after  omitting  7?„ 
*oi  '''^01  and  the  second  members,  the  eqs.  (i),  (2),  and  (3) 
of  Art.  4  reduce  to 

-N^+N^=o.     ......     (2) 

By  eq.  (2) 

Eq.  (i)  then  becomes 

dNr      Nr-N^ 

-5r+^-T-=° (3) 

On  account  of  the  existing  condition  of  stress  which  has 
just  been  indicated  it  at  once  results  that 

and  that  ^o  is  a  function  of  r  only. 

Eqs.  (4)  to  (10)  of  Art.  4  then  reduce  to 

'-'M' (4) 

^'-r^*+4:^ (s) 

N,-N,.00+^f.     ....    (6) 
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After  substitution  of  these  quantities,  eq.  (3)  becomes 
T^  \d^  +       r^dr      )  +  ^^d~r'  +  "^^Tdf-^^?  ""^ 


or 


(ff) 


One  integration  gives 

dp2p  . 

57+T="=^ ^^ 

Hence  d,  the  rate  of  variation  of  volume,  is  a  constant 
quantity.    Eq.  (7)  may  take  the  form 

rdp  +  2pdr==crdr. 

As  it  stands,  this  equation  is  not  integrable,  but,  by  in- 
specting its  form,  it  is  seen  that  r  is  an  integrating  factor. 
Multiplying  both  sides  of  the  equation,  then,  by  r, 

r^dp+2rpdr=d(r^p)  ^cr^dr; 
:.  r'p  =  c-+b\     :,  p=-^+-        ...    (8) 

Substituting  from  cqs.  (7)  and  (8)  in  eq.  (5), 

.,         2CV  2(tC      aoG  , . 

Nr-- — -c-v r;     .    .    .    •    (9 

-A  -*¥. 

It  is  obvious  what  .4  represents. 
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When  /  and  r^  are  put  for  r,  Nr  becomes  — p  and  — pj. 
Hence 


and 


These  equations  express  the  condtti(»is  involved  in  eqs. 
(i3)»  (14),  and  (15)  of  Art.  2. 
The  last  equations  give 


/* — fj* 


These  quantities  make  it  possible  to  express  AT,  and  N^ 
independently  of  the  constants  of  integration,  c  and  b,  lot 
those  intensities  become 


K 


r-    ^t_f*  r'*-r*       r*'      '     ^"' 

iV*  =  A*-   ,'«-r,»    +    2(r"-r/)     r**       '     ^"^ 

Thus  it  is  seen  that  N^  =  A^^  has  its  greatest  value  for 
the  interior  surface;  that  intensity  will  be  called  h. 

It  is  now  required  to  find  r,  —  r*  -  Hn  terms  of  h,  p,  and  p^, 
If  r—r'  in  eq.  (ii), 

3ft(f '•  - r*)  - 3/>.r,» -  fx^r'*  +  r .»). 
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Dividing  this  eqiiation  by  /•  and  solving. 


V. 

2(h  +  p)      . 

r'»- 

2h-p  +  sp,' 

_■# 

,.     2  (/;+/>) 

If  the  intensities  />  and  />^  are  given  for  any  case,  eq.  (1 2) 
will  give  such  a  thickness  that  the  greatest  tension  h  (sup- 
posing p^  considerably  less  than  p)  shall  not  exceed  any 
assigned  value.  If  the  external  pressure  is  very  small  com- 
pared with  the  internal,  p^  may  be  omitted. 

The  values  of  A  and  4Gb  allow  the  expressions  for  c  and 
6  to  be  at  once  written. 

If  p^  is  greater  than  p,  nothing  is  changed  except  that 
N^  =»iV^  becomes  negative,  or  compression. 


CHAPTER  III. 

THEORY  OP  FLEXURE. 

Art  9. — General  Formula. 

If  a  prismatic  portion  of  material  is  either  supported  at 
both  ends,  or  fixed  at  one  or  both  ends,  and  subjected  to 
the  action  of  external  forces  whose  directions  are  normal 
to,  and  cut,  the  axis  of  the  prismatic  piece,  that  piece  is  said 
to  be  subjected  to  **  flexure."  If  these  external  forces  have 
lines  of  action  which  are  oblique  to  the  axis  of  the  piece,  it 
is  subjected  to  combined  flexure  and  direct  stress. 

Again,  if  the  piece  of  material  is  acted  upon  by  a  couple 
having  the  same  axis  with  itself,  it  will  be  subjected  to  **  tor- 
sion.'* 

The  most  general  case  possible  is  that  which  combines 
these  three,  and  some  general  equations  relating  to  it  will 
first  be  established. 

The  co-ordinates  axis  of  X  will  be  taken  to  coincide  with 
the  axis  of  the  prism,  and  it  will  be  assumed  that  all  external 
forces  act  upon  its  ends  only.  Since  no  external  forces  act 
upon  its  lateral  surface,  there  will  be  taken 

retaining  the  notation  of  Art.  2.  These  conditions  are  not 
strictly  true  for  the  general  case,  but  the  errors  are.  at  most, 
excessively  small  for  the  cases  of  direct  stress  or  flexure,  or 

897 
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for  a  combination  of  the  two.     By  the  use  of  eqs.  (12),  (21), 
and  (22)  of  Art.  i  the  conditions  jtist  given  become 

r      (du    dv     dw\     dv  , . 

r      /du    dv     dw  \     dw  . .  I  -. 

dv     dw  ,  V 

5?+^='' ^^ 

Eqs.  (i)  and  (2)  then  give 

dv     dw  ,  . 

d^-di''' ^*^ 

In  consequence  of  eq.  (4)  eqs.  (i)  and  (2)  give 

dv  __dw  du 

d^^dF'^^^d^ ^5) 

By  the  aid  of  eq.  (5)  and  the  use  of  eqs.  (11),  (13).  and 
(20)  of  Art.  I,  in  eqs.  (10),  (11).  and  (12)  of  Art.  2  (in  this 
case  Xq=^\\  =  Zq  =  o),  there  will  result 

d^H      d^H      d^ii  ,  , 

.  ^Ji-  +  j7  +  jr^^' (^' 

dh^     d'v  _ 
dxdy^dx^  "^' ^"' 

ax  dz     dx^ 

Eqs.  f^),  (5),  (6),  (7),  and  (8)  are  five  equations  of 
condition  by  which  the  strains  m,  v,  and  w  are  to  be  deter- 
mined. 
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Let  eq.  (6)  be  differentiated  in  respect  to  %\ 

(Pu        d^u  d^u 

dx*     dy^  dx     dz^  dx  "" 

From  this  equation  let  there  be  subtracted  the  sum  of 
the  results  obtained  by  differentiating  eq.  (7)  in  respect  to  y 
and  (8)  in  respect  to  z : 

d^u        dS)         d^w 

In  this  equation  substitute  the  results  obtained  by 
differentiating  eq.  (5)  twice  in  respect  to  x,  there  will  result 


.„  ^■(s) 


dx*        dx' 


=  0 (9) 


This  result,  in  the  equation  immediately  preceding  eq. 
(9),  by  the  aid  of  eq.  (5)  will  give 


dh) 

o. 


dx^  dy 


After  differentiating  eq.  (7)  in  respect  to  y,  and  substi- 
tuting the  value  immediately  above, 


_d*u  _^\dx) 
dy^  dx       dy^ 


=  0 (10) 


Eqs.  (9)  and  (10)  enable  the  second  equation  preceding 
eq.  (9)  to  give 


Kt) 


dz*dx'    dz*    "* ^"^ 
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Let  the  results  obtained  by  differentiating  eq.  (7)  in 
respect  to  z  and  (8)  in  respect  ioyh^  added : 

dxdydz    dx^dz    dx^  dy  " 

The  sum  of  the  second  and  third  terms  of  the  first  mem- 
ber of  this  equation  is  zero,  as  is  shown  by  twice  differentiat- 
ing eq.  (3)  in  respect  to  x.     Hence 


dydzdx     dydz 
Eqs.  (9),    (10),    (11),    and    (12)   are   sufficient  for  the 

dti  1 

determination  of  the. form  of  the  ftmction  -7-,  if  it  be  assumed 
to  be  algebraic,  for 


Eq.    (9)  shows 

that  x^  does  not  appear  in  it; 

"    (10) 

{( 

**        j,2        «' 

^^               n              t( 

"    (11) 

l( 

(t               ((              i. 

"    (12) 

(( 

"    yz    " 

((               (<              <i 

The  products  xz  and  xy  may,  however,  be  found  in  the 
function.  Hence  if  a,  Oj,  a,,  6,  fej,  and  6,  are  constants, 
there  may  be  written 

du  /.      »         ,  /    X 

■^  =  a-\-a^z-ha^-hx{b  +  b^z  +  b^).  .     .     .    (13) 

Eq.   (s)  then  gives 

dv     dii'  .  „      ,         , 
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Substituting  from  eq.  (13)  in  eqs.  (7)  and  (8), 

^,=-a,-6^: (15) 

^--ai-b.x.   .     .     .     .     .     ..     (16) 

The  method  of  treatment  of  the  various  partial  deriva- 
tives in  the  search  for  eqs.  (13)  and  (14)  is  identical  with  that 
given  by  Clebsch  in  his  **  Theorie  der  Elasticitat  Fester 
K  or  per,'' 

It  is  to  be  noticed  that  the  preceding  treatment  has  been 
entirely  independent  of  the  form  of  cross-section  or  direction 
of  external  forces. 

It  is  evident  from  eqs.  (13)  and  (14)  that  the  constant  a 
depends  upon  that  component  of  the  external  force  which 
acts  parallel  to  the  axis  of  the  piece  and  produces  tension  or 
compression  only.  For  (pages  9,  10)  it  is  known  that 
if  a  piece  of  material  be  subjected  to  direct  stress  only, 

du  ^     dv    dw 

dx  dy     dz 

the  negative  sign  showing  that  ra  is  opposite  in  kind  to  a, 
both  being  constant. 

Again,  if  z  and  y  are  each  equal  to  zero,  eq.  (13)  shows 
that 

du  . 

^-a  +  fe*:. 

Hence  hx  is  a  part  of  the  rate  of  strain  in  the  direction  of  x 
which  is  uniform  over  the  whole  of  any  normal  section  of  Ike 
piece  of  material,  and  it  varies  directly  with  x.     But  such  a 
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portion  of  the  rate  of  strain  can  only  be  produced  by  an 
external  force  acting  parallel  to  the  axis  of  X,  and  whose 
intensity  varies  directly  as  x.  But  in  the  present  case 
such  a  force  does  not  exist.     Hence  b  must  equal  zero. 

The  eqs.  (13),  (14),  (15).  and  (16)  show  that  a^,  6j  and 
o,,  6,  are  symmetrical,  so  to  speak,  in  reference  to  the  co- 
ordinates z  and  y,  while  eqs.  (13)  and  (14)  show  that  the  nor- 
mal intensity  N^  is  dependent  on  those,  and  no  other,  con- 
stants in  pure  flexure  in  which  a=o.  It  follows,  there- 
fore, that  those  two  pairs  of  constants  belong  to  the  two 
cases  of  flexure  about  the  two  axes  of  Z  and  V. 

No  direct  stress  N^  can  exist  in  torsion,  which  is  simply  a 
twisting  or  turning  about  the  axis  of  X. 

Since  the  generality  of  the  deductions  will  be  in  no  man- 
ner affected,  pure  flexure  about  the  axis  of  Y  will  be  con- 
sidered.    For  this  case 

a=a,  =6,  =  0=6. 
Making  these  changes  in  (13)  and  (14), 

du 

j^-(^i2  +  b,xz;        (17) 

dv    dw  du 

dy'dF^^'^di^^^^^^^  +  ^tX^^'  '     •     •    ^^^^ 

^    ^    du     dv     du* 

-  ^^Tx-^T.^H^-^M  +  Kx){i^2rY.    .    (19) 


dx     dy     dz 


Also, 


I  —  2r  dx 

:.  Nt~^G(r+i)(a^  +  b,x)z  =  E(a,+b,x)z,     .    (jo) 
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2G(r  +  i)^E. 
Taking  the  first  derivative  of  iVj, 

^'=£(a.+6,*); (ai) 

This  important  equation  gives  the  law  of  variation  of 
the  intensity  of  stress  acting  parallel  to  the  axis  of  a  bent 
beam,  in  the  case  of  pure  flexure  produced  by  forces  exerted 
at  its  extremity.  That  equation  proves  that  in  a  given  nor- 
mal section  of  the  beam,  whatever  may  be  the  form  of  the 
secticin,  the  rate  of  variation  of  the  normal  intensity  of  stress  is 
constant;  the  rate  being  taken  along  the  direction  of  the  external 
forces. 

It  follows  from  this  that  N^  must  vary  directly  as  the 
distance  from  some  particular  line  in  the  normal  section 
considered  in  which  its  value  is  zero.  Since  the  external 
forces  F  are  normal  to  the  axis  of  the  beam  and  direction 
of  N^,  and  because  it  is  necessary  for  equilibrium  that  the 
sum  of  all  the  forces  N^dy  dz,  for  a  given  section,  must  be 
equal  to  zero,  it  follows  that  on  one  side  of  this  line  tension 
must  exist,  and  on  the  other  compression. 

Let  N  represent  the  normal  intensity  of  stress  at  the 
distance  unity  from  the  line,  b  the  variable  width  of  the 
section  parallel  to  y,  and  let  A  =  bdz.  The  sum  of  all  the 
tensile  stress  in  the  section  will  be 


\^Nzd=^N[zA. 

Jo  Jo 


The  total  compressive  stress  will  be 


nV  zJ. 


904 


THEORY  OF  FLEXURE. 


(OlIIL 


The  integrals  are  taken  between  the  limits  o  and  the  greatest 
value  of  2  in  each  direction,  so  as  to  extend  over  the  entire 
section.     In  order  that  equilibrium  may  exist,  therefore, 


Fig.  1. 


"{i^^L"]"^ 


J  -Si 


(22) 


Eq.  (22)  shows  that  the  line  of  no  stress  must  pass  through 
the  centre  of  gravity  of  the  normal  section. 

This  line  of  no  stress  is  called  the  neutral  axis  of  the 
section.  Regarding  the  whole  beam,  there  will  be  a  sur- 
face which  will  contain  all  the  neutral  axes  of  the  different 
sections,  and  it  is  called  the  neutral  surface  of  the  bent 
beam.  The  neutral  axis  of  any  section,  therefore,  is  the 
line  of  intersection  of  the  plane  of  section  and  neutral  sur- 
face. 

Hereafter  the  axis  of  X  will  be  so  taken  as  to  traverse 
the  centres  of  gravity  of  the  different  normal  sections 
before  flexure.     The  origin  of  co-ordinates  will  then  be 
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taken  at  the  centre  of  gravity  of  the  fixed  end  of  the  beam, 
as  shown  in  Fig.  i. 

The  value  of  the  expression  {a^  +  b^x),  in  terms  of  the 
external  bending  moment,  is  yet  to  be  determined.  Con- 
sider any  normal  section  of  the  beam  located 
at  the  distance  x  from  0,  Fig.  i,  and  let 
OA  =  /.  Also,  let  Fig.  2  represent  the  sec- 
tion considered,  in  which  BC  is  the  neutral 
axis  and  d'  and  d^  the  distances  of  the  most 
remote  fibres  from  BC.  Let  moments  of  all 
the  forces  acting  upon  the  portion  {l  —  x)  of 
the  beam  be  taken  about  the  neutral  axis  BC,  If,  again,  b 
is  the  variable  width  of  the  beam,  the  internal  resisting 
moment  will  be 


Fig.  2. 


I       N.bzdz=E{a.-\-b.x)\      z\bdz. 
J -di  J -di 


But  the  integral  expression  in  this  equation  is  the  moment 
of  inertia  of  the  normal  section  about  the  neutral  axis,  which 
will  hereafter  be  represented  by  /.  The  moment  of  the 
external  force,  or  forces,  F,  will  be  F(l  —  x),  and  it  will  be 
equal,  but  opposite  in  sign,  to  the  internal  resisting  moment. 
Hence 


F  l-x)  ^M=-E(a,  +  b,x)I. 


(23) 


-  (a,  +  b^x)  = 


Er 


(24) 


Substituting  this  quantity  in  eq.  (16), 


d^w    M 
dx^  ^EI' 


(25) 
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It  has  already  been  seen  (page  38)  that  eq,  (25)  is  xt 
of  the  most  important  equations  in  the  whole  subject  o(  tbt 
"  Resistance  of  Materials," 

An  equation  exactly  similar  to  (25)  may  of  course  be 
written  from  eq.  (15);  but  in  such  an  expression  M  will 
represent  the  external  bending  moment  about  an  axis  pM- 
allel  to  the  axis  of  Z. 

No  attempt  has  hitherto  been  made  to  determine  the 
complete  values  of  u,  v,  and  w,  for  the  mathematical  opera- 
tions involved  are  very  extended.  If,  however,  a  beam  be 
considered  whose  width,  parallel  to  the  axis  of  Y,  is  indefi- 
nitely small.  M  and  w  may  be  determined  without  difficulty. 
The  conclusions  reached  in  this  manner  will  be  applicable 
to  any  long  rectangular  beam  without  essential  error. 

If  y  is  indefinitely  small,  all  terms  involving  it  as  a  factor 
will  disappear  in  m  and  w ;  or,  the  expressions  for  the  strains  u 
and  IV  will  be  functions  of  z  and  x  only.  But  making  u  and  w 
functions  of  2  and  x  only  is  equivalent  to  a  restriction  d 
lateral  strains  to  the  direction  of  s  only,  or  to  the  reduction 
of  the  direct  strains  one  half,  since  direct  strains  and  lateral 
strains  in  two  directions  accompany  each  other  in  the  on- 
restricted  case.  Now  as  the  lateral  strain  in  one  directioc 
is  supposed  to  retain  the  same  amount  as  before,  while  the 
direct  strain  is  considered  only  half  as  great,  the  val«  of 
their  ratio  for  the  present  case  will  be  twice  as  great  as  thit 
used  on  pages  9  to  12.  Hence  2 r  must  be  written  foTf.in 
order  that  that  letter  may  represent  the  ratio  for  the  uwe- 
stricted  case,  and  this  will  be  done  in  the  following  equatJont 

Since  w  and  «  are  independent  of  y, 

dw    du  dv 

j-  =  3-  =  o,     and     T,  =  G^-. 
dy     dy      '  *       dx 

But,  by  eq.  (14), 

V--  ir{a^  +  i.T^rj'  +  /(«.  «). 


Art.9.J  GENERAL  FORMUUE.  907 

By  eq.  (3),  since 

dw 

^  =--2r(a,  +  b,x)y  +  ^J(x,  z)  -o. 

This  equation,  however,  involves  a  contradiction,  for  it 
makes  f(x,  z)  equal  to  a  function  which  involves  y,  which  is 
impossible.     Hence 

j{x,z)=o. 

Consequently 

dv 

^^^-2r(a,  +  b,x)y, 

which  is  indefinitely  small  compared  with 

^^-2r{a,  +  b,x)z, 

and  is  to  be  considered  zero 
Because  f(x,z)^o, 

dv  , 

This  quantity  is  indefinitely  small;  hence 

r,  =  —  2Grb^zy 

is  of  the  same  magnitude. 

Under  the  assumption  made  in  reference  to  y,  there  may 
be  written,  from  eqs.  (17)  and  (18), 

x^ 
u-=^a^xz  +  b^-z+f(z);      ....     (26) 

w^-r(a^z*+b^xz^+f(x).    ...     (27) 
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Using  eq.  (26)  in  connection  with  eq.  (6), 
By  two  integrations, 


f{z)^-^-(fz+(/' (28) 


Using  eq.  (27)  in  connection  with  eq.  (8), 


By  two  integrations, 


x'     a.x* 


/(*)  =  -  ''i  6- ^  +  <^i* + <^u' 


The  fvinctions  u  and  w  now  become 


u='aiXz  +  b^—z--^-c'z  +  c";  .     .    .    (19) 


t'       CI  x^ 

The  constants  of  integration  c',  cf\  etc.,  depend  upon 
the  values  of  u  and  iv,  and  their  derivatives,  for  certain 
reference  values  of  the  co-ordinates  x  and  z,  and  also 
upon  the  manner  of  application  of  the  external  forces,  F,  at 
the  end  of  the  beam,  Fig.  i.  The  last  condition  is  involved 
in  the  application  of  eqs.  (13),  (14),  and  (15)  of  Art.  2. 
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In  Fig.  I  let  the  beam  be  fixed  at  0.    There  will  then 
resxilt,  ioT  x  =  o  and  2=0, 


{^"V'.zV 


(w  =  o,     and    w  =  o),»o. 
In  virtue  of  the  last  condition, 

o  '  =  Cjj  =  o. 

In  consequence  of  the  first, 

c'  =  o. 
After  inserting  these  values  in  eqs.  (29)  and  (30), 

du  x^ 

.-.     T.=(;(g+^)  = -(76.(1 +r)0»+(7r,.   .     (31) 

The  surface  of  the  end  of  the  beam,  on  which  F  is  applied, 
is  at  the  distance  /  from  the  origin  0  and  parallel  to  the 
plane  ZY.  Also,  the  force  F  has  a  direction  parallel  to  the 
axis  of  Z.  Using  the  notation  of  eqs.  (13),  (14),  and  (15)  of 
Art.  2,  these  conditions  give 

cos />  =  I,     cos  q^o,     cos  r  =0, 

cos7r=o,     cos;f  =  o,     cos/t>  — i. 
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Since,  ior  x^l, 

M=F(/-^)=o, 

eqs.  (24)  and  (20)  give  A^j  =0  for  all  points  of  the  end  sur- 
face.     Eq.  (15)  is,  then,  the  only  one  of  those  equations 
which  is  available  for  the  determination  of  Cy 
That  eqxiation  becomes  simply 

T,=P. 

For  a  given  value  of  z,  therefore,  any  value  may  be  as- 
sumed f  ^r  Ty  For  the  upper  and  lower  surfaces  of  the  beam 
let  the  intensity  of  shear  be  zero;  or  for  z=  ±dlet  r,-o. 
Hence,  by  eq.  (31), 

.'.  r, = (76,(1 +r)(rf»-2»); 

.-.  r,=^'(rf'-2') (32) 

m 

The  constants  a^  and  b^  still  remain  to  be  found.  The 
only  forces  acting  upon  the  portion  (/  —  x)  of  the  beam  are 
F  and  the  sum  of  all  the  shears  T^  which  act  in  the  section  x. 
Let  dy  be  the  indefinitely  small  width  of  the  beam,  which, 
since  z  is  finite,  is  thus  really  made  constant.  The  princi- 
ples of  equilibrium  require  that 

r'^T^.Jy.dz=Gb,(i+r)r  {d\dy.dz-z\Jy,dz)^F. 

The  first  part  of  the  integral  will  be  2  Jjc/',  and  the  second 
part  will  be  the  moment  of  inertia  of  the  cross-section  (made 
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rectangular  by  taking  Jy  constant)  about  the  neutral  axis. 
Hence 

F  F 

2(76,(1 +r)/=F,    or    &i "^^(7+7)7 -£/••     (33) 


.-.  T,=^Ad'-z*).    '.....    (34) 


2/ 


K  «-o  in  eq.  (24), 


Thus  the  two  conditions  of  equilibrium  are  involved  in 
the  determination  of  a,  and  b^.  The  complete  values  of  the 
strains  u  and  w  are,  finally, 


w 


These  results  are  strictly  true  for  rectangular  beams  of 
indefinitely  small  width,  but  they  may  be  applied  to  any 
rectangular  beam  fixed  at  one  end  and  loaded  at  the  other, 
with  sufficient  accuracy  for  the  ordinary  purposes  of  the 
civil  engineer.  It  is  to  be  remembered  that  the  load  at  the 
end  is  supposed  to  be  applied  according  to  the  law  given 
by  eq.  (34),  a  condition  which  is  never  realized.  Hence 
these  formulae  are  better  applicable  to  long  than  short 
beams. 
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The  greatest  value  of  J,,  in  eq.  (34),  is  fotmd  at  the 
neutral  axis  by  making  z  =  o;  for  which  it  becomes 

^>-ir"i-^ ^^^ 

—7  is  the  tnean  intensity  of  shear  in  the  cross-section; 

hence  the  greatest  intensity  of  shear  is  once  and  a  Italf  as 
great  as  the  mean. 

In  eq.  (36),  if  0=0,  u  =  o.  Hence  no  point  of  the  neu- 
tral surface  suffers  longitudinal  displacement. 

In  eq.  (37)  the  last  term  of  the  second  member  is  that 
part  of  the  vertical  deflection  due  to  the  shear  at  the  neu- 
tral surface,  as  is  shown  by  eq.  (38).  The  first  term  of 
the  second  member,  being  independent  of  x,  is  that  part 
of  the  deflection  which  arises  wholly  from  the  deformation 
of  the  normal  cross-section. 

The  usual  modification  of  this  treatment,  designed  to 
supply  formulae  for  the  ordinary  experience  of  the  engineer, 
has  already  been  given  in  preceding  articles. 


APPENDIX  II. 

CLAVARINO'S  FORMULA. 

In  Art.  13  reference  is  made  to  Clavarino's  formula 
for  thick  cylinders.  It  will  be  sufficient  here  to  establish 
the  equation  for  the  circumferential  or  hoop  tension  in 
a  thick  cylinder  to  illustrate  Clavarino's  fundamental  idea. 

If  /  represents  the  unit  strain  in  the  direction  of  a 
tensile  force  acting  alone  and  whose  intensity  is  T,  and 
if  /'  is  the  unit  longitudinal  strain  in  the  same  direction 
imder  the  same  stress  T  but  with  two  intensities  of  com- 
pressive stress  R  and  5  acting  at  right  angles  to  each  other 
and  to  the  stress  T  with  corresponding  direct  unit  strains  h 
and  hi  and  finally  if  r  is  the  ratio  of  the  lateral  strain 
divided  by  the  direct  or  longitudinal  strain,  then  will 

l'=l+rli+rl2 (i 

According  to  Clavarino's  view  a  lateral  strain  repre- 
sents the  action  or  an  actual  force  or  stress  with  an  in- 
tensity equal  to  the  modulus  of  elasticity  E  multiplied 
by  the  lateral  unit  strain.     Consequently  he  considered 

El'  =  r  =  T+rR+rS ^2) 

In  the  case  of  the  thick  cylinder  T  is  the  intensity  of 
stress  originally  established  by  Lam6  and  given  by  eq. 
(16)  Art.  5  of  Appendix  I,  while  R  is  the  radial  compres- 
sion given  by  eq.  (15)  of  the  same  Art.,  and  5  is  the  intensity 
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of  longitudinal  tensile  stress  existing  if  the  cylinder  has 
closed  ends  and  it  is  found  by  eq.  (3) ; 

s^^^:^^^ (3) 

As  5  is  a  tensile  stress  and  causes  a  negative  lateral 
strain  the  term  rS  in  eq.  (2)  must  have  the  negative  sign. 
Again,  eq.  (15),  Art.  5,  of  Appendix  I  is  so  written  as  to 
make  R  negative.  Hence,  for  the  present  purpose,  eq.  (2) 
must  be  written : 

Ey=T=T-rR-rS (4) 

Substituting  the  values  of  R  and  T  from  eqs.  (15)  and 
(16),  Art.  5,  Appendix  I,  and  the  value  of  S  from  eq.  (3), 
in  eq.  (4)  and  taking  r=J, 

r-{pin--pr'-+4{Pi-pY-^)j^^^y     .    (5) 

If  r  =  r'  in  eq.  (5),  the  greatest  value  of  7'  becomes: 

r  =  i(r'2+4ri2)p-5Piri2{-^-— .       .     .     (6) 


Finally,  if  pi=o. 


'■'BSf ") 


If  the  stress  5=o  the  corresponding  modifications  of 
the  formulae  are  obvious. 

Eq.  (6)  gives  for  the  exterior  radius; 


(8) 
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These  equations  illustrate  Clavarino's  formulae.  For 
the  reasons  given  fully  in  Art.  13,  they  can  be  considered 
approximate  only. 

Related  closely  to  Clavarino's  method  is  that  procedure 

of  arbitrarily  assuming  TH —  =  constant  in  an  analysis  of 

the  stresses  in  the  wall  of  a  thick  cylinder.     At  best  the 
results  are  but  approximate. 


{ 


APPENDIX  III. 

RESISTING  CAPACITY  OF  NATURAL  AND 

ARTIFICIAL  ICE, 

In  the  early  part  of  1913  two  graduating  students  in 
Civil  Engineering,  Messrs.  A.  F.  Lipari  and  R.  M.  Marx, 
at  Columbia  University,  acting  under  the  immediate  direc- 
tion of  Mr.  J.  S.  Macgregor,  in  charge  of  the  testing  labora- 
tory of  the  Department  of  Civil  Engineering,  conducted  a 
series  of  physical  tests  of  natural  and  artificial  ice,  both  in 
compression  and  in  flexure.  These  tests  were  made  with 
scrupulous  care  as  to  the  application  of  loads  to  test  pieces 
and  in  the  quantitative  determination  of  results.  The 
test  pieces  in  compression  were  subjected  to  their  loads  in 
the  cooling  apparatus  employed.  The  compression  tests  of 
the  natural  ice  were  made  with  the  load  applied  in  some 
cases  normal  to  its  natural  surface  and  in  other  tests  parallel 
to  that  surface,  in  other  words  normal  to  its  bed  and  parallel 
to  its  bed. 

The  behavior  of  the  two  kinds  of   ice  in  the  tests  was 
quite  different  in  some  respects.     A  block  of  clear  artificial 
ice  would  soon  be  clouded  under  a  gradual  application  of 
loading  by  the  formation  of  cr>^stals,  which  finally  would 
determine  the  lines  of  compressive  failure;    while  the  ten- 
dency of  the  natural  ice  was  to  separate  and  fail  in  columns. 
In  both  cases,  however,  there  was  a  distinct  tendency  to 
shear  on  oblique  planes,  making  an  angle  of  about  45°  with 
the  direction  of  loading.     The  separation  along  these  shear 
planes  was  distinctly  marked  in  many  specimens. 
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In  general  the  height  of  the  compression  test  specimens 
was  about  twice  the  greatest  cross  dimensions,  but  the  larg- 
est specimens  tested  were  exceptions  to  this  observation. 
The  accompanying  table  gives  a  concise  statement  of  the 
results  of  the  fifty-seven  tests  of  natiu^al  ice  in  compression 
and  of  the  thirty-one  compressive  tests  of  the  artificial  ice. 

Table  I. 

NATURAL  ICE  IN   COMPRESSION. 


Site  of  Test  Pieces. 

Number  of 
Tests. 

Ult.  Comp.  Resistances 
Pounds  per  Sq.  In. 

Max. 

Mean. 

Min. 

3.25  ins.  by    3.75  ins. 

to 
9.8    ins.  by  13.9    ins. 

57 

1 132 

543 

100 

ARTIFICIAL  ICE   IN   COMPRESSION 


3       ins.  by    3.2    ins. 

to 
10.5    ins.  by  10.2    ins. 

31 

368 

185 

The  dimensions  of  the  cross-sections  of  the  test  pieces 
are  seen  to  vary  greatly.  The  nxmiber  of  pieces  tested  with 
the  larger  cross-sections  was  not  enough  to  establish  any 
definite  relation  between  the  ultimate  compressive  resist- 
ances per  square  inch  and  the  areas  of  the  cross-sections  of 
the  test  pieces.  Within  the  limits  of  these  tests  there  ap- 
pears to  be  little,  if  any,  material  variation  of  ultimate 
resistance  with  the  increase  of  cross-section. 

It  is  important  to  observe  that  the  ultimate  resistance 
of  the  artificial  ice  is  much  less  than  that  of  the  natural. 
In  fact,  the  mean  ultimate  resistance  of  the  natural  ice  is 
nearly  three  times  as  great  as  the  mean  ultimate  resistance 
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of  the  artificial,  and  about  the  same  relation  holds  for  the 
maximum  intensities. 

The  temperature  of  the  test  pieces  as  determined  by 
thermo-couples  during  the  actual  procedure  of  testing  ranged 
generally  from  about  +28°  Fahr.  to  about  freezing.  It  is 
probable  that  tlie  temperature  of  the  ice  was  considenbly 
lower  than  indicated  by  the  apparatus. 

The  test  pieces  were  not  selected  with  any  special  care, 
but  were  fair  averages  of  natural  and  artifidal  ice  as  or- 
dinarily sold  in  quantities  for  the  usual  purpose  of  dty 
consumption.  Naturally  the  quality  varied  materially  in 
many  blocks  as  bought,  causing  correspondingly  wide 
variations  in  the  ultimate  resistances  determined.  The 
results  of  these  compressive  tests  show  that  sound  natural 
ice  at  about  the  temperatures  indicated  may  be  expected 
to  give  on  the  average  an  ultimate  resistance  of  about 
500  lbs.  per  sq.  in.,  with  a  range  of  perhaps  ioo  to  1000 
lbs.  per  sq.  in.  The  artificial  ice  tested  appears  to  have 
had  about  one-third  the  ultimate  resistance  only  of  the 
natural  ice. 

In  some  cases  the  test  pieces  of  natural  ice  appeared  lo 
give  somewhat  greater  ultimate  resistances  when  tested 
on  their  beds  than  when  tested  on  edge.  In  scrutiniziag 
the  whole  list,  however,  there  appears  to  be  but  little,  if  any, 
difference.  Hence  no  distinction  of  this  kind  has  been  made 
in  Table  I.  but  all  the  tests  have  been  treated  as  of  one 
group. 

Table  II  shows  the  results  of  testing  beams  of  both 
natural  and  artificial  ice  with  loads  applied  at  the  centre 
of  span.  The  effective  span  in  all  cases  was  iS  inches. 
The  normal  cross-sections  of  the  beams  were  square  and 
varied  but  Uttle  from  3.5  inches  by  3.5  inches.  There 
were  nine  such  tests  of  beams  of  natural  ice  and  twelve  of 
beams  of  artificial  ice.     The  modulus  of  rupture  is  the  usual 
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so-called  intensity  of  stress  in  the  extreme  fibre.  It  is 
diffictdt  to  state  whether  the  ice  failed  by  tension  or  com- 
pression. In  some  cases  there  was  evidence  of  partial 
failure  at  least  by  internal  shear.  Some  of  these  beams  were 
placed  so  as  to  be  loaded  on  their  beds,  so  to  speak,  and  some 
on  edge,  but  on  the  whole  there  appeared  to  be  little  dif- 
ference in  the  results.  Occasionally  there  appeared  to  be  a 
tendency  to  fail  in  such  manner  as  to  exhibit  the  "bedding" 
planes. 

Table  II 

BEAMS  OF  NATURAL  ICE 
Load  at  Centre  of  Span 


Span. 

Number  of  Tests. 

Modulus  of  Rupture.     Pounds  per  Sq.  In. 

Max. 

Mean. 

Min. 

18  ins. 

9 

351 

247 

140 

BEAMS  OP  ARTIFICIAL  ICE 


18  ins. 


12 


138 


122 


85 


There  is  the  same  inferiority  of  ultimate  resistance  of 
the  artificial  ice  beams  as  in  compression,  but  the  artificial 
ice  beams  show  a  little  less  than  half  the  modulus  of  rupture 
given  by  the  natural  ice  beams. 
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Adhesion  between  bricks  and  stones 

and  cement  mortars,  373-375 
Adhesive  shear  or  bond,  592-598,  633 
Alloys    of    copper,    tin,    aluminum, 

zinc  in  tension,  346-362 
Alloys  of  copper,  tin,  zinc  in  torsion, 

193-195,  546 
Alloys  of  copper,  tin,  zinc  in  beams, 

355.  561,  562 
Aluminum,  354,  355 
Aluminum  alloys  in  bending,  560,  561 
Aluminum,    alloys    of,    in    tension, 

352-358 
Aluminum,    alloys    of,    in    torsion, 

193-196 

Aluminum-zinc  beams,  354 
Angles,  steel,  as  columns,  496-500 
Annealing  of  steel,  338,  339 

B 

Balanced  economic  steel  reinforce- 
ment, 608-613,  617-618 

Batten  plates,  508 

Beams  of  ice,  918 

Beams,  solid,  rectangular,  and  cir- 
cular, 554-562 

Bearing  capacity  of  rivets,  441 

Bending  and  direct  stress  combined, 

254-267 
Bending  and  direct  stress  in  eye-bars, 

255-267 


Bending  and  torsion  combined,  246 
Bending    moments    and    shears    in 

general,  64 
Bending  moments  in  concrete-steel 

beams,  614-616,  618-619 
Brass,  349-351 

Brick  masonry  beams,  584,  585 
Brick  piers  or  columns,  413-417 
Bricks,    adhesion    between    cement 

and,  373-375 
Bricks  and  brick  piers  in  compression, 

409-419 
Bricks  in  s^^earing,  550 
Bridge  portal,  stresses  in,  789 
Briquette,  Am.  Soc.  C.  E.  standard 

for  cement  tests,  372 
Bronzes  and  brass.  Board  of  Water 

Supply,  N.  Y.  City,  359,  360 
Building  stones,  420 
Bulk  modulus,  19 


Castings,  steel,  322 


Cast- 
Cast- 
Cast- 
Cast- 
Cast- 
Cast- 
Cast- 
Cast- 
Cast- 


ron  beams,  560 

ron  columns,  520-527 

ron,  elastic  limit,  286 

ron,  fatigue  of,  295 

ron  flanged  beams,  662-664 

ron  in  compression,  388 

ron  in  shearing,  544 

ron  in  torsion,  192-193,  544 

ron,     modulus     of     elasticity, 


286-290,  294,  389 
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Cast-iron,  remelting  and  continued 

fusion  of,  394 

iron.  387.  388 

Cast-iron,  tensile  resUience  of.  286- 

Compressive  stress,  4.  385 

294 

Concrete  columns,  408 

Cast-iron,  tensile  strain  diagram,  285 

Concrete   columns,  rrintorced,  6(1- 

Cast-iron,     ultimate     tensile    resist- 

655 

ance,  aga,  294 

Concrete  beams,  575-583 

Cement  in  compression,  395 

Cement  in  tension,  ida-ijj 

Concrete-steel,  adhesive  she»r,  ^f 

Cement  mortar  in  compression.  395 

598 

Cement  mortar  in  tension,  362-377 

Concrete-steel  beams,  600-&40            . 

Chemical  elements  in  steel,  343 

Concrete-steel     beams,     design    tt. 

Chrome  Viinadium  steel.  329-331 

629-640 

Cinder     concrete     in     compression. 

405-407 

633 

Cinder  concrete  in  tension.  365 

Concrete-steel  memben,  5SS-658 

Circular  cylinders,  torsion  of,  884 

Concrete-steel   theory,    by   ouniDMi 

Ctavarino's  formula,  48,  913 

theory  of  Qexurc.  591-620 

'              Coefficient  of    elasticity,  see    Mod- 

Connections. 435-473 

ulus  of  elasticity. 

Connections,  pin,  47»-473 

Collapse  of  Hues,  774-778 

Connections,    riveted     joint*,    435^ 

Column  design,  505-520 

470 

Columns  of  cast-iron,  520-527 

Continuous  beams  in  g«>eral.  1 18 

Columns  of  concrete,  408 

Copper,  alloys  of,   in   tenBton,  nfr- 

Columns  of  timber,  528-529 

362 

Columns,  long,  169 

Copper  in  compreSMon.  396 

Columns,    long,    wrought   iron    and 

Copper  in  shearing  and  tor»ioo,  $46 

steel,  490-520 

Copper  in  tension,  347-349 

Combined  bending  and  compression, 

Copper,  Un.  linc  beams.  561,  562 

268 

Copper,   tin.   «inc.   lead,   and   nUoys 

Combined  bending  and  direct  stress. 

254 

Copper,  under  repealed  stress.  Jfil 

Combined  bending  and  torsion,  246 

Cure    method    for    general    ffentre. 

Common  theory  of  flexure,  49,  99 

735-739 

Common  theory  of  flexure  for  beam 

Core  surface  or  section,  yja 

of  two  materials,  i;6 

Cover     plates     for     plate     ^Mta, 

Common  theory  ol  torsion,  182-196 

length  of.  708-710 

Composite    material,    elastic    action 

Crank  shaft  stresses,  »47-253 

Of.  749 

Criterion  tor  greatest  tnomenl,  84 

Compression,  385 

Curved  beams,  712-719              ^^^H 

Compressive  resistance  of  cast-iron. 

Cylinders,    thick    hotluw.    XM^H 

388 

«47                                            ^H 

Cylinders,  thin  hollow.  197-301  ^^H 

389-391 

Cylinders,  torsion  of,  853-892     ^^H 

INDEX, 
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D 

Deflection  due  to  shearing,  125,  153 
Deflection  in  oblique  flexure,  745-749 
Deflection  in  terms  of  greatest  fibre 

stress,  124 
Deflection  of  beams,  121,  126-131 
Deflection    of     rolled-steel    beams, 

677,  678 
Design  of  columns,  505-520 
Design      of     concrete-steel    beams, 

629-640 
Design    of    concrete-steel    columns, 

653-655 
Diagonal  riveted  joints,  469 
Diameter  of  rivets,  445 
Distribution  of  shear  in  beams  of 

various  sections,  60,  62 
Distribution    of    stress    in    riveted 

joints,  437 
Division  of  loading  between  concrete 

and  steel,  655 
Driving  and  drawing  spikes,  781-786 
Ductility,  286 
Ductility  of  wrought  iron,  302 

£ 

Eccentric   loading   of   any   surface, 

725-735 
Effect  of  chemical  elements  on  steel, 

343 
Effect  of  low  temperatures  on  steel, 

333-335 
Effect  of  shop  manipulation  on  steel, 

339 
Efficiency  of  riveted  joint,  454-461 
Elastic  limit,  5,  282 
Elastic  limit  of  wrought  iron,  298 
Elasticity,  i,  4 
Elasticity,  modulus  of,  4,  281 
Ellipse  of  inertia,  478,  480 
Ellipse  of  strain,  43 
Ellipse  of  stress,  26,  33 
Ellipsoid  of  strain,  42 


Ellipsoid  of  stress,  36,  40 

Elliptical  cylinder,  torsion  of,  1 86- 1 88, 

541,  863 
End  shear  in  bent  beams,  68 
Equilibrium  and  motion,  equations 

of  internal,  820-846 
Euler's  formula,  169 
Expansion  and  contraction  (thermal) 

of  mortar,  concrete,  and  stone,  377 
Eye-bars  of  steel,  314-327 
Eye-bars  subjected  to  bending  and 

tension,  255,  258,  263 


Fatigue  of  metals,  795-806 

Flanged  beams,  659-682 

Flanged  beams  with  equal  flanges, 

665-682 
Flanged  beams  with  unequal  flanges, 

661-665 
Flat  plates,  square,  rectangular,  cir- 
cular, elliptical,  765-774 
Flexure,  common  theory  of,  49 
Flexure  by  oblique  forces,  175 
Flexure,  general  treatment  by  core 

method,  735-739 
Flexure  of  beams,  121- 168 
Flexure  of  beams  of  two  materials, 

156 
Flexure  of  curved  beams,  712-719 
Flexure  of  long  columns,  169,  175 
Flexure,  theory  of,  general  formulas, 

897-912 
Flow  of  solids,  809-819 
Flues,  collapse  of,  774-778 
Formula    (column)    of    C.    Shakr 

Smith  for  timber  coltunns,  531,  532 
Formulae  for  long  columns,  493-505 
Fracture  of  steel,  343 
Fracture  of  wrought  iron,  302,  303 
Freezing  cements  and  mortars,  effect 

of,  375-377 
Friction  of  riveted  joint,  465 
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General  formulae  of  theory  of  flexure, 

99.  897-912 
Girders,  design  of  plate,  683-708 
Gordon's  formula,  474,  481-490 
Granites  in  compression,  421-425 
Graphical  determination  of  bending 

moments,  160 
Greatest  intensity  of  shearing  stress, 

^9f  36,  163 
Greatest  stresses  in  beams,  162 
Gun-bronze,  346,  349,  392 

H 

Hardening  and  tempering  of  steel, 

336,337 
Helical  spiral  springs,  750-760 

High  extreme  fibre  stress  in  short 

solid  beams,  556 

Hollow  cylinders,  thick,  203-223,  847 

Hollow  cylinders,  thin,  197 

Hollow  spheres,  thick,  224,  892 

Hollow  spheres,  thin,  201,  202 

Hooke's  Law,  2,  3 

Hooks,    stresses    in    and    design    of, 

7>9-725 
Hoop  tension,  204,  206 


I 


Ice     in     compression     and     flexure, 

915-918 

Inclination    of     neutral    surface    of 

beam,  122,  123 
Influence  of  time  on  strains,  805 
lAtcnsity  of  stress,  3 
Intermediate  and  end  shear  in  bent 

beams,  68 


Joints,  riveted,  435,  470 
Joints,  welded,  470 


Jaws  of  columns,  design  of,  510,  51 1 
Joints,  pin  connections,  470-473 


Lateral  strains,  9 

Lattice  bars,  506-508 

Latticed  columns,  506-516 

Launhardt's  formula,  801,  802 

Law,  Hooke's,  2,  3 

Least  work,  method  of,  788 

Length   of    cover  plates  for   plate 

girders,  708-710 
Limestones  in  compression,  421-425 
Limit  of  elasticity,  5,  282 
Lag-screws,  resistance  to  pulling  out, 

784 
Long  colums,''i69,  175,  474-506 
Long  column  formula;,  493-505  ^ 

M 

Magnesium,  354,  355 

Magnesium  alloys,  355 

Manganese  steel,  344 

Marbles  in  compression,  421-425 

Method  of  least  work,  78S 

Moduli    of    elasticity,     relation  U*- 

tween,  11 
Modulus  of  elasticity,  4,  2M1,  552 
Modulus  of  ehisticity  for  tension  a::  i 

compression  in   terms  of  sheann.; 

elasticity,  19,  20 
Modulus    of    elasticity    for    torsi- -r.. 

186,  187,  540-542 
Modulus  of  elasticity  of  allov  bear-:' 

562 
Mcxiulus  of  elasticity  of  ahiminun-.- 

zinc  beams,  354 
Modulus  of   elasticity   of    cast   irm, 

286-290,  294,  3K9 
MckIuIus  of  elasticity  of  omLTctc.  y^ 
Modulus  of  elasticity  of   steel.  303- 

30«»390 
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Modulus  of  elasticity  of  timber  in 
tension,  380 

Modulus  of  elasticity  of  wrought 
iron,  297 

Modulus  of  rupture  in  bending  solid 
rectangular  and  circular  beams, 
554-562 

Moisture  in  timber,  effect  of,  426,  427 

Moment,  greatest,  produced  by  con- 
centrations, 83-86 

Moment  in  cantilever,  126,  128 

Moment  of  inertia,  general  treatment 

of.  475-480 
Moment  of  single  load  at  centre  of 

span,  95,  129 
Moment  of  tmiform  load,  80,  81,  96, 

129 
Moment  produced  by  concentrated 

loads,  83 
Moment    produced    by    two    equal 

weights,  76 
Moments  and  shears  in  bent  beams, 

64 
Moments    in    ordinary    continuous 

beams,  131-142,  144-152 
Moments  tabulated  for  plate  girders, 

89,90 
Mortise  holes,  shearing  behind,  786 
Motion,  equations  of,  820-846 

N 

Natural  building  stones,  420-425,  549 
Neutral  axis,  51,  52 
Neutral  axis,  position  of,  in  reinforced 
concrete  beams,  605-608,  610,  611 
Neutral  curve  for  continuous  bearr.s, 

132-155 
Neutral    curve    for    special    cases, 

126-132 

Neutral  stirface,  shearing  in,  61,  63, 

163 
Nickel  steel,  319,  325-328 
Notation  concrete  steel  beams,  600- 

602 


O 

Oblique  or  general  flexure,  739-749 
Orthogonal  stresses,  43 
Oscillations,  torsional,  886 


Pendulum,  torsion,  890 

Permanent  set,  286 

Phoenix-colunm  section,  488 

Phoenix  columns,  tests  of,  490-496 

Phosphor-bronze,  361 

Phosphor-bronze  wire,  361 

Pine,  white,  io  compression,  432-434 

Pine,  yellow,  in  compression,  427-434 

Pin  connections,  470-473 

Pitch  of  rivets,  44^453 

Pitch  of  rivets  in  flanges  of  plate 

girder,  698-702,  710,  711 
Plane  spiral  springs,  761-765 
Planes     of     resistance     in     oblique 

flexure,  739-745 
Plate  girder,  design  of,  683-708 
Plates,  carrying  capacity  of,  766-774 
Points   of   contraflexure,    136,    138, 

148,  152 

Poisson's  ratio,  10 

Portland  cement  and  cement  mortar 
in  tension,  362-377 

Portland  cement  concrete  in  com- 
pression, 395-409 

Portland-cement  concrete  in  tension, 

362-377 
Principal  moments  of  inertia,  477-480 
Principal  stresses,  23,  24,  26,  27,  40 
Punching,  drilling,  etc.,  of  steel,  339 


Rail-steel,  323 

Reactions  for  bridge  floor  beams,  74 
Reactions  under  continuous  beams, 
112,  114,  118 
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Rectangular  cylinders,  torsion  of. 
869-883 

Reduction  of  resistance  between 
ultimate  and  breaking  point,  385 

Reinforced  concrete  columns,  641-655 

Resilience,  131 

Realience  of  cast-iron  in  tension,  m^o 

Resilience  of  flexure,  233 

Resilience  of  steel  in  tension,  311,312 

Resilience  of  tendon  and  compres- 
sion, 33a 

Resilience  of  torsion,  240 

Resilience  of  wrought  iron,  299,  300 

Resilience  of  shearing,  236 

Resilience,  total,  due  to  direct 
stresses  and  shearing,  239 

Resisting  capacity  of  ice,  915-918 

Riveted  joints,  435-470 

Riveted  joints,  butt-joints  with 
double  cover  plates,  for  steel, 
436-452 

Riveted  jcants,  distribution  of  stress 
in.  437 

Riveted  joints  for  trusses,  468-470 

Riveted  joints  in  angles,  469 

Riveted  joints,  lap-joints,  and  butt- 
joints  with  single  butt-strap,  for 
steel,  436-448 

Riveted  joints,  tests  of  tuU-sized, 
454-464 

Riveted  steel  in  shearing,  443,  451, 

Rivets,  bearing  capacity  of,  441,  460 
Rivets,  t>ending  of,  440 
Rivets,  diameter  and  pitch  of,  445 
Rivets,  shear  of,  443,  460 
Rivets,  steel,  324,  451,  460 
Rollers,  resiBtanc«  of,  778-7B1 


Sandstones  in  compression,  420-425 
Section  modulus.  55 
I   Set,  permanent,  286 


Shear,  first  derivative  of  n 
Shear,   greatest   caused  by  tiniJH= 

Shearing,  behind  mortise  boles,  jifc 
Shearing,   greatest  intensity  d.  It 

36.  163 
Shearing,  modulus  of  elastidlf,  ^ 

186,  191 
Shearing  stress  in  beams,  57, 165-1(7 
Shearing  stress  and  stratii,  13,  Hi 

186.  540 
Shearing  in  aeutral  surface  of  tinta 

beams,  57,  I65-167.  571-574 
Shearing,  ultimate  resistance,  54}-S$i 
Shears  in  bent  beams,  64,  68 
Shears,  single  load  located  at  oaUt 

of  span,  95 
•Shears,  tabulated  for  plaie  giidCf). 

89.90 
Shears,  uniform  load  on  ^laa,  97 
Short  blocks,  386 
"Short"  test  specimena,  309,  jra 
Shrinkage   stresses   in    Vladt,   hoBo* 

cylindeis,  213 
Silita  saitd,    Portland   < 


370.  371 

Spheres,  thick  hollow,  224-230,  ^91 

Spheres,  thin  hoJIow,  201-102 

Spikes,  driving  and  drawing,  7S1-7N 

Spiral  springs,  helical,  750-765 

Spiral  springs,  plane,  761-765 

Spruce  columns,  429-434 

Spruce  in  compressian,  4 

Steel,  303 

Steel,  annealing,  338 

Steel  castings,  322 

Steel,   change  of  clastic    1 

under  repealed  si 
Steel,  effect   of   high   and  1 

peralurcs.  333-335 
Steel,    effect    of    ] 

reaming,  and  shop  p 
Sted,   effects  of   1 

343 
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Steel,  elastic  limit,  310,  311,  330,  390 

Steel  eye-bars,  314,  316 

Steel,  fracture  of,  343 

Steel,  hardening  and  tempering,  336, 

337 
Steel,  in  compression,  389-391 

Steel,  in  shearing,  545 

Steel,  in  torsion,  190-192,  545 

Steel,  modulus  of  elasticity,  303-308, 

390 
Steel,  nickel,  325-328 

Steel  rails,  323 

Steel  reinforcement  acquires  stress, 

592-598 
Steel    reinforcement,    economic    or 

balanced,  608-613,  617,  618 

Steel,  resilience  of,  311,  312 

Steel  rivets,  324 

Steel,  rolled  flanged  beams,  669-682 

Steel  shapes  and  plates,  315,  317,  319 

Steel  short  solid  beams,  558 

Steel,  ultimate  tensile  resistance,  305, 

333 
Steel  wire,  320,  321 

Stone  beams,  586,  587 

Stones,     natural,     in     compression, 

420-425 
Stones,  natural,  in  shearing,  549 
Straight-line  formula  for    columns, 

494-504 
Strain,  i,  2,  4 

Strains,  influence  of  time  on,  805 
Stress,  I,  2,  3,  4 
Stress,  intensity  of,  3 
Stress  parallel  to  one  plane,  21 
Stress-strain  curve,  6 
Stress-strain  curves  for  cast  iron,  288 
Stresses  at  any  point  in  beam,  162 
Stresses,   expressions  for  tangential 

and  direct,  820-826 
Stresses  of  tension  and  compression, 

resolution  of,  7,  8 
Structural  steel,  classes  of,  303 
Suddenly  applied  loads,  242, 243 


Temperature,  effect  of  high,  334,  335 

Temperature,  effect  of  low,  333 

Tempering  of  steel,  336,  337 

Tensile  stress,  281 

Terra  cotta  and  columns,  415,  416, 
419 

Tests  of  riveted  joints,  454-464 

Tests  of  steel  angle  and  other  col- 
umns, 49^503 

Tests  of  wrought-iron  Phoenix  col- 
umns, 490-496 

Theorem  of  three  moments,  102,  109, 
III,.  114 

Theory  of  flexure,  general  formuls, 
99.897 

Thermal  expansion  and  contraction 
of  mortars,   concrete,  and  stone, 

377-379 
Thick  hollow  cylinders,  203-223,  847 

Thick  hollow  spheres,  224,  892 

Thin  hollow  cylinders,  197 

Thin  hollow  spheres,  201,  202 

Timber  beams,  563-575 

Timber  columns,  528-539 

Timber  in  compression,  426-434 

Timber    in    shearing    and    torsion, 

547-548 
Timber  in  tension,  379-383 

Tin,  347,  349,  546 

Tin,  alloys  of,  346-356 

Tobin  bronze,  35i-357»  394 

Tobin  bronze  in  compression,  394, 395 

Tobin's  alloy,  346-357 

Torsion,  182,  196,  540,  853 

Torsion,    combined    with    bending, 

246-253 
Torsion,       general       observations, 

186-188,  885 
Torsion,  greatest  shear   in    drcttlar 

sections,  186-188,  541,  885 
Torsion,  greatest  shear  in  elliptical 

sections,  186-188,  541,  865 
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Torsion,  greatest  shear  in  rectangular 
sections,  i86-i^,  541,  880-883 

Torsion,  greatest  shear  in  triangular 
sections,  868 

Torsion  in  equilibrium,  182-196,  540, 

853 
Torsion  of  circular  sections,  182-196, 

541.  884 
Torsion  of  elliptical  sections,  186-188, 

541.863 
Torsion  of  rectangular  sections,  186- 

188,  541,  869 
Torsion  of  triangular  sections,  866 
Torsion  oscillations,  886 
Torsion  pendulum,  890 
Torsion  (twisting)  moment  in  terms 

of  H,P.,  188,  189 
Tresca's  experiments,  flow  of  solids, 

810 
Tresca's  hypotheses,  flow  of  solids, 

811 

U 

Ultimate  resistance,  285,  543 

Ultimate  resistance  affected  by  high 
and  low  temperature,  333-335 

Ultimate  resistance  affected  by  re- 
peated stressing,  361,  795-806 

Ultimate  resistance  of  cast-iron  in 
tension,  292,  294 

Ultimate  resistance  of  steel  in  ten- 
sion, 303^346 

Ultimate  resistance  of  wrought  iron, 

295-303»  387 


Vanadium  steel,  328-333 

W 

Web  reinforcement  in  concrete-steel 

beams,  620-629 
Weight  of  concrete,  372 


Welded  joints,  470 

Weyrauch*s  formula,  801,  803 

White-oak  colunms,  529 

White  oak  in  compression,  429.  43^ 

434 
White-pine  colunms,  528-539 

White  pine  in  compression,  432-451 

Wire,  steel,  320,  32 1 

Wdhler's  experiments,  796-799 

W6hler*s  law,  795-796 

Work  expended  in  producing  strains. 

231 
Working   stresses   in    concrete   stei^ 

beams,  629 
Working   stresses   in   concrete   steei 

columns,  650 
Wrought  iron,  295-303,  387 
Wrought-iron     bars,      diagram     u 

strains,  298 
Wrought-iron  beams,  680-682 
Wrought  iron,  ductility  and  resilienctr 

of,  297-300 
Wrought  iron,  fracture  of,  302 
Wrought  iron  in   compression,  387, 

388 
Wrought  iron,  in  shearing,  543 
Wrought  iron,  in  torsion,  192,  543 
Wrought  iron,  modulus  of  elasticity, 

296,  387 

Wrought-iron,  short  solid  beams,  557 

Wrought   iron,   ultimate    resistance, 

and  elastic  limit,  and  yield  point, 

297,  388 


Yield-point,  7,  284 
Yield-point  of  wrought  iron,  297 
Yellow-pine  columns,  528-539 
Yellow  pine  in  compression,  427-434 


Zinc,  346-362,  546 

Zinc,  alloys  of,  193-195. 346-362, 546 
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